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We show that an inclusion placed inside a dilute Stokesian suspension of microswimmers induces
power-law number-density modulations and flows. These take a different form depending on whether the
inclusion is held fixed by an external force—for example, an optical tweezer—or if it is free. When the
inclusion is held in place, the far-field fluid flow is a Stokeslet, while the microswimmer density decays as
1/r¥¢, with r the distance from the inclusion and e an anomalous exponent which depends on the
symmetry of the inclusion and varies continuously as a function of a dimensionless number characterizing
the relative amplitudes of the convective and diffusive effects. The angular dependence takes a nontrivial
form which depends on the same dimensionless number. When the inclusion is free to move, the far-field

fluid flow is a stresslet, and the microswimmer density decays as 1/r? with a simple angular dependence.
These long-range modulations mediate long-range interactions between inclusions that we characterize.
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I. INTRODUCTION

Active matter encompasses systems whose individual
elements convert energy into directed motion on a micro-
scopic scale [1-9]. When the dissipative conversion of
energy is coupled to interactions between particles, a
wealth of phenomena which is not exhibited by systems
in the thermal equilibrium is observed. Similarly, when this
breaking of time-reversal symmetry is coupled to inter-
actions with external potentials, the resulting behavior is
very different than that of equilibrium systems. Importantly,
in equilibrium, when interactions are local, the Boltzmann
weight implies that the effect of a localized external
potential extends beyond its own support only out to a
scale of the order of the correlation length. In stark contrast,
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in active systems with local conservation laws, steady-state
distributions are inherently nonlocal [9—13], which leads to
long-ranged influences of external potentials. A particu-
larly spectacular experimental manifestation is the response
of active systems to asymmetric potentials placed in the
middle of a chamber [14]. One finds that active particles
accumulate on one side of the system as a result of a
ratchetlike mechanism [15].

Much theoretical progress has been made in under-
standing the response of active matter to external potentials
in dry active systems. In dry systems, momentum is not
conserved, so that experimental realizations correspond, for
example, to particles moving on a substrate [16], vibrating
granular grains [17,18], and more. Significant attention has
been given to the particle density in confining potentials
[15,19-21] and in the vicinity of localized repulsive
potentials [22-24], showing the generic tendency for active
particles to accumulate close to walls and repulsive
boundaries. Arguably equally significant is the observation
that generic localized potentials (or inclusions) induce
a universal long-range modulation of the density field

Published by the American Physical Society
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[25-27] which decays « p - r/r? in d dimensions, with p a
vector characterizing the properties of the inclusion and r is
the distance from it. The behavior is a consequence of the
emergence of ratchet currents from the interplay between
the breaking of time-reversal symmetry and any asymmetry
of the inclusion. The result has far-reaching consequences
[13]. It implies that two inclusions placed in an active bath
experience long-range interactions [25,26,28] and explains
the sensitivity of the phase diagram of dry active systems
to bulk [29] and boundary [30] disorder. In particular,
quenched disorder generically leads to long-range corre-
lations [29] in any dilute active system. Moreover, motility-
induced phase separation [31-34] is destroyed by bulk
disorder in dimensions d < 4 and by boundary disorder in
dimensions d < 3.

Despite the relevance of dry active matter to experi-
ments, many realizations of active systems, biological or
synthetic, comprise particles that self-propel in a viscous
fluid. In such systems, termed “wet,” the conservation of
momentum is known to lead to very different behaviors
[1,35-39]. The dynamics of active particles in wet systems,
which in this context are often called microswimmers, in
the vicinity of walls and obstacles have been the subject of
intense scrutiny [40-43]. However, the response to a
localized inclusion has, to the best of our knowledge,
remained unexplored. In this work, we investigate the

long-range effect of a localized inclusion by considering a
dilute suspension of swimmers propelling in a three-
dimensional viscous fluid, as depicted in Fig. 1. The
presence of the ambient fluid mediates interactions between
the particles, which are long range due to momentum
conservation [44]. Direct, nonhydrodynamic, interactions
between the swimmers are neglected but are taken into
account between the swimmers and the obstacle as a short-
ranged force field. As we show, the coupling to fluid flow
can qualitatively alter the nature of the long-range effect
and in ways not revealed by mere power counting.

We identify three cases of interest, corresponding to
three different large-scale behaviors of the density field of
the swimmers, depending on whether the inclusion is
freely moving in the fluid or if it is held fixed by an
external force—for instance, by optical tweezers—and
depending on the internal symmetries of the inclusion.
Our results are largely independent of the intrinsic com-
plexity of the near-obstacle swimming motion. When the
obstacle is freely moving, driven by the interactions with
the swimming particles, hydrodynamic interactions have
little impact on the far-field behavior of the density field,
and the behavior of the dry case survives with modu-
lations of the density field decaying as 1/r*>. However,
we predict a very different response when the obstacle is
held fixed by an external force. In this case, the decay
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FIG. 1.

(a) is a sketch of the system under consideration: self-propelled particles swimming in a three-dimensional Newtonian viscous

fluid in the presence of a localized inclusion. The unit vector p is defined in Eq. (8) and points in the direction of the average force that
must be exerted on the inclusion in order to maintain it fixed. (b) and (c) illustrate our key finding: A localized inclusion induces a long-
range modulation of the density field, whose exponent depends on the symmetries of the inclusion. For fixed polar axisymmetric
inclusions, we obtain p(r) ~ g, (6)r~>~, while for those with no axis of symmetry, we get dp(r) ~ g, (6. ¢)r—>=c+, where g (6),

91(0.9), €, and €, are given in Eqgs. (9)=(12).
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exponent depends on the symmetries of the object and on a
Péclet number, called A in the following, that compares the
relative amplitude of hydrodynamic to diffusive effects and
whose mathematical expression is given in Eq. (7). We find
that obstacles with a polarity that also defines an axis of
(possibly discrete) rotational symmetry induce density mod-
ulations decaying as 1/r>"¢I with € > 0, while less sym-
metric obstacles induce density modulations decaying as
1/r?*€L with e, < 0. Lastly, obstacles with no polarity
induce, as in the dry case, shorter-ranged density modula-
tions. Notably, we expect density modulations induced by
spherical obstacles to decay faster than a power law.

We begin in Sec. II by presenting a heuristic approach to
the effect of hydrodynamic interactions on the behavior of
the number-density field far away from a localized inclu-
sion. The range of results we obtain are stated at the end of
this section. This heuristics is supported by the use of a
microscopic model of squirmers that we present in Sec. 11
and for which we derive, in a mean-field approximation, the
equation obeyed by the steady-state density profile of the
swimming particles. We solve this equation in the far field
in Sec. IV, using an asymptotic expansion of the second
kind [45,46]. We obtain the decay exponent and associated
angular dependence of the density field perturbatively in
the parameter 4. An alternative route to these results, based
on the renormalization group, is presented in Appendix C.
Finally, before concluding, we build in Sec. V on the
previous sections to derive the far-field interaction between
two inclusions in a bath of swimmers. Throughout, vectors
are denoted in bold p or in component notation p?, and p is
the unit vector p = p/|p|.

II. HEURISTIC ARGUMENTS

Before turning to a systematic derivation, we start by
presenting the physical picture that underlies the results. It
is useful to first consider the dry case. In this case, the
localized asymmetric object, through a ratchet effect, acts
as a pump on the active particles. Since the active particles
diffuse on large scales, the steady-state density p(r) is
controlled by the equation Dd,0%p(r) = —0,C%(r). Here,
D is a diffusion constant, the boundary conditions are
p(r) = pg as r=|r| > oo, and C%(r) is a current term
localized in the vicinity of the obstacle which accounts for
near-field effects. Taking r =0 as the position of the
obstacle, it is easy to check that the known far-field
behavior, described in the introduction, is captured by this
equation as long as ¢* = [ drC*(r) is finite. The addition
of a three-dimensional viscous fluid, because of the long-
range nature of hydrodynamic interactions, then modifies
the diffusive behavior of the swimmers according to

D0, 0%p(r) = 0,(v*(r)p(r)) = —0,C*(r), (1)

where ¥(r) is an effective long-ranged convective flow
generated by the combined effect of the swimmers and the

object. In Sec. III, we show that Eq. (1) can be derived from
a mean-field microscopic model of swimmers. Note that if
the obstacle is moving, we assume that it does so on a
timescale that is slow enough that the density p(r) can be
taken to be in a steady state.

While the microscopic derivation also makes the
form of the velocity field ©(r) explicit, it can be under-
stood intuitively using momentum conservation. Denote
by Fl . _pua the force exerted on the fluid by the
swimmer labeled by i. Since its inertia is negligible,
and in the absence of nonhydrodynamic interactions
between swimmers, momentum conservation implies
that Féwirn—»ﬂuid = _Fgwim—mbs’ where Féwim—»obs is the force
exerted by swimmer i on the obstacle. By assumption, the
latter is nonzero only for particles in the vicinity of
the obstacle. Denote now by Fyiq_ons the force exerted
by the fluid on the obstacle. The total force exerted by the
combined effect of the swimmers and the obstacle on the
fluid, denoted by f, is therefore

f = - <Fﬂuid—>obs + ZFéwim—»Obs> . (2)
i

In the far field, this induces a viscous flow, corresponding
to a force monopole localized at r = 0 with amplitude f. It
follows that two distinct cases need to be distinguished,
depending on whether the obstacle is held fixed externally
or not.

If the obstacle is held fixed by an external force,
momentum is injected locally into the system, and
f=F., with F_, the force exerted by the external
observer. Accordingly, the effective flow in Eq. (1) behaves
as a Stokeslet on large scales, and we find

v(r) zg—mJ“ﬂ(r)E, (3)
where the overline denotes a steady-state average of F
which on symmetry grounds is nonzero for a polar obstacle.
Here,

rerP

3 (4)

is the fundamental solution of the Stokes equation in the
presence of a force monopole. Note that the flow »(r)
decreases as ! away from the obstacle. A second case of
interest is that of a free obstacle. Here, the total momentum
is conserved and f = 0 so that the leading order far-field
effective flow is that of a force dipole:

5%
JP(r) = —+=

1
7(r) ~——a,J% (r)Q"P, 5
() g 00 (1) 5)
with Q"7 the effective average dipole strength. In this case,
v(r) decays as r2.
As we now argue, the difference in the decay of the
velocity field between these two cases results in drastically
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FIG. 2. Far-field density profile in a two-dimensional section p(x,y = 1, z), up to a multiplicative constant, for the three different
cases: fixed inclusion with no axis of symmetry, fixed polar inclusion with an axis of symmetry, and freely moving inclusion. (a) Fixed
inclusion with no axis of symmetry. The vector p giving the direction of the force monopole is taken along the z axis. The x axis is
defined such that the phase ¢, vanishes in spherical coordinates of axis (x, y, z). (b) Fixed polar inclusion with an axis of symmetry. The
vector p giving the direction of the force monopole is taken along the z axis. In both (a) and (b), we use the second-order expansion in 4
in Egs. (10)—=(12) and plot the results taking 4 = 1. (c) Freely moving polar inclusion. The vector ¢* entering Eq. (13) is taken along

the z axis.

different behaviors for the density field which, in general,
cannot be inferred using simple power counting. This can
be understood through the following asymptotic argu-
ments. Denote dp(r) = p(r) — po such that Sp(r) — 0 as
r — oo. In the far field, we replace the localized current
C%(r) by c¢*S8(r) and the velocity field by 7%(r) =
Ar7g*(F), with ¢*(F) controlling the angular dependence.
Here, y is treated as a variable, and we keep in mind that
x = 1 corresponds to an externally held obstacle and y = 2
to the freely moving one. The parameter A measures the
strength of the hydrodynamic term and can be read from
Eq. (3) for a fixed obstacle and Eq. (5) for a free obstacle.
Since the flow field is incompressible, we have

DASp — Ar7g(F) - Vép = —c - V§(r). (6)

Now, note that if y > 1, the convection term decays faster at
infinity than the diffusive one, rendering the former
irrelevant on large length scales. However, both have the
same amplitude when y = 1, indicating that the convection
term is marginal in the renormalization group sense and
could modify the far-field decay of the density [47]. With
this in mind, we find the following behaviors for fixed and
free obstacles embedded in three-dimensional active sus-
pensions. The results are depicted in Fig. 2 in the three
cases of interest that we identify.

A. Fixed obstacle

We treat the hydrodynamic coupling using an intermediate
asymptotic expansion of the second kind [46] in Sec. [Vand a
renormalization group analysis in Appendix C. We find that
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the decay of the density field exhibits an anomalous exponent
and an angular dependence which depend on the dimension-
less parameter A which quantifies the relative amplitude of
the diffusive and convective terms:

L

= 7
8anD )
and on the unit vector:
-
p=—. (8)
|F6Xt

which points along the force monopole. Note that local
injection of angular momentum leads to flow fields decaying
as r~2, which is why, following the reasoning below Eq. (6),
the large-scale behavior of the density field is insensitive to
the total external torque exerted on the obstacle, if any. A
striking feature is that the anomalous exponent and the
angular dependence also depend on the symmetry of the
obstacle. Our results are expressed as a perturbative expan-
sion in powers of A, which is relevant for dilute suspensions
where 1 1is small [because the force in the numerator of Eq. (7)
scales as the density of active particles at low density].
For obstacles for which the vector p defines an axis of
(possibly discrete) rotational symmetry, we obtain

_9(0)

r2+€H

p(r)

where 6 is the angle between 7 and p. The density field,
therefore, decays faster than in the absence of hydro-
dynamic interactions. The angular dependence is given to
order of O(4?) by

/12

9)(0) = 0059—2(3 —5cos? 0) —l—%ﬂz cos’d.  (10)

However, for obstacles with no axis of symmetry, the
density field also depends on the azimuthal angle ¢ of
spherical coordinates of axis p and features a different
exponent:

0, . y
%&@ with €, == +0(). (1)

Sp(r) ~

showing that the decay is slower than in the absence of
hydrodynamic interactions. To order of O(4?), the angular
dependence is given by

91(0.¢) = cos(¢ + ¢ sin(6)
54 3
X (14=cosf+=22cos?0 ), (12)
4 4
where, for a given choice of reference axis for the azimuthal
angle, the phase ¢, depends on the precise shape of

the inclusion. Note that, even though A is defined to be
positive, 9%(r)/D ~J%(r)p? is formally left invariant

under the joint transformation p — —p and 1 — —A, there-
fore explaining why corrections to the —2 exponent in
Egs. (9)—(11) appear only to second order in powers of A.

B. Free obstacles

As discussed after Eq. (6), the coupling to the fluid flow
in Eq. (1) is irrelevant at large scales. The density field,
thus, behaves as in a purely diffusive (dry) theory:

I (13)

op(r) =5

where ¢ depends on the near-field details of the system and
is generically nonzero for polar obstacles. The spatial decay
exponent —2 is universal, and the nonuniversal vector ¢ is
contracted with a universal angular dependence. Note that for
an obstacle with no polarity, even if fixed, we have by
symmetry Fo,, = 0 and so A = 0. In this case, hydrodynamic
effects are, thus, irrelevant on large scales, similarly to the
case of freely moving obstacles with arbitrary shape.
Additionally, ¢ also vanishes by symmetry. We, therefore,
expect density modulations to be governed by the next-order
term in the multipole expansion of the diffusion equation
with a localized current at r = 0, leading to 5p(r) ~ r=* at
large distances. Also note that Eq. (13) strictly holds only if
the orientation of the obstacle is constrained during motion. If
its orientation rotates at a slow rate—either from fluctuations
or from a ratchet effect—we expect the resultin Eq. (13) to be
screened beyond a length scale given by the typical distance
run by diffusion during the persistence time of the
orientation.

In the next sections, we derive the above results in a
systematic manner starting from a microscopic model of
spherical squirmers in the presence of a localized obstacle.

III. MICROSCOPIC MODEL

We consider a fluid which obeys the Stokes equation
nAv(r)—VP(r)=0 and V-v(r)=0, (14)

where v(r) and P(r) are the flow and pressure fields,
respectively, at position r. The fluid contains spherical
squirmers of radius a, labeled by i = 1...N, with centers of
mass at x;. Each squirmer imposes, in a frame of reference
moving with it, a velocity field v, ;(r,u;) on its surface.
Here, u; is a unit vector characterizing the orientation of
the squirmer, and we assume that v, ,;(r,u;) has a polar
asymmetry determined by u;. We assume that the swim-
mers are dilute enough so that they interact only through
hydrodynamics and that contact interactions between them
can be neglected. The fluid also contains an obstacle that
interacts with the swimmers both through hydrodynamics,
by imposing a no-slip boundary condition on its surface,
and directly through short-range external forces F (x; — x)
and torques with respect to their center I'(x; — x,, u;), with
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x, the center of mass of the obstacle. Denoting by x, and @
(*; and w;) the translation and angular velocity, respec-
tively, of the obstacle (swimmer i), the above implies the
boundary conditions on the surface of the obstacle, d€2:

v(r)|sq = %o + @ A (r—x), (15)
and on the surface of each swimmer, 0Q;:
v(r)|g, =% +@; A (r—x;) +vy(r,u;). (16)

The translation and angular velocities x; and ®; of the
swimmers are such that the total force and torque exerted
on each of them (by the fluid flow and the obstacle) vanish:

—/ dSn#ot + F*(x; —x9) =0 (17)
o
and

—aCaﬂl// dSn*n’e?” +T%(x; —x9,u;) =0, (18)

o0,

where n is an outward-pointing normal vector to the surface

of the swimmers and o (r) = n(d,v"(r) + d,v"(r)) —

P(r)0" is the stress tensor. We consider both the cases
|

where the obstacle is held fixed externally, in which case
x = 0 and @ = 0, and the case where it is free to move. For
the latter, the force-free condition reads

— | dSntor =S Fr(x; —x,) =0, 19
/m S Ftte o (19)

and we assume that the motion is adiabatic so that the
obstacle is much slower than the relaxation time of
the squirmers’ dynamics. In the remainder of this section,
we compute the average far-field fluid flow generated by
the swimmers’ suspension. We then use this average flow to
build a mean-field model for the swimmers’ dynamics,
from which we recover Eq. (1).

A. The average fluid flow

We start by computing the average fluid flow generated
by the suspension. To do so, we use the boundary-integral
representation of the Stokes equation (see Chap. 2 in
Ref. [48]) and express v(r) in terms of the velocity and
stress tensor at the boundary of the domain which is
composed of the surfaces of the obstacle and of the
swimmers. We obtain

8anv®(r) = /)Q dSn? P (X JP*(r —r') — AQ dSvP(r )’ TPre(r — v)

+ Z {/ dSn? e (r)JPe(r —r') — ;7/
— Lo,

where

Py

5

T (r) = —6 (21)

,
generates the stress tensor corresponding to a Stokeslet
solution and where r' denotes the integration variable of the
different surface integrals. While the velocity field v(r) is
prescribed at the different surfaces over which the integrals
are performed, the stress tensor ¢** is not and, in principle,
needs to be solved for. Equation (20) is, thus, implicit. It is
nonetheless a useful starting point for determining the far-
field flow. To proceed, we use first the boundary conditions
of the Stokes equation. From Eq. (15), we note using
Gauss’s theorem that

/ dSvP(r)n' TP (r — r)
o
= / dSn'TPre(r —v) [xg + e 50" (1° — xg)}
o
= —/ dr'o, TP (r —r') [xg + ep50” (r° — xg)}
o

+ / 0 €50 S TH(r — ') = 0, (22)
Q

dSv* (X )n' TPre(r —r')|, (20)
prey

i

where we take advantage of the fact that T/7%(r) is
symmetric [see Eq. (21)] and that @Tﬁy”(r—r’ ) =
5%5(r —r'), which is a consequence of momentum con-
servation in the Stokes equation. Because the point r lies
outside €, this leads to the result of Eq. (22). Similar
considerations also imply that

/ dSn' TP (r — )P (r)
o0,

= / dSnVT/’W(r—r’)vf‘,-("’,”i), (23)
o,

so that only the contribution from the surface velocity
survives. Using these, we obtain

871'7’]1)“(") = AQ dSn/’aﬂﬁ[{xl., ”i}] (,J)ﬂ;a(r _ r/)
i Z /)gv dSn* o [{x;, u; }|JP*(r — r')

= [ asrene =t ). (@24
— Joo,
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where the argument {x; u;} emphasizes that the stress
tensor o’/ (r') is a function of the positions and orientations
of all the swimmers.

We now evaluate the average flow 7%(r), where the
overline, as before, denotes an average over the many-body
distribution P[{x;,u;}] of the swimmers’ positions and
orientations. As noted previously, the motion of the
obstacle is neglected. For simplicity, we thus consider
Xo = 0 in the following. For any point ' on the surface of

the obstacle, we denote accordingly aﬁﬁs( ') the average
stress tensor at that point. Next, for any unit vector n, we
introduce the average stress tensor on a swimmer’s surface,
at a location an with respect to its center:

0+ [ant

8anv®(r) = /dSnf’apﬂ( )P (r
A

Equation (27) can now be used for a multipole expansion.
Since T**(r) ~r= while J%(r) ~r~!, we obtain to
leading order in the far field

D(r) 817’7Jﬂ“(r) [[m dsn?s”? (')
+/dx’p(x’)/dna ns’”.

swim
By definition, [dna’n?&”’, (x',x' 4 an) is minus the
average force exerted by the fluid on a swimmer at position
x' and is, therefore, equal, using the force-balance condition
in Eq. (17), to the force exerted by the obstacle on that
swimmer, that is, [dna?n?&”’, (x',x' 4 an) = FF(x').
We, therefore, get

(x',x" +an)|. (28)

v(r) =

0[Pt [00)P). (29

& (x'.x' +an) =

swim

(@ [{xiu (' + an))p.  (25)

where we denote by (---),, a many-body average condi-
tioned on the presence of a swimmer centered at x’, so that
x' + an lies on the surface of one of the swimmers. Lastly,
using the same notations, we introduce

(vg,; (¢

the average surface velocity at x’ + an on the surface of a
swimmer centered at x’. Using these definitions and
denoting by p(x) = (> ;6(x —x;)) the mean density of
swimmers, the average flow can, thus, be written as

0% (x' X' 4+ an) = + an,u)) (26)

=P
/dnazn”a’s’wim(x’,x’ +an)JP(r —x' — an)

/dna nnTH(r —x' — an)v? (X', x" + an). (27)

where Fyiqoobs = — [oo 57570 (1) is the average force
exerted by the fluid on the obstacle. The term between
brackets thus reads, up to a minus sign, as the average for
exerted by the fluid on the obstacle plus the average force
exerted by the swimmers on the obstacle and is, there-
fore, equal to F.,,, the average external force exerted on
the obstacle. This justifies Eq. (3). As expected from the
heuristic argument in Sec. II, a fixed obstacle embedded
in a suspension of swimmers generates a far-field fluid
flow that behaves as a Stokeslet. In addition, if the
obstacle is (adiabatically) moving under force-free con-
ditions, meaning that the total momentum of the system
is conserved, the effective force monopole F.,, vanishes.

A higher-order multipole expansion then shows that v"—(r)
behaves as the velocity field generated by a force dipole
which decays as r~2; see Eq. (5). The effective force
dipole is given by

Ol = [ aswatf)rr+ [ axp P )+ [ o) [ dnadnnall, o+ an)
a0
+/dx’p(x’)/dna217 {n@furf(x’,x’—i—an) —l—nﬁﬂzurf(x’,x’—i—an)]. (30)

B. Mean-field approximation

With the expression for the mean flow at hand, we can
now turn to derive the drift-diffusion equation (1). We
use a mean-field approximation, where we consider the
motion of a single swimmer in a steady inhomogeneous

|
background flow identified with the average flow w(x)

derived above. For that swimmer, the equations of motion
read

x = uF(x) + vou + v(x) (31)
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together with
1 _ .
n= ( JT(x,u) + EV A v(x)) A u+noise,  (32)

where the noise is taken for simplicity to be of the run-and-
tumble type [49]. Here, u = 1/(6zna) is the mobility of a
sphere of radius a, and u, = 1/(82na?) is the corresponding
rotational mobility. Also, v is the self-propulsion speed of an
isolated swimmer, which is given by

1
R / dSv.(ru) - u. (33)

Henceforth, to ease the notations, we use @(x)=
(1/2)V A ©(x). These equations have been derived in
Ref. [50] in the absence of an external force F = 0 and
torque I' =0 and in the absence of a background flow
v(x) = 0. The results of Ref. [50] generalize to Egs. (31) and
(32), as we show in Appendix A, for swimmers much smaller
than the scale of variation of »(x).

0= -V, ([uF(x) + vou + v(x)]y(x.u))
+ %Z < / du'y (x.u') — y(x, u)>
=V ([(0, T (x.u) + & (x)) A uly(x,u)).

We introduce the density p(x
mt(x) = [duu'y(x,u), and nematlc tensor Q% (x) =
[ duluw? — (6% /3)]y(x.u). Upon integrating Eq. (34)
over u, we get

= [duy(x,u), polarity

—0u[pF*(x)p(x) + vom®(x) + 1*(x)p(x)] = 0. (34)

Multiplying Eq. (34) by u” and integrating it again over u
yields

mﬁ

v _
—= —?Oaﬁp — O, [uF*mP + vy Q% + 1% (x)m” (x)]

+ €p [ﬂr / duaae T (x, )y (x. ) + @,l(x)m%x)} ’

Our interest is in the steady-state density profile gen- (35)
erated by the dynamics in Egs. (31) and (32). Let y(x,u) be
the steady-state distribution. It is a solution of which can be used in Eq. (34) to give
|
v
1870,00(5) = 04[] = 0w 5)p(5) + s [ [ e T )+ 0 )]}
— v910° [uF*m’ + v,0% + v (x)m’ (x)]. (36)

Therefore, we find that the equation satisfied by the density
field can be written as a drift-diffusion equation with
sources as in Eq. (1), where C%(x) = C{(x) + C5(x) with

Ci(x) = —uF*(x)p(x) + vorud’ [F*(x)m” (x)]

— VoTHr€op / duu”l—w(x’ u)l//(x’ u) (37)
and

CS(x) = —v(T€y,, @ (x)m"(x)

+ 0970 [1o Q% + % (x)m” (x)]. (38)

It is clear that the integral of C{(x) is finite, since the force
and torque fields F(x) and I'(u,x) are short ranged. To
bridge the gap with Eq. (1) and the discussion in Sec. II, we
now argue that

- [ @y (39)

is also finite. Since we cannot solve the whole hierarchy of
angular moments, we proceed by self-consistency assum-
ing that ¢§ exists. As we discuss in Sec. II and is shown
in the following section, the density field decays faster

|

than x~!. The polarity m*(x) then decays faster than x~2,
since it is proportional to density gradients; see Eq. (35).
Accordingly, we expect that Q% (x) decays faster than
O(x73). In fact, successive moments of the orientation
decay faster and faster, which can be shown in any
truncation of the hierarchy of angular moments. There-
fore, we expect that C§(x) decays faster than x™* and is
indeed integrable, thereby closing the self-consistency
argument.

IV. FAR-FIELD DECAY OF THE DENSITY FIELD

In this section, we derive the far-field density decay
when the obstacle is held fixed. To do so, we use a
similarity solution, close to what is done, for example, for
the Barenblatt equation; see Chap. 10 in Ref. [45] and
Chap. 3 in Ref. [46]. Even though the Barenblatt equation
features a time dependence that ours does not, in both
cases, the large-scale behavior of the partial differential
equation under study is mapped, by choosing a suitable
ansatz, to an ordinary differential equation from which the
anomalous exponent is obtained by solving a nonlinear
eigenvalue problem. For completeness, the same results
are derived using a renormalization group procedure in
Appendix C. In the far field, we look for a solution of
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DASp -V - [B(r)ép] = —c - V5(r), (40)

where the convective flow, derived in Eq. (27), follows the
scale-free form given in Eq. (3) at large distances. We
work with spherical coordinates with polar angle 8 such
that cos @ = p - 7, where p, defined in Eq. (8), points along
the force monopole and with an azimuthal angle ¢.
Dimensional analysis then shows that

where £ is a microscopic length scale emerging from the
near-field behavior of the velocity field. We first decom-
pose F into Fourier modes:

¢ R ¢
.7-"(;,6,(;5) :m;me ¢fm<7,(9>. (42)

In the far field, with » much larger than any microscopic
length scale, we write each Fourier mode as a product

Sp(r) = %H}“ (f .6, ¢> ’ (41) fm(€/r,0) x g, (0)r ¢, and we find using Eq. (6) that the
r-D r angular functions satisfy
|
L 05 (5in 005g,,) + 1510 03y, + g | (2 + €)1+ €,,) + 22 + €,,) c0s 0 1y (43)
—— 0y(sin sin cosd ———| =0,
sin® 0 09m 09m Gm €m €m €m sin249
I

where A is defined in Eq. (7). The exponent ¢,, is then fixed yl 5 3% cos’ 0
by requiring that Eq. (43) has a well-behaved solution at the 90(6) ex cos & - 4 (3 —5cos*6) + 4
boundaries of the interval cos @ = *1. For a freely moving . 5 3
obstacle, meaning when 1 =0, or, equivalently, in the  g=1(¢) xsin@ <1 + Z/ICOS 0+ 112 cos? 9)- (45)

absence of hydrodynamic interactions, the set of possible
exponents ¢, are integers such that ¢,, > |m| — 1. Since the
source term in Eq. (40) is a derivative of a delta function,
the far-field decay of the density field is dominated by the
modes m =0 and m = %1, with exponents €y,; =0,
meaning Sp(r) ~r—2. The solution ¢y = —1 is indeed
ignored, as it corresponds to a delta function source. This
reproduces the well-known Eq. (13) for the solution of the
Laplace equation in the presence of a localized current.

When 1 > 0 and small, the far-field decay of the density
field is also dominated by the modes m = 0, &-1. Indeed, as
is clear in the following, higher modes |m| > 2 correspond
to decay exponents close to [m| —1 > 1 when A is small
and, therefore, contribute only as subleading corrections in
the far-field compared to the modes m = 0, £1.

To characterize these modes, it is naively tempting to
postulate €y ., = 0 and solve for g,, () using a perturbation
theory in 4. However, solutions of this form inevitably
diverge at one of the end points cos@# = %1, to order of
O(2?), as we show in Appendix B. This signals the
presence of an anomalous exponent ¢,, # 0.

We now evaluate the exponents ¢, and the angular

functions g, () perturbatively in A using ¢, = el +

22657+ 0(23) and g,,(6) = gV (6) +Agls’ (0) + 1297 (6) +

O(2?). Requiring that g,,(6) remains finite to second order
in 1 at cos§ = +£1 yields the anomalous exponents

1
60 = gﬂz + 0(}.4),

1
e = =52+ O() (44)

and the angular function to order of O(1?):

The above equations can then be used to obtain the results
presented in Sec. II. For a generic polar obstacle, the far-
field density is governed by the slowest m = £1 modes,
and we identify €, = e,,. We, thus, recover Egs. (11) and
(12), where in Eq. (12) the dependence on the azimuthal
angle from Eq. (42) is included. In contrast, if the obstacle
possesses an axis of symmetry, whose direction p must be
pointing along [51], the modes m = 41 must vanish, and
the far-field decay is, thus, governed by the m = 0 mode.
This holds whether the rotational symmetry is continuous
or discrete. Hence, we identify €| = ¢, and get Egs. (9) and
(10). It is, in principle, straightforward to extend this
procedure to arbitrary order in A.

V. INTERACTIONS BETWEEN BODIES

Since an inclusion generates a long-range density modu-
lation and a long-range fluid flow in the system, it affects
the neighborhood of other inclusions. This leads to long-
range interactions, mediated by the swimmers and the
viscous fluid, that we explore in this section. Such long-
range mediated interactions are well-known between par-
ticles, passive or active, embedded in a viscous fluid
[44,52] and have been recently calculated for passive
inclusions in “dry” active systems [25]. In the case we
consider here, both the hydrodynamic field and the active
particles mediate the interactions.

In this section, we derive the long-range mediated
interactions that emerge between two inclusions immersed
in a three-dimensional suspension of self-propelling par-
ticles, in two simple cases. First, we describe the dynamics
(within an adiabatic approximation) of two inclusions that
are pinned at one point but free to rotate around this point.
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Second, we discuss the effective interactions between two
freely moving inclusions. We assume that the inclusions are
polar and, for simplicity, with an axis of symmetry. The
extension to other cases is straightforward even if tedious.

A. Two fixed polar obstacles

We consider two fixed inclusions, at position r; and r,
and denoted in the following by 1 and 2. Asymptotically,
when the distance |r; — r,| goes to infinity, each inclusion
has to be held in place by an average force, denoted F; for
inclusion 1 and F, for inclusion 2, in order to maintain their
position fixed. Note that, due to the axisymmetry of the
obstacles, there is no need to exert an average torque in
order to prevent them from rotating.

We now consider a case where these two obstacles are
pinned at points r; and r, but each free to rotate around that
pinning point. We assume that the pinning points lie on
the axis of symmetry of the corresponding inclusion. When
|[ry —ry| is large but finite, the presence of obstacle 1
induces a far-field fluid flow around obstacle 2, which
influences its orientation. We treat the dynamics within the
adiabatic approximation so that at each time the two
inclusions behave as fixed force monopoles, and we use
the conventions p,(r) = F,(t)/|Fs|, pi(t) = F,(1)/|F ],
and 7y, = (r, —ry)/|r, — ry|. Neglecting fluctuations, the
dynamics of the orientation of the first inclusion reads

T;:@l@lvﬁz’rlvr2)Aﬁl7 (46)
where @, (p,,p,,r;,r,) is the average angular velocity of
obstacle 1 at orientation p; in the presence of (the far-away)
obstacle 2 with fixed orientation p,. The impact resulting
from variations in swimmer density modulations (scaling as
~|r, —r;|72%¢) is minimal when compared to the fluid
flow (scaling as ~|r, —r;|™!), at least perturbatively in A.
Therefore, to leading order in the distance |r| —r,|, the
angular velocity can be expressed as a linear response to the
Stokeslet flow wv,(p,,r;,r,) generated by obstacle 2 at
point r; in the absence of obstacle 1, as in Ref. [53]:

A (P1.Pa.11.12) = MY (p1) 05 (Br.ry.ma).  (47)

Here, M'" (p,) is the linear-response tensor of the average
angular velocity of obstacle 1 to a uniform background
flow. Note that the pinning of obstacle 1 breaks Galilean
invariance, therefore coupling the dynamics of p, () to the
fluid flow v,(p,,r|,r,) itself and not only to its gradients
(other instances in which Galilean invariance is explicitly
broken in active suspensions, therefore leading to possible
alignment with the local suspension velocity, include con-
fined suspensions and suspensions on substrates [54—56]).
By symmetry, the linear-response tensor must be antisym-
metric in the indices (,v) and invariant under rotations
around p;. This yields

M}lw(pAl) = _71€ﬂbaﬁ(llv (48)

with y; an object-dependent coefficient that depends on the
near-field properties of the active suspension in the vicinity
of obstacle 1. Note that y; > 0 implies that, in a steady
uniform background flow, p; aligns with the flow, while it
antialigns with it if y; < 0. Therefore, one has

71|F2| ~

%* Pi A (B2 + (B -Fio)fio) ABi]. (49)

dr - 877,'77|r] —r2|
Accordingly, the dynamics of p,(z) follows from

7 F
% = —87z37/|2r|1 l|r2|152 A @1+ (B1 - Fio)fia) Apo]. (50)
The lack of reciprocity in the interactions between the two
inclusions visible in Eqgs. (49) and (50) is a trademark of
interactions mediated by active baths [25,26,57]. When
y1 > 0 and y, > 0, the effective interactions drive align-
ment between the two directors in the direction separating
the two inclusions, meaning p; = p, = =£F, in the steady
state. Furthermore, when both y; <0 and y, <0, the
effective interactions lead to antialignment between the
two directors in the direction separating the two inclusions,
meaning p; = —p, = +F;,. None of these equilibrium
points is stable when y;y, < 0. In fact, numerical solu-
tions of the joint dynamics Egs. (49) and (50) show that
interactions between two such freely rotating bodies
generically lead to complex trajectories of p; and p,; see
Fig. 3. The dynamics are rich depending on the initial
conditions and their study, including the influence of noise

FIG. 3. Examples of complex trajectories induced by the
interactions between an aligning (y; > 0) and an antialigning
(y» < 0) freely rotating polar object embedded in a suspension of
microswimmers. The center of the first obstacle is located at the
origin, and that of obstacle 2 is on the x axis. The instantaneous
position of the two directors p; and p, at some time ¢ > 0 is
depicted by two red arrows, while the solid blue lines represent
the past trajectories starting from a random initial condition at
t = 0. For such generic initial conditions, the trajectory of each
director seem to densely cover a portion of the sphere at large
times. Here, y; = —y,.
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on the dynamics Egs. (49) and (50) or in the presence of
more than two bodies, is left for future work.

Broadly speaking, the above phenomenology was
already identified in the dynamics of pinned inclusions
in suspensions of dry active particles [25,26], albeit with
slightly different dynamics. We stress, however, that
momentum conservation leads to much longer-ranged
effective interactions. In fact, the effective interactions in
Egs. (49) and (50) decay as O(|r; —r,|™!), whereas they
were shown to decay as O(|r; — r,|) in three-dimensional
dry systems [25]. This difference could have striking
consequences on the behavior of ensembles of pinned
embedded inclusions.

B. Freely moving bodies

Next, consider the case of two freely moving obstacles.
Let u; (u,) denote the average velocity of obstacle 1
(obstacle 2) when in isolation. Then, the far-field density
decay around obstacle 2 follows from Eq. (13) and reads

1 (r=ry) ¢
with  6py(r) = (r=—ry)-¢&

p(r) = py + dp(r) 4D Jr—rp

(51)

The same result holds around obstacle 1 upon replacing
¢, by ¢, and r, by r;. For what follows, we introduce
v1(po) and v,(py) the average speed of obstacles 1 and 2,
respectively, which are scalar functions of the bulk
density p.

There are two sources for the interaction between the
inclusions. First, there is a contribution from the fluid flow
created by one inclusion in the vicinity of the other. The
other one comes from the change in swimmers’ density in
the vicinity of one inclusion due to the presence of the
other. Both contributions scale in the same manner with the
distance between the inclusions.

We denote the changes in the average velocity of each
obstacle by u; + du; and u, + ou, for obstacles 1 and 2,
respectively. To leading order in the far field, du; is given
by the sum of the two contributions discussed above. First,
due to the presence of object 2, the apparent bulk density of
swimmers around obstacle 1 is perturbed, going from p; to
Po + Op,(ry). This scalar perturbation modifies the speed of
obstacle 1 but not the propulsion direction. The second
contribution emerges from the coupling to the fluid flow
generated by object 2, which behaves as the one generated

by a force dipole Q;ﬁ at position r,. These two contribu-
tions scale as |r; —r,|™2 and yield

1 .
0uf = g 0 (11 = P2) OF 10} (p0)opa(ry). (52)

Because obstacle 2 is polar with an axis of symmetry,
we have &, = y,il, with y, a parameter which depends on

near-field properties of the suspension close to obstacle 2.
Furthermore, we have

. 5P
07 =, (uéug ——>, (53)

with x, also depending on the near-field properties of the
suspension close to obstacle 2. Hence, to leading order, the
effective interactions between the two bodies take the form

a
Suf = — Koy (1 —3(f), 'ﬁ2)2>
87n|r, —"1|2

V) (/)0) SV )
j— ua 1 R
A2 1 4xD ’r] —r2’2

(54)

and correspondingly for the shift du, in the velocity of
object 2. The first term is a swimmer-swimmer interaction,
showing that passive bodies embedded in an active sus-
pension partly behave as swimming particles themselves.
The second term, however, does not correspond to a
swimmer-swimmer interaction but is akin to the far-field
interactions emerging between two passive bodies
embedded in a medium of dry self-propelled particles [25].

VI. CONCLUSION

In this paper, we studied the long-range effect of a
localized obstacle on a three-dimensional suspension of
active swimmers. First, we showed that hydrodynamic
interactions can lead to striking deviations from earlier
results obtained in the dry case when the obstacle is held
fixed by an external force so that there is a net average flux
of momentum injected into the system. In that case, the far-
field density modulations of the swimmers decay with an
exponent that depends continuously on the relative amplitude
of hydrodynamic and diffusive contributions. The exponent
also depends on the internal symmetry of the obstacle: A
polar obstacle with an axis of symmetry induces density
modulations that decay faster than in the absence of hydro-
dynamic interactions, while an obstacle with no axis of
symmetry induces modulations that decay slower than in the
dry case. In both cases, we have a perturbative prediction for
the exponent in terms of the independently measurable
quantities |Fey|, 7, and D. In particular, |F.y| can be read
off from the leading far-field decay of the hydrodynamic
velocity. The case of a freely moving inclusion is closer to
earlier studies on the dry problem. There, hydrodynamic
interactions are irrelevant far away from the obstacle, and the
—2 exponent is recovered [25]. As argued in Sec. II, these
predictions emerge from a competition between diffusive
effects and convective transport due to the local injection of
momentum in the vicinity of the obstacle. We believe this
scenario is generic enough for our results to robustly extend
beyond the presently studied case of spherical squirmers and
be appraised in experiments on synthetic or biological
microswimmers. We stress that our predictions rely on the
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three-dimensional nature of the surrounding fluid flow. In
fact, in the vicinity of a container’s wall, acting as a
momentum sink, the flow field around a localized momentum
source decays faster (as ~1/r?) when compared to three-
dimensional bulk fluids. In such a case, following the
dimensional analysis of Eq. (6), we therefore expect hydro-
dynamic interactions to be irrelevant far away from a localized
obstacle, even if itis held fixed. Note, however, that we expect
effects similar to the ones described here if the motion of the
microswimmers is limited near the interface between two
immiscible viscous fluids or inside a two-dimensional fluid
layer in a three-dimensional viscous fluid.

In addition, we have also described the effective long-
range interactions, mediated by the active suspension,
between two far-away localized objects. If freely moving,
the effective interactions between the two objects lead
to a modification of their average propulsion velocity. This
modification decays as the distance between the two
objects squared and can be expressed as the sum of two
contributions. The first one is akin to the hydrodynamic
interactions existing between two force dipoles. The second
contribution has the same form as the effective interactions
mediated by a bath of dry self-propelled particles [25].
When their center of mass is held fixed, effective torques
emerge that decay as the inverse of the distance between the
two obstacles. Depending on the details, these can lead to
alignment, antialignment, or complex trajectories.

We believe this study opens the way for a quantitative
description of many phenomena, including the effect of
disorder on suspensions of microswimmers [13,29,30,58]
and the interactions of inclusions with confining walls [59].
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APPENDIX A: DYNAMICS OF
AN ISOLATED SWIMMER

The dynamics of an isolated squirmer, a spherical
particle that self-propels in a viscous fluid by imposing

a nonzero surface flow in its frame of reference, has been
derived in Ref. [50]. In this appendix, we extend their
derivation to the case where an external force and torque are
imposed on the squirmer. Because of the linearity of the
Stokes equation, the resulting velocity is the sum of the
self-propulsion of the isolated squirmer and of the trans-
lation velocity of a passive sphere of the same size driven
by the external force.

The squirmer motion is a combination of translation with
velocity X and solid rotation with angular velocity @. The
equation governing the fluid flow reads

nAv—-VP =0 (A1)
together with
V-v=0 (A2)
and the boundary conditions
Vyor) =x+vir.u)+aw An and v, =0, (A3)

with v, (r,u) the local surface velocity imposed by the
swimmer in its frame of reference and n is the local
outward-pointing normal to the squirmer’s surface 0Q.
We recall that v (r,u) has a polarity, that is, a vectorial
asymmetry, determined by u. The translation velocity X is
fixed by the force-balance condition

/ dSn’e (') = Fe, (A4)
o0
and the angular velocity @ is fixed by the torque-balance
condition
aepaﬁ/ dSnntot’ =T7. (A5)
oQ
In order to obtain X and w, we apply the Lorentz reciprocal
theorem. Let ¥ and 6 be the velocity flow and the stress
tensor, respectively, of another solution of the Stokes

equation which is regular over the domain R?/Q. The
Lorentz reciprocal theorem then states that

/ n-&-v:/ n-oc-v.
oQ o0

First, in order to get the squirmer’s translation velocity,
we choose v, 6 to be the flow generated by a translation

at velocity U of the sphere Q by an external force F. The
no-slip boundary condition then reads ¥|,, = U. We,
therefore, obtain

(A6)

ﬁ-ic—i—/ n-é- (vy+awarn)=F-U. (A7)
0Q

For a sphere of radius a, it leads to
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1 1
(= F-—: [ dsw,(ru),
o 67na 4ra® /ag v(r.u)

independently of the angular velocity w, since n-é is
constant along the surface of the sphere. We then recover
Eq. (31), in the absence of a background flow, with the self-
propulsion speed

(A8)

1
V=" A{z dSvy(r.u) -u

and the mobility u = 1/(6zna). In order to obtain @, we
apply the Lorentz reciprocal theorem by considering ¥, 6 to
be the flow generated by a solid rotation at angular velocity
@ of Q.0n 0Q, wehave v = ad® A nandn -6 = 3no A n,
see Ref. [50]. We, therefore, obtain

(A9)

3n€qp, Agz dSn? (X% 4 v§ + aeqy, @' n”)

= aeup, A ; dSn”o’n?, (A10)
yielding
1 3
w=——=——=[ dSn A v,(r.u). (A11)
8nna 8ra’ Jsn

The equation of motion for the director u then reads

1
- 8mna’

L=wAu I'Au, (A12)

since the second term of Eq. (All) points along u by
symmetry. We, therefore, recover the noiseless version of
Eq. (32), without the background flow, with the angular
mobility u, = 1/(8zna®). In the presence of a background
flow v, the equations of motion can be found by consid-
ering the same Stokes equation imposing that at large
distances the flow is equal to the background one,
v, (r) = ©(r). One can then obtain a formulation similar
to Eqs. (A1)-(A3), with a vanishing fluid flow at infinity,
by considering O(r) = v(r) — v (r). At the surface 9Q,

By denoting x the position of the swimmer, one can then
expand o(r) around »(x) to first order in the radius a.
Equations (31) and (32) in the main text then follow from
the application of the Lorentz reciprocal theorem as above.

APPENDIX B: SINGULARITY OF THE
ANGULAR DEPENDENCE WHEN ¢,,=0

In this appendix, we consider the mode m = 0 as an
example. By incorrectly assuming that ¢, = 0, one obtains
an equation for the angular dependence:

1
E@g(sin 96990) =+ /1 sin 96990 + 90 [2 =+ 4/1 COS 9] = 0
(B1)

We now look for a perturbative solution in powers of

the coupling constant 4 as go(0) = géo) (9) —l-/lg(()l)(ﬁ) +

/129(()2)@) + ---. To leading order, we get

) gy _ .(0) (0) [cos & 1 +cosf\
gy (0) = ¢} cosO+ c, [ 5 10g(1—cos€ 1],

(B2)

(0)

with ! ©)

and ¢, W =0

two integration constants. We set ¢, =
0)

to prevent divergence at cos@ = £1 and choose ¢;’ =
—1/4x to match known results for the Green function of the
diffusion operator. Accordingly, to first order, we obtain

—10c0s%0 + 3 cos O log(1esd) )
-+ Cq
327

+c(1) COSQIO 1+ cosd _1
2 2 g 1 —cosé ’
(1

with ¢; ) and cél) two new integration constants. We then

set (:(21> = —3/16x for the solution to be well behaved as

cos@ = £1. The integration constant c(ll)

mined so that

gg)l)(ﬁ) = cos @

(B3)

is left undeter-

B 1671'C(11) cosf —5cos’ 0+ 3

1
the corresponding boundary condition reads 95) )<9) 167 (B4)
Vg (r) =%+ vy(r.u) + aw A n —o(r). (A13) Using this, we then evaluate g(()z) (0) to find
|
42(0) = 607c\! cos?0 — 18zc" cos O log(1£28) — 9cos*d + 2 cos Olog(1 — cos?d)

0 487

5 2 [cos @ 1+ cosd
—I—c(l)cos9+c§)[ 5 10g<1—cos«9>_1} (BS)
with c<12) and ng) two new integration constants. Hence, removing the log-divergence at both cos® = 1 and cosf = —1

requires
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187¢\") = 247 +2 = 18zl — 247cY —2 =0, (B6)
which is impossible, so that no well-behaved solution can
be found. This signals the emergence of a correction of the
scaling dimension to order of O(4?).

APPENDIX C: RENORMALIZATION GROUP
TREATMENT OF EQ. (40)

In this appendix, we apply a perturbative renormalization
group treatment to Eq. (40) to find the far-field decay of the
density field. By linearity, this amounts to finding K, (r),
where

AK,(r) = 20,(v¢(r)K,(r)) = —0,6(r) (C1)
and where v,(r) = v(r)/(AD) is such that
vi(r) = J (r) p7. (€2)

at large distances. For the sake of the renormalization group
argument, the velocity field v,(r) is explicitly built from a
microscopic length scale £ as follows. First, we assume that
the velocity field v%(r) can be expressed from a force

density ¢’(r), so that

)= [ s -rd),
[ rdiir) -

Then, we assume that the force density depends on a
microscopic length scale # through a scaling function g”

according to
1 r
B —
qe(r) = Zqﬁ (;)

We now look for a perturbative solution of Eq. (C1) and
study its behavior in the asymptotic regime where
Z/|r| < 1. For any r finite, we obtain the solution up to
order of O(1?) as

1 1

Kur) =5 [ @,
”(r) v, d

1 r" I
=i 3 dr'vg (r') K, (r') ——5
4z r? 471’ Ir—r|

r/’,{ r(l_r/(l

1™
- - ___ = dr/ o rl -
43 471'471/ V) 3 ]r—r/|3

(47[) /drlvf /dr// //3

r/)’ ///} —
PP r=rF + 0(2%).

(C3)
with

(C4)

(C5)

(=016(r") + A0, (vE(r) K, (r')))

=" Ir

In the following, we investigate the fate of this expansion in
the far-field regime and use a renormalization group
treatment to infer the anomalous scaling exponents.

1. First order

To first order in A, we have

We define

rHr® — e
/d"/”f /2| |3

"\ rfr® —r
dr//Jaﬁ _ p
/ / a f“’( )r”lr—r3

(C8)

The latter can be brought to the scaling form of Eq. (41) by
using dimensionless integration variables " — £r” and
¥ — 1’ and using J%(kr) = k~'J%(r) for any positive
number x > 0:

J /T f r fu
F(er) = /dr/dr]ﬂ<r——r)qﬂ(ﬂ)—3|f -
ii*‘(f ) (C9)

r r
with

I 701 H— e

(€,F) / /dr’] By — er’ )q/’(r”) Ea T
(C10)

We now prove that the limit € — O of the above integral
exists. This amounts to showing that there is no anomalous
scaling to first order in 4. To do so, we first split the integral
between a near-field and a far-field contribution:

(e, F) = JH (e, F) + J5 (e, F), (C11)

with

Ve
Ji(e.F) 2/0 dr’/dﬂ/dr”J“ﬁ(r’—er”)qﬁ(r”)f’ﬂ
ey

— Cl12
x |F—r (C12)

and
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+0o0
Ty(e.F) = /f dr / a7 / A TP — e ) gf ()P
el Ja

X —. C13

F—r (C13)
We can now evaluate the far-field ¢ < 1 behavior of
these integrals. Disregarding contributions vanishing when
¢ — 0, we obtain for the first one

1/ve
J4 (e, F) —/ dr’/df’/dr”]“ﬁ(r’

o —er'® .
|r—6r/|3 = JVR,

7' qﬁ(r”)f’”
(C14)
with the tensor

N L
]zfﬂ = lim dr / dr / dr//]a/i(r/ _ r//)q/}(r//)”,}/ﬂ

L—oo 0

(C15)

We note that the above integral superficially seems loga-
rithmically divergent as L — oo. Nonetheless, this diver-
gence is prevented, because the integral over the unit
vector # vanishes at large distances. The tensor Ji* is a
nonuniversal correction, as it depends on the whole force
distribution ¢”(r). To leading order in the far field, the
second integral becomes

~ JO(F) p

Jh(e,F) = (Cl6)

with the tensor

T (F) = lim " ar / a0 e

[F=r

Therefore, to leading order in the far field and to order of
O(4) in the perturbation expansion, the solution reads

1 1 A
K [ A’l -~ J(Iﬂ A0 J(l/l 0 12
”(r) 4n'r2r 4rr? 47T< + 5 H)p > +0(F)
1 A A
— _ S _Jaﬂ A Jﬁa ~p
477.'1"2< +4ﬂ' ! )( +4 (F)p )
+0(22) (C18)

and takes the form of a nonuniversal (tensorial) amplitude
multiplied by a universal angular dependence. We now

evaluate J% 5“(F). Using isotropy, we can decompose

() = A 8% + A PP, (C19)
with
1 %3 '3 A Aa
Ay =S T (F) (P — #7) (C20)

2

and
A, Jﬂ“( F) (8P — 378 pa). (C21)
Then,
+oo 5rﬂ Prik
/ dhee ="
riF=7P
(77 = P 7P7) (8P — r/“”‘)
+°<> (Fr =P
/ / /|r "/‘3
5}/0( — e /y o __ A/y(r r ))

+oo (F-F)—=(F-F)>=2r + 27 (F-F)?
== dr [ dF
2/ ’/ PF—PF

B +o0 4 w w3 =2/ + 2/ w?
=7 P+ 72— 2rw)l?
= (C22)
Furthermore,
B /+oo / (57ﬂ+ PP
- /|r r 3
X (Fr = PP7) (8P = 377 7%)

:__/+00 /dr/(ry_r/f/73A,a
P =7

X (7% = 377 4 P — A‘“’V(r 7))

/+oo /df’ FoP) PP+ 2r —6r (F-F)?

rIF=7)?
B /+°° / w+3w +2F —6r'w?
N (1472 =2rw)3?

(C23)

Then, to first order in O(A) and to leading order in the far
field, we have

1 A
_ _ au Sap
K”(r) 4d7r? (6 T iy, I )
X <f“ 34—/1[3 —|—54—/1(13 . f)f“) + 0(/12). (C24)

2. Second order

To second order, we need to compute the following

integral:
rl/y PP — B
/dr,vf r/)/drﬂ //3 |l‘ //|3m’
(C25)
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which enters Eq. (C6). Note that

15(¢,r) / dr'v
lr—r
Lﬂ N r® — r/a
/dr’vf I”( r/)7|r—r’3’
as it appears from the definitions of I* (¢, 7) and *(£/ 7, F)
in Eqgs. (C8) and (C9), respectively. This expression can

then be brought to the scaling form of Eq. (41) using the
same changes of variables as in Eq. (C9):

I” r* —r
0= [ (Gr) T

/1 Tof //ﬁ//lAﬂfA/
= [dr [ dr'"J¥(r - ¢r')g (r)ﬁl1 o

P

r®— e

S

(C26)

X—
r—r|?

_Lu(?s
2 r )’
with

Iy(e.7) :/dl‘//dr”./“ﬂ(l"—er”)qﬂ(r//) r}zfﬂ <’J A/)
e

(C28)

(C27)

“F-rF

Again, we split the integral between a far-field and a near-
field contribution:

(e.7) = K (e.7) + K. (. 7). (C29)

with

K (e,F) / dr/ /dr”J"/’(r er’ g (r")
< (5#) o

+o0
pi [ o
Je

(C30)

”,.\a _ r/(l

and

Kb (e,F) = / / /dr”J“ﬁ —er') g’ (r")
Iﬂ ) [
§ (r”)|r—r|3

We now investigate the behavior of both contributions
when € < 1, neglecting vanishing corrections as € — 0.
For the second integral K% (e,F), we have

(C31)

A /o
K’;(e,f)zﬁ/’/ /dr”J”/" ()1 (0, f)|r f|3
—-r
~ /f ar / a? o) [T+ @) |
-y
X —
F—rp

+oc0
o~ JU T (7 )pﬂ+pﬁp7/ dr’/dr”]"”(r’)

(C32)

where we use the far-field expression of J,(e,F) in
Eq. (C16) to get the first term on the right-hand side of
the last equality. Crucially, because J*(r) ~ r~! and the
angular integral does not vanish at short distances, the
second term diverges logarithmically when ¢ — 0 and,
therefore, contributes to the renormalization of the anoma-
lous dimension to order of O(4%). We now focus on these
diverging contributions which can be obtained by replacing
the integrand by its small 7 behavior and using any finite
number as an upper bound for the integral over r/, now
represented as f Ve dr’. As the logarithmically divergent part

is insensitive to the upper bound, we get

[z e) ;s riy [ o [aree
r—r

~ P p/’p”/ dr —/df’ (8% + POFPY)(=3m8™" + ST M)

107>
~1
n€< 3

A 2w
pH(F-p) —TV”>

(C33)

To get the far-field angular dependence up to order of O(4?), it is further necessary to keep track of the terms in K, (e, ) that

remain finite as ¢ — 0. To do so, we introduce
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Qﬁrﬂ / / dr Jaﬂ JW 7) |f( rj|a
FE— e
- / ar / 0 J (1) (=35 + SmPri]
Ve -rf

‘ N

+0o0 pa o +o0 ~a_ Ja
= 376" / dr / L L / dr’ / A K
[P =r'f Ve P =

= 375 QP (F) + 5200 (F), (C34)
[
with This leads to the decomposition
Jou
o(F) = / dr / 4 IP ) ,Jrs (€35)  QM(F) = B\ F 4 By 4 By( M+ #3Y).
F=r] (C38)
and
We now evaluate B, B,, and B; using the identities
ﬂw ~ a[i A/yA/,l
& / /er | P (C36) Qﬁyﬂ(f)fﬁfyf” = By + B, + 283,

EF)Po = By + 3B, + 2B
By symmetry, the vector Qﬁ () points along 7, meaning 0" ()7 1+ 35+ 25

0} (7) = 0,/ with O ()& = B) + B, + 4B, (C39)
0, = / dr / a7 1 (¢ r —re from which we obtain
b ="
5 /+oo / 1 —2r'w +w? = —Qﬂ”'( A [SAP R — PPoTH — 277 §PH),
=27
1+ 72 =27w)3/?
— Q/;W(f) [—FPprpn 4 PP,
:—?(1—|—3ln6) (C37) %
By=5 OO (F)[—FP 7 i+ 71 5PM]. (C40)

The computation of Qﬂ”‘ (F) is more tedious. We note that
Qéy" (F) is symmetric under exchange of the indices (y,u).  Hence, we have

1 '\a /a
B, = E/ dﬂ/df’]“ﬁ )o tl* PTRMSHORpH — PPTH — 2 ]

F=r
P P2y —

Sy u“ 0D (.-
r—r

B /+°° / —-1- 10w3rJ + 5w* + 6wr’
N (14 72 = 2wr')3/?

T' (C41)

Similarly,

1 ’Yl -
By=3 / dr’ / AP I () 7 r|3 PTRH[—P R i o)
r —

oo — "//j —
:_/+ dﬂ/df' /|2r /|§r r/)) (_fﬂ('f:”.\l)Z_’_fﬁ)

r

041034-17



ARNOULX DE PIREY, KAFRI, and RAMASWAMY PHYS. REV. X 14, 041034 (2024)

o w(2r —w)
=7 + r/2 2W’,/)3/2

12
:—§<5 +4lne> (C42)

Finally, we have

1 40 fa _ r/a'
By =3 / dr’ / AP () Y[ Pfr p  rP)

IF—r|
S —FP2r = (F-F R R
:_/ d'J/d’ Pl = /|§ ) (-2 0 7))
+oo 2r —w)(w? —w)
/ ar / 1+ 72 —2wr)3/?
208 2
_§(E+31 > (C43)

This leads to the following expression for K% (e,F), where we keep all the terms that do not vanish as ¢ — 0:

Kb(e,7) = pPI IS (F) + pP pr QP (F)
= PP (F) + pP pr =35 Q) + S5a(B PR + By sT 4 By (P8P + #oPT)))]
10 19

208 2
= PRI (F) + 22 <3log(e) 45> PP P+ 12827 (p - F)? — (45+31n€)r” (C44)

Next, we expand K’f (e,F), defined in Eq. (C30), when ¢ < 1 and disregarding all the terms that vanish as ¢ — 0. First, we

obtain
D\ Y=
(e,F) / dr’ /df’/dr”]“ﬂ r —er) g’ (r I} r’ Tt
P
/Ve N " (1 —er’?®
:A dr’/dﬂ/dr”] ﬂ(r’—r”)f(r”)l’f(;,r’) |,¢_€,./|3
o [1/ve N a1
~ / ar / a7 / AP JP (=g (P (S P ). (C45)
0 r

This last integral splits into two contributions, a finite nonuniversal contribution, denoted 13?” in the following, and a
universal logarithmically divergent contribution coming form the large distance behavior of the integral over r. The latter
can be obtained by replacing the integrand in Eq. (C45) by its large r’ leading-order behavior [the integral over r’ then gives
p? following Eq. (C4)] and using the expression for /% (0,#) derived in Eqs. (C14)—(C17). In doing so, the lower bound in
the # integral should be set to any strictly positive number, which we represent by f 1/Vedy. The logarithmically divergent
contribution as € — 0 is indeed insensitive to this bound. We, therefore, obtain

e # 1/\/— . K
ﬁ/}/ dr’/df’Jaﬂ(r’)I}f(O,r) = p/}/ //d".\/Jaﬂ(r/) |:J}1’/4f/}, +J£”(f’)p'\7:|
1/v/e .
:ﬁﬁﬁy/ dr//df"]aﬂ(r/)‘]gﬂ(’c/)
= pﬂpy/ dr’ / df’_]aﬂ(r/)jgﬂ (f’) (C46)
NG

Note that the term proportional to JA{” that appears in the first line in Eq. (C46) does not contribute to the singular part,
because the corresponding angular integral vanishes. Comparison with Eq. (C33) then shows that the singular part of
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K*(e.F) and that of K% (e,F) are identical. We, therefore, obtain in the far field

X 4 208 i
I(e,F) = (K — 5 3712 Ine — &% Eﬂ2> pr - pPIT I (F)

2 (20 196

45>p”(p F) + 1272/ (p - F)>.

(C47)

Altogether, Egs. (C24) and (C47) lead to the following expression for the expansion to second order O(4?) of the solution of

Eq. (C1), in the far field:

1 A 3
K, (r) = ——=M%(r)|P* == (3p* = 5/*(p - F)) + = 22F(p - F)*| + O(2?), (C48)
Axr 4 4
with the tensor
2 1322 A s A 5 49
M =& 1 =21 _ o Kay 2 il | A A 4
(r) 5"( pne 45>+ Jj —|—<4) +/1( og(e) — 45>pp (C49)
|
3. Renormalization group equations Y
, sroup <4 my(r) = 1+5 "=, (C52)
The far-field density decay is governed by Eq. (40), 3 0r

from which we get &p(r) = c*K,(r)/D. In the fol-
lowing, we show that, as in the treatment in the main text,
we obtain two different anomalous dimensions depending
on whether the polar obstacle has an axis of symmetry
or not.

a. Polar obstacle with an axis of symmetry

If the obstacle has an axis of symmetry, the latter is
necessarily along p so that ¢* = c¢p*. Accordingly, by
symmetry, we obtain J%p# = j, p% and K p+ = kp°,
where j; and k; are constants which depend on near-field
properties of the velocity field. We, therefore, get

. 22 62 A A2
HM (r) =cp® [1 +?/121ne—E/12 +E]1 + <E> kl}

su[y 62,0, A A\2
cp [1—53 —]1+<4ﬂ> k1}

(1 +—ln€> +0(2), (C50)

which leads to the following expression for the density
field:

do(r) o )

+ 01,

A 3
[cos 0— 1 (3 — 5c0s%0) + 1/1200539

(C51)

with the function m(r) given by

Note that Eq. (C51) reproduces the angular dependence of
Eq. (10). This perturbative expansion is the first step of a
renormalization group treatment done by introducing an
arbitrary length scale ' and writing

2
my(r) = m(r') (1 —+ /gln,:), (C53)

which is valid up to order of O(4%). The renormalization
group equation d,m(r) = 0, therefore, becomes

2

37 (C54)

ar/mH(l"/) + mH(r') =0,

since the term scaling as O(A?d,m(r')) can be neg-

lected to the considered order. Equation (C54) finally
leads to

1
—
P2H2/3

Sp(r) « (C55)

which reproduces the result of Eq. (9).

b. Obstacle with no axis of symmetry

The situation is different when the obstacle does not
have an axis of symmetry. In that case, we decompose
¢=cyp +c with p-c;, =0. We isolate the logarithmi-
cally diverging contributions and split the different terms
according to
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‘ A A 2 30,3
——— T (1l 1mZ _2n_ 2
Sp(r) 12D ( +In cos 6 4(3 5co0s%0) +4/1 cos 0
1 27 A 3
- | 1=—In— a | pa 0 SN~ 7 T 2ra(h . 22
47zDr2< 12nr)cL[r 4(3p 57/%(p r))+4ﬂr(p r)}
1 1342 N AN2 4 49 A 3
_ o _ St _Jaﬂ - Kaﬂ__AZAaAp par _Z (3pa — 55 AP _/12/\0: A.AZ‘ C56
4ﬂDr26[ 75 +4n'+(4ﬂ) BT ppHr g BB = SPP-F)) 3 257 (p - )7 (C36)
Up to order of O(4%), we, therefore, obtain
AL A 3
Sp(r) = _4;3,»2 <;> <cost9 -2 (3 = 5co0s%0) + Zﬁcos%)

N

r

1 f_iZ/lzaAa A ~a (AP 32/\0:*\A2
s (£) e[S - + 2 a7

1 1322 YR IN? s 49 y) 3
_ Y/ . a | T oqop ) R = 2aanu| | pa N~ T T 22xa(ph . 72 .
D¢ [ 23 S +4”J, + (4;;) | 45/117 p } {r 4(3p 5/(p r))+4/1 PP -F) (C57)

Hence, the second line of the right-hand side dominates in the far field, and we obtain

1 5 3
Sp(r) 71 O (¢ + o) sin@(l + Z/ICOSH + 1/12 cos? 9) , (C58)
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