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ARTICLE INFO ABSTRACT
Keywords: In this article, we consider a local projection stabilisation for a Hybrid High-Order (HHO)
Oseen problem approximation of the Oseen problem. We prove an existence-uniqueness result under a stronger

Local Projection Stabilisation (LPS)

SUPG-like norm. We improve the stability and provide error estimation in stronger norm for
Hybrid High-Order (HHO)

convection dominated Oseen problem. We also derive an optimal order error estimate under
the SUPG-like norm for equal-order polynomial discretisation of velocity and pressure spaces.
Numerical experiments are performed to validate the theoretical results.

Introduction

The Navier-Stokes equation models the flow of fluid in a domain. A solution to these equations is important in many engineering
problems. Linearizing and time-discretizing the Navier-Stokes equation, we obtain the Oseen problem:

—eAu+ (b -Vu+ou+Vp=finQ,
divu=0in Q (0.1)
u =0 on 0Q,

where u denotes the velocity of the fluid and p denotes the pressure. Here Q ¢ RY with d € {2,3} is a bounded polytopal domain
with Lipschitz boundary Q. The force function f is in [L2(Q)]¢. The viscosity coefficient is denoted by e, where 0 < ¢ < 1. The
convection coefficient b is a [Wolo (Q)]? function such that div b = 0. The reaction coefficient is a positive constant denoted by o.

Fluid flow problems with dominant convection produce boundary and interior layers. It is well-known that the numerical solution
to these problems using the usual Galerkin method cannot capture these small layers. Instead, they produce nonphysical solutions
that contain spurious oscillations. To eliminate the effect of convection, one can add stabilisations. The Hybrid High-Order method
with upwind stabilisation of [1] eradicates the oscillation. In this article, we focus on local projection stabilisation using a Hybrid
High-Order approximation on general polygonal meshes and establish the stability and error estimation in a stronger norm.

In the last few years, there has been a growing interest in high-order polynomial approximations of solutions to PDEs on general
polytopal meshes. Due to the vast literature in this area, we cite a few well-known works: the Hybridizable Discontinuous Galerkin
(HDG) method in [24,28]. The HDG has been extended further to the convection diffusion problem in [23] and the Oseen problem
in [19]. The Virtual Element Method (VEM) has been studied in [5,6,13]. The VEM has also been applied to the convection diffusion
problem with SUPG stabilisation [7] and to the Oseen problem with LPS stabilisation [49]. The Weak Galerkin method is introduced
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in [50,53,54] and the Gradient Discretisation method is introduced in [39,37,27]. The Multiscale Hybrid-Mixed method has been
studied in [2]. The focus of our article is on the Hybrid High-Order (HHO) method, originally introduced in [30,29]. For an overview
of the HHO method, we refer to [25]. HHO is a robust method based on local polynomial reconstruction. It is independent of the
dimension of the problem and suitable for local static condensation, which drastically reduces the computational cost of the matrix
solver.

The HHO method is closely related to the HDG method, but differs in the choice of stabilisation; see [22] for details. In the
nonconforming Virtual Element methods (ncVEM) one takes the projection of the virtual function in the stabilisation, whereas the
HHO method takes a reconstruction of the function in the stabilisation. In [48], the connection of the HHO method with the virtual
element method is discussed. See [9,38,14,15,47] for related works. In the lowest-order case (k = 0), the HHO method resembles the
Hybrid Mixed Mimetic family, hence the mixed-hybrid Mimetic Finite Differences, the Hybrid Finite Volume and the Mixed Finite
Volume methods too, see [38,16,41,35,36]. We state the following predominant works on the HHO methods: problem with pure
diffusion [30], advection-diffusion problem [26], interface problems [18], for linear PDEs, elliptic obstacle problem [21], Stokes
problem [31], the Oseen problem [1], and the steady incompressible Navier-Stokes equations [32].

In the study of stabilisations for fluid flow problems with a high Reynolds number, the SUPG method by Hughes and Brooks [17]
is the most well known. SUPG is studied for the incompressible Navier-Stokes equations in [52]. There is a wide range of stabilisation
techniques in the literature, some of them are: the least squares method [51], residual free bubbles technique [51], continuous interior
penalty method [51], and the discontinuous Galerkin method [51]. In this article, we are interested in the local projection stabilisation
scheme, originally introduced for the Stokes problem by Becker and Braack [3] for the Stokes problem. It has also been studied for
the transport problem, the scalar convection diffusion problem, the Oseen problem, and the Navier-Stokes equations [4,51,11,10,12].
A nonconforming patchwise LPS method using Crouzeix-Raviart elements for the convection diffusion problem has been studied in
[34] and for the Oseen problem in [8]. Knobloch has studied a generalised version of LPS for the convection diffusion problem in
[45] and also for the Oseen problem [46].

The SUPG method naturally gives an additional control over the advective derivative of the velocity; however, the usual LPS
methods in [4,10] do not provide this. Moreover, the LPS methods in [4,10] work through a two-level mesh approach or through
enrichment. The articles [4,10,45,46] need to satisfy a local inf-sup condition necessary for error analysis and stability. In this article,
we employ a generalised LPS technique to design an HHO method for the Oseen problem motivated by the works in [1] on the HHO
approximation and in [46] on LPS stabilization for the Oseen problem. The additional LPS term provides control on the advective
derivative. Moreover, we employ a one-level approach that does not require any enrichment of discrete spaces and the need for a
local inf-sup condition as seen in [46].

In this article, along with the LPS method, we have added another velocity stabilisation to control the normal jump of the solution.
This helps to further stabilise the solution. Moreover, we also need pressure stabilisation to stabilise the pressure gradient. In a nutshell,
the LPS-HHO method is a combination of a usual HHO method for the Oseen problem combined with the above stabilisations along
with an upwind term. Compared to [1], we have proven that the LPS stabilisation term in the formulation helps to prove a stability
result under a stronger SUPG-like norm. Moreover, in this article, the presence of normal jump stabilisation in the discrete scheme
gives epsilon robust error bounds. This can be seen in inequality (4.17).

The rest of the article is organised as follows: Section 1 defines the Oseen problem along with some notation and preliminaries.
Section 2 deals with the discrete HHO formulation of the Oseen equations. Section 3 provides the proof for the discrete well-posedness
of the system in Section 2. Section 5 provides a priori error estimates. The numerical results are provided in Section 6. The notation
a 5 b means that there exists a generic constant C independent of the meshsize such that a < Ch. We abbreviate a Sb Sa by a~ b.
For M C Q, the L2-inner product on L*(M) is denoted by (-,-) and L?-norm by || - |l5s- We omit the subscript for the domain
specification when M = Q. We extend the definition (-, -),, naturally to vector-valued functions as the sum of component-wise inner
products. The analysis is done on standard kth order Sobolev spaces H*(Q) with the standard norm ||-|l; = ¥,1<¢ ID* Il ;2(qy)- The
Sobolev space H'(Q) with zero trace is denoted by H, S (Q2). The space of square-integrable functions with zero mean is denoted by
L%(Q). For M cQ,k>0and 1 <p<oo,let .|, be the norm on the kth order Sobolev space W*P(M). For p=2 we denote the
norm by [|.[l -

1. Continuous problem, notations and preliminaries

In this section, we introduce the weak formulation of the Oseen problem (0.1) and some preliminaries. Let V = [H(; ()19 be the
velocity space and Q = L(z)(Q) be the pressure space. The weak formulation for the Oseen problem (0.1) is given by: Find u € V' and
p € O such that

a(u,v) — b(p,v)=(f,v) forallveV,
b(q,u)=0 forall g€,

1.1)

where, the bilinear forms a(-,-) and b(-,-) are defined as
a(u,v) :=¢e(Vu,Vv)+ ((b- V)u,v) + (ou,v),

b(gq,u) :=(q,div u).
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Using the fact that div b =0 and ¢ > 0, one can show that the bilinear form a(u, v) is coercive. It is well known that the bilinear form
b(g,u) is inf-sup stable for u € [Hé Q)¢ and g € Lg(Q). Therefore, the existence and uniqueness of the problem (1.1) can be shown
using the Babuska-Brezzi condition, see [42, Chapter IV]. An equivalent formulation for (1.1) seeks (u, p) € ¥V X Q such that

A((u,p),(v,q)=(f.v), forall (v,q9) eV XOQO, 1.2)

where, the combined bilinear form is defined by

A((u, p), (v, q)) := a(u,v) — b(p,v) + b(q, u).

The existence and uniqueness of the problem (1.2) can be proved in a similar manner. Henceforth, we will use this combined mixed
formulation in our analysis.

Consider a decomposition 7}, of the domain  that consists of a finite collection of nonempty disjoint open polyhedral cells T" such
that Q = Urer, Tand h= maxrey, hr, where hr is the diameter of T'. We follow [25] for various notation and definitions related to
the mesh sequence 7},. A closed subset F of Q is defined to be a mesh face if it is a subset of an affine hyperplane H with positive
(d — 1)-dimensional Hausdorff measure and if either of the following two statements holds true: (i) There exist T (F) and T,(F) in
T, such that F C 0T (F) N dT,(F) N H; in this case, the face F is called an internal face; (ii) There exists T'(F) € 7, such that
F CIT(F)noQn Hp; in this case, the face F is called a boundary face. The set of mesh faces is a partition of the mesh skeleton, that
is, Urer, 0T = Uper, F, where F), 1= 7-’;'[ u Ffl is the collection of all faces, which is the union of the set of all internal faces F;l and

the set of all boundary faces T’Z . Let Ay denote the diameter of F € 7). For each T € 7}, the set Fy :={F € F;,| F C 0T} denotes
the collection of all faces contained in 0T. Following [30, Definition 1], we assume that the mesh sequence (7},); is admissible in
the sense that, for all 2> 0, 7, admits a matching simplicial submesh T, (i.e., every cell and face of T is a subset of a cell and a
face of 7}, respectively) so that the mesh sequence (7},),, is shape-regular in the usual sense and all the cells and faces of 7}, have a
uniformly comparable diameter to the cell and face of 7}, to which they belong. Owing to [28, Lemma 1.42], for T € 7;, and F € Fy,
hp is comparable to i in the sense that

02hT <hp<hg,

where ¢ is the mesh regularity parameter. Moreover, there exists an integer N; depending on ¢ and d such that (see [28, Lemma 1.41])

max card(Fr) < N,.
TET, (Fr) < N

Next, we define the hybrid discrete spaces on the decomposition 7},. For any bounded domain S, let P*(.S) denote the space of
polynomials defined on S of degree at most k > 0. Let P*(7},) denote the piecewise k degree polynomial functions defined on Q. The
local degrees of freedom on each polygon T € 7, is given by

Uy i={v, = Wr, Wp)rer,) - vr €[PXM))! and vy € [PK(F), F € Fr}.
The global degrees of freedom is given by combining the face values of Q’} as
QI;, ={v, =(Wprer,-Wr)rer,)}-
The hybrid space with zero boundary condition is defined as
gﬁ’o ={y, eg';l vp=0forall Fe F}Z’}.

The restriction of v, € Q’; on a polygon T is denoted by v,.. Forv, € g’,;, the broken polynomial function v;, € [P¥(7},)]¢ is defined
as vy | 1= vr. The local interpolation operator I. : [H'(T)]¢ - Uy is given by

Liv :=((zfv), (7| P per,):
where 71';{ and 7r1kF are L? orthogonal projection onto [ P¥(T)]¢ and [P*(F)]? respectively. Similarly, the global interpolation operator
Itv : [H' (@) - U} is defined as follows:

L = ((xV)rer, . 50 per,)-
Note that the projection operators are applied on vectors component-wise. The discrete pressure space is the usual piecewise polyno-
mial space of degree k with zero mean

Py :={py € LX) : pyly € PT)) 0 LG,

We recall some standard inequalities that will be used throughout the article.

Inverse Inequality: [25, Lemma 1.28] There exists a positive constant C independent of the meshsize A such that for any v;, € PK(T)
we have
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-1
IVoull oy < €T 1ol oery -
Trace Inequality: [28, pp. 27] There exists a positive constant C independent of the meshsize A such that
-1/2 1/2
ol 207y < CRZ N0l gy + By IV Ol 2y Vo€ H(T).

In particular, for v, € PX(T) and F € Fr, it holds

-1/2
loall 2cry < ChZ P llogll 2.

Discrete Poincaré inequality: [25, Lemma 2.15] There exists a positive constant C independent of A such that for v, € Q’}‘l o We
have ’

P 1 2 1/2
<c( X Iverlly+ lep-vrl2) 1.3
leal<c( X IVerlz+ X X g-ler=vrl (1.3)
TeT, TeT, FEFr
Approximation property of L? orthogonal projection: [28, lemma 1.58] The L>-projection n; satisfies the following approxima-
tion property: for any v € H5(T) with s € {1,2, ...,k + 1}
k 1/2 k s—m
v =Vl gmery + hyp "0 = 20| gmgry < Chy "0l gsery m€{0,1,...,s —1}. 1.4

Let the outward unit normal component for a polygon T € 7}, be denoted by n;. Similarly, the outward unit normal for a face
F € Fr is given by nyp such that nyp :=ny|p. Moreover, the normal component of the convection term on a face F € Fr is defined
as byp :=b|p - nyp. The jump of a scalar-valued function v on a face F shared by two polygons T} and T, is given by

lvl=vlp, —vlg,-

The sign of [v] is adjusted according to the direction of the outward normal. For a vector-valued functions u = (uy,...,u,;) and
v=(0,...,0y4)
ov; o < ou, o,
voi=(52) . Si= (Vo and (Vu, Vo) = S0 g
*j Jdxd on & 0x; 0x;
o Bi=l O

For a domain S, we define (u,v)g := f gu-vdx. Let [v| denote the modulus function of v. The positive and negative part of v is
defined as

v® = l(|u| +v)and 1° := l(|v| —0).
2 2
2. Discrete Oseen problem with LPS stabilisation

In this section, we introduce the LPS stabilised discrete formulation for the Oseen problem (1.2) on the hybrid space Q’;LO X P;l‘.
This section is divided into three sub-sections. The first part defines some reconstruction operators that are essential to define the HHO
method. In the second part, we discuss a generalised local projection stabilisation setup. The discrete LPS-HHO method is defined in
the third subsection.

2.1. Local reconstructions

We define three reconstruction operators on the local spaces Qk , see [1]. These are used to define the discrete HHO bilinear form
in (2.7).
Local velocity reconstruction: The velocity reconstruction operator rk+l . U ; — [P*1(T)]4 is defined as follows: For any

T -
k+1

k .
v, €Uy, ri" v, must satisfy

T
(VO w,), V) = (Vor, V) + Y, g —vp, Vwngp)p Yw e [PEU(T))9,
FeFr (2.1)
(v Dy = wr, Dy
Approximation property of r‘;“: There exists a real number C > 0, depending on ¢ but independent of hy such that, for all v
[HtY(T))? for some s € {0,1,...,k+ 1},

1/2

k+1 1k
||U—I'T+ lrv”T +hT

o =i Livllor + hellV@ = r7 Lol < CRF 0 s -
For s € {1,2,...k+ 1} and v € [H**!(T')]? we also have the approximation property

—-1/2
IV@ = P T80l < CRY 0l s - 2.2)
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Local advection reconstruction operator: G’;_T : g’; — [PX(T)]? is defined as follows: For any v,. € g;

(G’;’T(ET), wp)y =(b-Vop,wp)r + 2 (byr(wp —vp),wp)p Ywy € [PHT)9. 2.3)
FeFrp

Local divergence reconstruction operator: D; : g'} — PK(T) is defined as follows: For any v, € Q’}

(DE@p), @) = (div or,r + ) (Wp—vp) npp,@)p Yge PAT). (2.4)
FeFr

2.2. A local projection setting

Let M, be a finite decomposition of the domain Q into open subsets, possibly overlapping so that U, M,,M =Q and each
M € M, is a collection of T € 7;,. We assume that there exists a constant C such that for any M € M, the cardinality of the set
{NeM,: NnM + ¢} <C. Let h), denote the diameter of the cell M. We also assume that for any cell T € 7;, inside M € M,,
Ry S hy. Let Ky o [L2(M)] — [P*=1(M)]? be a bounded linear operator defined by K, :=Idy, — n%;!, Id) being the identity
map.

Let by to be a piecewise constant approximation of b on M such that ||by||o 4 < ClIblloco s and [[b—byllg e p <

Chprlbly o pr- For each cell T contained in M, we define a local reconstruction G’;M T’ g; — [PX(T)]? as follows: For v, € g’;

(G’,;M,T(ET), wp)y = by - Vop, wp)r + Z (brp(vp —vp),wr)p Ywy € [PHT)Y.
FeFr

Define G',;M!M(gh) such that GZM,M(Eh)lT = G'IjM’T(gT) for each T C M and G’,;M(gh) as GZM(E;,NT = G’;!T(gT). In this article, we

propose the following local projection stabilisation Ag j, : QZ,O X gliz,o — R defined by

Asn@pw))= X, Ky (Gf @), Ky (Gf (@, )y (2.5)
MeM,

where ||b||0’°o,M 7y < Chy, with the constant C independent of M, F, h and the data of (0.1), see [46, eqn. (2.5)]. We obtain an esti-
mate for ”G'g @) - G';M @ h)” as follows. Using the definition of the reconstructions G'g r and G'b‘M r along with the approximation
property of b,, we get
Gt - GE )| = (b by Vur G ) — G ()
b7 %p by T\ || M) VUr, Gy (1 by, T \Yn )T
172 172 1/2
< Chiy 1Bl o o IDIL2 o [Vl |G ) = G -

This implies

|t rw—as rw||, <cny iy, 1617, IVur]l,- (2.6)

Remark 2.1. Note that the decomposition M, can be taken to be the original decomposition 7},. The results proven in Sections 3 and
4 still hold with M), = T},. However, considering an overlapping decomposition M, can significantly decrease the number of degrees
of freedom required for the local projection and makes the local projection stabilisation more robust with respect to the choice of
stabilisation parameter 7,,, see [45].

2.3. Discrete formulation

In this section, we introduce the discrete HHO-LPS method for the Oseen problem (0.1). The discrete problem is defined as follows:
Find (u,.pp) € Ql}io X P}’f such that

A" (W, pp), @y a) = (f0p) V(. q,) €U X Py, (2.7)
where the combined bilinear form A}fP (-, ) consists of the following parts:
APy pp) @) 1= Ay, 0,) + Ap (w, . 0,) + Ay (. p). (. 45))

+ B, W,,, pp) — By, qp). (2.8)

Now, we define each of the bilinear forms introduced above.

The viscosity bilinear form A, ,: We use the local velocity reconstruction operator defined in (2.1) to define the viscosity term A, .
The local viscous bilinear form A, 7 : g'} X g? — R is defined as

Ao r Wy, vp) = e(Vrkt (w ), Vst ) + S p(wy.vp).
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where the local HHO stabilisation is defined as

S e,T (QT ’ ET)
€
== X (ehwp —wp 4wy - i w)) w0 - vy - 05 ey - e, )
T Ferp
The global HHO stabilisation term is given by S, ,(w,,v,) = ZTeTh Se (W, vy). Summing over all T € 7}, the global viscous bilinear
form A, , is given by
AWy, vp) = Z Acr(Wr,Up).
TETy,
The convection reaction bilinear form Ay, ,: Define the local convection reaction bilinear form A 7 : g/; X g/; — R as follows
Apr(Wy,vp) =—(wr, Gl,iT(UT))T + Z (b%:(wp —wr),(Vp —Vp)p
FeFr
+o(wy,vp)T. (2.9)
The global convective bilinear form A, , : Q’; X g’; — R is given by
Ab,h(ﬂh’yh) = Z Ab,T(ZT’ET)'
TET,
The velocity-pressure bilinear form B,,: Using the definition of local divergence reconstruction in (2.4) the global velocity-pressure
bilinear form By, : g; X P}’l‘ — R is defined as
By(w,.qp)=— Y. (DE@p).q0)r (2.10)
TEeTy,

Stabilisation terms: The third term A (:,-) in (2.8) consists of three stabilisation terms:
Ay (W pp), - qp) 1= Ag Wy, 0,) + Ay 5, 0,) + B 1, (Pp» qp)-
The LPS stabilisation A s s defined in (2.5).

Stabilisation for normal continuity: Since the velocity functions in Q’;l do not provide normal continuity across faces, we enforce the
following normal stabilisation:

Ay, w,) 1= Z Z ((vr —vE) - nrp,(Wy —wg) -nyp)g.
TeT, FeFr

Pressure gradient stabilisation: B , is to stabilise the pressure gradient defined as

Bop(anr =Y pr(Kn (V@) Kag(Viri)ag
MEeM,,

where py, ~ hyy.
3. Wellposedness of discrete formulation

This section deals with the stability of the bilinear form Aﬁp (-,+) as defined in (2.8). We consider the following norms and
seminorms.

k. k .
Norms on U, : For v, € U, ; define

el i= B (verki+ 3 g ller—erli )

TET,

I AP S S ) T —)
’ TET, FEFr

In the proof of the stability of our discrete scheme, we will use the fact that the norms ¢!/2 ||-|| 1» and ||-||. , are equivalent; see [25].

; k k. k k defi
Semi-norms and norms on U, , X P’ For (v,.q;,) €U, , X P’ define

2

lewan| = Au@p a0 @p . |@,a

2
= Gy @)+ Vaai||,, -
supg MEZMh "™ H b @) + Vadn M
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where,

i = hog /(e + L+ 1bllg oo ar)hps + 0h3).

There exists a constant C such that y;, < Cmin{z,,, p5s}. In our analysis, we consider the following combined norms on the space
Ujo X Py

llewanll” =l + ool + feewanl,
lew ol =l soll + 1 ol + e+l
2 1Bl 0,01

where w = max
MeMy €+6hﬁl

Lemma 3.1. For given (u,, p;) € g’,; 0 %X P}':, the bilinear form defined in (2.8) satisfies
2
ArP (w,. py)s (. pp)) = m(gh,ph)m :

Proof. Take the pair (v,.q;) = (4. p)) as a test function in the definition of the bilinear form AﬁP (-,-) in (2.8) to obtain

ArP (. pp)s (. pp)) = Ag (W u,) + Ap (. w,) + Ay (W, py)s (. pp)- (3.2)
The first and third terms of the above equation read as
2 2
Ayt + Aq (@ Py e p) = ||y | + | o] (33)

For the second term of (3.2), we use the definition of Ay 7 in (2.9) and apply the integration by parts along with the assumption
div b= 0 to obtain (see [1, eqn. (19)] for more details)

App(u,,u,)= 2 Apr(Up,ur)

TeT),
- Z ( — (ur, Gy p(up)y + Z b (up —up), (up —up))p + g(uT,uT)T>
TeT), FeFy
- TEZTh (o Nur | + Fér % 16712 - "T)”i )- HEth 3.4)

Combining the above expressions (3.2), (3.3) and (3.4), we obtain the required result. []
Lemma 3.2. For any given (u,,p;) € Q’Z’O X P}':, there exists z, € Q’;LO such that
1 2 2
AR (@) (2,00 2 5 > rm HGI;,M(Eh) + V;,thM - +co)“|(gh,ph)|“ . (3.5)
MeM,,
for some positive constant C; independent of h and e.

Proof. We follow some steps of [46, Theorem 4.1] for the proof of this lemma. For given (u noPn) € Q;‘LO X P;Z‘, let x,, = G’;’ w@)+

k—1

M we have

V,p, for M € M,,. We define z,, =y, n;‘w" x,, on M and extend to Q by zero. Using the boundedness of 7

lzaellar < 7ar 1%aallag - (3.6)

Now define the global function z, = ((2r)re7, . (2F)Fer, ), Where zp = > mor Zmlr and zp =0 for all F € F),. From the properties
of the decomposition M, and using the inverse inequality, the trace inequality, and the equivalence h,; < h, we have the following
bounds:

lzal®< X lzali <€ X Nzl

MeM,, MeEM,,

1 1 1
T varlise ¥ olewlie X X q-llali<e ool (3.7)
MeM, "M

TETy, MeM, "M TeT, FeFr

Taking (z - 0) as a test function in the bilinear form AL?, we have
AP, pp)s (2, 00) = Ay (. 2,) + Ap (W, Z,) + By(2,. p) + Ay (. p)- (2,,,0)).
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Applying the Cauchy-Schwarz inequality on A, ,(u,,z,) along with the equivalence of the norms 20 1p and [+l 5, we get

Ae,h(ﬂh’éh) < Ae,h(ﬁh’Zh)l/er,h(Eh’Eh)l/z < CAe,h(Eh’Eh)l/zel/z “E;,HI 0 (3.8)

Now, using the definition of the norm, the relations (3.7) and the fact that z; =0, we have

2 2 € 2 € 2
) (e||VzT||T+FEZF oz =zl ) <¢ 3 lzwll 3.9)

€Ty T MeMy, "“m

‘|l

h2
Using (3.9) in (3.8) along with (3.6) and y,, < TM we have

1
Acn@,z) < — O ya|xarlly + CAL @, 1,). (3.10)
16
MeM,
Using the definition of G’;T in the bilinear form A, ,(-,-) of (2.9) and applying the integration by parts, we get (see [1, eqn. (18)])

App@,.z)= ((G’,;T(zT),zT)T tolup.zpr+ Y (02, (zp — 27).(up — uT))F>. (3.11)
TETy, FeFr

Using the definition of the bilinear form By, in (2.10) with integration by parts and z; =0, we have

By, (z),,pp) = Z ((ZT,VPh)— Z (ZF'"TF,Ph)F>= Z 27, Vbt (3.12)
TEeTy, FeFr TETy,

Adding (3.11) and (3.12), we obtain
Ab,h(ﬂhaéh) + Bh(Ehs Pn)

= Z ((GI;,T(ET) + Vb, 2p)r + o(up, zp)r + Z (b;‘?F(ZF —z7), (up — uT))F)- (3.13)
TETy, FeFp

Using the fact that x| = G’g @)+ Vpr, the definition of z,, and relation (3.6) the first term in the summation of (3.13) becomes

Y (G + Vo zpr = Y, (XanZa)u
TET, MeM,,

= Z ars Y X)) m + X2y =Y Xm)m
MeM,

= Z 1474 ||xM||§\4 =X KX ar) pr-

MeMm,

1

>= 2 mulxmla =€ X rallKuGeanllyy - (3.14)
MeM,, MeM,,

Now we estimate the second term in (3.14). This term can be controlled by applying the triangle inequality and then adding and
subtracting the reconstruction Gy, s with vy, <min{rys, py,} as follows:

Y ra Kl

MeM,

<2 Y r [Ku Gl @ +2 3 v K Vamn)ly
MeM,, MeM,,

<2 ) 1y HKM(GI;M,M(EIZ))HLJFZ DI LA
MeM, MeM,

+ % 2Ky w) - 65, @,
MeMm,

<. + MEZM 2 [ Kua G ) = G, @, (3.15)
h

To control the second term of (3.15), we use the boundedness of the operator K,,, the inverse inequality, the equivalence of the
norms |||, and el/? [IIly > the estimate (2.6) and 7y, ||bllg 0. S prs tO geL

Meth YM HKM(GII;,M ()~ GI;MqM (Eh))”j\/l
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< 3 |GGy ),
MeMm,,

<C 2 ar g 1B010,c0n0 10111 cone ||V 03
MeMy

o3 M“bHMMTZ( e+ ol || Vurll} )

2
Mem, e+oh

16111 00, m
<C max M = <||_h

MeM;, ¢+ 0h2 * HE*’”Z ) < Cw”l(zh’ph)mz' (3.16)

Combining (3.15) and (3.16) and putting in (3.14), we obtain

> (GE )+ Vi 2 > =Y rullxuli —ca +a))|“(£h,ph)m2. (317)
TeT), MEM;,

Using the Cauchy-Schwarz inequality, the relation (3.6) and the fact that y,, < 1/0, the second term of (3.13) gives

Zowmsc( Y or el ) (o znuTuT)

TeTy, MeM, TeTy,
z Yar 1Xaa os +C“|(_h,ph)”| : (3.18)
Using z =0 on each edge, y), < hM 1bllo,c0.pr and (3.7), the third term in (3.13) gives

YD 8 up —up).zp - zp)p

TeT, FEFT

SC(Z Z ”bTF(uF_uT)”i)]ﬂ( 2 J’M”"M”?u)l/2
TeT, FEFr MeMy

<t X ruellly + Cflan]| (3.19)
MeMy

Combining (3.17)-(3.19), the expression in (3.13) can be bounded as

App(W,.2,) + By(z,. pp) > i > vuxmly - ca +co)m(g,,,ph)“|2. (3.20)
Mem,

The last term remaining in A} ((u,. py). (z,,0)) is

Ay (W pp)s (2, 00) = Ag (. 2,) + Ay (1. 2,).

Using the definition of reconstruction G’Ij and (3.7), we have the following estimate

MM
2 k K

IG5, s @D||, = ®rr - Var Gl G+ Y, b nrpzr =20, Gy G

FeFy

T L e

The LPS stabilisation term can now be estimated using the last inequality and boundedness of the operator K;, with y,, < 7,;, and
Tpr 1Bllo,00.m S pr @s follows

Asawyz)= X o (Kn (Gl @) Kn (Gl (z,)
MeM,,

<X o K65, | )7 X |k G5, sz )

2 \1/2 ™ ||b”o,oo,M Y 2 \1/2
< ( >t ”KM(G’,jM’M(g,,))”M) ( > 0z [l 0 [l s >
MeM,, MeM,, M
= % Y v lxuly + CAs p@ymy). (3.21)
MeM,,

The normal stabilisation term can be handled using z; =0, vy, < h),, and (3.7)
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Ay p(uy,.z,) = Z Z ((up —up)-npp,(2r) - nrp)p
TeT, FeFr

1
<16 2 v e [[37 + C AN aatyo,). (3.22)
M

EM,,

Combining the inequalities (3.10), (3.20)-(3.22) we finally get (3.5). [
Lemma 3.3. For given (u,, p,) € g’;l 0 X P;", there exists Z, € Q’;l o Such that

AL @y ). @02 3 [l = ([ p)|| + ). (3.23)

for some positive constant C independent of h and e.

Proof. For any fixed p;, € P}’l‘, take Z, € Q’;l o such that
kiz \_ =
Dy(2,)=—p, and Héhnl,h <Cllpall- (3.29)
see (7.4) for details. Taking (Z e 0) as a test function, we obtain

Aﬁp((ﬂhsph)a (§h30)) = Af,h(zh’gh) + Ab,h(Eh’zh) + Bh(zhvph) + Ast((zh’ph)a (§h70))

Using the equivalence of the norms ||-||. , and el/?

an estimate for the viscous term as

[Il1,5, the Cauchy-Schwarz inequality, and the bound for Z, in (3.24), we obtain

Acp(Uy.2,) < CA (. uy) el thn = é ||Ph||2 +C HEh

", (3.25)

2
e,h :

Using the definition of the bilinear form A - in (2.9), the Cauchy-Schwarz inequality, the discrete Poincaré inequality (1.3) and the
k /= ~ . .
fact that “Gb,T(ET)HT <C ” ET” e we get the estimate for the advection term as

Apr(Up,2,) = _(uT7G;§,T(§T))T + Z (b79~F(uF —ur),(Zp — Zp))p +o(ur, 2p)7
FEFy

<y |, + a2 ], + 128> < £ llnl + € [, + ol (3.26)

Lh
Using the definition of advection reconstruction for the LPS term and applying the trace and Cauchy-Schwarz inequalities, we obtain
HGlbchT(ZT)”T <C H ZT” A This, along with the boundedness of the operator K, and (3.24) yields

Ag (W, 2,) < C(Ag y (. u )" || py| -

Applying the Cauchy-Schwarz inequality and (3.24) on the normal stabilisation term, we have

An (U, 2,) < C(AN,h(Eh’Eh))l/z [|pall -

Combining the last two inequalities, we obtain
s 1 2 2
A (@) Z ) < ¢ [loall” + € @) - (3.27)

The choice of Z, in (3.24) and the definition of B, provide By,(Z,,p;) = ||ph||2. Combining this with (3.25)-(3.27), we arrive at
(3.23). [

Theorem 3.4. There exists f > 0 independent of h and e such that

AP (@, pp). (v, 4p)

sup

T P e I S e

Proof. Using the discrete Poincaré inequality (1.3), we have the following

erolul’<c( 3 elvarli+ T ¥ 5= [ e =ur)- @ —up) +
F

TET, TeT, FEFp

([, +ollanl? ).

Multiplying (3.23) by 2(e + o) and then applying the last inequality, we have
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LP 5 2 ~ 2
ARP () 20 +0)(Z).0) 2 (e +0) [ p4]|* = € |y )| (3.28)
for some positive constant C; independent of ¢ and ¢ (as both € and ¢ are bounded from above).
Now taking W, qn) = W, pp) + ﬁ(%(gh,m +2(e+ o-)(gh,O)) with C; and z, asin (3.5) and C‘l, Z, asin (3.28), we get

2
ARP (e 1) (2 00)) 2 o, (3:29)

1
—|(u,,
1+8C, +C; m(-h
Using the properties of z 5 i (3.6)-(3.7), we have

el <l

supg

In a similar manner using (3.24), we have

ol <clot

The triangle inequality along with the last two inequalities yields

lewanl,, <llerwll, + ez (rrallenoll, + 2 olleoll, )

<clwl

Hence, combining (3.29) and (3.30) the theorem follows. []

4. A priori error estimates

This section deals with the a priori error analysis for the discrete solution of velocity and pressure from (2.7). We employ the
approximation results in (1.4) to compute the a priori error under the |||-|[| p norm. We follow various steps in consistency and
convergence that are based on the 3rd Strang Lemma; see [25,1].

Theorem 4.1. Let (u,p) € V X Q be the solution to the continuous problem (1.2) and (u e Pn) € g’;l 0 X PiI: be the solution to the discrete

problem (2.7). Assume that u € V 0 [H*"*(T})1¢ such that Au € [L*(Q)], and u € H**'(M,,). Assume p € H'(Q) n H**'(M,,). Then,
the following result holds

1/2
k k 2k+1) |12 2112 2
mqhu Uy, TP ph)l”Lp < C(Tz; ehy™ Nul o + e APl + |"|k+1,r)) ; (4.1)
S

for some positive constant C that does not depend on h and e.

Proof. For simplicity of notation, set (@,.pp) 1= (yflu, zrzp) € Q;‘LO X P,’f. Then the error is (@, —u,,pp—pp) € 22,0 X P}’l‘. Now applying

Theorem 3.4, we have

Aﬁp((ﬂh —#,.pp— D) Uy, q5))

sup (4.2)

<L
e TR T

@, 50 =p0

We estimate each of the terms in the above bilinear form A,fp . Using the definition of discrete problem (2.7), we have the following
consistency error:

APy, — iy, py — Br)- @, 40)) = (F 0p) = AL P (@@, Br). (@0 ap))- (4.3)
Since Au € [L2(Q)]? and v, € Q’;l o the following identity holds

Z Z ep,Vu -npp)p=0.

TeT, FEFr

Multiplying the first equation in (0.1) by v,,, applying the integration by parts on (Au, v, ); and using the previous identity, we obtain

foop=Y (e(Vu, Vor)r + Y, p —vp. Vu-npp)p+ (b Vuvp)y + a(u,vT)T) + @y Vp). (4.4)
TET), FeFyp

Now, using the expression (f,v},) in (4.4) and the definition of AﬁP((Eh,ﬁh), (Eh’ dy)), (4.3) can be rewritten as
AP (@, -y, py — Pr)> @, 44))

= Z (e(Vu,VvT)T+ Z e(VF_vT’Vu'nTF)F_Ae,T(ET’ET))
TET, FeFr
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+ X (G- Vuoryr + oo - Aprig.vp) )

TET),
(@1 VP = Bu@y 510 ) + Bl i) = A (@B @41
=:E,+E,+E;+E,— Es. (4.5)

We estimate each of the five above terms of (4.5) starting with the diffusion consistency term E;. Using the definition of the
reconstruction operator r’}“ in (2.1) with w = Vr?rl QT, we have

(Ve o Vs i) = (Vor, Vil a ) + 2 W —vr, Vs, npp)p. (4.6)
FeFr

Using (4.6), the first summation E; in (4.5) can be written as

3 (s(Vu, Vorir+ Y ey —vp Vu-npp)p - Ae’T(ET,gT)>

TeTy, FeFr
=y (e(V(u —rka) Vo) + Y eV - ag) nppvp —vp)p - SS,T(ET,ET)). “4.7)
TeT, FeFr

The velocity reconstruction operator satisfies r?’]i l}u = n;‘kﬂu, see [25, Definition 1.39]. Using this, the first term within the

summation of (4.7) vanishes. The second term of (4.7) can be controlled using the approximation property of r?l in (2.2) along with
the Cauchy-Schwarz inequality and equivalence of the norms ||-||. , and ||-||; ; as

Kl 1/2 4 (k+1)
Z eV —r ) nrp,vp —vr)p <Ce / hy™ g2 ”Eh”eT ’
FeFy 7

Using this and summing over all T € 7, we have

1/2
D €(V(u_,kr+1ET).nTF,vF—vT)F5C( D Shi(kﬂ)'"'in,r) e, (4.8)
TeT, FEFr TET, ’
Since Seq,,(gh,gh) <C ZTGTh ehzr(k“)luli”T (see [1]), the third term of (4.7) can be controlled by using the definition of S, , and

the Cauchy-Schwarz inequality as

1/2
Se.h@h’yh)ﬁSe.h@h’Eh)l/zse.h(ﬂh’gh)l/zSC( Z €h2T(k+l)|”|i+2,T) th eh’ (4.9)
TET, :
Combining (4.7)—(4.9), we have
1/2

2(k+1) . 12

B <c( Y en i, ) e, (4.10)
TET, ’

Now we estimate the term E, in (4.5). Applying an integration by parts on (b - Vu,vy)r, using the definition of A, 1 (&, v;) and the
fact that ¥ 77 Y per, (b-npp)u,vp)p =0, we have

3 ((b- Vi, vp)p + o (U, vp)p — Ab,T(ET,QT))

TET),
= Y (-@b-Vepr+ Y (b-nrpuvp)r + o vr)y — Ayrlap.vy))
TET), FeFr
= Z —(u—idp,b-Vor)p + Z 2 (b-npp(u—ip), vy —vp)p
TeT, TeT, FEFy
-y ¥ ((b-nTF)e(ﬁF—ﬁT),(vF—vT)> + Y otu—ar.vp)y. 4.11)
TeT, FEFr F TET,

Let by be a P, approximation of b on 7. Since n; is the L2 projection, (by - Vvr,u — iiz)y = 0 for all T € T;,. We subtract this from

the first term in (4.11) and use (1.4), inverse inequality and b — by ~ hy to get

> w=ir,(b=bp)-Vorr <c( Y, h§k+2|u|§+,1)”2( Z; ||,JT||§)”2
TeT,

TeTy, TeTy,
22,12 1/2
SC(ZhT |“|k+1,r) HEhH,,~ (4.12)
TET),

Using the approximation estimates in (1.4), the Cauchy-Schwarz inequality, and the trace inequality, the second term in (4.11) gives
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B 1/2 1 )\ 172
Z Z (b-nyp(u—iy), vy —vr)p < C( Z h%k+1|“|i+1,r) ( Z Z B [b-nrp@r - UT)”F)
TeT, FEFT TEeT, TeT, FEFT
172
2k411,,12
<c( X mtu, )" e, (4.13)
TEeTy,

The third term of (4.11) is the upwind stabilisation term which can be controlled using the estimate

lap —drllp = ||”;" - 75;"||F = ||751k:(" - ﬂ;")”F <llu- ”;MHF
and steps similar to (4.13) as

- B 172

>y ((b )@y —iiy), Wy — vT))F < c( 3 2kt |u|i+1’T> [EA (4.14)

TeT, FeFr TET,
The last term in (4.11) is the reaction term which can be simply bounded as

1/2
e 2(k+1). 12
ow-ar.opr <C( X Bl )" e, (4.15)
TET,
Combining the estimates (4.12)-(4.15), we get
1/2
2k417,,12
Ey<c( X m ) e, (4.16)

TET,
The third term of the consistency error in (4.5) is E; = (v, Vp) — B, (v, pp)- Using the definition of the bilinear form B, and using

(V- vT,zrgp)T =(V vy, p)r, we arrive at

By@,pw= X, (= (V-vrbpr = Y @p=vr)-nrpipy)

TeT), FeFp
=X (- vrpr = Y @r-vp) ey ).
TET, Ferr

Since p € H'(Q) and vy = 0 on 0Q, we have Yoy ¥ per. (Vp - Ny, p)p = 0. Using this, along with an integration by parts on
(vr, Vp), we obtain

@ VP = X (= (V-vrpr= Y (@ =vr) nrpp)r ).
TETy, FeFr
Combining the last two inequalities, E; becomes

Ey =y, Vp) = By, hp)= Y. Y. (Wp—vr)-npp.p—pp
TeT, FEFy

<c(¥ h;"+1|p|im)l/2( y 3 ||<vp—vT).nTF||;)”2

TeT), TeT, FEFy

1/2

SC(TZ; hz}k”|P|i+1,r>l/2(AN,h(Eh,E,,)) : (4.17)
€Tn

The fourth term E, in (4.5) is By, (@, q;,)- This term can be proved to be zero using the fact that D; I ’}u = ng(div u) and divu =0

Ey= By, q)=— Y. (DE(Tkw).qp)r ==Y (z(div u).q,)r =0. (4.18)
TET, TET,

The last term of (4.5) is the stabilisation term E5 = A (-, ) which has the following three components

A (@, pp), (V) ap)) = As p(@,,0,) + An (@, 0,) + B 1 (Dp, 4p)- (4.19)
The first term of (4.19) is the LPS stabilisation defined in (2.5). Using the orthogonality of ”154_ !, we have

As n(@y.0,) = T3 (G v L7 @) Ky (G @) -

We use some intermediate steps to estimate the above term. Applying the integration by parts (twice) and using the projection
property of n:;, we obtain for T Cc M

(by - Vaju, Ky Gy @,))r

= —(n%u, by - VKM(G’;M,M(Eh)))T + Z ((byy - "TF)”iu’KM(GI;M,M(Eh)))F
FeFr
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=—(.by - VKy (G @ Mr+ Y, (by - npp)rju Ky (G (0,05
FeFp

=(by - Vu, KM(G’,;M,M @r + 2 (b - npp)(ahu—u), KM(G’;MM(E,Z)))F. (4.20)
FeFr

Using the definition G’;M T(£ f‘r(u)) and the above equality (4.20), we obtain
(G, 7 L5 @). Ky (G (@)1

=(by -V, Ky (Gy @+ Y, (b-npp)(rfu—xfuw), Ky (Gy o\ @))5

FeFrp
= (b - Vu Ky (Gy @ r + ) (b npp)(rfu—apu), Ky (G @)
FeFr
+ Z ((bys - npp)(myu— u),KM(G’,jM’M(gh)))F. (4.21)

FEFr

Summing the last equation over all T ¢ M and applying (n';; Yby - Vu), Ky, (G',;M wm @)y =0 along with the approximation

k—1

; k
properties of z7, 7,7

and ﬂfm we get
n (K (G 3 @,)). Ky (G @)D

=1, ((bM Vu, Ky (G @)y + YD b npp)hu— miw), Ku(Gy @ ))r
TCcM FeFp

+ XD (g mrp)rhu—w. Ky (G @)r )
TcM FeFr

< Chl,c\;l/zlulkH,MT;l\;z HKM(GII;M.M(E’I))”M )

In particular, 711\;2 I KM(G';M Mm@y < Ch/;\;l/zlulkﬂ’M. Using this with h,; < hy, the LPS stabilisation term can be bounded as
- S = N1/2 1/2 2k+1 |12 12 1/2
AS,h(Eh’Eh) < AS,h(Eh’Eh) AS,h(l_)h’gh) < C( Z hT |u|k+1,T> AS,h(Ehvzh) . (4.22)
TET),

The normal jump stabilisation term Ay ;, can be controlled using the approximation property of 71'; in (1.4) and the boundedness of

ﬂ’; as follows

Ana,e)= Y Y [ (hu—rfw) npp,wp —vp) - npp)p

TeT, FEFr &
= Z Z /(ﬂfw‘(u_”;u)'"TF’(VF_UT)"‘TF)F
TeT, FEFT &
i,z V2 12
SC( 2 |"|k+1) AN n @y 0) (4.23)
TET),

The approximation property of K, gives ||K(Vp)||,, <C hlj‘w [Ipllk+1,0 - Using this and the boundedness of the operator K, along
with the approximation properties of 75;, we get

Bg 4 (Pp>qp) < BGJ[(ﬁhvﬁh)]/zBG,h(qha qh)l/z

< (P 1Kn Y@= 5D g + 231 1K st V2 as ) Bt an)'

1/2
SC( > h?‘“lpl@) Bg n(@n-an)"*. (4.24)
TET,

Combining (4.22)-(4.24), the stabilisation term in (4.5) can be bounded as

- o~ 1/2
AS[<(gh,ph),<gh,q,,)>s0( >l +h§k“|pli+l) Ag(@,.40). @, 0 )" (4.25)
TET,

Finally, combining (4.2), (4.10), (4.16)—(4.18) and (4.25), we obtain (4.1). []

215



G. Mallik, R. Biswas and T. Gudi Computers and Mathematics with Applications 176 (2024) 202-220

1 1 1

09| 09 091

08 i 08 08

0.7 07 07
06| 06 06

05 05 05

04 04 04}
03} 03 03}
02f 02 02}
0.1 0.1 01
0 Di1 012 013 04 0.5 0.6 01.7 0.8 019 1 OD Otl 0j2 0:3 014 05 D:S 0‘.7 018 0t9 1 0
(a) (®)

Fig. 1. (a) Triangular, (b) Cartesian and (c) hexagonal initial meshes.

Remark 4.2. The analysis performed in (4.18) shows that the normal jump stabilisation term A ,(-,) is essential for error analysis.
Comparing the analysis of this term with [1, pg-1332] shows that there is a presence of ¢ in the denominator. In our analysis, we
have bypassed this by taking the normal jump stabilisation term.

Remark 4.3. Note that if M, = 7, then the regularity assumption on the velocity and pressure spaces can be taken to be [ H*+1(77,)]¢
and H**(T}) respectively. Moreover, for My, = 7, the pressure gradient stabilisation term Bg ;,(p;,, 45) = 0 since Kr(Vp;,) =0.

5. Numerical results

In this section, we perform some numerical experiments for the HHO approximation of the Oseen problem (1.1) to validate

the a priori results obtained in Theorem 4.1. The experiments are performed for the case M, = 7},. Let the error be denoted by
(EZ’eZ) = ll‘lu -u h,ﬂfl p — pp,). In the following numerical experiment, we compute the error w.r.t. the LPS norm H‘(gz,e‘;)”‘w as

defined in (3.1). We compute the empirical rate of convergence using the formula

rate(?) :=log ||l e )|, /es, €h Dllp)/Tog (he/hey) for £=1,23,....

where |||(gZ(,e‘Zf)|||LP and |||(ng l,eflf 1)|||LP are the errors associated to the two consecutive meshsizes h, and h,_;, respectively.

We adopted some of the basic implementation methodologies for the HHO methods from [25,20,43].

Example 5.1. Consider the Oseen problem (0.1) with the homogeneous Dirichlet boundary condition in the square domain Q =
(0, 1)2. In this experiment, we consider the convection term b = (1, 1) and the reaction term o = 1. We take the force function to be
[ :=—€Au+ (b- V)u+ ou+ Vp, where the exact solution for velocity and pressure are given by
2x%y2y = Dx = D>y =1

= [—2xy2<2x ~ D= Dy -2

p(x,y) =2cos(x)sin(y) — 2sin(1)(1 — cos(1)).
The numerical tests are performed on the triangular, Cartesian, and hexagonal mesh families; see Fig. 1 [43]. We consider the
triangular and Cartesian mesh families of [44], and the hexagonal mesh family of [33]. In the left part of Fig. 2 ((a), (c) and (e)),
we plot the error M(g‘;l,e‘;l)mw of Theorem 4.1 as a function of meshsize i for polynomial degrees k =0,1,2,3 with ¢ = 1078, We
observe that the convergence rates for the errors are approximately W12 for € = 1078, In the right part of Fig. 2 ((b), (d) and (f)),
we plot the error "(el;wefz)llsupg in the supg norm of Theorem 4.1 as a function of meshsize /4 for polynomial degrees k =0,1,2,3

with € = 1078, The convergence histories show the same rate of convergence for both norms [Ill;p and || - ||Supg. This validates the
theoretical results obtained in Theorem 4.1.

Example 5.2 (Boundary layer problem). Consider the test problem (0.1) for ¢ = 1072 with b=(1,1) and o = 1. Let the exact solution
of velocity and pressure be given by

2X2y(e/1(x—1) _ 1)2(eﬁ(y—1) _ 1)2 4 2x2y2132(y—1)(ez(x—1) _ 1)2(eﬂ(y—l) _ 1)
u(x,y) = zxyZ(e/I(x—l) _ 1)2(el(y—l) _ 1)2 + 2x2y2161(x—1)(e/1(x—1) _ 1)(e/1(y—1) _ 1)2 )

Py = — (e =17,
=L
where 4= e
With the above problem setups, we perform numerical tests on the triangular, Cartesian, and hexagonal mesh families as described
in the previous Example 5.1. In the left part of Fig. 3 ((a), (c) and (e)), we plot the error m(g;, eZ)MLP as a function of meshsize h for
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Fig. 2. Convergence histories for the error (left part - (a), (c) and (e)) in [||-|[|; » norm of Example 5.1 on the triangular, Cartesian, and hexagonal meshes for ¢ = 10~%
and in the supg norm (right part - (b), (d) and (f)) || - ||S“pg for k=0,1,2,3.

polynomial degrees k = 1,2,3 with e = 102 on triangular, Cartesian, and hexagonal meshes. In the right part of Fig. 3 ((b), (d) and
(), we plot the supg error M(e';l, efl)m as a function of meshsize & for polynomial degrees k =1,2,3 with ¢ = 1072 on triangular,
- supg

Cartesian and hexagonal meshes. In both cases, the convergence rates are approximately 2%+1/2 for ¢ = 1072,
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Fig. 3. Convergence histories for the error (left part - (a), (c) and (e)) in [||-|ll p norm of Example 5.2 on the triangular, Cartesian, and hexagonal meshes for ¢ = 1072

and in the supg norm (right part - (b), (d) and (f)) || - for k=1,2,3.

llsupe

6. Conclusions

In this article, we have considered a local projection stabilised Hybrid High-Order method for the Oseen problem. We have proved
a strong stability result for our discrete formulation under the SUPG norm. The error analysis shows the optimal order of convergence
(k+1/2), assuming that velocity and pressure have regularity H**! globally and H**? locally. In the second example with very small
€, we obtain suboptimal convergence rates for both the HHO-LPS method and the HHO method discussed in [1]. It is our presumption
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that the issue of the suboptimal convergence rate in Example 5.2 with very small e can be resolved using an adaptive approach. This
will be considered in future work.

7. Appendix

Note that the global divergence reconstruction operator Dz defined as DfllT = D# produces globally Lg(Q) function. This can
be checked simply by taking p =1 on each cell T € 7;, and using the fact that vy = 0 on the boundary edges for a hybrid function
v, = vp) € gﬁ,O'

Z(DI;ET’I)T= Z Z (vF'nTF’l)F =0.

TET, TEeT, FEFy

Along with this, DZ is also a continuous linear surjective operator from U ];: o to P;f. Moreover, we have the following lemma.

Lemma 7.1. There exists a > 0 independent of the meshsize such that for all p, € P}’lc we have the following
B,(v,.pp)
sup —— Zaps|- (7.1)
g"eygvh ||thl,h
Proof. Itiswell known that the velocity/pressure pair [H, é @14/ L(Z) (Q) is stable and the continuous divergence operator is surjective.
Therefore, for any p;, € P}’lc one can have a unique v € V such that |lv||; < C||p|| and div v = —p,,. Using this and the relation
7wk (div v) = DXL, (v)) we get

213, = (=div v, p)e = By (XX @), pp) 7.2)

Moreover, using the approximation properties of 71:; and zrl’; we have

el = % (el 3 [ otio-sor)

€Ty
<Clwl} <Clpal>- 7.3)
Using the relations (7.2) and (7.3) we arrive at (7.1) witha=1/C. [

Since P}f is a reflexive space and the discrete divergence operator D), is surjective, the converse of the Lemma A.42 in [40] says
that for any p, € P;If there exists v, € U, ’6 ,, such that

2
DZ(Eh) =p, and ”Eh”m <C ||ph||2, C depends on Q. 7.4
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