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these kernel functions vary smoothly. As an application of the smoothness result,
we prove a Ramadanov-type theorem for these kernel functions on € x €. This

gfr%(ﬁﬁﬁépace extends the previously known convergence results of these kernel functions. In fact,
Kernel function we have made these observations in a more general setting, that is, for weighted
Reduced Bergman kernel kernel functions and their higher-order counterparts.

Ramadanov theorem © 2024 Elsevier Inc. All rights are reserved, including those for text and data

mining, Al training, and similar technologies.

1. Introduction

For a planar domain Q C C and ¢ € Q, the collection of holomorphic functions vanishing at ¢ with L2-
integrable derivatives is called the Dirichlet space based at point (. One can associate this space with the
space of L?- integrable holomorphic functions on €2 which admits a primitive — called the reduced Bergman
space (see Definition 1.3 in [5]).

Prior to this note, we proved a transformation formula for the weighted reduced Bergman kernels under
proper holomorphic maps between bounded planar domains and also saw some applications of the transfor-
mation formula (see [4]). Subsequently, we considered the higher-order counterparts of the reduced Bergman
kernel and studied various important properties of the same (see [5]). More specifically, we proved some
Ramadanov-type theorems for these higher-order reduced Bergman kernels, and made significant observa-
tions about the boundary behaviour of these kernels. This note is a continuation of our previous efforts in
studying the reduced Bergman kernel and related objects.
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The aim of this note is to study the n-th order weighted kernel functions Mgq (-, -) with weight u
associated with the Dirichlet space (see Definition 1.3). These kernel functions are used to define the n-
th order weighted reduced Bergman kernels. In 1978, M. Sakai (see [9]) used these kernel functions on a
Riemann surface R in order to prove some fundamental results on the dimension of AD(R) (the space of

holomorphic functions on R with finite Dirichlet integrals). In order to achieve this, he proved that for each
dMR n
dz

tells us that Mg (-, w) is bounded for each w € R. Further works on these kernel functions and the span

w € R, the sup norm of the kernel function Mg (-, w) is bounded above by (w,w), which in turn
metric (the metric induced by Mg, (-, -)) along similar lines can be found in [2], [3] and [10]. In this note,
we study the regularity of these kernel functions. From the Definition 1.3, it is clear that Mg , » (2, w) is
holomorphic as a function of z € 2. But the regularity corresponding to the other variable w € €2 is not a
priori clear. We will prove that these kernel functions Mg ,, (-, -) are smooth in the complement of a very
small set in Q x . We will see by an example that these kernel functions need not be anti-holomorphic
with respect to the second variable. Using the above regularity of these weighted kernel functions, we will
prove a Ramadanov-type theorem for the n-th order weighted kernel functions given that it holds for the
weighted reduced Bergman kernel. As a special case, we obtain a Ramadanov-type theorem for these kernel
functions for eventually increasing sequence of domains. This extends observations made in Proposition 5.1
n [10], and Corollary 1.8 in [5]. One shall note that more substantial observations can be made for the 1-st
order weighted kernel functions Mg , as compared to the higher order kernel functions Mgq ,,, for n > 1 -
similar to the case for the weighted reduced Bergman kernels in [5].

Before we define these weighted kernel functions, we shall see the type of weights that we will be working
with throughout this article.

Definition 1.1. (Z. Pasternak-Winiarski, [6,7]) Let & C C be a domain and p be a positive measurable

real-valued function on 2. The weight p is called an admissible weight on €2 if for every compact set K C (),
there exists a constant C'g > 0 such that

sup | f(2)] < Ck |l fllze
zeK
for all f € O(€2) N L2(Q). The space of admissible weights on  is denoted by AW ().

Remark 1.2. It is known that if 42 is locally integrable on € for some a > 0, then u € AW (Q).

Definition 1.3. (See [1,9]) Let Q@ C C be a domain, u € AW (Q), ¢ € Q, and n be a positive integer. The
n-th order Dirichlet space based at point ( is defined as

ADH(@,¢") = { £ €O £(Q) = (O =+ = 700 =0, [IF (P u()A) < oc
This is a Hilbert space with respect to the inner product

(f,9) aDu(,cny = /f'(z) g (2)pu(z)dA(z), f,g€ AD*(Q,(™).
Q

The linear functional defined by AD*(Q,¢™) 3 f — f("({) € C, is continuous. By Riesz representation theo-
rem, there exists a unique function Mg, (-, () € AD*(£2,¢™) such that £ (¢) = (f, Mo (-, C)) ADk(Q.cm)
for every f € ADH(Q, (™).
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The function Mq (-, ) is called the n-th order weighted kernel function associated with the Dirichlet
space with respect to weight u. Define

- 0]
Kﬂ,ﬂ,n(za C) = _Mﬂ,p,n(zv C)v Z, C € Q.

0z
The kernel Xg27#7n(‘, -) is called the n-th order weighted reduced Bergman kernel of Q2 with respect to the
weight p. Putting n = 1 gives the weighted reduced Bergman kernel RQ,M(‘, -) of Q with weight p.

Remark 1.4. The weighted reduced Bergman kernel Kq (-, -) is the reproducing kernel of a closed subspace
of the weighted Bergman space. This is the space of all L?(u)-integrable holomorphic functions on Q which
admits a primitive. Therefore, KQ,H('7 -) is holomorphic in the first variable and anti-holomorphic in the
second variable. This in turn implies that Kg , € C®(Q x Q).

It is known (see [1, p. 26], [3, p. 476]) that for a domain @ C C, u € AW(Q), and n > 2,

0,(:)(2? ) Ko,p—l(zaC)
3 (_1),171 20,0 {{o,nq
Ko pn(2¢) = det |  Kip L= : (1)
n—2 . .
Rnfl(_] IN{n—Q,n—l
where J,, = det (Kjff):k:o and
- itk N -
KjE(27C) 32%9(’“ Ko (2, 0), Kj]}EKjI_c(QC)'

Here J, > 0 for all ¢ ¢ No(u) := {z € Q : Kq,(z,2) = 0}. Thus, Ko, € C®(Q x (Q\ Nao(u)). As a
special case, if u € L*(2), then No(u) = 0, and therefore Kq ,,, € C%( x Q).

Theorem 1.5. Let QO C C be a domain, p € AW(Q) and n be a positive integer. The kernel function
Mg u(-,) € C®(Q x Q). For n > 1, the higher-order kernel function Mq ,n(-,-) € C(Q x (Q\ Nao(w))),
where NQ(.U’) = {C € KQ,/L(C?C) = 0}

Moreover, for n > 1 and non-negative integers r, s

F BSKQ; (£,9)
Ik LS5 dg forr =20
aT+SMQ,;L,n(z7C) — ¢
acrac [ Koy (60 g NN ORG

where for a positive integer m

O"Koun(2,Q) 0 el = K0 (60).
/t"

- (m) —
K (Z’g) - aCm Q,u,n

Q,p,m
The following example gives the expression for the n-th order kernel function for the unit disc D.

Example 1. Let ¢ € D and f € AD(D, (") for n € Z*, that is f*)(¢) = 0 for all 0 < k < n — 1. For
g € AD(D,0™) and 0 < r < 1, the Cauchy integral formula gives us
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27 )
) _ (n—=1)! g€ . (=1 [g'(re?) .
90 =55 / e = o /(reit)nm idi
0

|€l=r

27
-1 [ / it _
_ (=D [y (rf )(elt)"—ldt.
27 rr—1
0

Multiplying both sides by 72"

1 b 1
/g(") (0)r2"tdr = (n— /
0 0

By change of variables on the right hand side of the above equation, we get

and integrating with respect to parameter r, we get

g'(re’)(reit)n— (ret)n=1p dr dt.

o\§

n!

g (0) = / J(©© " TdA(E). ()

™
D

Let f(n(-, -) denote the n-th order reduced Bergman kernel of D. For all ( € D, and f € AD(D, (™), we have

£ / 7 A(E). (3)

Let ¢¢ : D — D be the automorphism of unit disc given by ¢¢(z) = f:zzf' Note that ¢¢(0) = ¢, ¢¢(¢) =0,
and ¢¢od¢(z) = z for all z € D. Consider the holomorphic function fo¢¢. Observe that fop, € AD(D,0™)
and (f o ¢¢)™(0) = f(”)(C)((b’C(O))”. On substituting g = f o ¢¢ in equation (2), we get

Q@) =" / ( 0 6 (00T dA(Y)
=—/f (600G OITI™ T dA().
Now by doing change of variables € = ¢ (x), we get x = ¢¢(€), and ¢(x) = 77k Therefore
() / FE)S(€) @I 94 dA(E)
=2 [ @@ T @ dAe)
;

Therefore, we get

n (4 (Y \n—1
/ fee )W) dA(9). @)

Comparing the equations (3) and (4), we get

Ka(6,0) =
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Since dM’fiiég’C) = K, (¢£,¢) and M, (¢,¢) = 0, therefore

(n— 1! ($c(€)"

Mn(ga C) =

We can check that ¢¢(§) = (‘f_‘?—é;, which gives ¢((0) = [C|* — 1. Therefore,
(-1 -9 1
T (L=¢m (K- 1n

Thus, for n > 1, the n-th order kernel function is given by

(n—1)! (€—¢)n
T (1= — ¢

Now suppose {;};>1 be a sequence of planar domains with p; € AW(€Q;) and n be a positive integer.
Ramadanov [8] showed that if Q; C Q4 for all j € Z7F, and Q := (]2, Q;, the Bergman kernel Kj(-,-)
corresponding to €, converges uniformly on compacts of €2 x Q to the Bergman kernel K-, ) corresponding
to 2. The question here is to study the variation of the kernel functions Mg, ,,; n, given some type of
convergence of the domains (€2, 11;).

M, (&, ¢) = ()

In 1979, M. Sakai proved that if {{2;};>1 is an increasing sequence of planar domains and p; < p1;41 for
all j > 1 where p; € AW (9;), and there exist a domain Q C C with p € AW(Q), such that Q = U;>1Q;
and p; — p pointwise, then for each ¢ € Q, Mq, 1, n(+,¢) = Mq ;n(-,¢) uniformly on compacts of Q (see
Proposition 5.1 in [10]). In [5], we proved similar observations for the case when {(€;, ;) };>1 is eventually
increasing, that is, for each j € Z™T, there exist k(j) € ZT such that Q; C Q; and p; < gy for all [ > k(j),
with © = U;>18; and p; — p. Here we want to talk about the variation of MQj”ujyn(‘, ) on £ x Q. In fact,
Corollary 1.7 tells us that the convergence is uniform on compacts of the complement of a thin set in 2 x Q.

Theorem 1.6. Let 2, Q; C C be domains with p; € AW(Q;), p € AW(Q) and n be a positive integer.
Assume that every compact set K C Q is eventually contained in Q;. If

lim KQj7Mj (Z,C) = KQ,M(Z7 C)

j—o0

locally uniformly on €2 x Q, then

L. the sequence of kernel functions Mq; ., (-,-) converges to the kernel function Mq ,(-,-) locally uniformly
on 2 x Q. Moreover, all partial derivatives of Mg, ,.; converge to the corresponding partial derivatives
of Maq,,, locally uniformly on €2 x Q.

2. forn > 1, the sequence of n-th order kernel functions Mg, ., n(-,-) converges to the n-th order kernel
function Mg (-, -) locally uniformly on Q x (2\ Na(u)). Moreover, all partial derivatives of Mq, 1, n
converge to the corresponding partial derivatives of Mg, locally uniformly on Q x (\ No(u)).

Now suppose that {(;, ;) },>1 is an eventually increasing sequence of planar domains, and there exist a
planar domain Q with p € AW (Q) such that Q = U;>19; and p; — p. Using Theorem 1.6 and Theorem
1.6 in [5], the following corollary is immediate.

Corollary 1.7. Suppose that the sequence of domains €); increases eventually to 2 and p; increases eventually
to p as j — oo. Then the sequence of kernel functions Moy, .; n of the domain € converges to the kernel
function Mg, n uniformly on compact subsets of @ x (2\ No(u)).
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2. Proof of Theorem 1.5

Proof. Let n > 1. For z,w € Q, let fzw denote the integration along a path from z to w in 2. Recall that

0

%Mﬂ,mn(za C) = K!l,p,n(za C)a and MQ,#,TL(C? C) =0 for Z,C S Q.

Therefore,
Mg un(2,C) = / n(§,0)dE, 2, €.
¢

Since Mq ., is a primitive of f(’g%n, the above integral does not depend upon the choice of path. Note
that Ko () € CF(Q x (Q\ No(p))). Fix z € Q and let ¢ € Q\ No(u). For w € C with small enough
modulus,

MQ,u,n(za<+w) MQ,M, / KQ,M n § C+w df /KQ,un f C) f
CHw
z CHw
= / (Kﬂ,u,n(& C + w) - Rﬂ,u,n(fv C)) d§ - / Rﬂ,u,n(fa C + w)d€
¢ ¢

Let ¢ = u + iv. Take w = h with h € R. Since Kq ., (-,-) € C®(Q x (2 \ Na(u))), an application of DCT
gives

z

/ (Kﬂ,p,n(£7 C + h) - Kﬂ,u,n(fa C)) d§ _ / lim (Kﬂ,u,n(gv C + h) B f(ﬂ,p,n(ga C))

lim
h—0

h h—0 h df

¢ <

/3Kﬂun(5 Sy e
ou ’

¢

By taking the curve y(t) = ¢ + th, t € [0,1] (for small enough h), we get

(+h

1
hm - / KQWL EC+Hh)dE | = / Q.un(C+th,C+h)dt = Kg%n({,().
0

The last equality follows from the continuity of Kq, (2, ¢) in both the variables on Q x (Q\ Ng). Similarly,
for w = ih with h € R, we obtain

z

< (6 € + ih) — fm,“,n@,o) e~ [ pm (RQ,M,A&HM)—RQ,M,H(&c))
h h—)O h

lim
h—0

dg
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_/ZaKQ,u,n(faC)

o0 dg,
¢
and taking v(t) = ¢ + ith for t € [0, 1], we have
¢+ih
;13365 / Koo pn(6,C + ih)dg | =i Tim /KQM ¢+ ith,C + h)dt = iKo.n(C,C).

Thus, we obtain from above calculations that

8Mﬂ,u,n<zag) :]8kﬂ,u,n<£7<)

1, - .
8< 8C df - 5 (Kﬂ,u,n(gvg) + KQ,,u,n(Cv C))

_ / ORon(£,C)

BC df _RQ,M,TL(Cyc)'

¢

Also,

OMoun(2:0) [ 0Kaun(€Q) . 1 - .
rl2ol) = [ 2R - 5 (Rapunl6.) ~ Kol (.0)

deg.

/aKQJt n(& C)
¢ 8C

It now follows from induction and the fact that Kq , .(-,-) € C®(Q x (2 \ No(u))), for positive integers
r, s, all the partial derivatives in ¢, commute, and

aTJrSMQ,u,n(Za C) o aTJrSMQ,u,n(Za C)

aCracs B aCsaCT
. r—1—k
:a_j /aKQ,M, ggdf Z f(l,u,n )
oCs / acr ack
z ~ r— s k
[0 O RG
dC=aCr = 9cack

Moreover, the moment we differentiate with respect to z, the integrals disappear and the resulting expression
is smooth by the smoothness property of Kgq ., on Q x (\ Nq(u)). Additionally, the functions involved
are holomorphic in z. Thus, we have proved that Mg , »(z, () is a C*°-smooth function on € x (Q\ No(u)).

For n =1, it can be proved in a similar manner that the kernel function Mq ,(z,() is smooth on € x
because Kq ,(-,-) € C®(Qx Q). O
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3. Proof of Theorem 1.6

Proof. Let n > 1. Fix (20,¢0) € Q x (2\ Nq(p)) and choose r > 0 such that B(zg,r) x B({p,r) C
Q x (2\ No(p)). Let v : [0,1] — Q\ Nq(u) be a piecewise Cl-smooth curve such that v(0) = (, and
~(1) = zp. The set

W .= ('Y @] B(207T) U B(C(),?")) X B(COaT)

is a compact subset of Q x (Q\ No(p)). We may assume, without loss of generality, that W C Q; x (£; \
Ngq, () for all j. Now, for ¢ € B(Co,r) and z € B(zo,7), define a path o¢ . = 7. * v * ¢ joining ¢ and z,
where 7¢(t) := ¢+ t(¢o — ¢) and 7.(t) := 20 + t(z — z0) for all t € [0,1]. Set I(7y) := length(7). Observe that

length(o¢,,) < 2r +1(v) as
[ 1ael < /Idfl +/\d£|+/ld€\ < 2 +il)

o¢,z

By Theorem 1.5, for non-negative integers r, s

[EESHIEIGOPY forr =0
8T+5MQ_7.,M,n(Z, C) _ ¢ o i r—1—k)
30! — s fr(r—1
acrac FOT R,y (&0 g NS OTRG
[ = - B e forrz L

By the determinant formula (1), note that the local uniform convergence of f(gj#j to f(Q# on 2 x Q
implies that all the partial derivatives of K'Qj,ujm converge to the corresponding partial derivatives of
Kq,u.n uniformly on compact subsets of © x (Q\ No(x)).

O R n(6)  omeR
Let 7, s be fixed non-negative integers. Let € > 0. Since a?rgé LN é{;gg(é’o

compact subsets of Q x (Q\ Nq(u)), there exists jo(r,s) € Z* such that

uniformly on

8’“+SI~(QJ7;LJ,n(§aC) . 87""3]%9’“’”(5,(;) < ‘
acrac o¢rac’ 2r+it)

sup
&.0ew

for all j > jo(r, s). Therefore,

sup
(Z’C)GB(Z07T)><B(C(J’T) ¢

/BT“KQM], (&¢) g - /aT+SKQ,M£<) it

a¢ro¢ 9¢ro¢

O R r+s
_ Sup / Q]“U]_ys (f? C) _ a KQ,/Lfg(é‘? g) dé—
(2:)€B(z0,m) x B(Corr) | a¢rog a¢rog
aTJrSK r+s I
< sup Q,,,u], (5a<) . 0 KQ,uz;(&C) (2T+l("/)) < ¢
(&Qew a¢ra¢” 9¢ro¢

for all j > jo(r, s). Moreover, for all integers r > 1 and s > 0,

r—1 k+s (r—=1-k) r—1 ak+s p-(r—1-k)
lim Z ’ 4097#]’ = —8 SKQ’ﬁ’n
j—o0 P agkac P 3(’“(%
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uniformly for all ¢ € B({p,r) as all the partial derivatives of K. Q;.u;,n converges to the corresponding partial
derivatives of Kgq ,, , uniformly on compact subsets of © x (Q\ No(x)).

As noted before, the moment we differentiate the kernel functions with respect to z, the integrals disappear
and the resulting expression is a linear combination of partial derivatives of the n-th order reduced Bergman
kernels. Additionally, all the kernel functions involved are holomorphic in z. Thus, we have proved that all the

partial derivatives of Mg, . » converge to the corresponding partial derivatives of Mg, locally uniformly
on O x (Q\ Na(u)).

Exactly similar calculations and the fact that the reduced Bergman kernel is holomorphic in the first
variable and anti-holomorphic in the second variable will lead us to conclude the local uniform convergence
of all the partial derivatives of Mg, ,. to the corresponding partial derivatives of Mg , on 2 x 2. O
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