Supplementary Notes: Single-photon induced instabilities in a cavity
electromechanical device

Supplementary Note 1. Device fabrication, setup,
and single-photon coupling rate

A. Device Fabrication and experimental setup

The devices are fabricated on a cleaned 2.5 mmx7 mm
silicon-(100) substrate. A single-step electron beam
lithography (EBL) process is used to pattern the sub-
strate with a bi-layer resist stack of MMA-EL-11 and
PMMA-950-A4. Subsequently, aluminum(Al) films are
deposited using shadow evaporation technique with an
intermediate in-situ oxidation step. We found the evap-
orated films to be under compressive stress after the de-
position, which is not quite suitable for the release of the
Al-resonator. To convert it to the tensile stress, the chip
is annealed at 180°C for 15 min in the ambient environ-
ment. It leads to a change in the tunnel junction resis-
tance of the SQUID at room temperature, as mentioned
in Supplementary Table 1.

Next, we carry out electron beam lithography using
a single layer of PMMA resist and pattern a rectangu-
lar window surrounding the nanowire. It is followed by
a reactive ion etching (RIE) process, where the silicon
underneath the wire is etched out. The etching process
is done in two steps, using SFg gas only. In the first
step, silicon is anisotropically etched by using a low pro-
cess pressure (=~ 9 mTorr). It is then followed by an
isotropic etch at higher process pressure (~ 95 mTorr).
The isotropic etch step removes silicon underneath the
nanobeam and makes it suspended. Without breaking
the vacuum, PMMA ashing is carried out to remove
any residual resist on the substrate. Supplementary Fig-
ure 1(a) shows the optical image of the qubit fabricated
on the silicon chip.

The etching process further affects the tunnel resis-
tance of the junctions. We have consistently seen a re-
duction in the tunnel resistance by 40 — 45% while an-
nealing the substrate and an increase in the resistance by
15 —20% after the etching process. To accomodate these
changes, the oxidation parameters during the junction
fabrication are tuned to get the target junction resistance
after the final step.

Finally, the chip is placed inside a coaxial cavity, and
then inside a home-built vector magnet setup. We use
two layers of concentric shielding cans to protect the de-
vice from the infrared radiation and stray magnetic field.
The radiation tight inner can is coated with an IR ab-
sorbing layer, and the outer can is made of cryo-perm,
which helps in reducing the magnetic field fluctuations at
the sample. The entire assembly, mounted to the mixing
chamber plate of dilution refrigerator is shown in Supple-
mentary Figure 1(b). Supplementary Figure 1(c) shows
the schematic of the complete measurement setup used
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Supplementary Figure 1. Device details and the mea-
surement setup: (a) An optical microscope image of the
qubit device patterned on a silicon substrate. The white rect-
angles are the qubit antenna pads. In between the pads, a
SQUID loop with a suspended nanowire is patterned. (b)
Entire device assembly, inside a two-layer shield, attached to
the mixing chamber plate of the dilution refrigerator is shown.
(¢) Schematic of the measurement setup, showing input and
output lines with the attenuation, amplifier, and filters.

in the experiment.

B. Derivation of the single-photon coupling rate

The single-photon electromechanical coupling rate is
defined as the change in resonance frequency due to the
zero point fluctuation of the mechanical resonator. For
the upper polariton mode, it can be written as

dW+ dLU+ dd dd
= — = — = _ 1
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where G4 = dwy /dx is the flux responsivity, and ® is
the total magnetic flux passing through the SQUID loop.
The magnetic-flux ® through the SQUID loop can be



written as
®=Bl(w+ Cl‘”) + BHZC.'L'J_.

The first term comes due to the out-of-plane magnetic
field. It has a static component and a component arising
from in-plane motion x| of the suspended nanowire. The
second term originates from to the out-of-plane motion
of the beam z; and the in-plane magnetic filed. Upon
substitution in Supplementary Equation 1, we get

g+ = ((BLlzops + Bylaps). (2)

Here we have assumed that in-plane and out-of-plane
mode of vibrations are nearly degenerate and therefore
results in the same vacuum zero-point fluctuations z,.
Since B > B, the first term can be ignored.

Supplementary Note 2. Device parameters,
calibration, and flux-responsivity

A. Device Parameter tables

Device-1 Symbol |Value
Cavity frequency we /2 5.846 GHz
Bare cavity decay rate Kb 8 MHz
Maximum qubit frequency wy /27 7.38 GHz
Qubit-cavity coupling rate J/27 72 MHz
Measured transmon anharmonicity |—ar /27 |—284 MHz
Tunnel resistance after deposition |R, 8.9 k2
Tunnel resistance after annealing | R, 5 kO
Tunnel resistance after etching R, 5.9 kQ
Josephson inductance of SQUID L; 7 nH
Mechanical resonator length l ~ 40 pm
Mechanical resonator width b ~250 nm
Mechanical resonator thickness d ~28 nm
Mass of the mechanical resonator |m ~0.75 pg
Mechanical resonator frequency Wi /27 ~3.97 MHz
Maximum axial magnetic field Brax ~ 45 mT
Product of input-line attenuation|A/kin ~ 17444 s
and input coupling rate

Supplementary Table 1. Summary of the key parameters of
the first sample studied.

Supplementary Table 1 and Supplementary Table 2 list
the parameters of the devices used in the experiment.

B. Calibration of input-line attenuation

To estimate the total attenuation in the input line, we
use the ac-stark shift measurement. We tune the dressed
transmon frequency of Device-1 to w,/2m ~ 5.325 GHz
where it couples dispersively to the cavity. Using the two-
tone spectroscopy technique, we measure the transmon
qubit spectrum while probe power is varied. With the
increase in probe power, the qubit transition frequency

Device-2 Symbol |Value
Bare cavity frequency we /27 5.744 GHz
Bare cavity decay rate Kb 8 MHz
Maximum qubit frequency wg /2w 8.26 GHz
Qubit-cavity coupling rate J/2m 193 MHz
Measured transmon anharmonicity |—ar /27 |—300 MHz
Mechanical resonator length l ~ 40 pm
Mechanical resonator width b ~250 nm
Mechanical resonator thickness d ~28 nm
Mass of the mechanical resonator |m ~0.75 pg
Mechanical resonator frequency W /27 ~3.97 MHz
Maximum axial magnetic field Braax ~9mT
Product of input-line attenuation|A/kqn ~ 1647 s
and input coupling rate

Supplementary Table 2. Summary of the key parameters of
the second sample studied.

shifts, and it is given by wy/ = w, — 2ngx, where ng
and x are mean intracavity probe photon occupation
and the dispersive shift of the transmon, respectively.
The dispersive shift is given by y = —JKQ AiZT, where
A = wy — w, is the detuning between transmon and cav-
ity. In a separate measurement, we estimate the disper-
sive shift —3.5 4+ 0.126 MHz of the transmon. The ex-
perimentally computed intracavity photon (w; —wy)/2x
is plotted with the input probe power in Supplementary
Figure 2(a). Thus, it allows us to estimate the product
of the total input line attenuation and the coupling rate
of the input port for Device-1. The same procedure is
carried out for Device-2 as well. The estimated attenua-
tion for both devices is given in Supplementary Table 1
and Supplementary Table 2. This parameter allows us
to calculate the mean photon occupancy in a mode for a
specific pump power and energy decay rate of the mode.

C. Calibration of the net output gain

To calibrate the net output gain, we send a pump sig-
nal at frequency w, and record the transmitted power
P, at the same frequency. The inset of Supplementary
Figure 2(b) shows the measured power spectral density
(PSD) recorded using a spectrum analyzer. The trans-
mitted power at pump frequency is given by Py/hw; =
Apngke, where Ap is the net output power gain, ng is
the mean occupation of the EM mode due to the coherent
pump, and k. is the coupling rate of the output port. We
vary the pump signal strength and measure Py in a spec-
trum analyzer. Using the input line attenuation, given
in the device parameter table, and the dressed mode de-
cay rate of k/2m ~ 9.7 £ 0.1 MHz, we can estimate the
mean photon occupation ng for all pump powers. The
measured P, is then plotted against the mean dressed
mode occupation ng, as depicted in Supplementary Fig-
ure 2(b). From the slope of the linear fit, we estimate the
net gain. Using the output coupling rate of k./2m =~ 6.2
MHz (discussed in the following section) the net gain of
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Supplementary Figure 2. All results are from Device-1. (a) Plot of the experimentally determined mean photon occupation
with the input probe power. The data points show the normalized shift in the qubit frequency while performing ac-Stark shift
measurement. The solid black line is the fit that relates the injected microwave power to the mean photon occupation of the
cavity. (b) Plot of the transmitted power P; at w4 with mean dressed-mode occupation ng. The dashed line is the linear fit
and its slope is used to estimate the net output gain. This measurement is carried out at a mode frequency of 5.864 GHz and
applied magnetic field of Bl ~ 18 mT. The inset shows the output signal, recorded using a spectrum analyzer, when a pump
signal at wy is injected into the device. (c) The output microwave power at the sideband peak Sy v is plotted with mean dressed
mode occupation. The dashed line is a linear fit, and its slope is used to estimate mean thermal phonon occupation. Inset of
(c) shows the mechanical resonator’s spectrum. It is the power spectral density (PSD) of the lower mechanical sideband for a
pump at wi. (d) PSD of the mechanical resonator when axial magnetic field is 18 mT, and dressed mode frequency is 5.864
GHz. From the Lorentzian fit (black-line) to the data, we estimate the mechanical resonator frequency wm, /2w ~ 3.97 MHz
and intrinsic linewidth 7, /27 ~ 6 Hz. (e) Reflection measurement from the output coupling port at a temperature of 1 K.
The black line is from the fitted model.



the output line is estimated to be Ap = 58.5 dB. The
same exercise is carried out in Device-2 as well, result-
ing in a net gain of Ap = 64.3 dB. The net gain of the
output line can be used to estimate mean-photon occu-
pancy ng of the mode, using ng = Py/(Apkchiw). The
reported mean-photon occupation for the experimental
result shown in Fig. 5(a) of the main text is determined
from this method.

D. Power spectral density (PSD)

In this section, we derive the PSD of the output signal
when the dressed EM mode is subjected to a low-power
single microwave drive ee®d’, At low drive power, we
can neglect the nonlinearity of the polariton mode and
consider it as a linear mode of frequency w,, which is
longitudinally coupled to a mechanical mode with fre-
quency wy,. In the rotating frame of the drive frequency,
the effective system Hamiltonian is given by

H=—-Adla, +w,bb+gyatab+bl)+e (ap+al), (3)

where A = wg —w, is the drive detuning, g, is the single-
photon coupling strength, and a4 (13) is the ladder oper-
ators corresponding to dressed (mechanical) mode.

Subsequently, the quantum Langevin equations of mo-
tion are obtained as

él.;,. = (’LA — g)a/+ — Zg+d+(i) + BT) + €+ /FKex dzn
+ \/% fiTH (43‘)

X . Y\ s o n
b= (—iwm — 7m)b — zg+aia+ + /m bin, (4b)
where a;y,, fm represent the EM mode noise operator cor-
responding to the input port and the dissipative thermal
bath. The quantity b;, represents the mechanical mode
noise operator corresponding to the dissipative thermal

1/xe 0 G iG7 [ da+[w]

0 /% —iG —iG| |(6al)[w]

1/xm 0 iG G 5b|w]

0 1/Xm —iG —iGl | (5b1)[w]

The susceptibilities are given as follows: x.|w] =

1/ (i(w + A) + #/2), Xelw] = 1/(=i(w = A) + £/2),
Xm[w] = 1/(=i(w —wm) +7m/2), and X [w] = 1/(—i(w+
Wm) + Ym/2). The above matrix equation is rearranged

4

bath. The total decay rate of EM (mechanical) mode is
represented by & (7,,), and the external (internal) decay
rate of the EM mode is represented by ke, (ko). By defin-
ing the mean field occupation of the EM mode and the
mechanical mode as a and (3, we arrive at the following
semi-classical equations of motion (EOM)

6= (A= Da—igia(B+8)+e,  (5a)

B = (—iwm = 34)8 —igs |af*. (5b)

In the steady state of the system, these equations be-
come & = 0, 8 = 0. By solving them, we determine the
steady state field amplitudes & and 3. Subsequently, we
write down the field as a combination of a steady state
value and a fluctuation around them, i.e. a; = a+day,
and b = 3 + 6b. Thereafter, the EOM for the field fluc-
tuations are given by

Sa, = [ZA - g} St —iG(8b+6b") +\/Fag tin +/F0 fin,
(6a)

dall, = [~i = 5 bl +iG" (G40 +er a4V Fl,
(6b)

5b = [t — 77’”} Sb—iG* 6, —iGOa, 4/ bim, (60)

b = [isom - 77’"] obt +iGoal +iG*day + Am b,
(6d)
where A = A — g, (B + %) and G = g a. These
equations are solved in the frequency space using the
Fourier transformation z[w] = F [z(t)] = fj;: x(t)e™tdt.
Using the identities (z)[w] = (2[-w]) and F[(t)] =
—iwFz(t)], the equations of motion become

N ®
Vm (bi)[w]
[
and written as
6d+ [W] Kex Gin [W] + \/% fZAn [W]
Gal)lel| _  [VAer @)l + VAo (Fel | g
0blw] Vm binlw] ’
(66") [w] Vm (b))

where A represents the susceptibility matrix. Thus, we



determine

Sas [w] = A1 (VFer Ginlw])y/Fo finlw])+
A(Vres (al)w] + VAo (f)w)
+ Ai3\/m binw] + Aray/Am (B8 ) w],  (9)

where A;;’s are the elements of the susceptibility matrix.
Using the Fourier transform identity (z1)[w] = (z[-w])T,
we get

Say [w] = An1(Ver Ginlw])v/Fo finlw])+
AIQ(\/@ (&in[_w])T + \/% (fin[_w])'r)
+ A1s/Am bin[w] + Avay/Am (bin[-w))T. (10)

The noise operators follow the relation

{@in ] (@in[w)T) = 2m6(w — o), ((@inlw]) @i []) = 0,

(11a)
(finl)(finlwDT) = 276(w — "), ((fin[w]) fin[w']) = O,
(11b)
<Bm [W}(Z’in[w/])w =21 (np 4+ 1)0(w — '),
((bin]w])Tbin[w']) = 27nmb(w —w').  (11c)

Using these relations, we calculate the spectrum of the
dressed EM mode. It is given by

o0

[ (Gas )t saluihas
- (Hez + "{O)ATQA12 + ’YmnmAT;gAlS
+ Y (M + 1) A4 Ara. - (12)

1

T or

S(w)

The last two terms, which have n,,, contain the infor-
mation of the mechanical resonator’s motion, whereas the
first term produces the Lorentzian envelope of the EM
mode. For a resonant microwave drive to the dressed
EM mode, we set A = 0 and calculate the mechanical
spectrum over the Lorentzian envelope using the last two
terms of Supplementary Equation 12. It is given by

S(w) ~
16G%~,, N, N N + 1
K2+ 4dw? \ 72 + 4w —wm)?  vE + 4wt wn)?)

(13)

It should be noted that the above formalism is carried
out for a linear EM mode coupled to a mechanical res-
onator. However, the EM modes in our devices exhibit
nonlinearity due to the presence of Josephson inductance.
As a result, the expression of Supplementary Equation 13
can only be used when the drive power is very low and
the nonlinear effects are negligible.

E. Estimation of the effective mechanical mode
temperature

A pump signal, tuned to the dressed mode frequency
w4 produces two sidebands at w = wy + w,, due to the
thermal motion of the mechanical resonator. The output
microwave power at the lower mechanical sideband fre-
quency (wy —wy,) can be computed from Supplementary
Equation 13. It is given by

SVV 1 ke IGgf_ndnm
— =~ A Py a 712 A4 2 |
hw P<2+ndd+’ym (k2 + 4wp,)

where (n,q4 +1/2) is the total noise added by the ampli-
fier chain. We pump the dressed mode at zero detuning
and record the PSD of the lower mechanical sideband us-
ing a spectrum analyzer. In the inset of Supplementary
Figure 2(c), we show a representative measurement of the
microwave PSD showing the mechanical mode. Supple-
mentary Figure 2(c) shows the plot the microwave output
power at the sideband peak Sy v (w4 —wy,) with the mean
pump photon occupation ng in the dressed mode. From
the slope of a linear line fit, we estimate the mean thermal
occupation n,, of the mechanical resonator. The dressed
mode frequency is tuned to wy /27w ~ 5.884 GHz and
axial magnetic field B!l ~ 18 mT is applied. These pa-
rameters correspond to an electromechanical coupling of
g+ /27 ~ 22 kHz, which is measured separately in CEQA
experiment as described in the main text. The dressed
mode decay rate k/2m ~ 11.5+0.3 MHz is extracted from
transmission |S2;(w)|. With all these parameters, we es-
timate the thermal phonon occupation of the mechanical
resonator to be n,, ~ 365, which corresponds to a mode
temperature of 70 mK.

F. Mechanical resonator’s linewidth in lower
magnetic fields

The mechanical resonator’s linewidth of 13 Hz, re-
ported for the Device-1 in the main text is affected by
the flux noise present in the system. To mitigate this
effect and find out the intrinsic mechanical linewidth, we
record the output mechanical PSD of the pump while
operating at a smaller magnetic field (Bl ~ 18 mT), an
operating point with the lower flux responsivity of the po-
lariton mode (G4 /27 = 0.55 GHz/®,), and a low pump
strength to avoid any backaction.

Supplementary Figure 2(d) shows the PSD of the lower
mechanical sideband for a pump signal sent at wy /27 ~
5.864 GHz. By doing a Lorentzian fit on the spectrum,
we determine the intrinsic linewidth of 4, /27 ~ 6 Hz.

G. Estimation of the output coupling rate

To estimate the coupling rate of the output port with
the cavity, we measure the port’s reflection |S1;(w)| at



1 K temperature. The reflection measurement is done in
a separate cooldown where a 20-dB direction coupler is
added to the output line. The cable between the out-
put port of the cavity and the directional coupler creates
small ripples in the reflected signal which can be seen in
Supplementary Figure 2(e).

We fit the data to model

Ke

Sulw) =1- (Ki + Kin + Ke) /2 +i(w —we)’

where k; is the internal cavity decay rate, k;, is the input-
port coupling rate, w, is the cavity resonance frequency
and k. is the output-port coupling rate. From the fit, we
estimate the output coupling rate to be k./2m ~ 6.2 +
0.1 MHz.

H. Flux-responsivity and Kerr-nonlinearity of the
dressed mode

From the cavity transmission |S21 (w)| near the vacuum
Rabi splitting, as shown in Fig. 1(d) of main text, we can
calculate the flux responsivity of the dressed mode for
both devices. First, we estimate the mode frequency w,
at each flux bias point by fitting a Lorentzian to |Sa; (w)]
measurement. Subsequently, the extracted results can
be used to numerically compute the first derivative of w
with respect to flux bias (®), i.e. the flux responsivity. In
Supplementary Figure 3, we plot G of the upper dressed
mode with the mode frequency.

The flux responsivity can be utilized to estimate the
coupling rate at different flux bias points, employing
straight forward relation g, = G4 B)jxps. This method
is particularly useful for determining coupling rates for
mode frequencies not determined by CEQA experiment.
From the CEQA experiment in Device-1 (Fig. 2(d) of
main text), we know that g, /27 =~ 23.1 + 1.4 kHz for
dressed mode frequency of 5.884 GHz when B is set to
18 mT. From this known value of coupling strength, we
estimate g4 at dressed mode frequency of 5.873 GHz to
be 13.4 + 0.8 kHz, which is used to compute the black
curves in Fig. 3(a) of the main text.

Next, we estimate the Kerr nonlinearity of the dressed
modes. Using the QuTip package [1], we compute the
eigen-energies of the system while varying the transmon
qubit frequency. The system Hamiltonian is defined us-
ing the device parameters given in Supplementary Ta-
ble 1 and Supplementary Table 2. Subsequently, we esti-
mate the Kerr nonlinearity of the dressed mode by calcu-
lating the difference between different energy levels, and
the result is plotted in red curve of Supplementary Fig-
ure 3.

For the numerical calculations of the Kerr nonlinearity,
we model the transmon and cavity as a 4-level systems
each. For the numerically calculated plot of Fig. 4(b)
in the main text, the Hilbert space dimension is chosen
to be 9, consisting of 3-levels of transmon and 3-levels
of the cavity. The mean-thermal occupation is set to

be 0.1 for both transmon and cavity, which is essential
to capture the higher transitions. These values are also
used to compute the plots in Fig. 5(b) and (d) of the
main text.

I. Intra-cavity field of a nonlinear oscillator

The Hamiltonian of a nonlinear oscillator subjected to
a drive is given by

At A Ky v 4. . . .
H= —Aa1a+ - fa:_alcumr +eq (ay + aj_), (14)

where K| represents the Kerr nonlinearity, e, represents
the drive strength, and A represents the drive detuning.
The creation (annihilation) operator is represented by

ay (&L) The dynamics of the oscillator can be described
by the Lindblad master equation

p=ilp,H+mDlay] + 2 Dlalas),  (15)
where D[O]p = OpO — OTOp/2 — pOtO/2 for any oper-
ator O. The quantities v; and 74 represent the energy
decay rate and the dephasing rate of the oscillator, re-
spectively. The expectation value of the operator is given
by (O) = Tr(pO) = Tr(Op). The equation of motion of
the expectation value of the operator is given by

(0) = Tr((p0)). (16)
Using Supplementary Equation 15 one can expand the
R.H.S. of the above equation and arrive at
Tr(p0) = Tr(ilp, H]O) + Tr(m D[+ ]pO)+
Tr(veDlakay]p0/2). (17)
Using the commutator relation [dJr,&L] = 1 and the
associative identity of trace Tr(ABC) = Tr(CAB) =

Tr(BCA), we can simplify each term of the above equa-
tion as

Tr(ip, H]O) = —i{[0, H])

Tr(nDlay]p0) = (nlal, 0104) + (20, ala])

2
(18b)
Tr(ysDlala4]p0/2) = 22 ([l ay, Olaf ay)
+220,ata,")  (18¢)

We are interested in calculating the mean field occupa-
tion (a4 ) inside the oscillator. Hence, we replace a4 in

place of O in Supplementary Equation 17 and arrive at
the following equation of motion

(a) = —iffas, 1)) - T D 0y 1)
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Supplementary Figure 3. Plot of the flux responsivity (G+) and Kerr nonlinearity (K1) of the upper polariton mode for
Device-1 and Device-2 are shown in (a) and (b), respectively. G4 is extracted from the direct cavity measurements. The
anharmonicity of the polariton mode |K | is numerically calculated using QuTip [1] and the experimentally determined device

parameter given in the device parameter Table.

where a; is represented as ay for simplicity. After

computing the commutation relation, we use the semi-
. . . T 2

classical approximation (aay) = [(a4)|” and finally ar-

rive at the equation

iy = (iA — K/2)as +iKy Jay|? ay —ieq. (20)

Here, £ = (71 + 74/2) represents the total linewidth of
the weak Kerr oscillator. By solving the above equation,
one can determine the mean field occupation. Subse-
quently, one can calculate the mean photon occupation
ng = lat|”.

Supplementary Note 3. Modeling of cavity-enabled
qubit-phonon absorption

A. In weak anharmonicity limit

For the experiment discussed in Fig. 2(c) of main text,
the transmon-cavity detuning is kept such that the po-
lariton mode’s decay rate is larger than its anharmonicity.
In this limit, the upper-polariton mode can be treated as
a weak-Kerr oscillator. Hence, only considering the up-
per polariton mode, the system can be described as a
weak-Kerr oscillator of frequency w longitudinally cou-
pled to a mechanical resonator of frequency w,, with a
coupling strength of g. In the presence of two continu-
ous drive signals, a strong pump and a weak probe, the
Hamiltonian of the system can be written as

K -
H=w,dla, — =*alala,a, +w,b'b

2
+ gy alay (b+bY) + ealage™t +al e )
+eplagert +al emionty  (21)

where wq (wp) is the pump (probe) drive frequency, eq
(ep) is the strength of the signal, and Ky is the Kerr

nonlinearity of porariton mode. In the frame rotating at
the control drive frequency wg, the Hamiltonian is given
by

it Ky ¢+, 47
H= —Aa1a+ — 7+ La1a+a+ + W b'h
gy alap(b+b") + eqlay +al)
+eplay et +al emity (22)
where A = wg — we, and 0, = wp — wq.

We ignore the quantum fluctuations and write down
the equation of motion (EOM) for the mean values of

the operators. The operators (b + b') and (b — bt) are
essentially the normalized position and momentum, and
denoted as X and P, respectively. The mean value (O)(t)
of any operator is represented as O from now on.

Then, the EOMs are given by

ay= (iA —k/2)ay +iK alaray —igrar X

—ieq —iee” " (23a)

aj_: (1A = Kk/2)a’ —iK a'a’ay +igral X
+ieq + iepe®t  (23b)

X= —iw, P (23¢)
P= —iwy, X — 2igya’ay — ymP. (23d)

To solve these equation of motions, we use a perturba-
tive ansatz solution for weak probe. It is given by

ay(t) = Ag+ A_e rt 1 A, 0t (24a)



X(t) = Xo+ X_e ¥t 4 X, it (24b)

P(t) = Py 4+ P_e ¥t 4 P, 0t (24c)

It has a time-independent static component, along
with two other time-dependent parts. By substituting
the ansatz and comparing the time-independent compo-
nents of Supplementary Equation 23, we arrive at the
following steady state equations:

—iw, Py =0, (25a)
2 ~ 2
Xy = - 209, (25b)

(IA — K/2)Ag +iK Ay A2 —ig, AgXo —ieqg = 0. (25¢)

The Supplementary Equation 25(a) essentially implies
that the average momentum of the mechanical mode is
zero, while Supplementary Equation 25(b) represents the
static mechanical displacement denoted by Xy. The “op-
tical” mode’s steady state amplitude is represented by
Ap, which we will henceforth refer to as @. It can be
computed by solving Supplementary Equation 25(c).

Our goal is to determine the response A_ at the probe
frequency, which is experimentally measured quantity. In
order to do this, we substitute the ansatz solutions in
Supplementary Equation 23 and compare the coefficient

BoA_ =ie, +iK, a*A* —igyaX_, (26b)

B3A* = —iK(a")?A_ +ig.a*X_, (26¢)

where

By = (w2, — 612, — Ym0p),

m

By = (k/2 —i(6, + A) — 20K |a)* — 2ig4 | /wnm)
and
Bs = (k/2 —i(0, — A) + 2K (|a|* + 2igy |a|* /wm).

Substituting the solution of X_ from Supplementary
Equation 26(a) into Supplementary Equation 26(c) will
results in

(By +ilal2B))A* = —i(a")*(Ky + BDA_,  (27)
where B| = 2¢% w,,/B1. Next, we substitute the solution
of X and A* into Supplementary Equation 26(b), and
arrive at the following equation

(K4 + B)?

B _<—2B/_ =14
(2 ilal*By —|af Bs + i|a|?B]

> A= —ie,. (28)

If the pump is applied at a red-detuned frequency, i.e.,

of e=%»t, Thus, we arrive at the following equations Wd = We — Wi, and the probe is near the resonator fre-
quency, i.e., w, = we + 6 where § = §, — w,y,, then the
component of the intracavity field A_ at frequency w,
B1X_ = -2giwn(@*A_ + aAr), (26a)  takes the following analytical form:
J
A_(0) ~ iep

—13/2 + 2004 G2 + 2ig |12 fwm + 6 — 2|a120% /(v — 2i0) + |64 5are

The experimentally measured cavity transmission is
given by \/keA_/an, where k. and a;, are the output
coupling rate and input probe strength, respectively. The
expression of A_ is obtained without the approximation
of resolved sideband regime (w;, > ). Thus, it can be
used to fit the experimental data of Fig. 2(c) of the main
text to obtain electromechanical coupling rate g .

B. In strong anharmonicity limit

When transmon qubit is detuned away from the cavity
frequency, its anharmonicity is not diluted by the lin-
ear cavity and is large compared to the dissipation rate.
Then, the “transmon-like” mode can still be treated as an

(K4++42ig3 /(ym —2i6))?

(29)

(

effective two-level system (TLS) or qubit. The frequency
of the TLS is given by @, = wy+J?/A,, where wg, J, and
Ay = wg — w, are the bare qubit frequency, transmon-
cavity coupling rate, and detuning between transmon and
cavity, respectively. The shift in frequency arises from
the interaction with the cavity. Thus, the system can be
described as a TLS longitudinally coupled to a mechani-
cal resonator.

In the presence of a pump and a probe signal with
frequency wq and wy, the Hamiltonian of the system can
be written as

H = 205" +wnblb+ 267 + 1) (6! +B) +ea(6 e

+ 67ty 4, (6 et 4 Gty (30)

+5/2=2iwm +2[a[2 g3 /wm (i—wm [ (Ym —2i0))



Here, 6’s represents the Pauli operators corresponding to
the TLS, b (b') represents the ladder operator of the me-
chanical mode, and gg represents the coupling strength
between the transmon and the mechanical resonator. By
shifting to a frame rotating at pump signal’s frequency
wg, we obtain

A s .
H=—26" +wnblb+ %O(avz +1)(bT + b)
+eq(6T +67) +ep(6Te 0t £ 57wt (31)

where A = wyq — @y and 6, = wp — wq. The Pauli
operators follow the commutation relation, [67,67] =
6%, [6%,0%] = —26", and [67,6%] =256

In this study, we deal with the mean response of the
system and ignore the quantum fluctuation. For sim-
plicity, the mean value (O) of an operator is represented
as 0. We can construct the mean value equation using
the Hamiltonian of Supplementary Equation 31 and it is
given by

X= —iwnP, (32a)
P= —iwn X —igo(c® +1) — v P, (32b)

6= (—iA —vy/2)0" +igoXot —icq0”
—ieperla® (32c)

0 = (1A —74/2)0” —igoXo~ +ieqo”
+iepe o (32d)

0 = —,(0% + 1) = 2ieqo ™ + 2ieqo

— 2ie et 4 24, e g™, (32e)

Here, v, and +,, represents the dissipation rates of the
qubit and mechanical resonator respectively.

For a low enough strength of probe signal, we do a
perturbative expansion of the mean values and use the
Ansatz solution

O(t) = Og + O_e 9t 4 O et (33)

where O(t) represents the mean values of the operators.
The time-independent component are the steady state
amplitude, whereas the coefficient of e ~%%#* represents the
response at probe frequency. By substituting the ansatz
solution in Supplementary Equation 32, and we arrive at
the steady state equations

—iw, Py =0, (34a)

—imeo — igo(O’S + 1) — ’}/mP() = O, (34b)

(—iA —v,/2)od +igoXoog —ieqof =0, (34c)
(iA = 7q/2)0q —igoXooy +ieacs =0, (34d)
—g(0¢ + 1) — 2ieqof + 2ieqo, = 0. (34e)

From the above equation, we compute the steady state
amplitudes

PO = O7 (353)
o — ,M (35b)
O A2 q2/442¢2
ot — d~’yq/2—7iA (35¢)
0 A2 442/4+ 262
o, = —iedw2—+iA, (35d)
A% 442/4 4265
Xo = —5—0(02 +1/2)
m
2
=2 200 (35¢)

Wi (A2 +72 /4 + 2€2)

Here we define A = A — goXo-

Next, we compute the first-order coeflicients, in partic-
ular ¢_, the quantity that is measured experimentally.
In order to compute this, we compare the coefficients
of e~ from Supplementary Equation 32(a) and (b),
and substitute the steady-state amplitudes from Supple-
mentary Equation 35. Thus, we arrive at the following
equations

i P = —i0,X_ (36a)
—i0pP_ = —iw, X_ —igoo? — ymP- (36D)
— i(SpUir = (—ZA — ’Yq/Z)Ui —+ ’ig()X()Jir
+igoX_og —ieqo”  (36¢)
—10,0- = (1A —v4/2)0” —igoXoo_
—igoX_0y +i€qo” +iepo;  (36d)
— 10,07 = —7,0% — 2ieg(0r — 07) — 2ie 08 (36e)



From Supplementary Equation 36(a) and (b) we get

X_ = Byo*, (37)
where
By=—- o
iwm + (Ym — 16p) =

From Supplementary Equation 36(c) and (e) and using
the solution of X_ form Supplementary Equation 37, we
arrive at

ot = Bso?, (38a)

0? = Bgo~ + Bs. (38b)

Here,
iea — Baago(vg/2 — iA) /(A + 72 /4 4 2€7)
5 = R X ;
Yq/2 = 1(dp — A)
2i€d
B =
0 g — 6, + 2iegBs’
and
5 (1q/2 = i)

(Yq — 0y + 2i€aBs) (A2 +42/4 + 2¢3)

Finally, from Supplementary Equation 36(c) we com-
pute the analytical expression of o_. It is given by

Bgo~ = (ied

where

. goEdB4(’yq/2 + ZA)
R2+az/i+2e,

) By — ey, (39)

Bs = 7,/2 — i(A +6,)—

B 2 +iA
ied - gOfd 4(%1/ R ) B@. (40)
A? +2/4 4262

Here, of has been approximated to be —1, assuming the
pump strength €4 to be comparatively low than decay
rates. Additionally, in the experimental setup of Device-
2, it holds that gy and €4 are much smaller than v,. Con-
sequently, we can approximate A ~ A. For a red detuned
pump signal, i.e. A = wy — &y = Wy, the expression of
o_ can be computed from Supplementary Equation 39.
This expression (with a normalization factor) is used to
fit the data points in Fig. 2(e) of the main text, resulting
in the solid black curve.

10

Supplementary Note 4. Backaction from a weakly
nonlinear-Kerr mode

In this section, we analyze the backaction exerted on
the mechanical resonator arising due to the optomechan-
ical interaction of the polariton modes. Because of large
spectral separation, we solely focus on the upper po-
lariton mode, leading to a simplified two-mode analysis.
Considering the upper polariton mode as a weak-Kerr os-
cillator, in a frame rotating at the pump frequency, the
Hamiltonian of the system can be expressed as

K n
H=—-Aala, — falalmm + winb'h

+gp abag(b+b") +e(ay +al), (41)

where K is the Kerr-nonlinearity of the upper polariton
mode, € is the drive strength of the pump, A = wg — w4
is the drive detuning, and the rest of the symbols have
their usual meaning.

The quantum Langevin equations of the system are
given by

. K ~
&+ = —1 [CAL+,H] - §&+ + v/Kex CAlln —+ /Ko fin» (42&)

b= —i [13, H} - %B+ e bin, (42b)

where a;, and fm are noise operators of the polari-
ton mode, bin is noise operator of the mechanical mode,
K(Ym) is the decay rate of the polariton (mechanical)
mode, and k. (ko) is the total external (internal) de-
cay rates of the polariton mode, respectively. Using the
Hamiltonian in Supplementary Equation 41 and Supple-

mentary Equation 42, we obtain the equations of motion
(EOM) of both modes:

X . Ry . . AT oA A P -
ar = (iA — §)a+ + 2K+ala+a+ —igyay (b+Db")

+ e+ V Rex dzn + Vv Ko fiTu (433‘)

b= (it — %ﬂ)z} — g4l ay + /A bin.  (43b)

By defining the mean field occupation of the polariton
mode and the mechanical mode as « and 3, respectively,
we arrive at the following semi-classical equations of mo-
tion:

&= (i — g)a FiKy o> a—igia(B+ B7) + e, (44a)

B = (—iwn — 20)8 —igs |af”. (44b)



In the steady state of the system, these equations become
& =0, 3 = 0. Solving these, we find the steady state field
amplitude & and S.

Next, we assume an ansatz solution of Supplementary
Equation 43, where we write down the fields as a combi-
nation of steady state amplitude and a fluctuation term,
i.e. G = a+ day, and b = B + 6b. Substituting these
ansatz to Supplementary Equation 43, and ignoring the
higher order fluctuation terms, we get the EOMs as

8o, = [iA . g} Sy +indat —iG(5b+0b") + /rer in
+ \/% finv (45&)

where x'[w] = (—i(w + A) + £/2), X W] = (—i(w —
A) + k/2) represent dressed mode’s susceptibilities and
X;zl [w] = (_i(w _wm) +7m/2)’ )Z;zl [W} = (_i(w +wm) +
~vm/2) represent the mechanical susceptibilities.

To find the effective dynamics of the mechanical res-

J

11
il = [~iA - g] sal — in*Say +iG*(5b+ ob")+

Few 41, +/Fo £, (45b)

5b = [_iwm - %m} §b—iG*Say —iGoal + /Am bin,
(45¢)

601 = [iwo, — 2| 0B + iGoal +iGoay

+Am bl (45d)

where A = A+ 2K |al* — g4+ (3 + B*), G = g4a and
n= K+C_¥2.

Next, we perform Fourier transform of the above equa-
tions by defining the transformation as z[w] = F [z(t)] =
fjoooo x(t)etdt. Using the identities (z7)[w] = (2[-w])T,
and F[z(t)] = —iwF[x(t)], the new set of equations of
motion in frequency domain become

il * Lol Ve sl (46)
A i R W B (a7)

onator, we first solve Supplementary Equation 46, and
substitute the solution of (da)[w] and (5&1)[&1] in Sup-
plementary Equation 47. This leads to the simplified
equations of the mechanical mode as,

—i(W — W) + 2+ D] Selw] 3b[w] Binw]
. A = VA | 2 . 4
“ 2] i+ wom) + 33 = Solel] [(@(el] T V7™ (BT )
[
The quantity defined as Y.w] = 2|G|?[A — larly, by using the parameters of Device-2, the boundary

In][1/xeXe — In]?]7! represents the modification in the
mechanical resonator’s dynamics due to nonlinear Kerr
mode. The frequency shift and the effective optomechan-
ical damping rate of the mechanical resonator is given by,
dwm = Im(E.[wp]) and Ty, = Y + 2xRe(Ec[wm]), re-
spectively. These two quantities are plotted for Device-2
parameters in Supplementary Figure 4 as a function of
pump strength and detuning. It illustrates how the back-
action effect evolves as parameters change.

In Fig. 3(a) of the main text, we plot I';, and 07y,
as solid black lines using Device-1’s parameters. Simi-

of mechanical instability is derived from the threshold
Re(Zc[w]) = —ym/2 and it is plotted as the solid black
line in Fig. 3(c) of the main text. The same is shown in
Supplementary Figure 4 as the gray curve. By replacing
K = 0 in the expression of ¥.[wy,], we can calculate the
boundary of mechanical instability for a linear EM mode
coupled to the mechanical resonator. It is shown as the
dashed curve in Fig. 3(c) of the main text.
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(b) Im zc[(ﬂm] /27[ (HZ)
200
€ 0
S 30
o~ -200
—40-
—-400
=50 T T T
-20 -10 0 10 20

Pump Detunning A/27t (MHz)

Supplementary Figure 4. Backaction from weak Kerr oscillator model: Colorplot in (a) and (b) shows the effective
mechanical linewidth I'y, = vm + 2XRe(X¢[wm]) and optomechanical frequency shift dw,, = Im(Xc[wm]), respectively. To
maintain the visibility of small variations, the color scale in (a) is truncated at £100 Hz. The gray curve in (a) denotes the
contour of I';,, = 0. These quantities are computed from a model where the EM mode is considered as an anharmonic oscillator,
and it is longitudinally coupled to the mechanical resonator. The parameters used to compute these quantities are taken from
device-2, and they are given by vm /27w ~ 6 Hz, wm /27 ~ 3.97 kHz, K1 /27 ~ 8.55 MHz, /27 ~ 9 MHz and g4+ /27 ~ 45 kHz.

Supplementary Note 5. Linear stability test using
semi-classical analysis of three-mode system

We start with the Hamiltonian of the three-mode sys-
tem consisting of a linear cavity, transmon qubit, and a
mechanical resonator. In the presence of a drive signal,
it can be written as

H=w.a'a+w,cle— OZ?TcTcch—l— J(act +a'c) +w,blb
+ gocTe(b 4 bT) + e(ae™at + afe™™at)  (49)

where J is the coupling strength between cavity and
transmon, gg is the electromechanical coupling between
the transmon and the mechanical resonator, ar is the
transmon anharmonicity, a(a'),c(c’) and b(b') are the
annihilation(creation) operators of cavity, transmon, and
mechanical modes with resonant frequencies of w., w, and
Wm, respectively. A pump signal is continuously applied
to the cavity with strength e and frequency wgy. In the
rotating frame of pump frequency, the Hamiltonian be-
comes

H=—-Aja'a — Agcle — %CTCTCC + J(act + afe)
+ Wb b + gocTe(b + b') + e(a+al), (50)

where A1 = (wg — we) and Ag = (wg — wy).

Writing the Heisenberg-Langevin equations and us-
ing semi-classical approximation, we get the steady state
equation of motions as

dl = —(F.}b/2—iA1)Oél_iJ<_i67 (513')

¢ = —[7/2—iAs—2iar|¢* +igoC(B+B")] —iJa/, (51b)

where (a) = o/, (¢) = ( and (b) = 3 are the mean values.

Subsequently, representing the steady-state ampli-
tudes in complex form as o’ = x + iy,{ = p + iq, and
B = u+ v, we get the following sets of equations

E=f1 = —%x—Aly—i— Jq (52a)
. ; Kb
j=fr=+01z— Jy—Jp—e (52b)

2

p=f3= —%p + (=22 — 207 (p* + ¢*) + 2g0u) g + Jy
(52¢)

G=f1= —%q — (—A2 —2ar(p* + ¢%) +290u)p— Jx

(52d)
. i Um
= f5= —5 U + Wy (52¢)
b= f5 = —wmt — 220 — go(p? + ) (52f)

2

For the steady-state solution or the fix point of the
system, we set the first derivatives to zero i.e., £ = ¢ =
p=q¢=u=0v=0. It leaves us with

’77211 (Jlibe JAle

Dot — o (o) + L52g(w) =0, (59

p(u) +



where

2A1

A

C=-Ay— 2aT(p2 + q2) + 2gou +

Here,

(154 + 2538)

B2t+Cc?

p(u) = —

and

(424 250)

B2 4 C?

q(u) =

By finding the roots of Supplementary Equation53, the
fixed points x, y, p, ¢, u and v can be obtained. Consider-
of these points can be understood by perturbing these
points and finding the time evolution of the perturbation.
Defining the perturbation as z; = k; — k;, where k; for
1 =1,2,3,4,5,6 corresponds to (x,y,p,q,u,v), respec-
tively. Subsequently, the time evolution of perturbation

J

A 0
Ay - —J
g — 0 J —% — darpq
| —=J 0  Ay+6arp®+2arq® — 290t
0 0 0
0 0 7290]3

The Supplementary Equation 56 has the solution of
the form z(t) = Y, biw;ei*, where b;’s are the constant
of integration, \;’s are the eigenvalues of the matrix S
and w;’s are the corresponding eigenvectors. Thus, any
eigenvalue of the S with a positive real part will cause
the solution for z(t) to grow exponentially, resulting in
instability. Thus, this becomes a criterion for identifying
the unstable points.

Fig. 6(c) of the main text shows the result of such a
calculation for Device-2. The parameters used for the
calculation are mentioned below. A bare cavity decay
rate of Kk, ~ 8 MHz and transmon dissipation rate of
v ~ 12 MHz is used for the calculation. The electrome-
chanical coupling between the transmon and mechanical
resonator is set to 300 kHz, which was estimated from the
upper-polariton mode’s flux responsivity, given in Sup-
plementary Figure 3. It is evident that a semi-classical
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z; is obtained as,

. _af;
L=k~ filg+ ) (ki —ki)a—kf % (54)
P 7
This gives
4 % % % % o)
2 op ofs 0 0fs 0 0 | [
Z o Jo] 0! 0 0 1o} z
P ofs Ofs Ofs Ofs Ofs Ofs 2
a4 1 23| _ | 92 9y Op 0q Ou Oow z3
G|z | = | 25 84 ok 4 of bh | | -,
or 0O ) o Ou  Ov
SIS % E Ak
% ofc 0f 0fo 0fs 0fs Ofs | L6
L 0x Oy Op Oq Ou Ov |
(55)

Upon substituting the values of f; ’s and evaluating
the derivative at the steady state points, we get

21 21

22 22
dlz| g (56)
dt | 74 24

z5 25

26 26

The S-matrix governs the evolution of the perturba-
tion, and it is given by

J 0 0
0 0 0
—Ay —2a7p? — 6apg® + 290t 290 O
~1 + dorpg ~2g0p 0 (57)
0 —g Wm
7290@ —Wm *g

(

description of the system is not sufficient to understand
the experimental observation of mechanical parametric
instability.

Supplementary Note 6. Modelling of the instability
region using polariton basis

We find out in the previous section that a classical de-
scription of the system fails to describe the experimental
observation. Therefore, a quantum mechanical descrip-
tion of electrical modes is necessary to explain the obser-
vations at low to moderate pump powers. This is done by
treating each transition into their two-level subspace. Al-
ternatively one can treat the electrical modes as a multi-
level atom. However, such an analysis quickly becomes
intractable. We justify the validity of two-level model



using the fact that a pump near a certain transition fre-
quency only drive that particular transition occurs due
to the large spectral separation compared to their decay
rates. In addition, these transitions are flux tunable as
shown in the Fig. 4(a) of the main text, resulting in cou-
pling with the mechanical resonator. Thus, the full sys-
tem can be treated as a multiple two-level systems (TLS)
independently coupled to the mechanical resonator with
a certain coupling strength. We separately compute the
region of mechanical instability for each TLS and super-
pose them together to compute the full instability phase

00 0 0 0 0
0w, J 0 0 0
0 J we 0 0 0
H=100 0 2w, —a) v2J 0
00 0 V27  wetw, V2T
00 0 0 V2J 2w,

where E;’s are a function of wy, w., o and J. Using these
energy eigenvalues, we obtain the transition frequencies
w;’s by calculating the difference between the relevant
energy eigenvalues, as shown by the arrows in Supple-
mentary Figure 5. In terms of notation used in the main
text, the frequencies w_, w4, w_q, and w_g correspond
to w1, wa, ws, and wy, respectively.

4 A
[7) E,
|B> r E,
|e) E,

0, o,
[+) E,
‘_> K E1
('01 (02
l9) 0
Eigenstates

Supplementary Figure 5. Eigenstates: Energy eigenstates
of the cavity-transmon system. The energies are indicated on
the right, while the eigenstates are labeled on the left. w;’s
represent the transition energies, and the arrows point to the
appropriate eigenstates for the specific transition.

Next, we determine the electromechanical coupling
strengths for each transition. In the presence of mag-
netic field the transmon frequency becomes a function of
mechanical displacement z, i.e. wy(z) & Wb 4+ Gz
Consequently, the transition frequencies become a func-
tion of mechanical displacement as well, since they rely
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space diagram.

We begin the theoretical analysis by computing the fre-
quency w; and electromechanical coupling strength g; for
each TLS. The transition frequencies w;’s are obtained
from the difference of eigenenergies of the transmon-
cavity system. The Hamiltonian of the transmon-cavity
system (ignoring the mechanical resonator) is given by
H = wealatwgcle—L clelee+J (act+alc), where a and é
are the ladder operators of cavity and transmon, respec-
tively. We write the Hamiltonian up to two-excitation
subspace and subsequently diagonalize it to find the en-
ergy eigenvalues. It is given by

00 0 0 0 O
0O0F, 0 0 0 O
Diagonalization 0 0 EQ 0 0 0
00 0 Es 0 O [’ (58)
00 0 0 Ey O
00 0 0 0 Es

(

on wy. Therefore, by doing Taylor’s expansion of w;’s up
to first order in x, we get

w; ~ wi|x=0 + G;ZIJ (59)

Here, G = %“i |w:0 is the frequency shift per unit
displacement.  Thus, the electromechanical coupling

strength for i’th transition is then given by

Owi —_ Ow; 0P
oz " T 9d ox

where G; = dw;/d® is the flux responsivity. Since G;’s
are a function of w,, we can estimate the remainder by
computing the value of any one of the G;. Here, G5 is
essentially the flux responsivity of the upper polariton
mode, and it is measured experimentally, as shown in
Supplementary Figure 3. From this known value of G,
we calculate the remaining G;’s and hence the coupling
strength g;.

The Hamiltonian of any specific two-level system takes
the form (in the interaction picture)

gi = T.pp = GiBllx,,, (60)

z ,

H= _A% +wmblb+ %(af F1)(b+ b)) +es(0f +07),

(61)

where A; = (wqg — w;), wy is the drive frequency and

w; is the frequency of the i’th transitions, g; is the single

photon electromechanical coupling , and ¢; is the drive
amplitude.

In order to find the phase diagram of unstable response
of the mechanical resonator, we follow the same approach
as described in the previous section. It starts with writ-
ing the Heisenberg-Langevin equation for of ¢’s and b,
followed by deriving the steady state equation of motion
of the mean values of the operators:



07 = —i(2e0" —2e07) — vi(0F + 1), (62a)

- _ _ > Vi o\ —
6, = —i(—A0; +gixo; —eo;)— (5 +77)o;, (62b)
6f =i(~2iof + giao —eof) (5 +7))of . (620)
b= —i%(af 1) + Wb — %"b. (62d)

Here we use the notations o and b in place of of (o)
and (b) to represent the mean values. ; and -4 are the
energy dissipation rate and the dephasing rate of the i’th
transition. We write the mean values in complex form
as 0 = s, o = p +iq¢, and b = u + . It is followed
by the calculation of fixed points, which is carried out
by setting the first time derivative of the mean values to
zero. It leaves us with

(% + %¢>) q'(s) = —A;p'(s) + 2g;u(s)p’(s) —es, (63)

where

Fs+1)

u(s) =~ vz,
T T Wm

)

(s +1)
v(E) = - g
T, T Wm
and
—A; + 2g;u(s)
¥i/2+ ¢
Subsequently, we determine the nature of these fixed
points by finding the time evolution of a small perturba-
tion. Following the same approach given in the previous

section, we compute the evolution matrix of the pertur-
bation. It is given by

P'(s) = =q'(s)

—Y; 0 4e; 0 0
0 —(/2+7)) Ai—2gu  —2gi¢ 0
S=1| - A+25u  —(w/2+) 290 O
0 0 0 Im W,
—91/2 0 0 —Wm %
(64)

If the real part of the eigenvalue becomes positive for a
certain value of A and €, we denote that point in the
phase space as unstable. Hence, we compute the me-
chanical instability phase diagram of the four relevant
two-level systems with frequencies wy, ws, ws, and wy.
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Subsequently, we plot all four regions together, resulting
in the green shaded area in Fig. 6(b) of the main text.
It is evident from the transmission spectrum of
Fig. 4(b) in the main text that the linewidths associ-
ated with each transition are not equal. The higher-level
transitions have larger linewidth compared to the lower-
level transitions. The energy decay rates and dephasing
rates used to compute Fig. 6(b) of the main text are

given by 713 ~ 10 MHz, 'yf) ~ 4 MHz, v2 ~ 10 MHz,
v$ ~ 4 MHz, v3 ~ 18 MHz, 75 ~ 8 MHz, 4 ~ 14 MHz,

and *yff ~ 9 MHz. The onset of instability for each tran-
sition depends on these decay rates, as observed in the
Fig 6(b) of the main text.

In addition, the onset of instability depends on the
thermal occupation of the eigenstates. The ground and
excited state occupation of a certain TLS determines the
probability of transition when subjected to a drive. Since
|+) and |—) have much smaller thermal occupations than
lg), the higher transitions with frequencies of w3 and wy
are less likely to occur than lower transitions with fre-
quencies of wy; and ws. While computing the instabil-
ity boundary, we consider 82% thermal occupation in |g)
while 10% and 8% occupation in |—) and |+), respec-
tively. These values were inspired from the numerical
calculation of Fig. 5(b) in the main text, which resulted
in a good match with the experiment. The eigenstates
|a), |B) and |y) are considered to have zero thermal oc-
cupation due to the high value of their energy.

Supplementary Note 7. Data recording procedure

We describe the details of the data gathering routine
for CEQA and power spectral density (PSD) measure-
ments. For the CEQA experiment, we use a vector net-
work analyser(VNA) to measure the probe transmission,
whereas a separate signal generator supplies the pump
signal. Both microwave units are synchronized using the
10 MHz reference signal. Since we use very low probe
powers, we record three traces of the transmissions, which
are later averaged to reduce the trace noise. The mea-
surements are taken at a bandwidth of 10 Hz to improve
the signal-to-noise ratio.

To measure the optomechanical backaction, we record
the power spectral density (PSD) of the outgoing mi-
crowave signal using a signal analyzer. For Fig. 3(a)
of the main text, the PSD is recorded at a resolution
bandwidth (RBW) of 3 Hz and with 200 averages, which
takes 2 minutes to acquire each data point. The PSD is
recorded around mechanical sideband frequency wq + wy,
with 1 kHz span, where wy is the pump frequency.

For the data corresponding to mechanical instability in
Fig. 3(b) and (c) of the main text, the PSD is recorded
in a span of 30 MHz around the pump frequency wqy. The
spectrum analyzer RBW is set to 5 kHz and average to
1000. For instability results shown in Fig. 5(a) and (c)
of the main text, we record the PSD neighboring two
mechanical sidebands wy + 2w,,, successively with a span
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Supplementary Figure 6. Mechanical sideband ampli-
tude: A representative plot of first (blue) and second (green)
mechanical sideband amplitude as a function of pump power.
The abrupt change in the peak amplitude (at P, = —33 dBm)
of the sidebands is used to define the critical power for the
onset of the instability.
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of 2 kHz, resolution bandwidth of 5 Hz, and trace average
of 10. We define the unstable response when the second
mechanical sideband (wg+2w,, ) shows an abrupt change,
as shown in Supplementary Figure 6.
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