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HIGH ORDER ASYMPTOTIC PRESERVING SCHEME FOR DIFFUSIVE
SCALED LINEAR KINETIC EQUATIONS WITH GENERAL INITIAL
CONDITIONS

MEGALA ANANDAN!®, BENJAMIN BoUTIN**® AND NicoLAS CROUSEILLES®

Abstract. Diffusive scaled linear kinetic equations appear in various applications, and they contain a
small parameter e that forces a severe time step restriction for standard explicit schemes. Asymptotic
preserving (AP) schemes are those schemes that attain asymptotic consistency and uniform stability
for all values of €, with the time step restriction being independent of e. In this work, we develop
high order AP scheme for such diffusive scaled kinetic equations with both well-prepared and non-well-
prepared initial conditions by employing IMEX-RK time integrators such as CK-ARS and A types.
This framework is also extended to a different collision model involving advection-diffusion asymptotics,
and the AP property is proved formally. A further extension of our framework to inflow boundaries
has been made, and the AP property is verified. The temporal and spatial orders of accuracy of our
framework are numerically validated in different regimes of €, for all the models. The qualitative results
for diffusion asymptotics, and equilibrium and non-equilibrium inflow boundaries are also presented.
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1. INTRODUCTION

In this work, we are concerned with the numerical approximation of linear collisional kinetic transport equa-
tions in a diffusive scaling. Such models are widely used in applications such as rarefied gas dynamics, neutron
transport, and radiative transfer. Due to the presence of a small parameter ¢ (which is the normalized mean free
path of the particles), standard explicit schemes suffer from a severe restriction on the numerical parameters so
that they experience extremely high computational cost as € — 0. In the last decades, the so-called Asymptotic-
Preserving (AP) schemes have been proposed to make the numerical passage between the micro and macro
scale [19,23,24] possible. Indeed, these AP schemes are uniformly stable (i.e., the numerical parameters can be
chosen independent of € and degenerate when € — 0 to a scheme which is consistent with the asymptotic model.
These schemes efficiently deal with multi-scale phenomena and are a viable alternative to domain decomposition
approaches.
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In this work, we are concerned with high order in time AP scheme for collisional kinetic equations in the
diffusive scaling, possibly involving boundary conditions. Several works can be found in the literature on this
topic using splitting method, odd-even or micro-macro decompositions (see [4,13,18,19,22-25,25-28,30,31,34]).
Our work is based on a micro-macro decomposition as introduced in [30] where the unknown f of the stiff
kinetic equation is split into an equilibrium part p and a remainder g. A micro-macro model (equivalent to
the original kinetic one) satisfied by p and g can be derived. This micro-macro strategy turns out to be the
starting point of several numerical approximation in phase space (using staggered grid [30], particles method
[7,8,13], Discontinuous Galerkin method [17,33-35] or low rank approximation [14,15]). Regarding the time
discretization, a suitable first order semi-implicit time discretization of the micro-macro model has been initially
proposed in [30] for which the AP property is ensured for general initial conditions. High order extensions are
usually based on IMEX Runge-Kutta methods [2, 3,5, 6,12, 32] which turns out to be a useful framework to
derive high order AP schemes for stiff kinetic equations under a fluid scaling [1,9-11]. but also under a diffusive
scaling [16,17]; in these works however, even if the proposed numerical schemes enjoy the AP property and are
high order, the asymptotic diffusion equation is solved explicitly, leading to a stringent parabolic CFL condition
for small e. This drawback is overcome using a suitable modification to the semi-implicit time discretization of
[30] which results in a first order implicit scheme for the asymptotic diffusion equation that is devoid of the
parabolic CFL condition (see [7,8,28]). High order versions have been derived and analyzed in [4,33-35], leading
to a numerical scheme which is asymptotically free from the usual restrictive parabolic condition.

In this work, a family of high order IMEX numerical schemes is proposed for linear collisional kinetic equations
in the diffusive scaling. According to the collision operator, the asymptotic model can be a pure diffusion
equation or an advection-diffusion equation as in [17]. The numerical schemes presented in this work are high
order, uniformly stable with respect to € and degenerate when € — 0 to a high order implicit scheme for the pure
asymptotic diffusion equation or to a high order IMEX scheme of the asymptotic advection-diffusion equation.
From the first order semi-implicit AP numerical scheme [8], the family of high order schemes proposed in this
work is obtained using globally stiffly accurate high order IMEX Runge—Kutta methods, namely type A and
type CK [10,17]. In particular, we discuss the AP property according to the considered class (type A or CK) and
according to the initial condition (well-prepared or not). For the two cases (diffusion and advection-diffusion),
the AP property is proved with general initial condition (referred as strong AP property in the literature).

Our work bears similarities with the series of works [33-35] in which high order AP schemes are derived and
analyzed for linear collisional kinetic equations in the diffusive scaling. However, there are some differences.
Indeed, in [34,35], an artificial weighted diffusion is added and subtracted to get an implicit scheme for the
parabolic term, in the spirit of [4]; but, as mentioned in [33], this weighted diffusion term may depend on e
and/or the numerical parameters, and has to be chosen according to the considered problem which can affect
the performance of the numerical simulations. As in [33], the numerical schemes proposed in this work directly
solve the micro-macro system. Another difference lies in the choice of time integrator (type A, in particular)
that allows the scheme to be asymptotic preserving when the initial data is not well-prepared, without requiring
the reduction of initial time steps (the numerical methods proposed in [33,35] require the time step to be AtP
for pth order accurate scheme in the initial few steps). Further, we consider here advection-diffusion problems
and problems involving incoming boundary conditions; our family of high order scheme can be easily extended
to the half moment micro-macro decomposition introduced in [29] to naturally incorporate incoming boundary
conditions, even when non well prepared boundary conditions are considered.

Lastly, we address the space discretization in order to get a fully high order solver of the stiff kinetic equation.
Let us mention Discontinuous Galerkin methods developed in [17,33-35] for similar purposes. Here we focus on
high order classical finite difference methods for the space approximation which only involve a discrete diffusion
term to invert. Staggered or non-staggered strategies are discussed.

The paper is organized as follows. First in Section 2, the kinetic and asymptotic diffusion models are intro-
duced. Then in Section 3, high order time integrators (using globally stiffly accurate IMEX Runge-Kutta
temporal discretization) are proposed, and their AP property in the diffusive limit is addressed in Section 4.
Section 5 is devoted to the space approximation. In Section 6, we discuss some extensions to other collision
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operators and to half moments. In Section 7, numerical results are presented, illustrating high order accuracy
and the main properties of the schemes.

2. KINETIC EQUATION, DIFFUSION LIMIT AND MICRO-MACRO DECOMPOSITION

In this section, we introduce the kinetic model in diffusive scaling, and recall the asymptotic limit. Then, the
micro-macro decomposition is performed to derive the micro-macro model which serves as a basis for numerical
developments.

2.1. Linear kinetic equation with diffusive scaling

Let © C R? be the position space and V C R? be the velocity space with measure du(v). We consider the
linear kinetic equation with diffusive scaling,

1 1
Wf+-v-Vof =5Lf, (tz,v) eRT xQxV (2.1)
€ €

where f(t,z,v) € R is the distribution function (depending on time ¢ € R*, space z € Q@ C R? and velocity
v €V C R% and € > 0 measures the dimensionless mean free path of particles or the inverse of relaxation time.
We consider the initial condition,

f(0,z,v) = fi"it(x,v), (x,0) e QxV (2.2)

and boundary conditions are imposed in space. In this work, we will consider periodic boundary conditions or
inflow boundary conditions. The linear collision operator L in equation (2.1) acts only on the velocity dependence
of f, and it relaxes the particles to an equilibrium M (v) which is positive and even. We denote for all velocity
dependent distribution functions h,

_ fv h(v) dp )

J v M(v)dp
In particular, we obtain (M), = 1 and (vM),, = 0. Further, the operator L is non-positive and self-adjoint in
L2(V, M~ du), with the following null space and range:

(h)v (2.3)

N(L)={f: f € Span(M)}, R(L) = W(L)" = {/: (f)y =0}. (24)
Therefore, L is invertible on R(L) and we denote its pseudo-inverse by L~1.

2.2. Diffusion limit

In the limit € — 0, it is seen from equation (2.1) that f — fo where fy belongs to N(L). Thus, fo = p(t, z)M
where fy solves Lfy = 0 and where the limiting density p is the solution of the asymptotic diffusion equation.
To derive the diffusion equation, a Chapman—Enskog expansion has to be performed to get f = fo+eL™1(vM)-
Vap + O(€?). Integrating with respect to the velocity variable enables to get the diffusion limit

Op— Vo - (kVap) = 0 with k = —(v®@ L™ (vM)),, > 0. (2.5)

2.3. Micro-macro decomposition

In this part, we derive a micro-macro model which is equivalent to (2.1), and this is the model that will be
discretized in the next sections. First, we consider the standard micro-macro decomposition of the unknown f
[28,30],

f=pM+g, with p(t,z)=(f), and (g),, =0. (2.6)
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We introduce the orthogonal projector II in L?(V, M~'dp) onto N'(L): ITh = (h),, M, which will be useful to
derive the micro-macro model. Substituting equation (2.6) into equation (2.1) and applying successively IT and
(I —II) enables to get the micro-macro model satisfied by (p, g)

1
Op + EVI - (vg)y =0, (2.7)
1 1 1
Org + E(I — (v Vyg) + EUM “Vap = :2[/9 (2.8)
Initial conditions for macro and micro equations become
p(0,2) = p" (z) = (f™(z,")),, (2.9)
9(0,2,0) = g"(x,v) = [ (@, v) — P () M (v), (2.10)

whereas the boundary conditions for p and g become periodic if f is periodic. From the micro part (2.8), a
Chapman—FEnskog expansion of g can be performed to get

g=—€(e0; — L)_l((I —)(v-Vug) +vM - Vyp) = eL™H(vM) - Vyp + O(€?),

under some suitable smoothness assumptions. Inserting this expression in equation (2.7) leads to equation (2.5)
in the limit € — 0.

3. TIME INTEGRATORS

In this part, we present the family of high order time integrators for the micro-macro model (2.7) and (2.8).
We will keep the phase space variables continuous to ease the reading. We first recall the first order temporal
scheme which leads to the implicit treatment of the asymptotic diffusion model before introducing the high
order version.

3.1. First order accurate time integrator

Given p", g" that approximate p, g at time t = nAt, we obtain the solution p"**!, g"*! from the following time
integration of equations (2.7) and (2.8) respectively. We use the following first order implicit-explicit (IMEX)
strategy to attain the asymptotic preserving property
At

€

Pt =pt = =V (ug" ), (3.1)
n n At n At n At
g =gt = (I =) (v Vag") = —oM - Vyp" 4 = Lg" (3.2)

The implicit treatment of density gradient in micro equation (3.2) and fully implicit treatment of the macro
equation enables us to get an implicit scheme for diffusion equation in the limit € — 0.

Although the macro equation is treated in a fully implicit manner, p"*! and ¢g"*! can be updated using
equations (3.1) and (3.2) in an explicit manner. From equation (3.2), we get

g"tt = (1 - AtL)_l (g™ — eAt(I —II)(v - Vyg™) — eAtvM -V p™ ). (3.3)
Inserting this in equation (3.1), we obtain the following implicit scheme for the macro unknown
P = p" — ALV, - <v(621 - AtL)71 (eg™ — At(I —T)(v - Vaug") — AtoM - pr"+1)>v,
or, expressing p"T! as quantities at iteration n

P = (1= AV, - (Do arVa)) (p" YN <U(621 — AtL) (eg" — AKT — ) (v - ng”))>v)
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with D ar = (v ® (€21 — AtL)"1(vM))y. Thanks to this time integrator, p"*1 can be updated by inverting
a diffusion type operator. Following this, g"*! can be found explicitly from the knowledge of p"*!. This first
order scheme introduced in [8,28] is the basis of the high order scheme presented below.

3.2. High order accurate time integrators

Following previous works [4,10,17,35], we will consider globally stiffly accurate (GSA) IMEX Runge-Kutta
(RK) schemes to construct high order time integrators for the micro-macro model equations (2.7) and (2.8). An
IMEX RK scheme is represented using the double Butcher tableau [2, 6]

E‘A c| A
i o

(3.4)

where A = (@ij) and A = (a;;) are s x s matrices which correspond to the explicit and implicit parts of the
scheme (A and A respectively are lower triangular and strictly lower triangular matrices). The coefficients ¢ and
c are given by ¢; = Z;;ll @ij, ¢i = D5 aij, and the vectors b = (b;) and b = (b;) give quadrature weights that

combine the stages. For GSA IMEX RK scheme, we have
¢s =& =1 and agj = bj,as; = bj, Vie{1,2,...,s}. (3.5)

An IMEX RK method is type A if the matrix A is invertible, and it is type CK if the first row of matrix A has
zero entries and the square sub-matrix formed by excluding the first column and row of A is invertible. In the
special case where the first column of A has zero entries, the scheme is said to be of type CK-ARS. The reader
is referred to [10] for more details. In this work, we employ both type A and CK-ARS schemes.

The first order GSA IMEX RK scheme employed in equations (3.1) and (3.2) follows the type CK-ARS
double Butcher tableau (known as ARS(1,1,1)),

0lo0 o 00 0
1)1 0 10 1 (3.6)
T 0 0 1

We now use the general IMEX RK scheme from (3.4) with GSA property equation (3.5) for obtaining high
order accurate time integration of macro and micro equations (2.7) and (2.8) respectively. We introduce the
following notations in the presentation of our scheme.

Th™ = (1 —10) (v : th(’“)), (3.7)
DI, = (v (1 - ajjAtL)_l(UM)>V, (3.8)
79}, = (¢ —aj;AtL) . (3.9)

We will construct high order IMEX RK schemes following the first order guidelines (fully implicit treatment of
macro equation, implicit treatment of density gradient and relaxation terms and explicit treatment of transport
term in micro equation). Given p", g™ that approximate p, g at time ¢ = nAt, we obtain the internal RK stage
values p\) and ¢\, j =1,...,s as

G on S Aty < (k)> (3.10)
=p"— > ajr—Vz-(v , .
p¥ =p ;?—1 e ")

j—1 J J
, _ At 4 At k At
gV =g" - k}_jl ajn—Tg" k§_1ajk—€ vM - Vo p®) + ki_li a5 Lg™, (3.11)
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where, as usual, the summation Z 1 in the explicit term is zero for j = 1.

Although the expressions above are implicit, the stage values p(*), g() can be found in an explicit manner
by using the known quantities p”, ¢", and the stage values p(), g(j), Vi €{2,3,...,s} can be found explicitly
from p”, g" and the previous stage values p), ¢, VI € {1,2,...,7—1}. Indeed, proceeding similarly as for the

first order scheme, we get the following expression of ¢gU), j = 1,..., s from equation (3.11),
g = Ie(fit (e g" — EZ a; kAtTg(k) — EZ a;r AtoM - Vyp (k) 4 Z a kAtLg(k)> (3.12)
k=1 k=1 k=1

Further, we write equation (3.10) by splitting the summation on k as
At »
P = ot < <k>> e VS < (J)>
" Zaﬂk vg v 433 e vI v’

and inserting equation (3.12) in the last term leads to the update of pU) for j =1,...,s

j—1
At
n_ it v < <k>>

—ajj AtV - <UZ(jgt egr Z ]kAtTg(k)

P = ([ _ a?jAt2VI : (Di,jitvr))

j
- ZajkAtvM Vap® + = Za kAtLg(k))>V>, (3.13)
k=1 € k=1

where the definition of 7, Di&t and Is(fgt are given by equations (3.7) to (3.9). After this reformulation, p)
can be computed from (3.13) by inverting a linear elliptic type problem and following this, g can be found
from equation (3.12). The GSA property in equation (3.5) guarantees that the solution at t"*1 = (n + 1)At is
same as the last RK stage values, that is, p"t! = p(®) and ¢"t! = ¢(%).

Remark 3.1. The IMEX strategy is similar to the one presented in [33] where the Schur complement is
employed to make the scheme efficient from a computational point of view. Here, inserting ¢ in the update
(3.13) of pU) leads to a similar scheme.

However, we present here the asymptotic preserving properties of both CK-ARS and type A time integrators
and show that the type A time integators require neither well-prepared initial data nor the treatment of reducing
initial time steps as in [33].

4. ASYMPTOTIC PRESERVING PROPERTY

In this section, we show that the time integrated scheme (3.12) and (3.13) becomes a consistent scheme for
the diffusion equation (2.5) in the limit ¢ — 0. We will discuss the asymptotic preserving property for both
CK-ARS and type A time integrators. First, we recall the definition of well-prepared initial data in our context.

Definition 4.1 (Well-prepared initial data). The initial data p(0,x) and ¢(0, z,v) in equations (2.9) and (2.10)
are said to be well-prepared if ¢(0, z,v) = O(e).

Lemma 4.2. Assume that € is sufficiently small. Let aj, and aji, be the coefficients of the RK method (3.4)
applied to the scheme (3.10) and (3.11). Then, the following holds:

(1) CK-ARS case: If g" = O(e), then g) = g™ = O(e) and g\9) = eL= (v M) -V pl) + O(e?), Vje{2,...,s}.
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(2) Type A case: g = L= (vM) - V,p) 4+ O(€?), Vj € {1,...,s}.

Proof. Let j € {1,...,s} such that a;; # 0. Observe that the operator Ie(,JZt defined in (3.9) admits, for small
€, the following expansion:

T9), = —(aj;AtL) ™! + O(2). (4.1)

Consider now an A-type time integrator, so with a;; # 0 for any j € {1,...,s}, and assume ¢g" = O(1).
From (3.12) and the previous expansion, we obtain

g(l) = —(auAtL)_l [—eaHAtvM . Vacp(l)} + 0(62) = eL_l(vM) . VIp(l) + O(€2>.

Now, the proof is performed by induction on j € {2,...,s} assuming that for any k € {1,...,5 — 1}, g®® =
€L (vM)-Vp*) +0(€?). In particular g¢*) = O(e) and the formula (3.12) has therefore the following expansion:

J Jj—1
g = —(ajjAtL)_l 0(62) — eZajkAtvM S Vap® + ZajkAtLg(k) + O<62).
k=1 k=1

Inserting the induction hypothesis in the last sum, most of the terms in the two sums eliminate so that finally
gV = L7 (vM) - V,p) + O(e?).

The case of a CK-ARS time integrator is slightly different. First a;; = 0 so that ¢(!) = g" = O(e) by the
particular well-prepared assumption. Now ase # 0 and (3.12) has the following expansion for j = 2:

9@ = —(agAtL) ™" [0(62) — eag AtvM - vmp@)} +0(e?) = eL7H(wM) - V,p? + O(€?).
Again, the proof is by induction on j € {3,...,s} assuming for any k € {2,...,5 — 1}, ¢®® = eL='(vM) -

V.p*) 4+ O(€?). The same computation as above is available since g') = O(e). One has (note that a;; = 0 for
any j so that the sums start at k = 2):

J j—1
g9 = —(aj;AtL) ™ 0(e%) - eZajkAtvM Vaup® 4 ZajkAtLg(k) +O(e?)
k=2 k=2

= L™ (vM) - Vop) + O(€%).
O

Due to the GSA property of both time integrators, we have g"t! = ¢(5) = eL=1(vM) - Vp*) 4+ O(¢?) =
eL=H(vM) - Vop" 1 4+ O(€?) for sufficiently small e. Thus, the following are evident from Lemma 4.2:
(1) For type CK-ARS, if the initial data is well-prepared (that is, g° = O(e)), then g" = O(e), Vn > 0.
(2) For type A, if the initial data is such that g° = O(1), then g" = O(e), ¥n > 0.

As observed in [10], the initial data does not need to be well-prepared for type A time integrator, unlike type
CK-ARS, to ensure AP property.

Theorem 4.3. Consider the scheme (3.10) and (3.11) approzimating the macro-micro model (2.7) and (2.8),
with the RK method (3.4) of type A or of type CK-ARS (with well-prepared initial data g° = O(¢)). Then in
the limit € — 0, the scheme (3.10) and (3.11) degenerates to the following scheme for the diffusion equation

J
o) = pt 4 Z ajr AtV - (fivmp(k)), Vi=1,...,8 k= —<v ® L_l(vM)>V. (4.2)
k=1
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Proof. Corresponding to each case (CK-ARS or type A), we have the following:

Type CK-ARS: assumptions in criterion 1 of Lemma 4.2 are satisfied, and its implications can be utilised.
Hence, inserting g0 = eL= (v M) - Vp© + O(e?), VL € {2,3,...,s} into equation (3.10), we get (recall
that aj1 = 0)

. At J
() — o _ 22 § ’ ) . 1 . (k)
P P ¢ 4 QaJka <’U€L (vM) - Vp > + O(e),

J
=p" = AtZajer . (<v ® Lil(vM)>VVmp(k)) + O(e).
k=2

Type A: assumptions in criterion 2 of Lemma 4.2 are satisfied, and its implications can be utilised. Hence,
inserting g) = eL™ (v M)-V,p) +O(e?), VI € {1,2,..., s} into equation (3.10), we get the required result
by following the same simplification as before. The only difference is that here > 7 _, instead of > 7 _,.

O

Remark 4.4. For type CK-ARS, if the initial data is not well-prepared, computing g from (3.11) involves
G%L_l(.[ — ) (v - V,g™M) which is not of O(e?). Thus,

g® = e?L_l(I —T0)(v - Vag™M) + €L (M) - Vup® + O(e2),
22
and inserting in the macro equation equation (3.10) for j = 2 leads to (since ag; = 0)
@ _ gn_ 821 5 ~1((— 2,0\ _ -1 )
P =p " v L™ ((I—-I)vVig . a2 AtV - ((v® L (vM)>Vpr + O(e),
22

which is not consistent with the diffusion equation. Thus, for CK-ARS, asymptotic consistency cannot be
attained if the initial data is not well-prepared.

5. SPACE AND VELOCITY DISCRETIZATION

In this section, we present the spatial (for both non-staggered and staggered grids) and velocity discretization
strategies that we employ in our numerical scheme.
5.1. Discrete velocity method

For the velocity discretization, we will follow the discrete velocity method [20]. Thus, the velocity domain is
truncated as v € [—VUmax, Umax), and a uniform mesh is used vy = —Vmax + kAv, k = 1,..., N, (N, € N*) and
Av = 20pax/N,,. Further, f(t,2z,v) and M (v) are represented as:

fk(t7z) = f(t7x7vk)7 Mk = M(Uk) fOI‘k:l?...,Nv,

Then, according to the definitions (2.3) and (2.6), we have for j =1,..., N,

e A

N,—1
v A
p(t,x)N = ~ Zk:o fk UM~
k:UO MkA’U

and (IIf(¢,z,v)), ~ = .
J iV:vO ! MkA’U !

For the presentation, we will keep velocity continuous to focus on space discretization.
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5.2. Space discretization using staggered grid

First, we will consider staggered grid to approximate ¢(/) and pU) in space following [30]: the two meshes of
the space interval [0, 1] are 2; = iAz and ;412 = (i + 1/2)Ax for i = 0,..., No(N, € N*), with Az = L/N,.
Periodic boundary conditions will be considered in this section.

The expressions for g/) and p@) in (3.12) and (3.13) are spatially discretised by considering staggered grid:
pU) is stored at z; (pl(-j) ~ p)(z;)), and g is stored at Tiy1)2 (ggi)l/g(v) ~ g(j)(xi+1/27 v)). The term v-V,g*)
in (3.12) and (3.13) is discretised in an upwind fashion as v-V, ~ v* -G, +v~ - Gf,, where vt = (v£v])/2,

Guipw denote the N, x N, matrices that approximate V. For instance, the first order version is

- - + =L e—
Gupw_ AxCII'C([ 17l])7 G1’upw_ Axcn’c(ua 1])7 (51)

where the notation circ is defined in Appendix A. With these notations, we get
(4) (4) (4) (4)
. 9. 71— 9.1 9.3 — 9. 1 .
o, (g)) ottty Timy ity Tits ( +G- -G+ (g)) :
(U g Tii1)2 v Az v Ax (U upw U ”pw)g i
where in the last term, the ¢ index has to be understood as the i-th component of the vector. Instead of first
order upwind discretization, one can also use high order upwind discretizations so that the matrices G}pw will
be different. Further, the term vM - V,p*) in (3.12), (3.13) and the terms of the form V, - ((-)),, in (3.13) are
discretised using second order central differences as in [30]. In particular, the term vM -V, p®) is approximated
by
(k) pits =t (k) 1
M&Ik) zM”iz:(MG ’“),G — — cire(]=1,1)). 5.2
(U P wii1s v Az v ceng P ; ceng Ax Clrc([i ]) ( )

Finally, the gradient terms V, - ((-)), in (3.13) are approximated as follows

0:()y), = O irje = Ov)irye _ (Geen, ()v/).» Geen, = L ire((-1,1)). (5.3)

i Az ¢ Az
Again, high order centered finite differences methods can be used so that it will give different expressions for
Geen, and Geen,. Let us remark that the term V, -V, = V2 in (3.13) is approximated by Geen, Geen, , i-€.,
Geen, Geen, = ﬁcirc([l, —2,1]), which gives the standard second order approximation of the Laplacian.
To ease the reading, we present the fully discrete scheme for first order ARS(1,1,1) but the generalization
to high order can be done using the elements of Section 3

gt = (621 — AtL)f1 (e2g" —eAt(I — 1) (’U+Gu_pw +v”Gf,

it = (I _ At2GCenp <<U ® (621 — AtL)_l(UM)>VGCeng)>

x (" = AtGien, (v(21 = ALL) ™" (eg" = AUT = TD)((0" Gy + u—Gij)g”))>V).

)g” — eAtvMGcengp”H)

5.3. Space discretization using non-staggered grid

We also address the case of non-staggered grids which may be more appropriate when high dimensions are
considered in space since only one spatial mesh is used: z; = iAz, for i = 0,1,..., N,, with Az = L/N,. Let

g and p@) in (3.12) and (3.13) Vj € {1,2,..., s} be approximated in space by ggj)(v) ~ gV (z;,v) and pgj) ~
pY) (x;). The term v-V,g*) in (3.12) and (3.13) is discretised in an upwind fashion as v-V, = vt G, +v~ G

upw upw?

where v¥ = (v =+ |v|)/2. Here, Guipw denote the matrices that represent an upwind approximation of V.. For

instance, the definition (5.1) can be used, but also its third order version

1 1
- . B + e(l—9 — _
Goow = —6AxC|rc([1, 6,3,2]), G low 6Aa:CIrC([ 2,-3,6,—1]), (5.4)
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where circ represents the matrix notation described in Appendix A can be used. The term vM -V, p*) in (3.12),
(3.13) and the terms of the form V, - ((-)), in (3.13) are discretised in central fashion, since these terms act
as source in equation (3.12) and diffusion in (3.13). Here, V,, is approximated by central differences as in (5.3)
or (5.2) but in the non-staggered case, the same matrix can be used for both terms. As an example, the fourth
order central difference produces:

Gcen =

12A$C|rc([1’ -8,0,8,—1)). (5.5)

The term V,, -V, = V2 in (3.13) is discretised as the matrices product G2, = GeenGeen- Like in the staggered
grid case, we present the fully discrete scheme for first order ARS(1,1, 1) time discretization to ease the reading:

g™t = (1 - AtL) (9" — eAt(I — ) (v Gy, + v G

= (e - dou) 9"
= (1= ABGe ((ve (1 - AtL) ™! (’UM)>VGcen))
X

(" = AtGen(v(21 = AL) " (eg" = AU ~ T (17 Gy + v Gi)g™) ), )-

—eAtvMGcenp”H)

Remark 5.1. We know that the term Zi L4k 2V, - (vg™)y in (3.10) is split into first j — 1 and last j
contributions, and gU) is substituted for the last j contribution, as in (3.13). The gradient in Z?@;ll ajk%vgj
(vg®))y of (3.13) is discretised using Geen,. Further, the substitution of g¢%) for the last j hints the combination
of V, -V, as V2 for the terms of g/ ) involving Vg and V,p. However, if we choose a spatial discretization for
Vi as Guifr, then these terms will experience Geen, Geen, for the first j — 1 contributions and Gy;s for the last
j contribution of the p{) update equation. This disrupts the ODE structure present in RK time discretization,
and hence reduction to first order time accuracy was observed numerically. Therefore, in order to retain high
order time accuracy, it is important to carry out the space discretization carefully. Hence, we do not introduce
a different discretization for V2, and we retain Geen ,Geen, even for the last j contribution of p(j) equation.

Remark 5.2. The matrices introduced for spatial discretization do not change the Chapman—Enskog expansion
so that the AP property is still true in the fully discrete form. Thus, we have g*) = eL ™! (vM)Gicen, p*) + O(€?)
for k € {1,...,s} by using type A. For CK-ARS with well-prepared data, we have g(*) = eL‘l(vM)Gcengp(k) +
O(€?) for k € {2,...,s}. Inserting this in macro equation, we get the corresponding RK scheme for the diffusion

J
P = pr Atzajchenp <<v ®L71('UM)>VGcen pt ) + O(e).
k=1

6. EXTENSIONS TO ADVECTION-DIFFUSION COLLISION OPERATOR AND INFLOW BOUNDARY
PROBLEMS

In this section, we show that our high order AP schemes can be extended to other problems involving
advection-diffusion asymptotics and inflow boundaries.

6.1. Advection-diffusion asymptotics

In this part, an advection-diffusion collision operator is considered (see [17,21]),
Lf:=Lf+eM-A(f),, AcRY |eA|l <1, (6.1)

where L denotes a collision satisfying the properties listed in Section 2. A famous simple example is Lf =

(frvM— .
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Using the notations introduced in Section 2, we can derive the micro-macro model satisfied by p = (f),, and
g = f — pM by applying IT and I — II to equation (2.1) with collision £ to get the macro and micro equations
in this context

1
Oip+ -V - (vg)y = 0, (6.2)

1 1
09 + — (I M) (v-Veg) + UM Vap e—ng + EUM - Ap. (6.3)
A Chapman-Enskog expansion can be performed to get g = eL = (vM)-V,p—eL 1 (vM)- Ap+ O(e?). Inserting
this in the macro equation (6.2) enables to obtain an advection-diffusion equation in the limit € — 0:

op+ V- ((v® L‘l(vM)>VVIp) ~ Ve ((ve L_l(’UM)>VAp) =0. (6.4)

The goal is to design a uniformly stable high order time integrators for (6.2) and (6.3) so that they degenerate
into a high order time integrator for (6.4) as e — 0. The extension of the schemes introduced in Section 3 will
lead to an IMEX discretization of the asymptotic model (6.4), where the advection term is treated explicitly
while the diffusion term is implicit.

6.1.1. High order time integrator

In this subsection, we present the discretization of macro and micro equations (6.2) and (6.3). As in Section 3,
in the micro equation, we treat Lg implicitly to ensure uniform stability and the additional term UM Ap
explicitly since it will be stablhzed by the implicit treatment of the stiffest term. Regarding the macro equatlon
and the remaining terms in micro equation, we follow the lines from previous Section 3. We thus obtain the
following high order IMEX RK scheme to approximate (6.2) and (6.3)

J
At
- a4V, <vg(k)> ’ (6.5)
€ v
k=1
_ L[t i i j-1
gV =gn - = Z aTg™ + Z ajrvM - V. p®) Z L g — Z aroM - Ap®) (6.6)
k=1 k=1 k=1 k=1

where the coefficients a;, @, are given by the Butcher tableaux. As in Section 3, some calculations are required
to make the algorithm explicit. First, we have

j—1 j—1
g9 :Ie(ﬁt (e g — eAt [Za T g* )+ZakaM V. pl* —fZaJkLg ZaJkUM Ap®) >, (6.7)
k=1 k=1 k=1

with 7g®) = (I —TI)(v - V,g®) and I(]) = (2T — a;;AtL)~'. Then, p{) is obtained by inserting g\/) given
by (6.7) in the macro equation (6.5) to get

pU) — ( I—a2AV, - (Difitvx))

j—1
<p" -> ajk%% : <vg(k)>v
k=1

j—1 j—1
—aj; AtV - <vl's(ﬁt <eg” — Z &jkAtTg(k) — Z a;jpAtoM - Vap®
k=1 k=1
j—1
+= Za]kAtLg + Y ajAtoM - Ap(k)>> ) (6.8)
€ k=1 k=1 v

where Di,jit = (v® (I — ajjAtL)fl(vM»V. Thus, p%) can be updated by using (6.8) and g\) can be found
explicitly by using (6.7).
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6.1.2. Asymptotic preserving property

This part is dedicated to the asymptotic preserving property of the scheme (6.7) and (6.8). We first show the
AP property of type A time integrator, and we later remark how this property is true for the CK-ARS time
integrator with well-prepared initial data. First we have

Lemma 6.1. If g" = O(1) and g*) = O(e),Vk € {1,2,...,7 — 1}, then g) = O(¢),Vj € {2,3,...,s} for small
€. In particular, we have Vj € {2,3,...,s}

J Jj—1 Jj—1 -
() — Yk =1 -V ok N Yk (k) Yk =1 M) - Ap®) 2
gV =e v P g € v o+ 0(€). 6.9
1; ajj i) ; @jj kz:l @jj Al ( ) (09

Proof. Plugging in equation (6.7) the expansion (4.1) of Ie% given by equation (3.9), along with the assumptions
stated in the lemma, we obtain (6.9) from which we deduce g¥/) = O(e) for all j € {2,3,...,s}. O

Remark 6.2. For type A time integrator, if g” = O(1), we have from (6.7):

g = E?UM Vaep 4+ 0(2) = O(e).
11

This satisfies the induction hypothesis in Lemma 6.1. Further, equation (6.9) holds by omitting Zi:l terms for
j = 1. Thus, equation (6.9) is true for j € {1,2,...,s}.

Lemma 6.1 enables to get an expansion of g\/) that can be inserted in (6.8) to identify the time discretization
of the asymptotic limit. However, this leads to quite involved calculations which requires to introduce some
notations.

Definition 6.3. For j € {1,2,...,s} and k1,m € {1,2,...,j} we define

Th = <v“j’“1 (SkoSk1 Sk ___Skm,_l)(ka)> , (6.10)
Aky oy v
with
klfl a
Sko—1, Sk = SR gl e {1,2,. .., m—1}, m > 2,
kiia=1 Al ykygq
km, km,_l
REm = Z Ak r L (M) - Vg plmt) — Z ity ko L (0M) - ApFmsn).
km41=1 kmy1=1

As usual, we will use the convention Z?’:l =0if ¢ € Z\N.

The term I, will be useful in the following study and deserves some remarks: the index m denotes the depth
of the embedded sums, j corresponds to the current stage and k; corresponds to the indexing over previous

stages. We continue with the following lemma which gives an induction relation on II7 .

Lemma 6.4. For j > 2, we have

7j—1
oy, = > 7t forme {2,3,...,5}, and T, =0 forky €{1,2,...,j —1}.
k1=1
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Proof. For the first relation, considering ky = j (with j > 2) in (6.10) leads to
_ ko Gj Gk K — km
T = (u(SMsisks . Skn1)(REn)), |
j—1

Ajks
Akoko

: - ki=j _
since aj; # 0. Further, since ™77 =
ka=1

, we get
= Ajk ko ok k k
m 2 m— m
7y, = <v > m(5 08k2 . Skm-1) (R )> :
ko=1 1%

By employing the change of variables as k; — ky—1 for £ € {2,3,...,m} in the right hand side of above
expression, we get

j—1
I = <’U Ajky (8k08k1 B .Skm,z) (ka1)>

757 P ALy kq v
j=1 } j=1
= <v Gili_ (Shosts ...Skmz)(kal)> =y
o1 \ Gkik Vo pi=1

which proves the first identity.
For the second relation, considering m = j in eq. 6.10 leads to

Hi,k1:< R (ghoshshe. s’%‘l)(R’“‘)> |
\4

Ay ky

We first prove the relation for j = 2. It is clear from Definition 6.3 that the summation in S¥1 goes from ky = 1
to ko = k1 — 1. For k1 = 1, the summation goes to ks = k1 — 1 = 0. Thus, since Sk involves 2(1) for k1 =1, it
is zero according to the convention. Hence H;:ykl =0 for ky = 1.

We now prove the relation for j > 2. From Definition 6.3, it can be seen that the summations in S*¥* and S*2
go from ko =1 to ko = k; — 1 and k3 = 1 to k3 = ky — 1 respectively. Thus, the summation in SF2 can go to
atmost kg = ko — 1 = (k1 — 1) — 1 = k1 — 2. Proceeding in this manner, we see that the summation in Ski—1
can go to atmost k; = k1 — (§ — 1).

For ki € {1,2,...,j—1}, k; = k1—(j—1) € Z\N so that S¥i-1 = 0 and hence H?,kl =0fork; € {1,2,...,5—1}
which ends the proof. O

Now, we can use the previous lemma to identify the asymptotic numerical scheme.

Lemma 6.5. When € — 0, the numerical scheme (6.5) and (6.6) degenerates into
‘ i i
PV =p" + ALYV, (Z( 1)‘1rt, k1> for j € {1,2,...,s}, (6.11)
ki=1 =1
where Hf’kl is given by Definition 6.3.
Proof. We start with the macro equation in equation (6.5)

9 == 3 i 229, (g

ki1=1
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in which we insert g(*1) given by equation (6.9) to get

J k1—1
. a; 1 ~ —
P =p" — AL Vx-<vjk<§ i, L (M) - Vip*2) — 3" g g, L 1(’UM)-Ap(k2)>>
y

ak‘l k1

k1=1 ko=1 ko=1
t J a il
— > V.- LN > kg™ +0(¢)
ky=1 aklkl ko=1
v
J a ky—1
jk 1 jk 2
ALY VY, <vakjkl(3'“"73k > Z Va < al:k (Z an; k9" )>> +0(e)
ki=1 1 ki=1 L \ko=1 %
At J a; kil
— At Z Vo Mg +— > Va <vJ’“(Z ak1k2g<’“2>>> +0(e).
k=1 k=1 kiks \g,=1 v

Inserting ¢(*2) from equation (6.9) in the above equation and simplifying as before, we get,

J 1— ka—1
— At Z V- (H;Jﬁl ?lﬁ At Z Va < — (Z ik Z Akoks9 ks >> + O(e).
k2 \%4

a
k=1 ki1 kiky Akakz ¢ =)

This procedure can be continued (j — 1) times to finally get,

J j—1
p(j) =p" + At Z V- (Z( ) H; k1>

ki1=1 (=1

. o — ki_o— kj_1—
’—1At - Ajky \ 1ak1k2 ’ 1ak1 2kj—1 - (kj)
oty (oo (o S5 P}y o

- k1 ky ka1 Akoko kj_1=1 Akj_1kj_1 k=1 v
J j—1
=p" ALY Vo (D (DT,
ki=1 (=1
A Ajky | ko ok k; R k;
=3V, (v [ SPosh SR N ay g g% + O(e).
€ hmt Whiks k=1

|4

We know from Definition 6.3 that the summations in S** and S*2 go from ko =1 to ks = k1 — 1 and k3 =1 to
ks = ko — 1 respectively. Thus, the summation in S*2 can go to atmost k3 = ko — 1 = (ky — 1) — 1 = k; — 2.
Proceeding in this manner, we see that the summations in S¥i-2 and i ot ak,_1k;9%7) go to atmost kj_1 =

ki —(j—2) and kj = k1 — (j — 1) respectively.

Since the summation in k; goes to atmost j in the above equation, k; in the term Z:j:l_l akj_lkjg(kj) goes to
atmost k; = k1—(j—1) = j—(j—1) = 1, and k;_; in S¥-2 goes to atmost k;_1 = k1 —(j—2) = j—(j—2) = 2 and

so on. Thus, only k; = 1 remains in the last summation so that Z k’ Lt

Voph +0() = f2ean L7 (oM) - VopD) + O(e?) = e84 RY + O(e?). Thus, we have
_ J Jj—1
pV = p" + ALYV, <Z( 111, k1>
k1=1 (=1

j .
—1)7 ALYV, <u%(skoskl ...S’“J'IR’“J')> +O(e)

k1=1 aklkl \4

ak, k9% = an gV = ean L7 (v M)
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J j—1
="+ ALY |V, (Z( 1)t kl) +V, - (( 17117, kl) + O(e).
ki1=1 =1
We can now prove the asymptotic property of the scheme (6.5) and (6.6).
Theorem 6.6. When € — 0, the scheme (6.5) and (6.6) degenerates into
4 J
pl) = p — Atz ajkVy - (<v ® L_l(vM)>VVmp(k))
k=1
j—1
+ Atz ;5 Vg - (<U ® L_l(vM)>VAp(k)>, for j € {1,2,...,s}.
k=1

Proof. From Lemma 6.5, the asymptotic limit ¢ — 0 of the macro equation in equation (6.5) is

{1,2,...,s})
_ J J J
pl9) = p" 4+ At Z V- (Z( 1)f H] k1> =p" + AtV, (Z( ( Z H] Ky
k=1 =1 =1 k1=1
7j—1
=p" + ALV, - < it Z 1T + Z Z a,m)
k=1

Using the recurrence relation given by Lemma 6.4 and a change of indices lead to

J
pV) = p" + ALV, - <—H},j +_ (-1 Z I, + Z Z I k1>
ot

kl 1 k?l 1
j—1
_ . n 1
ST CUHS YETD LR SR SEN
/=1 k1=1 =1 k1=1
j—1
n 1 j j
=p"+ AtV, - <Hj7j +(—1)’ Z H{,ﬁ).
ki=1

From Lemma 6.4, we have Zk 1 HJ &y = 0, so that from Definition 6.3 we get

P = p" + AV, - (<11 ) = " = ALV, - (<”%S%Rkl_j> )
14

ajj
k1 k1—1
=p" — AtV, - <v<z akleL’ .V p (k2) Z Qg ky L ).Ap(k2)>>
ko=1 ko=1

1121

=" —Atzam (e L7 wan), Vp<’“2)+AtZajk2 ((ve L7 M), 4p*),

ko=1 ko=1

which ends the proof.

([l

(6.12)
(for j €
(I
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Remark 6.7. For CK-ARS schemes with well-prepared initial data, we obtain ¢() = g" = O(e) and p(!) = p™.
The presentation in this section will apply for CK-ARS from the second RK stage onwards. For instance,
Definition 6.3 applies for CK-ARS with the following change in indexes: j € {2,3,...,s}, k1,m € {2,3,...,5}
and all the summations involved start from 2 instead of 1 since a;; = 0. The lemmas and theorems that
follow also undergo the corresponding change in indexes, and the AP property for CK-ARS can be observed for
j€e{2,3,...,s}

Remark 6.8. Upon incorporating the spatial matrices corresponding to staggered grid in place of the contin-
uous gradient operator, we obtain in the limit € — 0,

-1

PP = (I+0j;MGeen, ((v @ L7 (0M)),, Geen, ))

Jj—1
X <pn B Z ajkAthenp <<’U ® Lil(UM)>VGcengp(k))

k=1
-1
+ ) @k AtGeen, (<v © L7 (vM)),, Gaug, Ap(k))> . (6.13)
k=1

The matrices Geen,; Geen, are given in Section 5.2 and Gayg, = %circ([l, 1]). Thus, (Gavqu(p(k)))i+1/2 =

%A(pgi)l + pgk)). This results in a central discretization of the advection term in the macro equation. Thus, we

obtain a consistent internal RK stage approximation of the advection-diffusion equation in the limit € — 0.
To obtain an upwind discretization of the advection term, we use the space operator Gupy on Ap®) instead
of Gavgg. This is defined as follows:

Ap i A>0

(GupgA (p(k)>> - (6.14)

2 apMir A <o.

This results in a first order upwind discretization of the advection term. For second order upwind discretization,
the following is required:
k k .
A3 = 1p) iAo

(G“PgA(p(k)>)i+1/2 B A(%pgi)l - %PE?Q) if A <O.

(6.15)

6.2. Inflow boundaries
So far, periodic boundary conditions were considered. In this part, we consider inflow boundary conditions
for f which is solution to (2.1)
ft,z,v) = fio(t,z,v), (x,v) € I x V such that v -n(z) <0, Vi, (6.16)

where fp, is a given function and n(z) denotes the unitary outgoing normal vector to 9. As mentioned in
[29,30], such boundary conditions cannot be adapted naturally to the standard micro-macro unknowns p(t, z)
and ¢g(t,z,v) which form a solution to (2.6) and a specific treatment with artificial boundary conditions is
required (see [29,30,33]). To overcome this drawback, another micro-macro decomposition is introduced in [29]

v fdw

= Tt (6.17)
V_

f=pM+7, ﬁ(t,l‘) = <f(t,x7')>v,’ <§(t,l‘, ')>V, =0, <f>V,

where the velocity domain V_ is defined by
V_o(z) = {v e Vw(z,v) <0}, Vi(z)=V\V_(z). (6.18)
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The function w(z,v) extends v-n(x) in the interior of domain. Some examples of w(x, v) for different geometries
are provided in [29]. It can be seen that the boundary conditions for p(t, ) and g(¢, z,v) can be evaluated from
the inflow boundary condition in equation (6.16). Indeed, for (z,v) € 9Q x V such that v - n(x) < 0, Vt, we
define

ﬁb(t,li) = <fb(ta$v ')>V,7 gb(tamrv) = fb(tax7v) —ﬁb(t,l‘)M(U). (619)

The derivation of the micro-macro model needs to be adapted to this decomposition. The projector II~ is
defined as II" h = (h),, M. Then, substituting equation (6.17) into equation (2.1) and applying II~ and I —II~
enable to get the macro and micro equations:

1 1 1
Op+ —(oM)y_ - Vep+ -V - (vg)y. = 5({LY)y_, (6.20)

1 1 1-
.G + - (I-1I7)(v-V.9) + Z(I ~II" oM -V,p= =13, (6.21)

where [ = (I —II7)L. Moreover, it can be seen that [ = (I —II7)L(I —II7) = (I —II7)L(I — II) since
I~ h,ITh € N(L),Vh.

The macro equation (6.20) turns out to be more complicated than the one obtained for standard micro-
macro decomposition. It can be made simpler by using p = p + (g)v, f = pM — (g)v M + g, obtained from
the decompositions (2.6) and (6.17). Applying II to equation (2.1) instead of II~, we obtain the simpler macro
equation,

1
Op + EVI - (vg)y =0, (6.22)
and the micro-macro system that we will consider in the sequel is (6.21) and (6.22).

6.2.1. Numerical scheme

In this part, we present the fully discretized scheme to approximate (6.21) and (6.22). The boundary conditions
on p, and g, in equation (6.19) will be utilised along with the relation p = 5 + (g),, that allows to link p and
p in the interior of the domain. We will use a staggered grid in space following [29] and a high order scheme
in time, following the strategy developed previously. To ease the reading, only the first order version will be
presented.

We present the space approximation based on a staggered grid. Let us consider the space interval [0, L] with
two grids: x; = iAz and ;41 = (i + 1/2)Az, Az = L/(N, — 1). The “interior” variables such as p,p are
stored at grid points x; with i = 1,..., N, —2) and g is stored at i +1/2 =1/2,--- | N, — 3/2. We also use the
variable ., = gU g, € RN¥+*1. The whole domain including boundary will be considered for the micro unknown
g so that the components of g, correspond to the grid indices ¢ + 1/2 = —1/2,--- | N, — 1/2. The matrices
corresponding to spatial operators are given by

_ 1 . 1 .
B, = EC"C(E, 1) (N, —1)x (Na+1)» Bipw = Ecurc([@, =L 1)(Na—1)x (Mot 1) (6.23)
1 . 1.
Bcenp = Ixc'rc([iﬂ 1])(Nm—2)><(Nz—1)7 Bavg = §CII’C([l, 1])(NT,—2)><(Nm—1)a (624)
1 .
Been, = ECIFCb([—Ll])(Nr1)x(er)- (6.25)

The circy definition is presented in Appendix A. Further, we also introduce a vector containing the boundary

_ _ _ T
values of p as pyy = ﬁ [—Pz,,izo, 0,0,..., Oapbi:er](Nm,l)Xy

notation. For simplicity, we assume that p,, is time invariant. We also use the following notations:

We now present our scheme by using this matrix

Th= (1 =10) (0" By, + o Bl )h D = (o1 = L) " A1 = 11)020))
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-1

Eent = <(€21 - Ati)ilAt(I - H_)(UM)>  Tenr = (621 - Ati) . T = (-1 (wM).

\%

The micro equation (6.21) is discretised in time as in the previous (periodic) case
T =T at(€29" — AT Gl — eAtTBeen, 0" — €AtT pry) (6.26)

and for the macro equation (6.22), we obtain

Pt —pr 1 n
T + E<’UBcenpg +1>V =

Substituting g"*! in the above equation, we get

pn+1 = pn — Athenp <vfe,At (Eﬁn - At?g?l — AtjlgcengpnJrl - At?pbd)>v' (627)
In index notation, we use pi*! = 71 + g ZL+11/2 + §;f1/2> (since p = p+ (g)v) to match the two grids. In
matrix notation, this becomes p"*1 = p" ! + B, (g" ')y with B,y given by (6.24). Substituting this into

the above equation and inserting the expression for g"“‘1 into B,y (g n+1) 1, enable to update the interior macro
unknown

ﬁn+1 = (I - 6]?’avg (Ee,Atheng) - Athenp (5e,Atheng))71

X (p" — Bavg<fe7m (62§” — eAtT gl — eAt?ﬁbd»V
— AtBeen, (VT i (5" — MTTY — AT 50)) ). (6.28)
The right hand side of above expression involves only known quantities so that 7"t can be updated from (6.28)
which can then be used to update g"*! in (6.26). Then, we update g ! thanks to the boundary conditions

(6.19), and finally p"*! can be computed from p"*t1 = "1 + B,y (g""!)y. In the limit € — 0, the above
equation becomes,

it = (I + AtBcen, (<v ® E_17>VBceng))_1 (p" — AtBecen, (<v ® E_17>Vﬁbd))-

This is a consistent discretization of the diffusion equation in equation (2.5) since (v @ L™'7)y = (v ®
L=1(vM))y = —k. Further, the high order scheme in time can be constructed in a similar manner as before.

We now present the evaluation of boundary condition on p. For ¢ = 1/2 and i = 3/2, the micro equation in
(6.26) simplifies as:

+1 =\ 7! -t 90 2

g = (~al) (eAt([ — I oM PP e - H)v*m> +0(e) (6.29)
+1 _ =\ 7! P;LH P?H 2

gyt = (~al) (—eAt(I — 1) MAx> +0(e) (6.30)

since g", = 2g5 — g%, and g7, » = O(e) for alln > 1 and i + 3 =1/2,3/2,5/2. Inserting these into the macro
2 2 2
equation corresponding to ¢ = 1 and simplifying, we obtain

—n+1 —n—+1
At/ 93 —91
= p?—<v2‘2> (6.31)
€
14

= AA;Q< L1 -10) (M) (75" =287 +75) - §22<vi_1(l—ﬂ_)(v+§8)>v (6.32)
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up to O(e). Further, observing that (vL~ (I — T~ )(vM)) = (vL='(vM))y and (vL~'(I — TI")(vTgh))v =
(vL=Y(I —T0)(v*gy))v, and inserting g = f3' — pa M into the above equation lead to:

n 7 At —
P1+1 =pP1 — Aixg<vL 1(’UM)>V

oL —T)(vt M oL =T (vt fR
« ﬁngl _Qﬁ?+1+ﬁg+1_2< ( )( )>Vﬁ8+2< ( )( fO)>V . (633)
(vL=Y(vM)),, (vL=Y(vM)),,
For both choices M(v) = 1 on V = [-1,1] and M(v) = \/%76_”2/2 on V = R, we observe that
2 <UL7<1U(£ZHU)I(V1;;/M)>V = 1. Hence, for these cases with constant in time boundary conditions, the above equation

simplifies as:

At (L' (I - (" f))
n+l _ n L—l M —n+1 27n+1 ) |4 34
pl pl AJ;Q <1) ('U )>V <p2 pl + <’UL_1(UM)>V (63 )
where pg = 2<”L_<;(Llflr(%&;§l)>v is the boundary value of the micro-macro numerical scheme in the diffusion
limit. For M (v) = ﬁe”’zm on V = R, this evaluates to gy = 2\/2 ~ 1.59. In the work by [29], this value is

evaluated to be pp = 0.75 for M(v) =1on V = [-1,1].

7. NUMERICAL RESULTS

In this section, we present the numerical validation of our high order asymptotic preserving schemes in
different configurations.

7.1. Diffusion asymptotics
First, we check time and space accuracy for the micro-macro scheme in the diffusion limit.

7.1.1. Time order of accuracy

The spatial domain L = [0, 27] of the problem is discretized using N, = 50 grid points. The velocity domain
is truncated t0 [—Umax, Vmax] With vmax = 5 and we take Av = 1. The initial condition is:

p(0,2) =1+ cos(z)
Well-prepared data (WP): g(0,z,v) = €2(I —1II) (1)2M)p(07 x)
Non-well-prepared data (N-WP): ¢(0,z,v) = (I —II) (v2M)p(O, x),

with M(v) = \/%6_1)2/2. Periodic boundary conditions are used on both p and g. The spatial terms are dis-
cretised by using the atmost-third order accurate matrices on non-staggered grid presented in Section 5.3. The
final time is T = 0.5, and the following At are considered to validate the different high order time integrators:
At = 0.5,0.1,0.05,0.01,0.005,0.001. The type A micro-macro schemes constructed using the Butcher tableau
corresponding to DP-A(1,2,1), DP2-A(2,4,2) and DP1-A(2,4,2) are considered. Although DP1-A(2,4,2) is
second order accurate, the implicit part of it when used separately is third order accurate. Further, we also con-
sider the type CK-ARS micro-macro schemes constructed using Butcher tableau corresponding to ARS(1,1, 1),
ARS(2,2,2) and ARS(4,4,3). The Butcher tableau of different time integrators utilised are presented in
Appendix B.

In Figure 1, we plot the time error for the different time integrators in both WP and N-WP cases and for
different values of €. Note that the reference solution for each curve is obtained by using the same micro-macro
scheme corresponding to that curve with At = 10~*. For € = 1, the required orders of accuracy are recovered for
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FIGURE 1. Accuracy in time for different type A and CK-ARS time integrators (both WP and
N-WP initial data). The reference solution is obtained from the micro-macro with At = 1074,
(a) AN-WP, e =1. (b) A WP, e =1. (c) AN-WP, e = 107%. (d) A WP, e = 107%. (e) CK
N-WP, e = 1. (f) CK WP, e = 1. (g) CK N-WP, ¢ = 10~%. (h) CK WP, e = 10~*.

type A schemes with both N-WP and WP initial data, as observed in Figures la and 1b. For e = 10™4, due to the
asymptotic degeneracy of our scheme into a fully-implicit scheme for diffusion equation, only the implicit part of
the Butcher tableau plays a role. Hence DP1-A(2, 4, 2) becomes third order accurate in time, while DP-A(1,2,1)
and DP2-A(2,4,2) are first and second order accurate respectively. This is shown in Figures 1c and 1d. On the
other hand, CK-ARS schemes with both N-WP and WP initial data for e = 1 recover the required orders of
accuracy as shown in Figures le and 1f. However, for ¢ = 10™%, required orders of accuracy are observed only
when WP initial data are used (Fig. 1h). As shown in the analyses presented in previous sections, usage of
N-WP initial data for CK-ARS time integrators does not allow the asymptotic accuracy (Fig. 1g). The required
order of accuracy for N-WP initial data with CK-ARS time integrator can be obtained by modifying the initial
few time steps as At? for pth order accurate scheme as discussed in [33,35]. On the other hand, the type A time
integrators DP1-A(2,4,2) and DP2-A(2, 4, 2) that we have used do not require such initial time step reduction
for maintaining the required order of accuracy.

Since we proved the asymptotic preserving property, the diffusion solution is used as reference solution in
the asymptotic regime (¢ = 10~%) with At = 10~* (in Fig. 2) to check the orders of accuracy of high order
integrators. The results are similar to the ones obtained for € = 10~* in Figure 1, except that here we observe
a plateau for third order scheme and small At. This is due to the O(e?) difference between the schemes based
on micro-macro and diffusion models. This error dominates O(At3) error, and hence it is observed.

7.1.2. Space order of accuracy

The problem set-up is the same as described in the previous subsection, except for the following changes.
Here, we consider the final time to be T' = 0.01 and At = 0.001 so that the error in time is small enough to
study the spatial accuracy. To do so, we consider the following number of points in space: N, = 20,24, 30,40
and 60. The reference solution is obtained with N, = 120.
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FIGURE 2. Accuracy in time for different type A and CK-ARS time integrators (both WP
and N-WP initial data). The reference solution is obtained from the diffusion equation with
At =10""% (a) A N-WP. (b) A WP. (c) CK N-WP. (d) CK WP.

Since the spatial accuracy plots obtained from different time integrators are quite similar, we present only
the plots obtained by using DP1-A(2,4,2) and ARS(4,4,3) for different values of ¢ (e = 107%,0.2,1) in Fig-
ures 3a and 3b. For the spatial discretization, we only show the results obtained by the third order spatial
matrices on non-staggered grid presented in Section 5.3 so that the scheme is expected to be third order accu-

rate in space. In Figures 3a and 3b, the expected order is observed for the two time integrators and for the three
considered values of e.

7.1.8. Qualitative results

In this part, we compare the density obtained by the micro-macro equation (MM), the linear kinetic equation
with BGK collision operator (BGK) and the asymptotic diffusion equation, for different values of e. The MM
scheme described in previous sections is utilised, the BGK is discretized using an IMEX (implicit treatment
of collision term and explicit treatment of transport term) scheme whereas for the diffusion model, an implicit
scheme is used. For all three models, the Butcher tableau corresponding to DP1-A(2,4,2) time integrator is
used. For the spatial discretization, we use third order scheme on non-staggered grid.

The problem domain L = [0, 27] is discretised using N, = 20 grid points for all the three models. The final
time is T' = 0.5, and At = 0.005. We use the same N-WP initial and boundary conditions described in the
previous subsection. Further, we also consider the same velocity discretization as before for both MM and BGK
models.

In Figure 4a for rarefied regime (¢ = 1), the MM and BGK models compare very well, while the diffusion
model is different as expected. In the intermediate regime (e = 0.2), the BGK and MM models match very well



1128 M. ANANDAN ET AL.

—— £=10"%,DP1-A(2,4,2) —4— £=10"%,ARS(4,4,3)
—5.01 44— £=0.2,DP1-A(2,4,2) —5.0 1 4~ £=0.2,ARS(4.4.3)

—— £=1,DP1-A(2,4,2) —— £=1,AR5(4,4,3)
-5.54 — Slope 3 -5.54 — Slope 3

logio(L; error)
1

log10(L> error)
1

-1.0 -0.9 -0.8 -(;‘7 -0.6 -0.5 -1.0 -0.9 —C; 8 -0.7 -0.6 -0.5
10g10(AX) log10(Ax)

(@ (b)

FIGURE 3. Accuracy in space for the third order spatial scheme coupled with different time
approximations. (a) DP1-A(2, 4, 2) type A with N-WP initial data. (b) ARS(4, 4, 3) type
CK-ARS with WP initial data.
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FIGURE 4. Qualitative results for diffusion asymptotics. (a) € = 1. (b) e = 0.4. (c) e = 10~%.

while the diffusion model is slightly different. For ¢ = 10~%, we only compare MM and the diffusion in Figure 4c
and illustrate the AP property of the time integrators used for MM.

7.2. Advection-diffusion asymptotics

In this subsection, we present the time accuracy of our high order micro-macro scheme for the advection-
diffusion case. As in the diffusion case, the spatial domain L = [0, 27| is discretised using N, = 20 grid points
whereas the velocity domain is [—Umax, Vmax] With Umax = 5 and Av = 1. The initial condition for the problem is:

p(0, ) = sin(z) (7.1)
Well-prepared data (WP): g(0,z,v) = €*(I —II)(v>*M ) p(0, z) (7.2)
Non-well-prepared data (N-WP): (0,2, v) = (I — IT) (v*M ) p(0, z), (7.3)

with M(v) = \/%e_vz/? Periodic boundary conditions are used on both p and g. The spatial terms are

discretised by using the atmost-first order accurate matrices on staggered grid presented in Section 5.2. The
final time is T' = 0.5, and the following time steps are considered: At = 0.5,0.1,0.05,0.01,0.005,0.001. We
observe the time order of accuracy for both € = 1 and € = 10~%. We choose the highest order time integrator
in both type A and CK-ARS schemes for studying the time accuracy. Hence, we consider DP1-A(2,4,2) and
ARS(4,4,3) with N-WP and WP data respectively.
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FIGURE 5. Accuracy in time. (a) DP1-A(2, 4, 2) type A with N-WP initial data.
(b) ARS(4, 4, 3) type CK-ARS with WP initial data. The reference solution is obtained from
the micro-macro scheme with At = 1074

Asymptotically, our micro-macro scheme degenerates to a consistent scheme for the advection-diffusion equa-
tion with advection and diffusion terms being treated explicitly and implicitly respectively. Hence, unlike the
case of diffusion asymptotics for which an extra order is observed asymptotically, DP1-A(2,4, 2) remains second
order accurate for ¢ = 10™* since both explicit and implicit matrices of the Butcher tableau are involved here
(Fig. 5a). For € = 1, the required second order accuracy is observed. Further, the required third order accuracy
of ARS(4,4,3) is observed for both ¢ = 107%,1 in Figure 5b, since well-prepared initial data is considered.

7.3. Inflow boundary condition

In this subsection, the high order numerical scheme for micro-macro model that allows inflow boundary
conditions is validated numerically. We first present the time accuracy results for high order schemes. Then,
some qualitative plots are shown for two tests with zero inflow at the right boundary, and equilibrium and
non-equilibrium inflows respectively at the left boundary.

7.8.1. Time order of accuracy

If the domain of the problem is a half-plane, w(z,v) = [—U, 0,0,-- ] can be chosen Vz as described in [29].
Here, for numerical purposes, we consider a domain of L = [0, 2] and assume that the right boundary does not
influence the dynamics.

The spatial domain is discretised using N, = 20 grid points and the velocity domain is [—Umax; Vmax] With
Umax = D and Av = 1. The initial conditions at all interior points and right boundary conditions for the variables
p,p and g are considered to be 0. The left boundary conditions (for vy > 0) are:

[tz =0,0) = M(vy), p(t,x; =0)=1, G(t,ri41/0=—Ax/2,v;) =0, (7.4)

with M(v) = \/%e’vg/? The final time is 7" = 0.1, and the following time steps are considered to check the
accuracy in time: At = 0.1,0.05,0.01,0.005,0.001. Like in the previous problems, we observe the time order of
accuracy for both e = 1 and e = 10~*. The time integrators considered are DP-A(1,2,1) and DP1-A(2,4,2). The
reference solution for each curve in Figure 6 is obtained by using the same micro-macro scheme corresponding
to that curve with At = 107, For type A time integrators with € = 1 in Figure 6a, first and second order
accuracies of DP-A(1,2,1) and DP1-A(2,4,2) are observed. In Figure 6b for ¢ = 107%, first and third order
accuracies of DP-A(1,2,1) and DP1-A(2,4,2) respectively are observed. As for the (periodic) diffusion case,
DP1-A(2,4,2) turns out to be third order accurate since only the implicit part of Butcher tableau is involved
asymptotically. For ARS(2,2,2) and ARS(4,4,3) time integrators (not shown here), order reduction to first
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FIGURE 6. Accuracy in time with type A schemes. (a) € = 1. (b) € = 107%. The reference
solution is obtained from the micro-macro for inflow boundaries scheme with At = 10~4.
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FIGURE 7. Qualitative results for equilibrium inflow at the left boundary. (a) e = 1. (b) € = 0.4.
(c) e =10"%

order for ¢ = 1 (due to the initial condition). However, for ¢ = 107*, the required second and third orders
respectively are observed.

7.8.2. Qualitative results for equilibrium inflow

In this part, we consider the same problem as before and present a comparison of density plots obtained by
using schemes based on micro-macro (MM), full-kinetic (BGK) and diffusion models, for different regimes of e.
The boundary conditions for diffusion model p(¢t,x = 0) = 1 and p(t,z = 2) = 0. The final time is T = 0.1,
N, =40 and At = 0.001. Further, we consider the same velocity discretization as before for both MM and BGK
models. The results for MM are obtained by DP1-A(2,4,2) time integrator.

In Figure 7a for rarefied regime (e = 1), the MM and BGK results are in good agreement. In the intermediate
regime (¢ = 0.4) in Figure 7b, the MM and BGK results are still close, and still different from the diffusion
one. For € = 1074, only MM and the diffusion are plotted and are found to be in very good agreement, thereby
illustrating the AP property of the numerical scheme for MM.
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FIGURE 8. Qualitative results for non-equilibrium inflow at the left boundary. vya.x = 5 and
Av=1. N, =40. (a) e=1. (b) e =0.4.

7.8.3. Qualitative results for non-equilibrium inflow

In this part, we consider the same problem as before, but the left boundary condition is chosen as (for vy > 0)

[t =0,v) = vp My, p(t,zi =0) = (f(t,zi =0,vg))y_ (7.5)
§(t,xi+1/2 = —AQ ) ) 2(f(t,x; = 0,v) — p(t,x; = 0)My) — (t Tip1/2 = M,vk). (7.6)

The final time and time step are the same as in the previous (equilibrium inflow) case. The time integrator
used is DP1-A(2,4,2). Here, we present a comparison of plots obtained by using schemes based on MM, BGK
and diffusion models, for different regimes of €. The scheme described in Section 6.2.1 is used for the micro-
macro model and a standard BGK approximation where only inflow boundary condition is needed serves as
a reference. For diffusion, the diffusion term is treated implicitly and the left boundary condition for diffusion
model is obtained from [23] which translates in our context as:

ka>0 ka(t,xi == O,Uk)A'U

t,x; =0) =
p( 7:1“ 0) ka>0 UkMkA'U

ta = 0,00)A
Louyo Ukf (i = 0, 0) U)Av. (7.7)

f(t,z; = 0,v5) — M,
HZ Mkmzvk< t vk) k > oy s0 Uk My Av

For the continuous in velocity form, the above boundary value is evaluated to be py = 2’:7i ~ 1.42.

In Figure 8a for rarefied regime (e = 1), the MM and BGK models compare very well, while the diffusion
model is driven by the macro boundary condition. In the intermediate regime (¢ = 0.4) in Figure 8b, in the MM
and BGK results (which are in a good agreement), a boundary layer starts to be created whereas it is not the
case for the diffusion model. For € = 10~%, one can see from Figure 9 that MM model develops a boundary layer
at the left boundary before aligning with the diffusion model in the interior of the domain. This is consistent
with the results observed using first order schemes in literature [8,23,29,30].

Further in Figure 10, we present the numerical results of MM and diffusion models for ¢ = 10~* with
refined velocity grid to demonstrate the difference between boundary values of 1.42 from (7.7) and 1.59 from
micro-macro numerical scheme (derived in Sect. 6.2.1).
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FIGURE 9. Qualitative results for non-equilibrium inflow at the left boundary. ¢ = 1074,
Umax = D and Av =1 (a) Nz =40. (b) Nax = 100. (c) Nz = 200.
1.4 —e— £=10"%,MM 14 —— £=10"% MM 14 —— £=10"%, MM
—+— Diffusion —+— Diffusion —+— Diffusion
124 12
101 1.0
0.81 0.8
g 2
0.6 0.6
0.4 4 0.4
021 0.2
0.0 1 0.0

0.00 0.25 0.50 0.75 1.00 135 1.50 175 2.00
X

(©

0.00 0.25 0.50 0.75 1.00 125 150 175 2.00
X

@

FIGURE 10. Qualitative results for non-equilibrium inflow at the left boundary. ¢ = 1074,
Umax = 10 and Av = 0.125. (a) e = 1074 Nz = 40. (b) ¢ = 107* Nz = 100. (c¢) ¢
10~4, Nz = 200.

APPENDIX A. MATRIX NOTATION
The circ function is given by:

Am, Am+1 et apnr ay e Am—1

Am—1 Am Am+1 et apnr

ai
circ([ar, az, - ., am, - -, an]) = . (A)

ay
am (0)

. ai e A —1 (£2%%) Q41
Lam+1 e apnr ay e Am—1 A
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The circy([—1, 1]) (N, —1)x (N, —2) function is given by:

1 0 0
-1 1 . :
cireo([~1,1]) (v, 1) (N, —2) = 0 0 . (A.2)
o =11
o -~ 0 -1

(Ny—1)x (N5 —2)
APPENDIX B. BUTCHER TABLEAU

The following is the 2-stage second order accurate Butcher tableau ARS(2,2,2):

0]0 0 0 0/0 0 0
Yyiv 0 0 Y10 v 0
1|6 1-6 0 110 11—y ¥

[0 1-6 0 [0 1-v ~

Here,vzl—%andézl—%.
The following is the 4-stage third order accurate Butcher tableau ARS(4,4, 3):

0 0 0 0 0 0 0 0 0 0 0 0
1/2 1 1/2 0 0 0 0 1/2 10 1/2 0 0 0
2/3 | 11/18 1/18 0 0 0 2/310 1/6 1/2 0 0
12 |5/6  —5/6 1/2 0 0 /20 -1/2 1/2 1/2 0
1 | 1/4  7/4  3/4 —7/4 0 1 |0 3/2 -3/2 1/2 1/2
T/4 74 3/ —7/1 0 0 372 —3/2 12 12
For type A, we use 2-stage first order accurate Butcher tableau DP-A(1,2,1) (v > 1)
010 0 vyl 0
1|1 0 1| 1-v v
1 0 | 1-v ~

The following is the 4-stage second order accurate Butcher tableau DP2-A (2,4, 2):

00 o0 0 0 vy 0 0 0
00 o0 0 0 0| -y ~ 0 0
10 1 0 0 10 1-v ~ 0
110 1/2 1/2 0 110 172 1/2—~ ~

0 12 12 0 0 12 12—y ~

The following is the 4-stage second order accurate Butcher tableau DP1-A(2,4,2) which achieves third order
accuracy on the DIRK part:

0 0 0 0 0 1/2 1/2 0 0 0
1/3 | 1/3 0 0 0 2/3 | 1/6 1/2 0 0
1 1 0 0 0 1/2 | —=1/2 1/2 1/2 0
1 1/2 0 1/2 0 1 3/2 1-3/2 1/2 1/2
\ 1/2 0 1/2 0 \ 3/2 1-3/2 1/2 1/2
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