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NUMERICAL RADIUS INEQUALITIES AND ESTIMATION OF
ZEROS OF POLYNOMIALS

SUVENDU JANA! PINTU BHUNIA? and KALLOL PAUL?

ABSTRACT. Let A be a bounded linear operator defined on a complex Hilbert space
and let |A] = (A*A)'/? be the positive square root of A. Among other refinements of
the well known numerical radius inequality w?(A4) < 1||A*A 4+ AA*||, we show that

w?(A) <

1 s 1 . 1 .
ZwQ(IAIHIA )+ 3 IIA]? + |A**]] + Zw(IAIIA )

< %HA*A + AA*.

Also, we develop inequalities involving numerical radius and spectral radius for the

sum of the product operators, from which we derive the following inequalities

wP(A) < %w(lAlp +ilATP) < [|A]l

for all p > 1. Further, we derive new bounds for the zeros of complex polynomials.

1. INTRODUCTION

Let . be a complex Hilbert space with usual inner product (-,-) and the correspond-
ing norm | - || induced by the inner product. Let B(J#) denote the C*-algebra of
all bounded linear operators on . For A € B(s7), |A| = (A*A)Y? is the posi-
tive square root of A. The numerical range of A, denoted as W(A), is defined by
W(A) = {{(Az,z) : x € A, ||z| = 1}. Let |A]], 7(A) and w(A) denote the operator
norm, the spectral radius and the numerical radius of A, respectively. Recall that
w(A) = sup{|{(Az,2z)| : x € A, ||z|| = 1} . The numerical radius w(-) defines a norm

on B(47), (is equivalent to the operator norm || -||) is satisfying the following inequality
1
SIAl = w(A) < [lA]). (1.1)

The first inequality becomes equality if A2 = 0 and the second one turns into equality

if A is normal. Similar as the operator norm, numerical radius also satisfies the power
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inequality:
w(A") < w"(A) for every n =1,2,3,.... (1.2)
It is well known that for A € B(.7),
r(A) < w(A). (1.3)

The inequality (1.3) is sharp. In fact, if A is normal, then r(A) = w(A) = ||A]|. For
A, B € B(2), we have r(AB) = r(BA) and r(A") = r"(A) for every positive integer
n. Over the years many eminent mathematicians have studied various refinements of
(1.1) and obtained various bounds for the zeros of a complex polynomial, we refer
the readers to [2, 3, 5, 7, 15, 18, 22, 23] and the references therein. In [14], Kittaneh
improved the inequalities in (1.1) to prove that

1 1
AT A+ A < w?(4) < S| A" A+ AX7. (1.4)

In this article, we develop new refinements of the second inequality in (1.4). We
obtain inequalities involving numerical radius and spectral radius of the sum of the
product operators, from which we achieve a nice refinement of the classical inequality
w(A) < ||A||. As application of the numerical radius inequalities, we give new bounds

for the zeros of a complex monic polynomial which improve on the existing ones.

2. NUMERICAL RADIUS INEQUALITIES

We begin the section with the following lemmas.

Lemma 2.1. [13](Generalized Cauchy-Schwarz inequality) If A € B() and 0 < a <
1, then

[(Az,y)? < (AP, 2) (A Py, y)
for all x,y € 7.

Lemma 2.2. [21](Holder-McCarthy inequality) Let A € B(J) be positive. Then the

following inequalities hold:
(A", ) > ||z|?P" (Az, 2)", whenr > 1

(A'z, ) < ||lz||**(Az, )", when 0 <r <1

for any x € .

Lemma 2.3. [9](Buzano’s inequality) Let z,e,y € S with ||e|]| =1, then

[{z, e){e, y)| < %(chHHyH + 1z y)l)-
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Now, we are in a position to present our results. First we develop the following upper

bound for the numerical radius.

Theorem 2.4. Let A € B(). Then

1 1 . 1 .
w*(A) < Jw? (JAl+ 3 A%]) + g [[JAP + [ATP| + Jw (Al A7]).

Proof. Let « € ¢ with ||z|| = 1. Then we have

[(Az, ) |?

< (|Alz, z)(|A%|z, ) (by Lemma 2.1)
1 *

< LAl a) + 14w, 2))?
1

= 7 (Al 2)* + |47z, 2)° + 2(|Alz, 2){| A", 2))
1 . * * *

< {4l ©) +i[ A%z, 2)* + Al | A”|l| + [([Alz, |A|2)]} (by Lemma 2.5)
1 . 1 1 . .

< H{I0AI+ Az bP + JAlelP + Gl + 1A, )
1 * * *

< Sw? (JA] + i A*) H|Al2+ A7) + w (lA[lA%]) -

Taking supremum over all x € H with ||z|| = 1, we get the desired inequality. O

Clearly, we see that

1 L1 . 1 .
—w2(|A|—|—z|A +—H|A|2+|A |2H+—w |A||A*|)

IN

—H|A|2+|A*| H+ ||A]? + |A*? H+ [JA[[A*]]
= —H\A|2+\A*\ H+ 42|
< —H|A|2+|A*| H+ [[A]? + A

= 3 LAz + A

Thus, we would like to remark that the upper bound obtained in Theorem 2.4 refines

the second inequality in (1.4). Next result reads as follows.

Theorem 2.5. Let X, Y € B(), and 0 < a <1,0< 3 < 1. Then for each x € H
with ||z|| = 1,

( Xz, z) (Y, )|

1
ZHa\XF + (1= )| X2+ BIYE+ (1= BV H+ [1X %+ [v*)? H+ wYX).
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Proof. We have

[(Xz, 2) (Y, )]

1

7 Xz o)+ (Y, z)[}?

IN

- %{|<Xx,a:)|2+ (Y, z)[* + 2(Xz, z)|[ (Y, )|}

IN

1
7 LX) (X PO, 2) + (Y, 2) (VP02 2) + 2 (X, )] (2, V) [}
(using Lemma 2.1)

{{IX P, 2)*(1X* P, 2) 0 + (Y P, ) (Y P, 2) 0 + | Xal| |V 2] + [(Xa, Y )]}

VAN
RN

(using Lemma 2.2 and Lemma 2.3 )

% {alIXPr,2) + (1 = a)(|X" P2, ) + B(Y PPz, 2) + (1 = B)(|Y" [z, 2) }

IN

e L) + () 1 X

IN

1 . . 1 . 1
TelX P+ (@ =) X P+ BT + (1= B + SIXP + Y + quw(YX),
O

Applying the inequality in Theorem 2.5 we derive the following upper bound for the

numerical radius.

Corollary 2.6. If A € B(%), then
1
w(A) < 7 AP + @2 = AP + 5 H\AP + AP} + w (4,
for 0 <pu <2

Proof. Putting X =Y = A in Theorem 2.5, and then taking supremum over all x € 7
with [|z]| = 1, we get

1 . . 1
wA(4) < 7 o+ HIAP + @ - a = BIAT] + g lIAP + 4P| + Ju(4?),
for 0 < «, 8 < 1. This implies the desired bound. O
It follows from Corollary 2.6 that

w?(A) < HM|A\2 (2 — p)| A H+ ||A]* + |A*? H+ —w(A?). (2.1)

1
4
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Remark 2.7. Clearly, We have

: 1 * *
min - AP+ (2 = p)| AP+ = H|A|2+ |A* || + w (A?)
1 . 1 . ,
< ZHlA\2 + A" + g!llA\2 + A" + Zw(Az) (by taking p = 1)
3 1
= A 2 A* 2 - A2
8||| I“+ | |||+4W( )
3 ) 1
< §|||A|2 + |A*?|| + sz(A)

1
< §H|A\2 + |A*?| + §H|A\2 + |A*?|| (using the second inequality of (1.4))
1 *
= SlIAP + APl

Thus, we would like to remark that inequality (2.1) is stronger than that in (1.4).

We also note that the minimum value is not always attained for y = 1. For example,

010
consider the matrix A = |0 0 2| . Then, m[%rg} WA + (2 — w|A*?|| = 2 for
€10,
000 '
= % and we see that
L min (Wl AP + 2 — w)lAP H+ AP + 472 H+ w(A?) = 224901785714
4 1€[0,2] 56
5 1
- _Z A 2 A* 2 )
> = ZlIAP + AP

To prove our next result we need the following two lemmas. First one is a gen-
eralization of the inequality in Lemma 2.1, and the second one is known as Bohr’s

inequality:.

Lemma 2.8. ([19, Th. 5]) Let A, B € B(J¢) with |A|B = B*|A|. Let f,g be two

non-negative continuous functions on [0,00) such that f(t)g(t) =t for allt > 0. Then

[(ABz,y)| < r(B)| f([ADzlg(|A™yl],
for all x,y € .

Lemma 2.9. ([24]) Fori=1,2,--- ,n, let a; > 0. Then

n p n
<Z ) I
i=1 i=1
for all p > 1.

By using the above lemmas we prove the following inequality involving numerical

radius and spectral radius.



6

Theorem 2.10. Let A;, B; € B(9) be such that |A;|B; = Bf|A;i| fori=1,2,---
Then

1=1

S. JANA P. BHUNIA AND K. PAUL

s (Z (B (1A + g™ (4] ‘”) |

=1

forallp > 1.

Proof. Let © € 7 with ||z|| = 1. Then we have

IN

IN

IN

IN

IN

IN

IN

IN

IN

p

> (4B, x|>

ZT(Bi)llf(|Az~l)x||||g(|AZ‘|)xII> (by Lemma 2.8)

ZT<Bi><f2<\Ai|>x,x>%<gz<mz|>x,x>%>

- (P21 Az, 2) + (G2 (| Az, )\

>or(5) : )
" ;Tp(Bi) <<f2(‘AZDx’x> _g <g2(‘Aﬂ)x’x>) (by Lemma 2.9)
n: er(Bi) ((L2(|Ai))z, )P + (g (| Af )z, 2)P) (by convezity of f(t) = t7)
npz_ er(Bz') (<f2p(|Ai|)x,x) + (g2p(|A;‘|)x,x)) (by Lemma 2.2)
nj/_i D (B (PP (A, ) + (g™ (| A7), x))

(as |a+b] < V2|a+ib| for all a,b € R)

n;_g er(Bi)<(f2p(|Ai|)+ig2p(|A;‘|))5E,x>
nj/_g w ( rP(By) (f*(|Ai]) +z’gZP(|A;|))> .
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Now, taking supremum over all x € 7, ||z|| = 1 we get,

wP (Z A,-B,-) < n\z w (Z P(B;) (f*P(J4) +z'92p(|A?|))> :

as desired.

O

Observe that the inequality in Theorem 2.10 indeed does not depend on the number
n of summands in the case p = 1. In particular, considering p = n = 1, 4 = A,
B, = B, f(t) = g(t) = v/t in Theorem 2.10, we get the following corollary.

Corollary 2.11. Let A, B € B(J7) be such that |A|B = B*|A|. Then

w(AB) < %T(B)wum + | A%]).

In particular, for B = I we have the following inequality (also obtained in [8]):

w(A) < %w(\fﬂ +i|A]). (2.2)

Note that the bound (2.2) refines that in (1.4), see [8, Remark 2.16]. Again, considering
B;=1fori=1,2,---,nin Theorem 2.10 we have the following inequality for the sum

of operators.

Corollary 2.12. Let A; € B(J) fori=1,2,--- n, and let f,g be two non-negative
continuous functions on [0,00) such that f(t)g(t) =t for allt > 0. Then

W (Z A,) < (Z (7(1A) +¢92P<|A:|>>> ,

1=1

forallp > 1.

In particular, for n = 1 and f(t) = g(t) = v/t in Corollary 2.12, we get the following

upper bound for the numerical radius.
Corollary 2.13. If A € B(J¢), then

w?(A) w(|A]P + 1| A7),

1
e
for allp > 1.

It is easy to verify that %w(|A|p+i|A*|p) < ||AJ|P for all p > 1. Therefore, we would
like to remark that Corollary 2.13 improves the classical bound w(A) < ||A]| for all
p=1

At the end of this section, we give a sufficient condition for the equality of w(A) =

1]|A*A 4+ AA*||"/2. For this purpose first we note the following known lemma.
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Lemma 2.14. [17] Let A, B € B(J7) be positive. Then, |A+ B|| = || Al + ||B]| if and
only if [|AB| = [|A[l[| B

Theorem 2.15. Let A € B(3Z). Then | A||* = [|R?(A)S2(A)]|| implies
w?(A) = %HA*A + A4,

Proof. We have

A" = [IR*(A)S*(A)[| < [IR*(AHIS*(A)] = [RA)IPIS(A)]?
< % (RCA)]* + IS(A)]*) < max (IRCA)E [[S(A)])
< wh(4) < [|A]"
This implies that
IR*(A)S* (A = IR IS(A)*. (2.3)
Also, we have
% (IR + ISAF) = max (R ISA)]F) = w'(A). (2.4)
This implies that
IRCA) = IS(A)]] = w(A). (2.5)

Now, by using lemma 2.14, it follows from the identity (2.3) that
1 1
SIRA) + (A = 5 (IR AN+ IS*(A)

= 2 (IR + IS
= IR = wH(A) (using (25)).

This completes the proof.
O

It should be mentioned here that the converse of Theorem 2.15 is not true, in gen-
030
eral. For example, we consider A= [0 0 0 [. Then, w?(A) = 1||A*A + AA*|| =9,
001
however [|A[|* # [|R?(A4)3*(4)].
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3. ESTIMATION OF ZEROS OF POLYNOMIALS

Suppose p(z) = 2" +a,2" ' +...4+ayz +a; is a complex monic polynomial of degree
n > 2 and a; # 0. Location of the zeros of p(z) have been obtained by applying
numerical radius inequalities to Frobenius companion matrix of the polynomial p(z).

The Frobenius companion matrix of the polynomial p(z) is given by

—Qp —Qp—1 .... —0Ao —Qq
1 0 .. 0 0
C,=| 0 1 .. 0 0
0 0 1 0

The characteristic polynomial of C), is the polynomial p(z). Thus, the zeros of p(z) are
exactly the eigenvalues of C,, see [12, p. 316]. The square of C, is given by

b, bp_1 ... bs by by
—ap —0p—1 —ag —Ga2 —ay
o 1 0 0 0 0
P 0 1 0 0 0 ’
0 0 1 0 0
where b; = a,a; — a;_; for j =1,2,...,n, with ay = 0.
Also,
Cn Cn—1  eeeen Cy C3 (&) C1
b, bp_1 ... by bs by by
—Qp  —0p—1 —G4 —G3 —az —a1
C;’ = 1 0 0 0 0 0 |,
0 1 0 0 0 0
0 0 1 0 0 0
where b; = aya; — aj—1 and ¢; = —ayb; + ap—1a; — a;_o for j = 1,2,...,n, with

ag = a_1 :O,
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and

dy, dp_1 ... ds dy d3 dy dy

Cn Cn—1  ceee- Cs Cy C3 Co C1

b,  bn1 ... bs by by by by

04 _ —ap —ap—1 .... —A5 —A4 —Qa3 —A9 —aq1
P 1 0 w0 0 0 0 0 |’

0 1 w0 0 0 0 0

0 0 e 1 0 0 0 0
where b; = ana; — aj_1, ¢; = —axb; + ap_1a; — aj_9, and d; = —a,¢j — Ap_1bj_1 +
an—oa; —a;_3 for j=1,2,...,n, with ag =a_; = a_y = 0.

The exact value of ||C,| is well known (see in [18]), it is given by

a+1+/(a+1)%2—4|a|?
Iyl = \/ vie , 1)
where a = 7" [a;[*.

An estimation of ||C7|| obtained in [16] is as follows

0+1 0—1)2+4¢
||0§||S\/ Vo T (32

where § = 1 (a+ 8+ /{a— B + 40P) and &' = £ (o' + 8 + /fa' = B + AP),
a = Z?:l |aj‘27 p = Z?:l |bj|27 of = Z;’L:fi |aj‘27 ph= Z?:3‘bj|2v T = _Z;L:I djbj’
7V == s by

We note that

1/2
1 S+ 1++/(0—1)24+48 a+1+/(a+1)2—4|a|?
ezt < \/ S\/ ic L e

Motivated by the above estimation, here we will obtain an estimation of [|C /"4,

For this purpose first we note the following norm inequality for the sum of two positive

)

operators.

Lemma 3.1. [17] If A, B € B(J) are positive, then

1 1 1
lA+BIl < 5 (nAn +11B] + J (4] = Bl + 4|4} B}
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Now, we are in a position to obtain an estimation of ||Ci1||*/*. Let Cp = R+ S + T,

where
dyp dn_1 ... ds dy ds doy dy
Ch Cp—1 ... Cy C4 C3 Cog C(C
R=10 0o ... 0 0 0 0 0},
0 0 0O 0 0 0 O
0 0o ... 0 0 0 0 0
0 0o ... 0 0 0 0 0
b,, b1 ... bs by b by by
S=1—-a, —a, —as; —a4 —az —ay —ap
0 0 0 0 0 0 0
0 0 0 0 0 0 0
and
0 0 ... 00 0O0O 0
0 0 ... 00 0O0O0
0 0 ... 00 0O0O0
T 00 ... 0O00O0O0OFO
110 .. 000O0O
01 00 000
0 0 10 0 0O
Now,
IC,1? = IR+S+T|?
= (R+S+T)(R+S+1T)|

IR*R + S*S + T*T)| (since R*S = R°T = $*R = $*T = T*R = T*S = 0)
< |R'R+SS|+ 17|

1
§50%W+WW+VW@”W%W+M$M@+¢wwwmwm3ﬁ
By simple calculations, we have
IRI* = |R*R| =|RE"||

= 2 (oat B+ Vi B T AE) =6,
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where an = 377 [dj1%, By = 300, oyl = 207, dye,
IS]7 = 1s*S|| = IS5”|
= (et 4 Va—BEFIDE) =4
where o = Z;L=1 |aj|2, B = Z;L=1 ‘bj|2 V= _Zg 1 bjdj,

1RS|?

1 - _
=5 (1ol P ol (bl + ) = (e + o) + A + il
= 0o,

where 7o = 30 diby, v = Y01, didy, va = D01y by, s = D00 ¢
Therefore,

I < \/% (5045 + /3 97 1 45) +1. (3.3)

We observe that the estimation of [|C:H]|'/* in (3.3) is incomparable with the existing
estimation of [[CZ[|'/2 in (3.2). In the following theorem we derive an upper bound for
the spectral radius of the Frobenius companion matrix C,, by using the estimations in
(3.2) and (3.3).

Theorem 3.2. The following inequality holds:

T(Cp)f{i (5+1+ ((;—1)2+45’>+ <%<51+5+\/(51_5)2+452>+1);} ’

3
4
where §' = 1 (Oz + B8+ (« )2+ 4]y[? );
5——<0z—|—ﬁ+\/a— +4|fy|>,
5 = <a1+51+\/0z1 — 1)2+4\71\2),

0y = (\72\2 + [ysl? + [l + sl + \/((|”Y2|2 + [v312) = (J7al? + |5]2)* + 4|29 + 7375|2);
of = Yjslagl, B =35 bl v = = S dy,

Q_Z] a8 = Z] b2y =— Z?Zlbjdj,

a1 = Zj:l ‘de2; Bl ijl |Cj| 5 ’}/1 Z‘?:l djc_ji

Y2 = 2o by, vs = 205 Ay, va = 205y by, s = D05 ¢y

Proof. Let A € B(). Putting A = A% in the inequality w?(A) < I[|A*A + AA*| +
Lw(A?) (see [1, Th. 2.4]), we get

N

N[

N[

w?(A?) < H|A22+\A* \H+ w(AY).
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It follows that
r(A) = () < w(?) < { A% + 107+ gutat
) < {FIAE PR+ Jola ) (3.4)

Now, it follows from (3.4) and the inequality ||C3C;, + C,Ci|| < [|ClI* + [|C2 ]| (see [6,
Remark 3.9]) that

1 . 1 i
16 < {3lier G+ gueh]
< 1 02 2 04 1 04 i
< LXgeze+icn + Sic
< 4-

L2, 3 a
e+ ey
Therefore, the required inequality follows by using the estimations in (3.2) and (3.3).

O

By using the fact |\;(C,)| < r(C,), where A\;(C,) is the j-th eigenvalue of C,,, we
infer the following estimation for the zeros of the polynomial p(z).

Theorem 3.3. If z is any zero of p(z), then

1(6+1+/E—12+40\ 3 /1 ak
mg{Z( s (2 s )+1(5(5l+5+\/(61—5)2+452>+1) } :

where 0, 01, 05 and 0" are same as in Theorem 3.2.

Applying the spectral mapping theorem, we conclude that if z is any zero of p(z) then
2| < HC’;}*H%. Thus, by using the inequality (3.3) we achieve another new estimation
for the zeros of p(z).

Theorem 3.4. If z is any zero of p(z), then

1
8

2] < {% <6l+5+\/(51 —5)2+452> +1} :

where d, 61 and 0o are given in Theorem 3.2.

Again, putting A = A? in the inequality w(A) < 3 (HAH + ||A2||%> (see [16, Th. 1]),
and proceeding as (3.4), we get

1 1)
< (G gty (35)
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Proceeding similarly as in Theorem 3.2 we obtain the following estimation by using

the inequalities in (3.5), (3.2) and (3.3).

Theorem 3.5. If z is any zero of p(z), then
1Y 2

1/1 i
—_ | = _ 2
+2(2 <51+<5+\/(51 5) +452)+1) ,

2] < 1\/5+1+ (0 —1)2 440
— 12

where §, d1, 01 and ¢ are given in Theorem 3.2.

Finally, we compare the bounds obtained here for the zeros of p(z) with the existing
ones. First we note some well known existing bounds. Let z be any zero of p(z). Then

Linden [20] obtained that

1

Py ey PRI SIS LT

A n — a;|- — — .
- n n o J n

Montel [11, Th. 3] obtained that

|z| <max{l,|a|+ -+ |an|}.
Cauchy [12] obtained that
|z| <1+ max{|ai], -, |an|}.

Kittaneh [15] proved that

n—1
1
A< 5 [ ol 41 [ (] = 1) 44, D" P
7=1

Fujii and Kubo [10] obtained that

1
+ = | |an| +

|z| < cos T
n+1 2

Bhunia and Paul [4, Th. 2.6] proved that
1 1 1
|2|* < cos? - j_ Tt lan_1| + 1 (Jan| + \/a)2 +ova- lan|? + 5\/&

where a = 7" [a;[*.
We consider a polynomial p(z) = 23 + 22 + %z + 1. Different upper bounds for the
modulus of the zeros of this polynomial, mentioned above, are as shown in the following

table.
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Linden [20] 1.9492
Montel[1 1] 2.5
Cauchy([12] 2
Kittaneh[15] 2.0547

Fujii and Kubo[10] | 1.9571
Bhunia and Paul[4] | 1.96761
However, Theorem 3.3 gives |z| < 1.38047091798, Theorem 3.4 gives |z| < 1.3798438819
and Theorem 3.5 gives |z| < 1.381095966, which are better than the above mentioned

bounds.
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