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A DILATION THEORETIC APPROACH TO APPROXIMATION
BY INNER FUNCTIONS

DANIEL ALPAY, TIRTHANKAR BHATTACHARYYA, ABHAY JINDAL AND
POORNENDU KUMAR

ABSTRACT. Using results from theory of operators on a Hilbert space, we prove
approximation results for matrix-valued holomorphic functions on the unit disc
and the unit bidisc. The essential tools are the theory of unitary dilation of a
contraction and the realization formula for functions in the unit ball of H>°. We
first prove a generalization of a result of Carathéodory. This generalization has
many applications. A uniform approximation result for matrix-valued holomor-
phic functions which extend continuously to the unit circle is proved using the
Potapov factorization. This generalizes a theorem due to Fisher. Approximation
results are proved for matrix-valued functions for whom a naturally associated
kernel has finitely many negative squares. This uses the Krein-Langer factoriza-
tion. Approximation results for J-contractive meromorphic functions where J
induces an indefinite metric on CV are proved using the Potapov-Ginzburg Theo-
rem. Moreover, approximation results for holomorphic functions on the unit disc
with values in certain other domains of interest are also proved.

1. INTRODUCTION

Let My (C) be the Banach algebra of all N x N complex matrices with the operator
norm. For Q@ = D or Q = D? a holomorphic function F : Q — My(C) is called
rational if every entry is a rational function with the poles off 2 and is called inner
if the boundary values of the function on the unit circle/torus are unitary matrices
almost everywhere.

Carathéodory, in his study of holomorphic functions from the open unit disc
D = {z € C: |z| < 1} of the complex plane to the closed unit disc D, proved the
following theorem, see Section 284 in [I§]. Later, Rudin generalized this to functions
taking values in D but defined on the polydisc D", see [33].

Theorem (Carathéodory and Rudin). Let 2 denote the open unit disc D or the
bidisc D?. Any holomorphic function ¢ : Q — D can be approximated (uniformly
on compact subsets) by rational inner functions.
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Such a function ¢ is said to be in the Schur class. There is a proof of this
theorem through the fact that any solvable Pick-Nevanlinna interpolation problem
has a rational inner solution. This technique carries over to matrix-valued functions.

For decades now, the theory of bounded operators on Hilbert spaces has been
successfully used to give new proofs of complex analytic theorems. Two prominent
examples are Sarason’s approach to H> interpolation [34] and Agler’s proof of
Lempert’s theorem [3]. See also [7].

We shall give a new proof of the theorem above in a more general setting, viz.,
when the target set D is replaced by certain compact sets of interest in higher
dimension. This includes matrix-valued functions. We shall use the state space
method, a term coined in [26], motivated by the huge contribution of linear system
theory to function theoretic operator theory by the transfer function realization
formula for operator-valued holomorphic functions on appropriate domains in C or
C". See [16] and [27]. The second tool in our kitty is a dilation theorem due to O.
Nevanlinna [31], greatly popularized later by Levy and Shalit in [30].

Carathéodory’s (and Rudin’s) theorem is striking because the approximants map
the unit disc onto itself whereas the approximated function is only required to map
the unit disc into itself. In our proof using the “state space method”, the idea is to
start with the fact that any Schur class function has a realization

¢(z2) = A+ 2B(I —zD)™'C

é g) contractive and then pro-

duce approximants ¢,, in terms of unitary colligations (C‘?n g:). We can ensure
that these unitary colligations act on finite dimensional spaces, thereby making ¢,,
rational and inner. The convergence question is converted into showing a matrix
convergence:

with the associated system matriz (colligation) (

B,DFC, — BD*C as m — oo, forallk>1.

Carathéodory’s theorem for matrix-valued functions and an appealing character-
ization of matrix-valued rational inner functions on the unit disc by Potapov lead
us to a generalization of Fisher’s theorem. Using the Blaschke product description
of scalar rational inner functions, Fisher proved the following well-known result in
[25].

Theorem (Fisher). Let f be analytic on D, continuous on D, and bounded by
one. Then f may be uniformly approximated on D by convex combinations of finite
Blaschke products.

Potapov showed in [32] that any N x N matrix-valued rational inner function ®
is of the form

o) =U [] (bam(z)Pm 4 (v — Pm)> for z € D,
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where M is a natural number, U is an N x N unitary matrix, the P,, are projections
onto certain subspaces of CV, the o, are points in the open unit disc and

ba(2) = lz:aaz fora e D

stands for a Blaschke factor. Such functions came to be known as Blaschke-Potapov
products with a function of the form b, Py + (Icy — Py) being called a Blaschke-
Potapov factor because b, is a Blaschke factor.

As one of the principal applications of Theorem [2.6] we shall reap a uniform
approximation result for matrix-valued holomorphic functions on ID which are con-
tinuous on D as well. This generalizes Fisher’s theorem. The crucial input which
makes this possible is the Blaschke-Potapov formula. This is done in Section 3.

Theorem has further applications. The fact that a matrix-valued contractive
holomorphic function F satisfies I > F(z)F(z)* as well as, equivalently,

[ — F(2)F(w)"

1—zw

Kp(z,w) =

>0,

where K > 0 for a kernel means that it is positive semi-definite, leads to general-
izations in two different directions. Relaxing the positivity condition, we prove the
following in Section 4. The proof of this uses the Krein-Langer Theorem.

One way to study non self adjoint operators is through their characteristic func-
tions. This inexorably leads to J-contractive functions, where J € C¥*¥ is a
signature matrix, i.e., J = J~! = J*, see page 62 of [I7] for example. We have ap-
proximation results for J-contractive meromorphic functions as well as for functions
whose kernel corresponding to J (analogous to K above, but now J replacing the
identity operator) has finitely many negative squares. The terminologies are ex-
plained in the relevant section.

We also have two results about functions taking values into the symmetrized
bidisc I or into the tetrablock E. The sets I and E as well as the I'-inner functions
and the E-inner functions will be described in the context in the final section when
we prove the results.

We thank the referees for valuable comments which have greatly improved the

paper.

2. APPROXIMATION BY DILATION

We start with a proposition which is a slight improvement of Lemma 6.2 of [28§].
It has the same proof and the proof also carries verbatim in the case the function
I takes its values in rectangular matrices instead of square ones.

Proposition 2.1. Any holomorphic function F : D™ — My(C) with ||F(2)|| < 1
for all z € D™, can be approximated (uniformly on compact subsets) by matriz-valued
polynomials Py, with || P 5= < 1, for allm > 1.

We now quote a useful tool.
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Theorem 2.2 (Realization formula for the disc). Let F': D — My (C) be a rational
function such that ||F||s < 1. Then there exist a positive integer d and a contractive
matrixc

[é g] CVepC' s CVaC?
such that

F(z)=A+2B(I — zD)"'C.

This finite-dimensional realization formula is the disc version of the celebrated
Kalman-Yakubovich-Popov lemma; see [21] for an indefinite version of it and [2§],
Proposition 4.2 for a recent proof. These two proofs give different points of view.
See also [15].

The next result is the most crucial step towards proving the main theorem.

Theorem 2.3. Any rational function F : 1D — My (C) with ||F(z)]| <1 for all z €
D can be approzimated (uniformly on compact subsets) by My (C)-valued rational
inner functions.

Proof. The sequence of My (C)-valued rational inner functions which approximates
F will actually be constructed by mixing two ingredients. First we invoke the
Realization Formula, viz., Theorem and set some notations. Let T denote the
contraction

¢ D

with Dp. and Dy being the defect operators (I — TT*)'/2 and (I — T*T)"/? respec-
tively. Let

[A B} .C¥ g N g

S Sy Ty Ty
Dr. = [53 54} and Dy = [Tg TJ
as operators from CN @C? into itself. Let H := CY @ C?. The second ingredient is a
finite dilation of the contraction T i.e., for any m > 1, a space H,, consisting of the
direct sum of (m+1) copies of H and a unitary U,, on it such that 77 = Py U? |4 for
j =1,...,m. This idea originated with [31], see also [30]. A sequence of functions
F,,, induced by the unitaries U,, will be the approximating sequence.
To that end, consider the space

Kn®cloHe -oHoCNoC?,

where H occurs (m — 1) times. Now, consider the block operator matrix

A B 0 0 S Sy ]
C D 0 0 S3 Sy
T 1T 0 0o —-A* —C*
U,:= |13 Tx 0 0 —-B* —-D*
0 0 Iy 0 0 0
[0 0 O I, O 0 |
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acting on the space CN @ K,,,. A straightforward calculation will show that U,, is a

: : : : A B, . : .
unitary matrix. This U, is our [ } alluded to in the introduction. We note

C. D,
that
B,=[B 0 ... 08 S|, C,=[C T, Tb 0 ... 0,
and
D 0 0 S; Sy
T, 0 0 —A* —C*
T, 0 0 —B* —D*
Dn=10 1, 0 0 0
0 0 ... Iy O 0 |

For fixed £ > 1, we shall show that
B,.Df C,, = BD*C (2.1)

for all m > k + 2. First note that for m > 3, the matrix D,,C,, : CN — C¢® CN @
CloCVNaeCle-- o CY @ Cis given by

[DC T¢ T,C Ty Ty 0 ... 0]
Also, a simple calculation gives the following
DfnCm:[DC x kx % ... x 0 O}t, form >k + 2,

where the asterisk symbols mean that certain matrices are there which do not enter
later computation. A matrix multiplication then yields (2.1).

To summarize, we have proved that there is a sequence of finite-dimensional
Hilbert spaces H,,, viz., the direct sum of m + 1 copies of ‘H and a sequence of
unitary matrices U, on them satisfying a convergence property as follows.

A B,

_ ~N
H,, =C" @K, and [Cm D,

} CVNo K, - CVa K,

and B,,DEC,, — BD*C (in norm) for all k > 1. We are ready to define the
approximants.
Consider the matrix-valued functions F;, defined as

Fn(2) = A+ 2B,,(I — 2D,,) 'O,

are unitary matrices. Fix

By,
Cn D,
a compact set S C ID. For given ¢ > 0, there exists My € N such that

The functions F,, are rational inner because

2" < e forall [> M,and z € S.
3
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Now,
1£(2) = Ea(2)ll
=|2 Y (B.DEC,, — BDFCZF)||
k>0

<[z Y 1 BuD},Crn — BD*C|||2|"
k>0
Moy—1 o)
=[z| Y 1BnDpCon = BD*C||2|* + |2 Y || BuDj,Cr — BD*C|2|"
k>0 k> Mo
Mp—1 2|Z|
k k k
<|z| > |BwDE Con — BD*C||4] T
k>0
2|2|
=€
1 — ]
Therefore, the sequence of rational inner functions F;,, converges uniformly on com-
pact subsets of . O

Theorem 2.4. Any holomorphic function F : D — My (C) with |F(2)|] < 1 for
all z € D can be approximated (uniformly on compact subsets) by My (C)-valued
rational inner functions.

(for all m > My + 1).

Proof. By maximum norm principle, [Theorem 2, [19]], either ||F(2)| < 1 for all
zeD,or |[|[F(z)] = 1.

Case-1: ||F(2)|| <1 for all z € D.
In this case, Proposition 2.1land Theorem together will give us an approximation
of F' by matrix-valued rational inner functions.

Case-2: |[F(2)| = 1.
By Theorem 4 of [19], there are N x N constant unitary matrices U and V, and an
analytic function G : D — My_, with ||G(2)|| <1 for all z € D, such that

F(z)=U l(l) G?Z)} V. (2.2)

So, if N = 2, then Caratheodory’s Theorem together with the equation (2.2) will give
us an approximation of F' by matrix-valued rational inner functions. Inductively,
we can prove the result for N > 2. O

The approximation theorem above continues to hold for matrix-valued functions
on the bidisc. We shall outline the proof below. The finite dimensional realization
formula we need has recently been proven by Knese in [2§].

Theorem 2.5 (Realization formula for the bidisc). Let F : D* — My(C) be a
rational function such that |F||« < 1. Then there exist positive integers dy, ds and
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a contractive matrix
[A B
C D

such that with the notation Z = 2114, ® 2214,, we have
F(z1,2)=A+BZ(I - DZ)"'C.

Theorem 2.6. Any holomorphic function F : D* — My(C) with ||F(z1, z)| < 1
for all (21, 22) € D? can be approzimated (uniformly on compact subsets) by My (C)-
valued rational inner functions.

Proof. Let F : D* — My(C) be a holomorphic map with ||[F(z1,2)| < 1 for all
(21, 29) € D?. Then in view of Lemma 6.1 of [2§], it is enough to consider the case
when ||F(z1,2)] < 1 for all (2,29) € D? Now by Proposition 21 we can take
F to be a polynomial. Invoke Theorem to get positive integers dp,d> and a
contractive matrix

} CVNoecC?!>CVeC? withd=d,+ds

T = [é g} CVNocCt—»CVeC?  withd=d +d;

such that with the notation Z = 211, ® 2214,, we have
F(z,2)=A+BZ(I - DZ)"'C.

Consider the m-unitary dilation ( (;}n f;:; ) of T'on CN®K,,. A matrix multiplications
then yields that

B Zom (Do Z)*Cyy = BZ(DZ)EC,  for m >k + 2

where Z,, = diag(Z,*,*,...,%) be any diagonal operator acting on K, and the
asterisk symbols stand for diagonal matrices whose diagonal entries are either z; or
2 or € for some #. Consider the matrix-valued rational inner functions F,, on D?
defined as

Fm<21, ZQ) =A + BmZm(] - DmZm)_ICm

A similar argument as in the case of the disc will give that the sequence of rational

inner functions F}, converges to F' uniformly on compact subsets of D2
O

Remark 2.7. A comment about the case of the polydisc D" is in order for n > 2.
Let ¢ be a function from the Schur-Agler class, i.e., ¢ is in H:° in the notation of
[2]. Let {z1,29,...} be a countable dense subset of D™. Consider for every m > 1,
the solvable Pick-Nevanlinna interpolation data {(z1,¢(z1)),. .., (zm, ¢(zm))}. It
is known that this has a rational inner solution ¢,, from the Schur-Agler class.
Montel’s theorem then proves that there is a subsequence of {¢,,} converging to ¢
uniformly over compact subsets of D". This technique carries over to matrix-valued
functions of Schur-Agler class. This matrix-valued version of Rudin’s result is not
known if ¢ is in Schur class because the Schur class is bigger than the Schur-Agler
class. Also, the state space method cannot be applied to prove the result even for
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the Schur-Agler class because a finite realization for rational inner functions on the
polydisc is not known. This is a limitation for the state space method.

3. THE CONVEX HULL OF MATRIX-VALUED RATIONAL INNER FUNCTIONS ON
THE DISC

From now on, our functions will be on . It follows from Potapov’s work that
every matrix-valued rational inner function is holomorphic in a neighbourhood of
the closed unit disc D. In this section, we shall give a description of the closed
convex hull of the matrix-valued rational inner functions generalizing the theorem
in [25].

Let F' be an My (C)-valued function which is holomorphic in D and continuous
onD. For 0 <r < 1, set

F.(z) = F(rz) (zeD). (3.1)

Clearly, F, is holomorphic in D and continuous on D for any 0 < r < 1. The
following two lemmas follow from direct calculations.

Lemma 3.1. Let &,V be two My (C)-valued rational inner functions. Suppose for
some fized r € [0,1], ®,., W, can be written as convexr combination of rational inner
functions, then (PW), can also be written as conver combination of rational inner
functions.

Lemma 3.2. Let ® be an My (C)-valued rational inner functions and U € My(C)
be a unitary. Suppose for some fired r € [0, 1], ®, can be written as convexr combina-
tion of rational inner functions, then U®, can also be written as convexr combination
of rational inner functions.

Lemma 3.3. If ® is any My (C)-valued rational inner function, then for any 0 <
r < 1, &, can be written as convexr combination of My(C)-valued rational inner
functions.

Proof. Note that if ¢ is a scalar-valued rational inner function and P is an orthogonal
projection of C¥ onto some subspace, then the matrix-valued function P + (Icy —
P) is also rational inner. For a Blaschke factor b and for any 0 < r < 1, it follows
from [25] that b,, as defined in (B) can be written as a convex combination of
scalar-valued rational inner functions. So the My (C)-valued holomorphic function
b, P + (Icy — P) can be written as a convex combination of My (C)-valued rational
inner functions. The rest of the proof follows from Lemma [3.T] and Lemma[3.21 [

Lemma 3.4. Let I be an My(C)-valued function which is holomorphic in D and
continuous on . Then F, converges uniformly to F on D asr — 1.

Proof. 1f F is scalar-valued, then it follows from Mergelyan’s theorem. Since My (C)
is finite dimensional, all norms on My (C) are equivalent. So there exists a positive
constant ¢y such that

1Al < ey max|ay|
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for all A = [a;;]nxn, Where || A]| is the operator norm of matrix A. Let F' = [Fj|nxn-
Let € > 0 be given. Since each Fj; is scalar-valued, there exists r close to 1 such
that

€
|Fij(2) — Fi(rz)| < —
CN

for all z € D and for all 7, j. So we get
|1F(2) — F(rz)|| < eymax|Fy;(z) — Fy(rz)| <e
Z?]

for all z € D. This concludes the proof. O

We are now ready with the generalization of Fisher’s theorem.

Theorem 3.5. Let F be an My(C)-valued function which is holomorphic in D and
continuous on D. Suppose |[F(2)|| <1 for all 2 € D. Then F' can be uniformly ap-
prozimated on D by conver combinations of My (C)-valued rational inner functions.

Proof. Let € > 0 be given. By Lemma [3.4] there exists € (0,1) such that
€
5

Let D, be the closed unit ball of radius r centered at 0. By Theorem 2.6] there exists
an My (C)-valued rational inner function ® such that

IF = Flleop <

€

IF — @, < 5

This implies
€

HFT’ - q>r||oo,ﬁ <

\)

So we get
[1F' = @[ < €

By Lemma B3] it follows that &, itself is a convex combination of My (C)-valued
rational inner functions. U

4. RELAXING ANALYTICITY

4.1. Meromorphic functions.

Theorem 4.1. Let F' be an My (C)-valued meromorphic function onD. Suppose the
kernel Kp(z,w) = ZEEEW b finitely many negative squares. Let A(F) C D be

the set on which F' is ingjlytic. Then F can be approrimated uniformly on compact
subsets of A(F) by rational functions which are unitary matriz-valued on the unit
circle. Moreover if F' is continuous on the unit circle, then F' can be approximated
uniformly on the unit circle T by convexr combinations of quotient of matriz-valued

rational inner functions.
9
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Proof. There is a remarkable factorization of operator-valued functions, due to Krein
and Langer, for those functions F' which satisfy that K has finitely many negative
squares, see [29], [22]. Since our function is matrix-valued, the Krein-Langer fac-
torization in this context says that there exists a Blaschke-Potapov product B of
degree k and a matrix-valued holomorphic function on the disc L such that

F(z) = B(2)7'L(2)

and ||L(z)|| < 1 for all z € D. We apply Theorem to get a sequence {L,,}
of matrix-valued rational inner functions converging to L uniformly on compact
subsets of D. Then, the sequence B(z)™'L,,(2) does the job.

In the case when F' is continuous on the unit circle, we use holomorphicity of B
in a neighbourhood of D to conclude that the L obtained above is continuous on
T and ||L(2)|| < 1 for all z € T. Now we invoke Theorem to get a sequence of
convex combinations of matrix-valued rational inner functions {L,,} such that L,,
converges to L uniformly on D. Define

Fro(2) = B(2) 'Ly, (2).
Consider
1F(2) = Fu(2)]| = 1B(2) 7 (L(2) = L))l < [I1B(2) T I L(2) = L (2)]-

Since B is continuous on T, F},, converges to F' uniformly on T.
If we apply the right Krein-Langer factorization, then

F(z) = R(2)B(2)~%.
By a similar calculation R,,(z)B(z)~" will approximate F uniformly on T where R,,

approximates R as in Theorem 3.5 That completes the proof of Theorem A1l [

4.2. J-contractive functions. In a new direction of generalization, we consider
the case of indefinite metric in the coefficient space CV, that is kernels of the form

J— F(2)JF(w)*

1—zw

where J € CV*¥ is a signature matrix. Such a matrix is unitarily equivalent to J,
defined by
— IP O —
JO_[O _[q:|7 p+q_N7

with Jo = Iy if ¢ = 0 and Jy = —Iy if p = 0. We are interested in the case p > 0,
q > 0. In the sequel we focus on the case J = Jy. The formulas presented are valid
for arbitrary J (for which p > 0 and ¢ > 0 in the corresponding Jp).

We will use the Potapov-Ginzburg transform (see [L1],[17]), which allows to reduce
to the case J = Jy = Iy. Following [9], we set

_In+ Jo
2

and Q= IN_JO.

P
2
10
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For J = J, at hand, we have

R

and
I 0
P F P :
TOF(z) = {le( ) F22(Z)]
.. . F11 F12 .
Writing F' = we will assume that det Fyy # 0.
Fo Fy

Definition 4.2. The Potapov-Ginzburg transform of F' is given by
5(2) = (PF(2) + Q) (P + QF(2))™",

at those points where the inverse exists, with inverse given by

F(z) = (P = 2(2)Q) " (Z(2)P - Q).
The following formulas hold. See [9, p. 66], [10].

)

(2) (P = F(2)Q) ' (F(2)P — Q)

F(z) = (Q+ PX( ))(P+QZ( )~

Iy = 3(2)8(w)" = (P=F(2)Q)™" (Jo— F(2)JoF (w)") (P = F(w)Q)™"(4.1)
Iy =3(w)'E(z) = (P+QF(w))™ (Jo — F(w)" JoF(z)) (P +QF(2)™

A function F' meromorphic in D is called Jy-contractive if

F(2)JoF(2)" < Jy

at each point of analyticity of F' in ID. Such a function is in particular of bounded
type in D and admits non-tangential limits almost everywhere on the unit circle. A
matrix A is called Jy-unitary if AJyA* = Jy. A rational function F' will be called
Jo-inner if the limiting values exist and are Jy-unitary everywhere on the unit circle
except possibly at a finite number of points. In the following theorem, we mention
a special case first for the sake of better exposition.

z

Theorem 4.3.

(1) Let F be Jo-contractive, with domain of analyticity A(F) C D. Then, F can
be approrimated uniformly on compact subsets by rational Jy-inner functions.
(2) Let F' be meromorphic in the open unit disc with domain of analyticity
A(F) C D such that the kernel
JO — F(Z)J()F(’LU)*

1—zw

has a finite number of negative squares in A(F). Then F can be approxi-
mated uniformly on compact subsets of A(F) by rational Jy-inner functions.
11
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Proof. The Potapov-Ginzburg transform of I’ exists by [23, Theorem 1.1, p. 14]. By
(41), ¥ is contractive and meromorphic in the open unit disc, and hence contractive
and analytic there (the contractivity implies that the isolated singularities of F' are
removable). Applying Theorem to X we can write X = lim,,_,o B,,, where the
B,, are finite Blaschke products and where the convergence is uniform on compact
subsets of the open unit disc. Writing By, = ((Bm)ij)7 =1 Where (Bp,)sy is C9¥9-
valued, we have in particular

lim det(Bm)22 = det 222

m—r0o0
and in particular det B,, # 0 for m large enough. It follows that the inverse Potapov-
Ginzburg transforms, say F,,, of the B,, exist for such m. The functions F}, are
rational and Jy-inner. That completes the proof of part (1).

We now consider the case of negative squares and recall that its Potapov-Ginzburg
transform, say ¥, is well defined (see e.g. [I2, Theorem 6.8]). It follows from (Z.1])
that

Iy — X(2)2(w)*

1—zw

1 Jo— F(2)JoF(w)*

1—zw

= (P~ F()Q)

IN—3(z )E(w

(P = F(w)Q)™"

and in particular the kernel has a finite number of negative squares in
the open unit disc. We apply Theorem 4.1l to X, and we get an approximation for
F' by taking the inverse Potapov-Ginzburg transform. Thus, we have proved part
(2) of Theorem [4.3] O

5. [-VALUED AND E-VALUED FUNCTIONS

Let 2 be a bounded polynomially convex domain. The distinguished boundary
b2 is the smallest closed subset of 2 on which every continuous function on €2 that
is analytic in {2 attains its maximum modulus.

Definition 5.1. A rational Q— inner function is a rational analytic map  : D — Q
with the property that x maps T into the distinguished boundary b2 of 2. The
degree, deg(z), of a rational Q— inner function is defined to be the maximum of
degree of each components.

This section deals with functions which take values into the symmetrized bidisc
F={(z+w,z2w):|z| <1,|w| <1}
or into the tetrablock

E = {(an, as, det(A)) : A = {“H “12} satisfies || A < 1}.
Aa21 22
The sets I' and E are non-convex and polynomially convex domains. The sym-
metrized bidisc was introduced by Agler and Young in [§] and the tetrablock was
introduced by Abouhajar, White and Young in [1]. A great deal of function theory
and operator theory has been done on these two domains. The following criteria
will be useful. Let G be the open symmetrized bidisc.
12
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Proposition 5.2. [§] Let (s,p) € C?. The point (s,p) € G (respectively T') if and
only if
|s| < (respectively <)2, and |s — 3p| < (respectively <)1 — |p|*.
The point (s,p) € bG if and only if |s| < 2,|p| =1, and s = 3Sp.
There are similar criteria about the tetrablock.

Proposition 5.3. [I] Let (21, 22,23) € C*. The point (x1, 22, 23) € E (respectively
E) if and only if

|21 — Tpxs| + |12 — Tras| < (respectively <)1 — |x3>.
The point (x1,xa,x3) € E if and only if x1 = Taxs|,|z3] = 1, and |z2| < 1.

Algebraic and geometric aspects of rational I'— inner functions were studied in
[6]. For details about rational I'— inner functions and rational E— functions, see
[5], (6], 13, [14].

Proposition 5.4. Any holomorphic function h = (s,p) : D — I" can be approxi-
mated (uniformly on compact subsets) by rational I'-inner functions.

Proof. Let h = (s,p) : D — T' be a holomorphic function. Invoke Proposition 6.1
of [4] to obtain an analytic function F' : D — M,(C) with ||[F(A]] < 1 for all A € D
such that

h = (tr F,det F).

By Theorem 2.6 there exists a sequence of matrix-valued rational inner functions
{F,,} on D which approximates F' uniformly on compact subsets of D). For each
m € N, consider the holomorphic functions h,, : D — I' defined as

hp := (tr F,, det F,).

It is easy to see that h,, are rational functions.

To prove that h,, are I'-inner functions, we only need to make the elementary
observation that for a unitary matrix A, the eigenvalues \; and A lie in T. So,
(tr A,det A) = (A + Ao, A1 A2) € DI'. Since [}, are inner, F,,(\) are unitaries a.e. on
the circle. Thus, h,, are I'-inner functions.

Since Fy,, converges to F' uniformly on compact subsets, it follows that (£},);; con-
verges to Fj; uniformly on compact subsets. Therefore, h,, converges to h uniformly
on compact subsets of ID. O

We remark that the method of proof of Carathéodory’s theorem through Pick-
Nevanlinna interpolation can also be applied to approximate holomorphic functions
from D into the symmetrized bidisc because of a result of Costara, see Theorem 4.2
in [20].

Proposition 5.5. Any holomorphic function x = (z1,22,73) : D — E can be
approximated (uniformly on compact subsets) by rational E-inner functions.
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Proof. Let © = (21, %2, x3) be as in the above Theorem. By Lemma 7 of [24], there
exists an analytic function F' : D — My(C) with ||F(A]] < 1 for all A € D such that

T = (Flla Fgg,det F)

where F' = [Fj;]7;_,. Again by Theorem 2.6, there exists a sequence of matrix-valued
rational inner functions {F,,} on D which approximates F unifor_mly on compact
subsets of D. For m € N, define the holomorphic maps z,, : D — E by

Ty = ((Fm)Ih (Fm)gg, det Fm>

Now we shall prove that this z,, will do our job. It is easy to see that x,, are rational
functions. Now we shall prove that x,, are E-inner functions. Since F}, are inner,
F,,(\) are unitaries a.e. on the circle. It follows that z,,(\) € DE a.e. A\ € T, see
Theorem 7.1 of [1]. Thus, =, are rational E-inner functions.

Since F,, converges uniformly on compact subsets to F, (F,)i1, (Fn)22, and
det F,,, converges uniformly on compact subsets to Fii, Foy and det F' respectively.
Hence z,, converges uniformly on compact subsets of D to x. This completes the
proof. O
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