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ABSTRACT: Opinion is divided about the nature of state dependence in the black hole interior.
Some argue that it is a necessary feature, while others argue it is a bug. In this paper, we
consider the extended half-sided modular translation U(sg) (with so > 0) of Leutheusser and
Liu that takes us inside the horizon. We note that we can use this operator to construct
a modular Hamiltonian H and a conjugation J on the infalling time-evolved wedges. The
original thermofield double translates to a new cyclic and separating vector in the shifted
algebra. We use these objects and the Connes’ cocycle to repeat Witten’s crossed product
construction in this new setting, and to obtain a Type Il algebra that is independent of
the various choices, in particular that of the cyclic separating vector. Our emergent times
are implicitly boundary-dressed. But if one admits an “extra” observer in the interior, we
argue that the (state-independent) algebra can be Type I or Type II; instead of Type I,
depending on whether the observer’s light cone contains an entire Cauchy slice or not. Along
with these general considerations, we present some specific calculations in the setting of the
Poincare BTZ black hole. We identify a specific pointwise (as opposed to non-local) modular
translation in BTZ-Kruskal coordinates that is analytically tractable, exploiting a connection
with AdS-Rindler. This modular translation can reach the singularity.

KEYWORDS: 1/N Expansion, AdS-CFT Correspondence, Black Holes in String Theory

ARX1v EPRINT: 2310.05912

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP05(2024)278


https://orcid.org/0000-0002-4782-5136
mailto:chethan.krishnan@gmail.com
mailto:vyshnav.vijay.mohan@gmail.com
https://doi.org/10.48550/arXiv.2310.05912
https://doi.org/10.1007/JHEP05(2024)278

Contents

1 Introduction and conclusions 1
1.1 On state-independence 4
2 Modular translations and crossed product in the interior 6
2.1 Modular translated modular Hamiltonian 7
2.2 Mechanics of the crossed product 9
3 Proof of state independence via Connes’ cocycle 11
3.1 Weak vs. strong forms of state-independence 13
3.2 Subalgebras and emergent symmetries 13
4 Thermality, typicality, firewalls and N 14
5 Extended modular translations in BTZ black holes 15
5.1 BTZ as a quotient of the Poincaré patch of AdS 16
5.2 Half-sided modular translations in Poincaré BTZ 18
5.3 Boundary evolution 20
5.4 The singularity 22
6 An observer in the interior 23
7 Discussion 25
7.1 The general picture 25
A Crossed product alegbras 26
B Extended half-sided modular translations 27
C Tomita operator of the shifted wedge 29
D Eternally ill-fated observers 29
1 Introduction and conclusions

The AdS/CFT correspondence [1, 2] has provided us with an explicit theory of quantum

gravity in N' = 4 super Yang-Mills theory. This has shifted the central problem of quantum

gravity from efforts to quantize (bulk local) Einstein gravity, to that of understanding the

emergence of bulk locality from the hologram.

The reconstruction of a bulk local description outside a black hole (or when there is

no black hole) from the boundary CFT is relatively uneventful [3]. But going beyond the

horizon is challenging [4-9] because the causal structure has to be emergent. In thought-

provoking papers, Papadodimas and Raju have exploited the connection with the eternal



black hole thermofield double state [10, 11] to reconstruct the interior, and argued that it
is necessarily state-dependent [9, 12]. But others have argued that state-dependence gives
rise to ambiguities [13] and interpretational challenges [14]. In this paper, we will not take a
particularly strong stand on whether state-dependence is problematic or not in the black hole
interior. Instead, exploiting some recent developments, we will argue that in perturbation
theory around the large-N limit, the interior reconstruction can in fact be made naturally
state independent.! At finite-N the exterior algebras are expected to be Type I [16, 17] and
therefore the interior reconstruction suggested in [9, 12] (which postulates a bulk Kruskal
time), is expected to be approximate. So we believe our results in this paper are sufficient
to address the current state of the art. Our results sharpen the claims of [9, 12] about
the possibility of interior reconstruction — by showing that at least in the perturbative
large-N limit, state-dependence cannot be used as an argument against reconstructing the
interior. Our results are also strongly suggestive that at finite-N and late times, interior
reconstructions that rely on the thermal state are unlikely to be trustable.?

There are two key recent developments that we will take advantage of in arriving at
our results. The first is the construction of emergent bulk times in holographic duality in
the large-N limit, due to Leutheusser and Liu [16, 18]. This approach is appealing because
it is a boundary-construction of bulk time and casual structure. These authors identify
an extension of half-sided modular translations that takes us inside the horizon, exploiting
the fact that the bulk algebra is of Type III; in the large-N limit. Modular translations
exist only in Type III; von Neumann algebras, and the construction of [16, 18] is manifestly
dependent on the thermofield double. Our main observation is that another recently noted
ingredient, this time due to Witten [17],% can be used to cure this problem and construct
a state-independent emergent Type Il algebra in the interior. Our key strategy will be
to use the extended modular translation to evolve the thermofield double state to a new
state in the new algebra. This state can be shown to be cyclic and separating. We observe
that the modular Hamiltonian of this new state, together with the (shared) center of the
left and right algebras allows us to repeat Witten’s crossed product construction. This is
sufficient to argue that state-dependence is an artifact of the strict N = oo limit and that
it is absent once the perturbative 1/N? corrections are incorporated.

The argument above (see section 2 for details) will show that the resulting algebra is
independent of the emergent cyclic separating vector in the emergent time-evolved wedges.
But this raises another question. Our observation does not immediately show that the
construction is independent of the initial thermofield double state that we started with. To
demonstrate that it is independent of this initial state, we will use the Connes’ cocycle (see
section 3). This object has made an appearance in the physics literature (see e.g. [21]) and
can be used to show that two cyclic separating vectors are related by a unitary of the algebra.
Composing this unitary with the modular translation, we will be able to show that there

!Our discussions in this paper are to first order in 1 /N 2 but we expect the conceptual picture to remain
valid to all orders. Discussing algebras over the ring C[[1/N]] involves some subtleties [15], but we expect
them to not be insurmountable. However, we do expect conceptually new ingredients at finite IV, which we
will comment on.

2We will discuss the relevant timescales in various parts of the paper.

3For recent applications of related ideas, see e.g. [19, 20].



is a unique conjugacy between algebras built from distinct cyclic separating vectors (which
is what one understands by state-independence [17]).

The isomorphisms between the interior algebras have a natural interpretation in terms of
their representations. We should consider the algebras themselves as state-independent entities.
However, when we want to construct explicit representations of the algebra, we need to pick
a particular state. These representations are then connected through a unique conjugation.

We will also make some comments (see section 3.2) about another choice involved in the
construction of modular translations, which is somewhat tangential to the main thrust of this
paper, but may be of broader conceptual interest. To construct a modular translation, we
need to choose a sub-region (denoted N in [16]) of the original wedge (denoted M in [16]). We
will be able to construct an equivalence relation between operators at distinct exterior points,
when there exists modular translations built from two different subregions A and N, that
move these points to the same bulk point in the interior. This equivalence can be constructed
by modular translating forward with the translation built from N and then backward using
a translation built from A. The resulting unitary connects the two pre-image points in the
exterior. We suspect that this unitary should be viewed as a (emergent) symmetry of the
quantum field theory in the wedge M. It is easy to see for simple choice of subalgebras in
the ordinary Minkowski/Rindler setting, that this construction leads us to the re-discovery of
ordinary Poincare translations. It will be very interesting to explore the nature of emergent
modular symmetries in general spacetimes in a holographic setting.

In section 4 we will outline how the construction of [9, 12] is related to that of [16]. The
goal is to clarify the distinctions and connections between the two approaches and to argue
that in the large- NV limit, bulk reconstruction should be well-defined without the possible issue
of state-dependence for thermal states far from typicality. These discussions are closely related
to the question of firewalls [22, 23] at late times [24, 25], which we also make comments on.

The discussions above are self-contained and a reader who is only interested in the
general arguments can skip over section 5. Section 5 is somewhat technical and aims to give a
concrete context for some of these discussions in the example of the Poincare-BTZ black hole.
One of our goals here is to show that one can construct a fully analytic and pointwise (as
opposed to non-local) example of a modular translation that can take us inside the horizon
of BTZ. To contrast, the construction across the BTZ horizon in [16] used a near horizon
approximation. Our modular translation instead works directly with the full BTZ metric,
and exploits the fact that BTZ is locally AdSs to make a connection with AdS-Rindler. The
modular translations in the latter are known [16], and therefore we can adapt them. The
price we pay is that the resulting modular translations are somewhat ugly — but we explicitly
check that they take us inside the horizon. In fact, because we know them quite explicitly
and because they are valid beyond the near-horizon Rindler approximation, we can show
that these modular translations can take us all the way to singularity.

In section 6, we briefly comment on the possibility of adding an (infalling) observer in
the interior as a mechanism for constructing background independent algebras in quantum
gravity, as has recently been suggested [26, 27]. This is logically somewhat distinct from our
discussion in section 2, which can be viewed as the emergence of the interior in a boundary-
dressed setting as opposed to an observer-dressed setting. If one simply assumes that the



interior observer is a well-defined entity in the code subspace of the bulk EFT in the black
hole,* we can instead investigate the nature of the emergent algebras in this modified setting.
Interestingly, this leads to some interesting distinctions from some of the other discussions of
observer-dressed algebras. We find two qualitatively different classes of timelike curves for
the observers in a Kruskal BTZ geometry — (a) those that start at the white hole singularity
and end at the future singularity, and (b) those that start from one of the boundaries and
end in the future singularity. The latter class of observers can be called infallers. We will
argue that the natural algebras one can associate in the two cases are different. In the former,
we are led to a Type I algebra, and in the latter, we find Type II;. We will find that these
results are natural both from the bulk as well as the boundary.

1.1 On state-independence

The phrase state-(in)dependence can mean different things in different settings, so let us
clarify some of the relevant ideas before closing the Introduction.

The first notion of state-independence is somewhat trivial and refers to the fact that
one can always find an isomorphism between the states (and operators) of two Hilbert
spaces (as long as their dimensions are the same). We will describe this in more detail in
section 3.1, and will emphasize that the isomorphism we construct is canonical in the sense
of the crossed product construction of [17]. This shows that the interior reconstructions
are as state-independent as the exterior reconstructions are, before the Page time (more
on the timescales below).

A more substantive distinction needs to be made between the state-dependence we discuss
and background dependence. The latter was discussed in [27] recently. The idea here is
that in full quantum gravity, the algebras one deals with are presumably independent of
specific choices of spacetime, because the spacetime is specified by the state and we would
like the algebras to be independent of states in quantum gravity. But when we are working
with quantum field theory in curved spacetime, spacetimes are generally viewed as given
a-priori and the state dependence is something we can address at the level of given spacetimes
and subregions/algebras. The state-dependence we are concerned with in our paper has
to do with states in the given background. The choice of the spacetime goes e.g., into the
background subtraction of the black hole mass that we do in e.g., (2.13). More generally,
it arises also in defining the “subtracted” single-trace operators (where one subtracts the
expectation values from single-trace operators) to define a well-defined large-N limit [17].
We feel that this is a step that could benefit from more scrutiny than what it has received
so far. Our approach in this paper is less ambitious. It is useful perturbatively around the
large-N limit and therefore should be relatively non-controversial, but at finite N one will
have to worry about background independence of the stronger kind.

The above distinction is not merely a technicality. If one does not make a distinction
between non-perturbative vs. perturbative 1/N effects, then one can consider timescales that

4That there is a self-consistent description of an observer interacting with the rest of the system in the
bulk EFT code subspace seems to be the premise of the arguments in [26-28]. In the black hole interior, it
would be worth scrutinizing this assumption more intensely than in other contexts. The resulting algebras we
find here seem natural, so perhaps it is indeed a reasonable assumption here as well.



are O(N#) or e°™) in the eternal black hole spacetime.® This is the attitude of [9] who do
not distinguish between finite and infinite N and postulate a smooth interior time coordinate
even at finite N.° On the contrary, we are working in a large- N limit, where the backreaction
of perturbative states is no longer possible.” This avoids the ambiguities suggested in [13]
which arise because acting with a sufficient number of single trace operators can result in
changing the background “equilibrium” state (at finite-N). This is the simple conceptual
reason why we are able to make the construction state-independent and unambiguous.

Let us phrase the above observations in a slightly different (and perhaps more insightful)
way. We start by emphasizing that the state dependence we are concerned with is quite
literally the dependence of the interior operators on the state in the thermofield double Hilbert
space.® Now, constructions of interior operators that rely on the thermofield double [9, 18],
are predicated on the reliability of the thermal (Hartle-Hawking) correlator. But it is crucial
to remember that the Hartle-Hawking correlator with its exponential decay cannot be the
whole story, beyond the Page time.” This was emphasized in [11], and it has been noted
since then in multiple contexts that one can expect changes in the qualitative behavior of the
correlator after Page time.'” So by noticing that state-independence can be accomplished
using (extended) modular translations (which exist only when the Hartle-Hawking correlator
is meaningful'!), our results demonstrate that the ambiguities related to state-dependence
can be avoided at pre-Page times. This is also a suggestion that the ambiguities that arise
(which must necessarily be at post-Page timescales) are due to an incorrect application
of the ezract thermal correlator (and the associated thermofield double) at very late times
where they are no longer valid.'? This also clarifies the regime of validity of HKLL based
reconstructions of the interior — they also rely on the validity of the thermal correlator
to do analytic continuations into the interior.

To summarize — state dependence is present in both [9] as well as [16] constructions.
It is not directly related to the dynamical emergence (or not) of interior time, it is about
the fact that interior operators depend on the chosen state. Both constructions potentially

5We will call these the Page time and the typicality time, respectively. Here # is some positive number
whose precise value depends on details like the dimensionality of the spacetime, and is unimportant.

5Their construction also has some other differences compared to [16] — e.g., they work with bulk wave
equations more directly. These are unimportant distinctions for our purposes. The fact that interior operators
are (at least manifestly) state-dependent is true for both constructions.

"We emphasize that this is essential for the [16, 18] construction to make sense, so we are not adding anything
by hand. This is implicit in the fact that the black holes under consideration are above the Hawking-Page
transition.

8See also our discussions in sections 4 and 7.1.

%In all these discussions ¢ = 0 is the insertion time of the first operator in the Hartle-Hawking two-point
function. Let us also note that in order to talk about a finite Page time, we must necessarily work at finite V.

10See e.g., [29-32]. These papers note hints of discreteness of the spectrum (often via the tips of Wigenr
semi-circle distributions) at around the Page time, in SYK model, JT-gravity, (Virasoro vacuum blocks in)
large-c 2D CFT and bulk models of black hole microstates. We refer the reader to section 6 of [32] for a
related discussion.

HModular translations exist only when the algebra is Type III. That the spectrum of the Hartle-Hawking
correlator has support on the entire real line, was one of the arguments in [18] for the emergence of Type III.

20ur construction (and indeed that of [18]) does not directly deal with questions about firewalls-vs.-
smoothness at late times in eternal AdS black holes. But it raises significant questions about the validity of
thermofield double-based constructions which claim to remove firewalls even at very long timescales.



suffer from the ambiguity problem raised in [13]. But the key advantage of the [16] approach
is that it shows where exactly this issue can be resolved, and what is causing the problem
when there are ambiguities. It traces the origin of ambiguities to the breakdown of the
Hartle-Hawking correlator beyond the Page time.

State/background independence of the emergent Type II crossed product algebras in the
black hole exterior and in de Sitter space were discussed recently in [17, 28]. In the context of
discussions about the black hole interior, we have clarified and specialized these observations to
make statements about state-independence. In particular, the boundary-dressed construction
of sections 2 and 3 shows that state-independence of the black hole interior is automatic,
when perturbative deviations from the strict large- NV limit are incorporated. The discussion
in section 6 assumes the existence of an infalling/interior observer, and we find that the
resulting algebras have natural features which may be useful in understanding the black
hole singularity. Some further comments are made in the Discussion section 7. A reader
who is only interested in an overview of our results and their implications can adopt a track
through the paper that consists of the present section, the introductory page of section 2,
sections 3.1, 3.2, 4, 5.4, 6 and 7.

2 Modular translations and crossed product in the interior

The crossed product construction goes back in the physics and mathematics literature to
the 60’s and 70’s [33-35]. It was implemented recently in a form directly useful for us by
Witten in the setting of eternal AdS-black holes in large-N AdS/CFT [17]. The basic idea
here is that in the background of an eternal black hole, there exists a shared central element
for the algebras of fluctuations on both the left and right sides in the large-/N limit. The
central element generates time translations in the boundary theories. There is a natural
modular Hamiltonian one can associate to these algebras, which is associated to the thermo-
field double (TFD) state, a cyclic separating vector. The trouble is that simply adjoining
this element to the algebras results in evolutions that are dependent on the state. This is
state-dependence.!®> But the presence of the shared central element (which is something
meaningful to talk about once you incorporate the perturbative 1/N? corrections) gives us a
different way of adjoining the modular Hamiltonian. This alternate operation, the crossed
product, has the advantage that it is independent of the choice of the cyclic separating vector
in a precise mathematical sense (see next section).

The precise definition of the crossed product is presented in appendix A as well as later
in this section in a more operational form. But for the moment, all we need to know is that
the crossed product construction can be done once we have a modular Hamiltonian and a
(shared) center. For the eternal black hole exterior algebras, the modular Hamiltonian is
simply the one associated to the TFD state. Witten’s crucial observation [17] was that in
perturbation theory around the large-N limit, one also has a natural central element which

1311 previous black hole interior constructions like [9] the bulk interior time coordinate was postulated, and
the detailed construction was different from [18] and typically involved solutions of bulk wave equations. But
we emphasize that the conceptual problems can ultimately be traced back again to state dependence — the
definition of interior operators depended on the choice of the cyclic separating state, and this is what leads to
ambiguities [13].



he called U. Before the crossed product, the left and right algebras are
A=A Ay, Ah=Ar® Ay. (2.1)

Here Ay, g stands for the algebras of small fluctuations around the left and right wedges of a
black hole of fixed mass. The central element generates time translations in the bulk. The
central element U is accessible to both the left and the right. Together with the modular
Hamiltonian, U allows us to do the crossed product construction and make the exterior
algebras state-independent.

The modular translations of Leutheusser and Liu are defined on the Ay, g algebras above,
and lead to what we will call the infalling time evolved wedge algebras (see below). Our
starting observation is that there is a natural modular Hamiltonian one can associate to
these modular translated algebras, and therefore one can repeat the Witten crossed product
construction for these algebras as well, using an infalling time evolved U as the central
element. The result is a Type Il algebra that is at least superficially state-independent.
There will be a few subtleties in this somewhat quick statement, which we will iron out in
the next section. In the rest of this section, we elaborate on the basic point.

2.1 Modular translated modular Hamiltonian

Consider an eternal AdS black hole with two boundaries. Let us look at the boundary
theories at large N. The Hilbert space of small fluctuations about the thermofield double
WUrrp can be obtained by acting with single trace operators on it. The algebra of these
single trace operators forms a von Neumann algebra of type III; above the Hawking-Page
temperature 7' > Typ [16, 36]. The thermofield double state is a cyclic and separating vector
w.r.t. the algebra of these single trace operators. We can associate a modular operator A
and a modular Hamiltonian H = —log A to this state.

The single trace operators are dual to small fluctuations in the bulk. Let us denote
the bulk operators restricted to the exterior right wedge of the black hole by Ogr. The
large- N limit of the boundary theory is dual to the G — 0 limit in the bulk. Therefore, the
algebra associated to the bulk operators, which we will denote by Apg, simplify. Moreover,
it is generated by free fields and forms a von Neumann algebra of type III; [16]. We will
denote the commutant of this algebra by A;. It was argued in [16] that the half-sided
modular translations, generated by U(s) can be extended to s > 0 for generalized free fields.
With suitable choices, we can arrange these translations to take the operators across the
horizon when s > 0.

Let us define the following algebra of operators

U ={U(s9)OrU(s0) | YOR € Ar} for some s € (0,00). (2.2)

The choice of sy here is arbitrary, but fixed. By varying sy we can go deeper into the interior
(see figure 1). The algebra U comprises of operators in the shifted wedge in figure 1 and
depends on the details of U(sp). In the BTZ case that we will consider in section 5, U(so)
corresponds to a translations along a Poincare Rindler/BTZ coordinate x~. In more general
spacetimes, we can work in the near-horizon limit where all black holes have a Rindler region.
This structure can be used to define a half-sided modular translation [16].
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Figure 1. Consider the two exterior regions of an eternal AdS black hole. In the large- N limit, the
algebra of operators associated to these wedges form type III; algebras Az r. Under the evolution of
U(sp), the right wedge algebra gets pushed inside the interior as shown in the figure. The dashed line
denotes the location of the horizon.

We claim that we can associate a new cyclic and separating vector to this algebra, given by
Urpp = U (50)¥rED. (2.3)

Associated to this vector is our new modular operator
A = UT(s9)AU(s0). (2.4)

Now,'4 let us demonstrate that A does, in fact, act as a modular operator for the algebra
U. To establish this, we note that the modular Hamiltonian satisfies the KMS condition
w.r.t. its cyclic separating vector. In fact, this is a sufficiency condition for an operator to
be a modular Hamiltonian. Using (2.3), and (2.4), we arrive at

<@TFD|BTA&|¢JTFD> = <‘iJTFD|aBT|\ijTFD> (2.5)

which is precisely the KMS condition for the new modular operator [37]. Moreover, it also
straightforward to show that the new modular operator generates automorphisms on U:

ANUAT = U. (2.6)

We can also define a modular conjugation operator for the algebra:
J = U (s0)JU(s0). (2.7)
Using (2.3) and the properties of J, it is easy to show that J satisfies the following properties

j|\ifTFD> = |\TJTFD>, <\TJTFD|C~L (j&j) |\TJTFD> >0ace€ U, (2.8)

The rest of the results in this subsection follow from standard facts regarding the Tomita operator, modular
operator, and modular conjugation for algebras that have been conjugated by a unitary, and states to which
the same unitary has been applied.



as expected [38]. Now let us look at the commutant of &/. The elements of this algebra,
which we will denote by U/, are given by the action of J:

U ={JjaJ|Vacu}. (2.9)

The algebra U’ can be obtained by the action of U(sp) on the commutant of Ag. For an
element @’ of U’, we have

@' = JaJ = (U'(s0)7U(s0)) (U (s0)al (s0) ) (UF(50)JU (50)) = U'(s0)a'U(s0) ~ (2.10)

where we have JaJ = a' € Ap. This statement is precisely what we expect from the
shifting of wedges (see figure 1). The action of the operator U(sp) on the elements of Af
reduces to a half-sided modular translation [16] and provides an additional check of the
shifted wedge construction.

Therefore, the existence of U(s) allows us to define a new von Neumann algebra U,
which has support both in the interior and the exterior of the black hole. In fact, we have
constructed the quadruple — (U, VD, A, J ). One can also phrase this discussion in the
language of the Tomita operator (of the new wedge) which is related to these entities. We
do that in appendix C.

2.2 Mechanics of the crossed product

The crossed product is a simple construction, and we provide a review of that in appendix A.
We will follow the same notation here. Let us construct a crossed product algebra by adjoining
T + X to the shifted wedge algebra . A natural choice for T is

H
T=— 2.11
N (2.11)
where H = — log A is the new modular Hamiltonian and [ is the inverse temperature of the
black hole. We will choose the central operator to be
HI
X = UT(so) (NL) U(so). (2.12)
Here Hj is the subtracted left CFT Hamiltonian
H; = Hp — (Hp). (2.13)
The modular Hamiltonian defined by
BH = Hp — Hy, (2.14)

is well-defined in the strict large-N limit. So H/N — 0 at large-N, which means that
replacing Hj /N with Hp/N in (2.12) as (central) element of the algebra is equivalent. The
center was therefore denoted by U in [17], as well as in the introductory part of this section.
Let us also note that (Hp) is essentially the mass of the black hole, which in the large- N
limit is essentially infinite. This has the consequence that H} is unbounded from below which
is responsible for the algebra being Type Il and not Type II;.



Now let us explain the motivation behind the choice (2.12). In [17], the operator X was
chosen to be (roughly speaking) the Hamiltonian of the left CFT so that the operator T'+ X
can be effectively thought to be generating time translations in the right wedge. Perhaps
a bit surprisingly,'® this holds true in our construction as well for the shifted right wedge.
To see this, consider the commutator of an @ € Y with T + X:

T+ X,a = [T,a] + [X,a]. (2.15)

Let us look at the second term. We have
!

[(X,a] = (UT(so) (Ij;;:) U(so)> (UT(so)aU(so))
- (U 60)aU () (U160) (B2 U) (2:16)

since H; commutes with the operators in the right wedge. This gives us

U+KQ=L§@]

= /Bi\f [(UT(SO)HU(SO)) (UT<30)GU(SO)) (2.17)
— (U (s0)aU(s0)) (U (s0) HU (s0) ) |
where we have used
P=U'(50)QU(s0)) = logP =UT(s0)(logQ)U(s0). (2.18)
to rewrite the new modular Hamiltonian. Simplifying the expression, we find
H
p+xm:U%@bNﬂkm@
i Ja
= Ul(so) (——S2) U(s0)
'a< NaJ (2.19)
= —%a (UT(so)aU(so)>
1 0a
Nt

In the second equality, we have used (2.14) and the discussion above eq. (3.2) in [17]. Therefore,
we have demonstrated that 7'+ X generates the time translations of the operators in U —
which is precisely what the right CF'T Hamiltonian did in [17]. This motivates us to adjoin
the operator T+ X to the shifted wedge algebra through a crossed product construction.

The left-wedge discussion goes parallel to the left-wedge discussions in [17], via a conju-
gation using Il = —i%. The only difference is that the modular Hamiltonian that we use
is the shifted one; we will not repeat the discussion here.

Note that the time evolution in the interior is not directly accessible from the boundary. The following
calculation can be viewed as a direct demonstration that the time evolutions in the interior are implicitly
constructed from those in the original wedges.

,10,



3 Proof of state independence via Connes’ cocycle

Up to a unique equivalence, the crossed product of an algebra by its modular automorphism
group is independent of its cyclic and separating vector. This statement can be proved
using Connes cocycle [39]. Therefore, the crossed product algebra U x R obtained by
adjoining the modular Hamiltonian A and the operator X is independent of the cyclic and
separating vector Urpp. However, it remains to be shown that our crossed product algebra
is independent of the original thermofield double state Wpp. Since the modular translation
U (sp) implicitly depends on WUrpp, one might naively expect the shifted wedge algebra U
to inherit this dependence. In this section, we will show that our crossed product algebra
is also independent of Wrpp.

Let us start by recalling the definition of the Tomita operator. Consider an algebra A
acting on a Hilbert space H. If €0 is a cyclic separating vector, the Tomita operator is given by

Sqaf = a'Q a€ A (3.1)
The modular operator can be defined in terms of Sq as follows
Ag = S 8. (3.2)

If ¥ is another cyclic separating vector, then we can define a relative Tomita operator and

relative modular operator:
Syppat =al¥ Ay = Sfmsq,m‘ (3.3)
Using these operators, one defines the Connes cocycle as

ugja(t) = Aypdg" = AFAGL. (3.4)

Connes cocycle satisfies numerous useful properties [17, 40]. In particular, we can show that
u\l,m(t) € A. Tt also maps modular flows under the change of cyclic separating vectors:

Connes’ cocycle. Let ) be a cyclic separating vector of the algebra A. If Aq is its modular
operator, we can associate a modular flow, defined by of*(a) = AgaA_it, a€e M. If U is

another cyclic separating vector, we have [39]
of (a) = uga(t)o (@ugo(t)  VEER, (3.5)

If A" is the commutant of A, then we can define operators S;, and S{I,m using equa-
tions (3.1) and (3.3) by replacing a with an element o’ € A’. Furthermore, we can define a
Connes cocycle for the commutant, and it can be expressed using the modular operators
of A as follows [17]:

Now, let us return to the problem of state dependence. The exterior right wedge algebra
A is our starting point. Consider two cyclic separating vectors of the algebra, which we
will denote by  and ¥. We can construct two extended modular translations using these
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vectors. We will denote them by Ugq(s) and Ug(s) respectively. With the help of these
modular translations, we can construct two different shifted wedge algebras Un and Uy as
n (2.2). We can also construct the new cyclic separating vectors Q, ¥ and modular operators
AQ, A\p associated to these wedges.

Let us look at the crossed products Uy x Rg and Uy ¥ Ry, where we have adjoined
Hqow/BN + X to the shifted wedge algebra (Refer appendix A for more details of the
construction). Here Hq y is the modular Hamiltonian of the shifted wedges. Before we
proceed, let us define the operator u(I,'Q(P) by replacing ¢ with P = —id/dX, as in [17].
This allows us to arrive at our main result:

Theorem 3.1. A unique conjugation relates the two crossed product algebras:

Uy Ry = [U} (s0)thy(P)Ua(s0)] Ua % Ra) [U (so)ulgi(P)a(so)] . (3.7)

To prove this statement, let us recall that the crossed product Uy x Rq is generated by
aqn ® 1 and A5i5 ® X5 where aq € U and s € R. Now let us examine the conjugation of
the first generator. Dropping the tensor product to simplify notation, we get

[0 (s )y (P)Ua(s0)] asy [V (s0)ulgy(PYU (50)]|

= U (s0)ulg o (P)Ua(s0)| (U(s0)alin(s0) ) [Ud(s0)ulyie(P) U (s0)]
= U} (50)tgj (P)atily o (P) U (s0)
= U\L (So)aUq; (80)

(3.8)

where a € A and ay € Uy. Here, u’\I,‘Q(P) is an element of the commutant algebra A’
that acts on the Hilbert space of small excitations around the TFD state, and we have
used [u'\I,‘Q(P),a] = 0 to go from the third line to the fourth line. Now let us look at the
conjugation of the second generator:

(U (s0)udy(PYUs(s0)] (Agi*e™o) [V (so )ty (P) U (s0)|
= U} (s0)uly o (PYUa(s0) | (U4 (50) Mg " Ua(s0) Ul (s0)e™ 2N Uoy (s0) )
X [U;g(SO)u/\I/m(P)TU\II(SO)]
= (U] (s0)io(P)] (Ag™e /N ) [ty (P) U (s0)] -

(3.9)

To get to the second line, we have used Ag = UJZ(SO)AQUQ(SO) and ei¥os = ng(so)
eHLs/N g (s0). Now let us look at the following term:

wyia(P) (A" e ) iy o (P)Y. (3.10)
In [17], this term was shown to be

A\;,iseiHlLS/Nuq,m(s). (3.11)
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This gives us

(U (s0)etyi(P)Uan(s0)]| (B0 (U (s0)uyiq(P) U (50) '
= U$(So)AiiseiHlLs/NU\mQ(S)U\p(50)
= (U (50) Ay U (50)U (s0)e 1N Uy (s0) ) (U] (s0)uja(s) U (s0) )
= (A5 ) (U (so)uwia(s)Uu(s0)) -

(3.12)

Since uy|o(s) € A, the final expression is a product of two elements of the crossed product
Uy ¥ Ryg. Therefore, the resulting operator is also an element of the crossed product, and
this completes our proof of (3.7).

3.1 Weak vs. strong forms of state-independence

Let us take a moment to clarify what we mean by state-independence in these discussions.

There is a sense in which one might think that state-independence in the interior is
already present at the level of the Type III algebras. The reason is that given an initial
right wedge algebra and two different cyclic separating vectors €2 and ¥, we can construct
modular translations Uq(s) and Uyg(s) corresponding to them. This means that there is a
unique isomorphism Ug(s)U\p(s) between the two resulting interior algebras. Since there
is a unique isomorphism, in some sense, these are the same algebras. We will call this
weak state-independence.

Weak state-dependence does not qualify as meaningful state-independence. The reason
is that without discussing an appropriate form of dynamics, it is not very meaningful to
compare these algebras. It is a bit like comparing Hilbert spaces without discussing their
Hamiltonians. They are all isomorphic if their dimensions are the same, but not (necessarily)
in a way that respects dynamics.

However, if we simply adjoin a modular Hamiltonian associated to a cyclic separating
vector to a Type III; algebra, the resulting algebra is not independent of the state. This also
means that such an algebra after modular translation will again have a dependence on the
choice of state. This is what makes the crossed product interesting, and this is why we needed
the Connes’ cocycle to prove that the modular translated algebra is indeed state-independent.
We can think of this as a strong form of state-independence and this is the useful notion of
state-independence that is relevant to this paper. As discussed in sections 1.1 and 7.1, this
makes interior reconstruction precisely as state-independent as exterior reconstruction.

3.2 Subalgebras and emergent symmetries

Consider two subalgebras N, N’ C Ag. Operationally, one can obtain these subalgebras by
restricting the operators in Ag to different subregions A/, A in the exterior right wedge of
the spacetime. Given these subalgebras, we can construct two distinct extended modular

translations U(s) and U(s) satisfying the initial conditions!®

N =UT(-1)AgU(-1) N =UT(-1)AgU(-1). (3.13)

16Note that we are working with the same cyclic separating vector for all modular translations in this
subsection.
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Using the two extended modular translations, we can define two different shifted wedge
algebras, which we will label by ¢ and U. Let us assume that these modular translations
map two different points zr € N and Zr € N to the same point in the interior, which
we will label by x. We have

¢(x) = Ul (s0)$(xr)U (s0) = U'(s0)$(ZR)U (50)- (3.14)
Inverting the unitary operators, we get
o(er) = (U(s0)(50)) 6(@r) (U(s0)0(s0))' (3.15)

Therefore, the operators acting at different points in the exterior algebra can be mapped
to one another using a unitary operator U (so)UT(so).

It is natural to suspect that such unitaries correspond to symmetries of the bulk spacetime.
It will be interesting to see if one can identify (emergent) symmetries beyond the isometries
of the background, by such a procedure in holographic theories.

4 Thermality, typicality, firewalls and N

The discussion above was in the context of the two-sided black hole, which uses the thermofield
double as the cyclic separating vector. This is slightly different from the setting of [9] who
instead works with a heavy microcanonical typical pure state of a single CFT, |¥), that
is close to thermality [9]. The analogue of the right wedge algebra here is straightforward
to define: it is the algebra of single trace operators Ag in the large-N limit.!” We assume
that |¥g) is cyclic and separating,'® and that the algebra Ag acts reducibly on |¥q). We will
denote the commutant by Ay, to emphasize the parallel with the thermofield double. These
assumptions are natural in the large- N limit because of the emergent Type III; structure [16]
of the single trace sector. In this setting one can use Tomita-Takesaki theory to construct
mirror operators in Ay, for operators in Ag, by conjugating the right wedge operators using
the modular conjugation J. If one further assumes that bulk Kruskal evolutions are well-
defined, one can then use these operators to construct bulk local operators in the black hole
interior. See e.g., eq. (2.4) of [9] where the time coordinate is an interior bulk time.

The crucial realization of [16, 17] is that the emergence of the type III; algebra in the
large- N limit is intimately tied to the emergence of the interior in that limit. At finite- IV,
the entire CF'T algebra is generated by the single trace sector and therefore it is Type 1. But
at large-N the single trace sector becomes Type III;, and Type III algebras have non-trivial
commutants. The commutant is what gets interpreted as the operator algebra responsible for
the interior of the black hole. In the Type III; setting, the interior time can be constructed
via modular translations [16] and we expect that bulk Kruskal-like times can be justified
instead of being postulated. We will not try to write down here the modular translation
in a general Kruskal-AdS geometry that reproduces a conventional interior time — this is
likely too complicated to be analytically tractable. But we will write down a pointwise, fully
analytic modular translation that takes us inside the BTZ horizon in the next section.

7 According to the recent results of [16, 17] it is in the large-N limit that a smooth black hole interior along
with a commutant structure emerges. The story is quite remarkable, so we provide a small review of the
relevant facts. Our discussion of [9] will be in that language in what follows.

'8See section V.E of [41] for some related recent discussions invoking time-bands.
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A related fact is that while construction of TFD-like states is possible at finite-N in
doubled CFTs, their interpretation as smooth Kruskal spacetimes is straightforward only
in the large-N limit — see e.g. the discussion regarding non-analyticity at large-N in [18].
In other words, [16, 18] argue that the smooth horizon of a thermal state is the result of a
large-N phase transition and the thermodynamic limit (see also [42]). The Type III modular
translations of [16] justify the interior time in the large- N limit and the construction of [17]
allows us to move perturbatively away from large-NN.

The statement that the exterior algebra is Type I at finite-N has found legitimacy in
recent papers (see e.g., [17]). This is a (more intrinsically quantum) version of the older
brick-wall/stretched horizon [43, 44] or fuzzball [45] idea, interpreted as the statement that
the UV complete bulk description of a black hole microstate does not have an interior (i.e.,
a non-trivial commutant). In particular, these recent developments are consistent with the
possibility that typical states in the CFT have firewalls [24].19 Tt has been suggested [15]
that the emergence of the Type III; structure is best understood by viewing it as a statement
about complexity — if we only consider operators of complexity below some threshold while
first sending N to infinity, those are the operators that form the Type III; algebra (once
you allow the threshold to go to infinity afterwards). This observation is compatible with
the claims [25, 47] that only horizons with increasing complexity can be smooth. The idea
here is that we should only consider products of upto a maximum number k of single trace
operators when sending N to infinity. This is a parametric bound on the complexity of
operators. After N has gone to infinity, one can send k to infinity. If the large-N limit is
interpreted in this way, it is straightforward to see that complexity never saturates in such a
set up. This is because complexity saturates at e?(®5#)_ which is infinite in the large-N limit.
This explains the smoothness of the horizon of the thermofield double. Since typical states
saturate complexity, it also means that these large- N eternal black holes where complexity
never saturates should not be viewed as typical. At finite N, even though the single trace
algebra is not really Type IIly, it is reasonable to expect that an approximation that trades
off between k and N should be able to see an approximately smooth horizon when the black
hole is (thermal, but) not typical. Note that this also means that the “eternal” black hole
geometry is only valid for a finite amount of time at finite-N. We will elaborate on some
of these comments in an upcoming paper [48].

Another (more minor) distinction between [9] and [16] is that the former works more
closely with the representation of the algebra than the algebra itself, by choosing a specific
cyclic separating vector and working with mirror operators constructed from them. Equivalent
choices are implicit in the construction of [16] as well, because the modular translations
depend on both the right and left wedge algebras. As we noted earlier, the construction of [9]
works in practice by solving bulk wave equations, but these distinctions are less important
from our perspective. The state dependence of the interior operator construction is shared
by both approaches.

5 Extended modular translations in BTZ black holes

In this section we will explicitly construct an extended modular translation U(s) that takes
operators across the horizon of a BTZ black hole [49, 50]. In comparison to [16], where

19But let us also note [46] which may provide a loophole.
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the modular translation was only pointwise in the near-horizon limit, our construction is
analytical and applies point-wise (not non-local) throughout the entire BTZ spacetime. The
price we pay is that it is a somewhat unintuitive modular translation when viewed from the
BTZ-Kruskal coordinates, because its origins are to be traced to the covering space of BTZ
and a connection with AdS-Rindler (whose modular translations we will exploit).

We will construct the BTZ black hole by quotienting the Poincare patch of AdSs. Then,
we will show that the modular inclusions constructed in [16] can evolve operators across
the BTZ horizon.

5.1 BTZ as a quotient of the Poincaré patch of AdS

In the Schwarzschild coordinates, the BTZ metric takes the form:

2 .9
(-

ds® = —
L2 r2 — 7‘?9

dr? + r2dg? (—m < ¢ <mr>0). (5.1)

The horizon of the black hole is at » = rg while the singularity is at » = 0. We will work
with the following rescaled coordinates [51]

L Ts

r r it t’ T 5 52
Sron it oo (52)
so that the horizon is at » = 1. We can extend the spacetime by using the Kruskal coordinates.

The extended spacetime, which we will refer to as BTZkruskal, has the metric

ds? — — 4dudv (1 —uv

2
2
I+uw)?  \1+ uv) do®  (Juwv| <1,—m < ¢ <) (5.3)

The event horizon is located at u,v = 0, while the singularity is at uv = 1. The asymptotic
boundaries can be found at uv = —1.

BTZ geometry can also be understood as a quotient of a covering AdSs3 space. The
surface uv = 1 is a quotient singularity and not a true curvature singularity. The structure of
the quotient is particularly transparent in the Poincaré patch of AdS [51-54]:

BTZPoincaré = AdSPoincaré/Fy (54>

Here I' is a quotient discrete isometry group of AdS. The resulting spacetime includes
BTZxk uskal as well as two whisker regions beyond the singularity. To discuss the quotient,
let us start with AdSpoincaré

1
ds? = — (—datde” +d2?) (2> 0) (5.5)

=5
and then identify points by the following discrete rescaling

at = eyt z=¢€""z. (5.6)

We will identify BTZpoincars as the fundamental domain .% of this operation, which we will
choose to be the region within the coordinate ranges

xt € (=€, —1JU{0} U l,es). (5.7)
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(a) (b)

Figure 2. (a) The plot shows AdSpoincare. The green null sheets become the horizons after quotienting.
The singularity emerges from the cones, while the boundary comes from the z = 0 plane. After
identifying points, the region of spacetime within the cones becomes what we refer to as the “whisker”
regions. (b) The blue boxes, along with the 2T = 0 surface, correspond to the fundamental domain .%.

It is easy to see why .Z is a fundamental region. Consider some point xg = (z§, 25 ,20) ¢ F.
Under the quotienting (5.6), 7o will get identified with another point z1 = e~ (2, g , 20),
which will in turn be identified with x9 = e=2"s(xd, x5, 20) and so on. Eventually, we will
reach a value of k for which the ™ coordinate of the point x; will belong to the range
indicated in (5.7). Therefore, for any given point xy in the Poincar‘e patch, we can always
find a point x;, € % which belongs to the orbit of zyg. Moreover, no two points in .% can be
mapped to one another under the rescaling (5.6). This shows that .% is a fundamental domain.

An important consequence of this construction is that BTZpgincare contains BTZk uskal-

We can make this connection explicit by relating the Poincaré and Kruskal coordinates:

¢ ]
o 2ePv _ 2e®u L l—i—uved). (5.8)

1l —ww * 1l —ww 1 —ww
The BTZk uskal boundaries, singularity, and horizons get mapped to the following points [51]:

boundary: z=0
horizon: T =0 (5.9)
singularity: 22 —azTz” =0.

2 _gt2~ > 0 as the BT Zk uskal Spacetime, excluding the whisker

We can identify the region z
regions (we will not be concerned with the latter). Plotting these surfaces, we get figure 2.

We can also partition the spacetime into four regions:

Right (R):  zT €[1,¢€"9), = <0

Future (F): zt e l,es), x>0
() 1,¢79) 510

Left (£): ot €(—€e",-1], 2~ >0

Past (P) xt e (=e's,-1], 2~ <.
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We can see that the regions R, £ lie in the exterior of the horizon while the regions F,
P are in the interior of the black hole. A key point we will exploit in our construction
of the modular translation is that we can cross the horizon by shifting = while staying
within this fundamental region.

Before we conclude this subsection, let us make a couple of observations:

e The Poincare BTZ contains the Kruskal BTZ:
BTZPoincaré D) BTZKruskal- (511)
Therefore, we can always use the Poincaré coordinates to cover the Kruskal spacetime.

« Since the quotienting (5.6) involves only discrete rescaling, the BTZ horizon emerges
from the AdS-Rindler horizon. This fact will turn out to be quite useful in the next
subsection.

5.2 Half-sided modular translations in Poincaré BTZ

Now let us construct an extended half-sided modular translation U(s) in BTZpoincars- The
action of U(s) is completely specified up to a phase e"* (see appendix B for more details).
We will choose the same phase used in the AdS-Rindler calculation in [16]. Even though the
resulting operator U(s) has the same form as the one in [16], they act on different spaces and
produce different flows. Nevertheless, the new operator U(s) remains a half-sided modular
translation (or an extension of it) for two essential reasons. Firstly, BT Zpoincar¢, defined as
the fundamental region .7, is a subset of the Poincaré patch. As a result, the action of U(s)
on the operators in BTZpgincars is well-defined. Secondly, we will see that the operator U(s)
generates translations of the form = — x~ + s, and the shifted points remain within the same
fundamental domain. Therefore, U(s) will be an extended half-sided modular translation in
the Poincaré BTZ spacetime. In this section, we will show that these translations will act
point-wise and they will push operators across the horizon of the black hole. Consider a bulk
scalar field ¢ with scaling dimension A. If we restrict the scalar field to the R region of the

BTZ black hole, then we can expand it in terms of the normalizable modes as follows:?"

or(X) =Y v (X)a?, (5.12)
k
Now let us look at the evolution of the scalar field under U(s):
B(X;5) = U(s) 6p(X)U (s). (5.13)

The evolution is completely fixed up to a phase factor e and we will adopt the same
choice as in section IX of [16]. Since the mode functions in BTZpgincare and AdS-Rindler

20We will follow the notations and conventions in section IX of [16]. Since our aim in this section is not to
redo the calculations in [16], we will only quote the relevant results here. Interested readers can refer to [16]
for more details. We found it convenient to do some of the calculations in [16] using Pochhammer symbol
manipulations than Appel functions.
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have the same form owing to the quotienting structure, we can carry over the calculations
in section IX of [16]. In particular, when

_ I
ls| <s1=e H‘%/1—72, (5.14)

we find that
D(X;s) = odr(Xs), s < s1 (5.15)

where X, = (ts,7s,¢s) are given by

/ 1
rs =1rv1— asg as = se! ™% 1 — =
r

(5.16)
ts ¢ r’—1 bs — b/
€” =€ W & =€ 1-— Qg.
Using the Poincaré coordinates, we can simplify the above transformation to
(zT,27,2) = (zT,27 +s,2). (5.17)

As s <xg=—x", X5 € R. Therefore, the evolved operator is still in the right exterior wedge.
When s € (s1,s2), where

sp=e o — (5.18)

we get
D(X;s) = ¢r(Xs),  s€(s1,52) (5.19)

where ¢p is the bulk local field in the interior of the black hole (refer [16] for more details).
Here Xy = (ts,75,¢5) is given by

re =11 —ag

2] ; ) (5.20)
s s — /1 — a..
r2(as —1) —1 € € s

et5 — et

In the Poincaré coordinates, these transformations can be written as X; = (21,27 + s, 2).
Moreover, we can see that

s>s1=—1v = X;eF. (5.21)

When s = s9, the operator hits the singularity. Therefore, the evolution under U(s) has
taken the bulk local operator across the horizon. Moreover, s; turns out to be the horizon

crossing time.
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Figure 3. (a) The plot shows the flow of operators from the exterior right wedge to the interior of
the black hole as they evolve under U(s). (b) The plot gives the evolution of a constant ¢ = 0 slice
under the action of U(s). We have chosen the initial value of ¢ to be zero here.

Now, let us examine the evolution in Kruskal coordinates. Using (5.8), we find that

1+uww 1 —wvw ) 2sve~?
Ug = — —
® 2v 2v 1—uv

¢ 2sve—?
e sve

- 14uw—(1—wp1-
Vs =g + 2e%u — suv +uv = ( uv)

(5.22)

1—wv

2sve—¢
b — o0 [1 sve

1—wv’

Plotting these curves on the Kruskal diagram, we get the flow in figure 3(a), and we can
see that the modular translations take us into the interior of the black hole. Note that the
coordinate transformation (5.8) is non-linear. Inverting the equations, we obtain

— 2 _ oyt — 2 _ ot
i vE ool PVE g (VE—wren).

(5.23)

u= por ) v = o ,
The fundamental domain in the Poincaré coordinates does not get mapped to a single
fundamental domain in the Kruskal coordinates. So we have to identify ¢ ~ ¢ + 27 to make
sense of these translations in the Kruskal coordinates. Now, let us look at the evolution
of the exterior wedge under the evolution of U(s). For some sy > 0, the boundary of the
exterior wedge gets pushed into the interior. This gives us figure 4.

5.3 Boundary evolution

Now let us look at the evolution of the boundary operators under the action of U(s). Consider
an operator Og(z) dual to the bulk operator ¢r(X). We will 2 to denote the coordinates of
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Figure 4. Counsider the right exterior wedge of the BTZ black hole defined in (5.10). The red area in
the left figure indicates this region. Under the action of U(sg), for some sy > 0, the wedge gets shifted
into the interior. This gives us the figure on the right. We can see that there are some points in the
exterior which gets pushed into the region behind the singularity. These points, after the translation,
are present only in Poincare BTZ, not Kruskal BTZ and should be thought of as a part of the whisker
region [51].

the boundary theory. We can define the boundary operator using the extrapolate dictionary.
By stripping off a factor of ¥~ and taking the r — oo limit, we get

Or(@) =Y uP@)a™,  u () = Nyeiwt+iar, (5.24)
k

The evolution under U(s) is given by
R,
Or(a:s) = U Op()U(s) = 3 uy” (z: s)ay) (5.25)
k/

where u,(fﬁ )(:c; s) are the evolved mode functions. The action of U(sg) on the boundary
operator can be explicitly worked out, as in section VII of [16]. Note that there is a crucial
difference here. We are looking at the operators living on the r — oo boundary, while the
boundary operators in section VII of [16] live on the Poincaré boundary. This results in
an additional factor of e2? in their boundary mode functions u,iR) () (see appendix E
of [16] for more details). However, this factor does not change the overall structure of their

calculation. Therefore, we can carry over the results of section VII of [16] with a little bit
of additional algebra. When s > 0, we find that

u,(f'R) (z;8) = e‘%u,(f,%R)(xs) (5.26)
where
Ts = (tsa (z)s)a
) ) . (5.27)
) — zs - _ gef
t=t-o, d=6+o, by=log(l-se )
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The resulting boundary evolution is point-wise. In terms of the Poincare¢ cooridnates, the
evolution takes a simpler form. To see this, let us note that the Poincare coordinates are
related to the Schwarzschild coordinates as follows:

+/1— LT ifr>1 o6

1/%2—16i5 , if r < 1; r

where ¢+ = t + ¢. The boundary limit 7 — oo corresponds to z — 0. In this limit, (5.27)
reduces to z= — x~ + s.
Now let us look at the evolution of the 5 = L component. It is easy to see that

u,(:/%L) (z;8) =0, s<e . (5.29)

We can also work out the evolution when s > e™¢" by closing the contour in the lower-half
plane. We find that

RR Nyeid ee=iwt gin (rq! - —q

ult (255) = —i =k Smh(m,)( )(365 -1 " (5.30)
RL Neid de=it gin wq’ — —q’

u;f )(m;s) = -t Sob () (nd’) (sef — 1) . (5.31)

When s > e~¢" | we can see that the coordinates (5.27) become complex. However, we find
well-defined point-wise evolution. This is the same structure that was observed in section 7.B
of [16]. We can make this connection more precise by thinking of ¢, ¢ as the Rindler coordinates
of the right wedge of a Minkowski spacetime. The corresponding Minkowski coordinates turn
out to be the Poincaré coordinates z* and they remain well defined even when s > e~¢" .

5.4 The singularity

As we mentioned earlier, the results of this section may be of some technical utility in that
they provide a point-wise, analytically tractable modular translation through a black hole
horizon. One immediate use of such a modular translation is that we can access the singularity
using it. Note that constructions that rely on the near horizon geometry cannot be used
reliably to go deep into the black hole.

We plot the constant s-slices associated to our modular flows in figure 3(b). We have
fixed the initial value of ¢ to be a constant while plotting the curves. A portion of the
Cauchy slice becomes null when

Span = €. (5.32)

For any s > spun, the Cauchy surface hits the singularity and contains a timelike component.
One should probably not take these evolutions seriously after they hit the singularity. It may
be interesting to study this further. The BTZ singularity is in some ways a relatively trivial
singularity compared to those in higher dimensional black holes, so it seems possible that
one can study them more intensely from the boundary [51]. Note that a similar evolution of
the Cauchy slices was observed in [16] in the large mass limit. The crucial difference here
is that we can directly derive these evolutions without requiring a large mass because our
modular translations are point-wise, as opposed to the ones in [16].
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6 An observer in the interior

In our previous discussions, we have implicitly assumed that the state-independent operators
are constructed via dressing to the boundary. In the two-sided eternal black hole, this can be
understood as dressing to the left and right CFTs, while in the single-sided language, the
“simple” and “complicated” operators both live ultimately in the right CFT. This is the usual
picture of holography where the gravitational fluctuations die down at the boundary and
one can construct (relational) observables via relating to the boundary.

In some recent papers [26-28|, Witten has argued that one can construct background
independent algebras for quantum gravity by dressing instead to an observer’s worldline.
Similar thoughts (but without invoking the language of algebras) have appeared earlier in
the context of gauge theories, see e.g. [33].2! The idea is to consider a Hamiltonian for the
observer, and then to construct a crossed product via the total Hamiltonian of the system
and the observer. This leads to non-trivial observables in gravitating theories where otherwise
one would end up with a trivial algebra of observables [28].

In our setting, a particularly interesting application of this idea is to consider an observer
in the interior. Note that a fairly generic timelike geodesic on either AdS wedge will eventually
become an infaller, so this is a generic scenario. For discussions in this section, we will restrict
our attention to the BTZ geometry — some relevant results about the nature of timelike
geodesic observers in eternal BTZ which will be important for us are derived in appendix D.

Following the philosophy outlined in [26-28], perhaps the right way to think about an
infaller or an interior observer is to imagine a quantum gravity theory, which contains a
“code subspace” in bulk EFT that comprises of a black hole with such an observer. Because
of the discussions in [16, 17] and this paper, it is reasonable to think that such a code
susbspace may exist in a holographic CFT. Interestingly, we will find that the results we
obtain by adding an observer to Kruskal BTZ have natural interpretations in the holographic
description. This is satisfying, because the discussions of [26, 28] were in settings where
the UV theory is not known explicitly.??

Following [26] we will associate an algebra to the observer’s worldline invoking the
timelike tube theorem [56]. In order to do this, we need a Hamiltonian for the observer and
the simplest choice is to set H = ¢ and to use ¢ and its canonically conjugate p = —z'd% as the
operators associated to the observer. Note that with this choice, what is really accomplished
in [27] is that we have an implementation of the energy-time commutation relations

[H,t] = ih (6.1)

where H = ¢ and t = —p are operators. A similar philosophy, but with a more complicated
implementation of the energy-time commutation relations, has appeared before, see e.g. [57].
This construction essentially defines a clock for the observer.

If we imagine that the observer’s past light cone contains a complete Cauchy surface,
then the algebra that is naturally associated is Type I [27]. It turns out that this is in fact the

2Tndeed, one can view these earlier ideas as crossed product constructions in a Type I setting. See some
recent related discussions in [55].
22Construction of a fully accepted de Sitter vacuum in string theory is an open problem, for example.
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Figure 5. (a) The plot shows a geodesic that starts at the white hole singularity and ends in the
black hole singularity. It is a general feature of such curves, irrespective of details that they have
access to the entire bulk Cauchy slice. (b) Infalling geodesics have access only to partial Cauchy
slices. Most curves of this kind look very close to null in actual plots of the Penrose diagram, so we
have exaggerated the “timelike-ness” for clarity in this figure. Figure (a) on the other hand, is an
actual plot.

case for observers that start and end on the (future and past) singularities of the eternal BTZ
black hole (see figure 5(a)). The observer can access an entire spatial slice of the Kruskal
manifold. We believe that the emergence of a Type I algebra in this case is natural also from
a single-sided perspective. Indeed the mirror operator construction tells us that dynamics
cannot be contained in the Type III; single trace sector alone after horizon-crossing, and
acquires support in the “complicated” CFT operators as well. Therefore it is plausible that
an observer that emerges from the white hole singularity, and ends in up in the black hole
singularity would have access to the full algebra of CFT operators. The latter is indeed Type
I. From the bulk, this manifests itself in the fact that the accessible Cauchy slice of such an
observer is the entire Kruskal slice. Note that this is not (at least to us) obvious — it is a
geometric fact that timelike geodesics that start and end on (past and future) singularities
have access to the entire Cauchy slice, which we prove in appendix D. The fact that Type
I algebras have pure states may be an indication that the destruction of the observer at
the singularity is part of the Type I description.

Another natural scenario is that of an observer whose proper time range is bounded in ¢
because of the singularity, who starts from one of the asymptotic boundaries. Such observers
do not have access to the entire Cauchy slice, and therefore the algebra of observables is
naively Type III. But one of the lessons from [26-28], is that when there is an observer, we
should do a crossed product construction with the total Hamiltonian Hry = Hgys + H of
the system and the observer to determine the correct algebra, A. The resulting algebra is of
type II because we choose T' to be Hgys, an outer automorphism (see [17] for more details).
A natural further demand on such constructions is that one should project the A algebra on
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to the algebra A" = ©(H)AO(H) to ensure that the observer Hamiltonian is bounded from
below. The result is a Type II; algebra [27, 28]. Note that the singularity played a crucial
role in our argument above, because its presence was what allowed us to associate the original
Type III algebra to the worldline of the observer — the region accessible to the observer is a
subregion of the bulk and therefore has a natural Type III algebra associated to it.

7 Discussion

The crossed product construction has been largely done at an abstract level in the recent
literature, it will be interesting to make it more concrete. Essentially, the construction is about
incorporating explicit dressings (anchored to boundaries or observers) to operators to re-define
them. It seems likely that perturbative quantum field theory with these dressed operators
instead of the bare operators will be better suited for incorporating perturbative gravity.

The fact that we could do a modular translation and then do the crossed product
construction suggests that there may be a new translation operation, that is well-defined for
Type Il algebras. A suitable operation of this kind would ensure that crossed producting
and modular translations commute. At least in the case of generalized free field theories,
we expect such crossed product compatible “modular translations” to exist for Type 11
algebras. This may also be useful for making the state-independence of the construction,
more manifest. Let us emphasize that these translations, if they exist, will not quite be the
half-sided modular translations as the latter exist only for type III algebras.

7.1 The general picture

We conclude this paper by giving a qualitative summary of the overall picture that seems to
be emerging from these results, together with some specific comments.

Our starting point in this paper was the realization of [16, 18] that in the large- N limit, the
algebra of single trace operators around a thermofield double state above the Hawking-Page
transition is type II1;. Note that at finite-IV, the single trace algebra generates the full algebra
of operators in the CFT and is therefore type I. Together with the observations of [15, 17], we
take this to be a very strong suggestion that there is a specific large- N limit where complexity
is held fixed, in which heavy CFT states arrange themselves into backreacted TFD-like states
and fluctuations around them. This latter perspective, is what is really doing most of the
heavy-lifting for us. In such a limit, because N has gone to infinity first, we never reach
typicality under bulk time evolution. In other words, the perspective we have presented here
following [15-18] clarifies the notion of an “equilibrium state” in [9] and fluctuations around it.
We expect that even at finite-N a smooth horizon will make sense (only?) to the extent that
there is a trade off of this kind between complexity and N. This emergent nature of the black
hole interior is obscured if one works directly at finite- NV and postulates a bulk Kruskal time.

Naively, one might think that the interior reconstruction one does this way will depend
on the cyclic separating vector. However, the crossed product construction shows us that
when one incorporates perturbative 1/N? corrections, the algebra of observables in fact does
not depend on this choice — other states in the GNS Hilbert space (and not just the TFD
state) will also lead to physically identical interior algebras. This removes the discomfort
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one feels when using mirror operators which apparently have an explicit dependence on the
state. Stripping off technicalities, it means that in this limit, both the interior and exterior
reconstructions have precisely the same degree of dependence on the (background) state.?
It is worth noting that even for the exterior, the crossed product provides the natural way
to think about state-independence [17].

Finally, let us comment on our perspective on the so-called “frozen vacuum” problem.?*
Frozen vacuum refers to the fact that if we were given a (heavy) CFT state and were to
blindly use it to define mirror operators, then by construction we would conclude that the
horizon is smooth for any such CFT state. This is problematic, because one expects from
semi-classical bulk intuition that one can throw in small fluctuations into the horizon. These
should look distinct from the vacuum at least for the duration of passage of these excitations
through the horizon. This problem was addressed in [9] by demanding that one choose a state
|¥) to do the mirror construction first, and then in the excited state (which was implemented
by the action of a unitary U|¥)) one construct mirror operators after first “undoing” the
U via a conjugation. Let us first note that this has an eminently natural understanding in
our picture — the |¥) corresponds to the backreacted TFD-like state in the large-N limit,
while the fluctuations correspond to the single trace sector. The instruction of [9] becomes
the statement that we do reconstruction using the former, the background state.?® This
apparent choice of state then is shown to be inconsequential at the level of the operator
algebra by the Connes’ construction. We also learn something about the nature of allowed
excitations. In the language of [9] the unitary U is constructed from the exponential of a
single trace operator and therefore is not bounded in complexity. But with the hindsight of
our perspective built from [15-17, 41], we expect that the (possibly approximately unitary)
operator U is better thought of as bounded in complexity, i.e., constructed from at most

k single trace operators with k < @),
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A Crossed product alegbras

Let us review the crossed product construction in [17, 58]. Consider a von Neumann algebra
U. We will assume that the algebra has a representation on a Hilbert space H. If T generates
a group of automorphisms, then we have

e Tae™T c U VaclU,seR. (A.1)

2Note e.g., that the fluctuation (i.e., single trace) modes outside a black hole depend on the black hole,
because they are obtained by solving wave equations.

24We thank Suvrat Raju for raising this question.

#5Note also that this is identical (and familiar) for the black hole exterior.
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If eT € U, we will call the automorphism an inner automorphism. Otherwise, we will
call it an outer automorphism. Let X be some bounded function in R. Then, the crossed
product algebra

A

U=UxR (A.2)
acting on the Hilbert space
H=Ho L*R). (A.3)
is given by adjoining T 4+ X to U. The elements of the algebra are then given by
aeT @ etsX seR,aecl. (A.4)

Let us assume that the algebra U is of type III;. If T is an outer automorphism, then the
crossed product algebra U is of type Il [34].

If the algebra has a cyclic, separating vector ¥ € H, we can define a modular Hamiltonian
associated to the vector. Tomita-Takesaki theory says that the modular Hamiltonian generates
automorphisms of U. In [17], the outer automorphism generator was chosen as the modular
Hamiltonian H. Moreover, the operator X was chosen to be Hy,.20 Therefore, adjoining T+ X
is equivalent to adjoining Hr. Crucially, the crossed product U is independent of the vector .

B Extended half-sided modular translations

Consider a von Neumann algebra M acting on a Hilbert space H. Let N C M be a
subalgebra of M. If  is a common cyclic and separating vector for both M and N, then
we associate the operators A and Jaar to the algebras. Let us also assume that N
is preserved under the modular flow of Ag:

AYNAVECN  VE<O. (B.1)

If these conditions are met, there exists a unitary operator U(s),s € R satisfying the
properties [16, 59-61]:

1. U(s) is generated by a bounded operator:

Ul(s) = e"G%, G > 0. (B.2)

2. U(s) leaves the cyclic separating vector invariant

Us)Q=0 VseR, (B.3)

3. U(s) is a half-sided inclusion

Ul(s)yMU(s) T M s<0. (B.4)

26Tn [28], X was chosen to be the Hamiltonian of an observer in the static patch of dS.
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4. The subalgebra N can be mapped to M through the relation

N =U(=1)MU(-1). (B.5)

5. Ap and Jaq act on U(s) acts

AR U(GS)AVE=U(e ™ s)  IqU(s)Im =U(-s)  Vt,seR.  (B.6)
6. U(s) forms a 1-parameter family of unitary automorphism group:

Us)' =U(=s),  U(s1))U(s2) = U(s1 + s9). (B.7)

The resulting structure is referred to as a half-sided modular translation. It can be shown
that if M is a factor, then M has to be of type III; [60]. We can also define half-sided
modular inclusions (B.1) for ¢ > 0. This gives us the half-sided modular translations for
s > 0. These translations will satisfy all the above properties, provided we flip the sign of
t on the right hand side of the first equation in (B.6).

Now, let us look at generalized free field theories. It was shown in [16] that the general
structure of U(s) can be determined for all values of s without specifying N. To see this,
let us look at a scalar field ¢ acting on the right exterior wedge of a black hole spacetime.
The evolution of this operator under U(s) is given by

dr(X3s) = U'l(s)pr(X)U(s). (B.8)

As the field can be expressed in terms of oscillators ay as described in equation (5.12), we
can infer the evolution of ¢ by examining how U(s) acts on the oscillators. We have

Ul(s)a®U(s) = APal”  a,=R,L (B.9)
where a,(fR) and aff) are the oscillators of the right and the left wedge. In our discussion, it is
implied that repeated indices should be summed over. Using the properties of the half-sided
modular translations, we can show that [16]

Crri(8) s<0 0 s<0
Agg(s) - sinh Tw’ Aﬁi(s) = sinh 7 (w+w’)
sinbme Chk(—5)  5>0, ~sinthro ~ Cr—k(=s) s>0,

inh Tw’ inh 7 (w—+w’
Abk(s) = {h COor-i(s) 8 <0 ypney {}E)Okm 5 <0

C_k/_k(—s) s>0, 0 s>0.
(B.10)
where
Ch (5) = SR T W] iy i 1(5)04qr Ly (z) = 27@79D (w0 — W' + ie)
kk sinhw\w| ww qq’» ww .
(B.11)

The action of U(s) on the field is completely specified up to a phase factor e?7*. This leftover
degree of freedom corresponds to the choice of the subalgebra N.
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C Tomita operator of the shifted wedge
The Tomita operator S associated to the thermofield state Urpp is given by [40]
SaUrpp = al Urpp, where a € A. (C.1)

The modular operator A and the modular conjugation J are related to the operator through
the relations

A=Sts J=8SA"s. (C.2)

We can construct the Tomita operator of the shifted wedge, which we will denote as S,

as follows
S = UT(s9)SU(s0). (C.3)
For some @ € U, we can see that

Sa¥rpp = (UT(SO)SU(SO)) (UT(so)aU(so)) Ut (s0)Trep
= (U"(50)a'U(50)) U (s0) ¥wm (C.4)

= S’C~L]L @TFD

as expected. Using (C.2) and (C.3), we can define new modular operator A and modular
conjugation .J. Since U(sp) is a unitary operator, the expressions simplify and we get [62]

U=U'(s0)SU(s0), J=UT(s9)JU(s0). (C.5)

D Eternally ill-fated observers

In this section, we will look at the geodesics of observers that start at the past singularity
and end at the future singularity. We will work in the Kruskal BTZ metric in (5.3). We
will show that the accessible region to these observers is the entire Cauchy slice of the
Kruskal manifold. We suspect this observation, or a closely related variation, may be true
in general Kruskal geometries.

Ay and v = eM. We can

The metric is invariant under the transformations u — e~
see that these transformations correspond to the usual time-translation symmetry in the
exterior global static coordinates. The Killing vector corresponding to this symmetry can

be immediately read off as follows:
K = K"0,, = —u0y + v0,. (D.1)

Inverting the components, we get

—40%0 407y
K, = 0]. D.2
. ((1+uv)2’(1+uv)2’ ) (D-2)
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Along a geodesic, we know that K #‘g”—: is a constant. This gives us the following conserved

quantity:
40 . .
Using the rotational invariance of the metric, we can also get another conserved quantity:
2 (1 —uv)® _

Since we are looking at timelike geodesics, we choose the parametrization of the curves
by imposing
—40? (1 —uw)?

. 2 2

This gives us three coupled first-order differential equations in three variables. We will set

¢ = 0 to simplify the discussion. Solving the remaining equations, we obtain

Oy 4 (CL+CR)u
- 1+ Cou

v(u) (D.6)

where C 2 are constants of integration. Let us look at the geodesics that start (end) at the
past (future) singularity, given by the curve uv = 1. At the singularity, we have

2
GtG+Gu_ 1 1 (D.7)

1+C’2u _u /014-022‘

Therefore, the endpoints of the geodesics, given by

(u,v) = i*,i\/(fl—i—cg , (D.8)
\/01—1—022

are symmetric w.r.t. the horizons. This leads to interesting consequences. In particular, let

us look at the region casually accessible to the observer. The overlap of the past lightcone of
the future endpoint and the future lightcone of the past endpoint gives this region. Using
straightforward trigonometric arguments, it is easy to see that the causally accessible region of
these observers forms a rectangle in the Penrose diagram, with two corners on the asymptotic
boundary and the other two at the singularities.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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