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Abstract

We establish sharp Adams type inequalities on Sobolev spaces W®/%(X) of any
fractional order ¢ < n on Riemannian symmetric space X of noncompact type with
dimension n and of arbitrary rank. We also establish sharp Hardy—Adams inequalities
on the Sobolev spaces W"/>2(X). We use Fourier analysis on the symmetric spaces
to obtain these results.
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1 Introduction

The study and understanding of various kinds of sharp Sobolev inequalities which
describe the embedding of Sobolev spaces into L? spaces or Holder spaces have been
a matter of intensive research. They play an important role in calculus of variations,
differential geometry, harmonic analysis, partial differential equations and other areas
of modern mathematics. It is well-known that the Sobolev embedding holds for the
case of compact Riemannian manifolds. To be precise, let (M, g) be a compact Rie-
mannian manifold then the Sobolev embedding states that the Sobolev space W*? (M)
is continuously embedded into L?" (M) where p* = % provided I < p < %.How-
ever, when M is a complete noncompact manifold then the Sobolev embedding is a
non-trivial issue. In fact, there exists a complete noncompact Riemannian manifold
M for which the Sobolev embedding WK-P(M) < LP* (M) does not hold for any p
satisfying kp < n. We refer to [14] for a detailed discussion on the topic.
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When M is compact and p = n/k, the space WXP (M) is continuously embedded
into L9(M) for all ¢ < oo but not for ¢ = oo. When M is a bounded domain
in R"” with smooth boundary, Trudinger [34] established in the borderline case that
W(}’"(Q) C Ly, (82), where Ly, (€2) is the Orlicz space associated with the Young
function ¢, (1) = exp (Bt]"/"~V) — 1 for some B > 0. In 1971, Moser sharpened
the Trudinger inequality in [27] by finding the optimal 8. He showed that there exists
a positive constant C depending only on 7 such that

sup / @MY gy < 1@,
UeCX(Q), [, IVulr<1/Q

holds for every 8 < B, = nlwy—117"=D where Q is a bounded domain in R", ||
denotes the volume of 2 and w,_ is the surface measure of the unit sphere in R”.
Moreover, when 8 > B,, the above supremum is infinite.

In 1988, D. Adams extended such an inequality on finite domain to higher order
Sobolev spaces as follows.

Theorem 1.1 [1] Let Q be a domain in R" with finite Lebesgue measure and m be
a positive integer less than n. There is a constant co = co(n, m) such that for all
u € C"(R") with support contained in Q and ||V ull,,/m < 1, the following uniform
inequality holds

|—;2|/Qexp (B o)) dx < o, (1.1)

where

Bn,m) =

, m is odd,
wp—1 | T'((n—m+1)/2)

n |:7t”/22mF (m/2)j|n/(n_m) i

= , mis even.
I'((n—m)/2)

Wn—1

Furthermore, the constant f(n, m) in (1.1) is sharp in the sense that if f(n, m) is
replaced by any larger number, then the integral in (1.1) cannot be bounded uniformly
by any constant.

For m = 1, it recovers the Trudinger—Moser inequality. In [1], Theorem 1.1 was
proved by representing functions by Riesz kernels and establishing inequalities for
integral operators governed by these kernels.

There have been many extensions and generalizations of this result to different
settings. For instance, L. Fontana in [10] obtained a sharp version of the inequality
(1.1) on compact Riemannian manifolds. When €2 is a Euclidean ball, more refined
results have been established. In dimension two, Wang and Ye [35] proved a Hardy—
Trudinger—-Moser inequality on a planar disk B> by combining the Trudinger—-Moser
inequality with the Hardy inequality. Several variants of Trudinger—Moser and Adams
type inequalities has been established in unbounded domains of Euclidean spaces. In
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[21], N. Lam and G. Lu developed a new approach to establish these types of sharp
inequalities in unbounded domains of Euclidean spaces without using the standard
symmetrization. This approach can be applied in the context of Riemannian and sub-
Riemannian manifolds where the symmetrization argument does not work (see e.g. [22,
37]). They proved the following Adams type inequalities on Sobolev space W/ (R™)
of fractional order « for 0 < o < n:

Theorem 1.2 Let 0 < a < n be an arbitrary real positive number, p = n/a and
T > 0. There holds

sup / o, (ﬂo(n,a)m(x)v”) dx < C < oo,

ueWeP (R, [|(t1—-4)%"2ul| ;<1

n/2na p,
where fo(n, @) = ;= [%‘M] A/p+1/p' =1and

jp—2 j

t . . .
CI>p(t)=e’—Zﬁ, jp=min{j eN:j > p}
=0 I°

Furthermore, this inequality is sharp in the sense that if Bo(n, @) is replaced by any
B > Bo(n, @), then the supremum is infinite.

In the case of real hyperbolic spaces B”, Trudinger—Moser, Adams inequalities have
been investigated in details. From a conformal point of view, an Adams inequality in
the hyperbolic space was proved by Karmakar and Sandeep [18]. On the other hand,
in a series of papers [23-25], using the Riesz kernel estimates and Fourier analysis
on B”, Lu and Yang (also J. Li) proved sharp Adams and Hardy—Adams inequalities
on B". Precisely, in [24] they proved the results for any fractional order « < n on
B" in all dimension n. Recently, in [9, 26], Lu and Yang (also in collaboration with
Joshua Flynn), have established similar results on complex hyperbolic spaces and
more generally on all rank one symmetric spaces of noncompact type. To prove their
results, the authors derived the optimal bounds for the Green functions of the fractional
Laplacians when the hyperbolic distance is small. To get these optimal bounds, they
heavily used the explicit expression of the heat kernel available for the hyperbolic
spaces. For the bounds corresponding to large hyperbolic distance, they used the
results due to J. Anker and L. Ji [5].

Bertrand and Sandeep [6] established a Trudinger—-Moser—Adams inequality on
Cartan-Hadamard manifold with strictly negative sectional curvature. For other
Trudinger—Moser—Adams inequalities on Riemannian manifolds, we refer to [20, 30,
32, 36, 37].

Our concern in this article is to establish these inequalities on Riemannian sym-
metric spaces X of noncompact type of all dimension n > 3 and of arbitrary rank.
Precisely, we prove sharp local and global Adams inequalities (Theorems 1.3, 1.4)
on the fractional order Sobolev spaces W%"/*(X), 0 < a < n and Hardy—Adams
inequalities (Theorem 1.8) on W"/>2(X). Let A denote the Laplace-Beltrami operator

@ Springer



211 Page 4 of 31 M. Bhowmik

on X and let p denote the half-sum of all positive roots counted with their multiplici-
ties (see (2.2) for the definition). We begin with the following sharp local and global
Adams inequalities of fractional order on X.

Theorem 1.3 Letn > 3,0 < « < n be an arbitrary positive number, p = n/a and ¢
satisfies ¢ > 0ifl < p <2and¢ > 2|p|(1/2—1/p) if p = 2. Then for a measurable
set E with finite volume in X, there exists C = C (¢, n, «, |E|) such that

|17|/Eexp (Botn, o)) ax < .

foranyu € W*P(X) with fX [(=A = |p|? + )% %u(x)|P dx < 1. Furthermore, this
inequality is sharp in the sense that if Bo(n, o) is replaced by any B > Bo(n, ), then
the inequality can no longer hold with some C independent of u.

Theorem 1.4 Letn > 3,0 < « < n be an arbitrary positive number, p = n/a and ¢
satisfies ¢ > 2|p||1/2 — 1/ p|. Then there exists C = C(¢, n, ) such that

/ ®, (fotn @lul”) dv < C,
X
foranyu € W*P(X) with fX [(=A = |p|? + )% %u(x)|P dx < 1. Furthermore, this

inequality is sharp in the sense that stated in Theorem 1.3.

We notice that 2|p||1/2 — 1/p| < |p| provided p > 1. Choosing ¢ = |p]| in
Theorem 1.4, we have the following Adams inequality.

Theorem 1.5 Letn > 3,0 < o < n be an arbitrary positive number and p = n/«.
Then there exists C = C(¢, n, a) such that

f @, (ﬂo(n,a)lu(X)l”/) dx < C,
X

forany u € WP (X) with [y |(—A)*?u(x)|P dx < 1.

In [7], the author in collaboration with S. Pusti have established a fractional
Poincaré-Sobolev inequality on X (see Theorem 2.5). Using this we prove the fol-
lowing result in the special case p = 2.

Theorem 1.6 Letn > 3,¢ > 0 and s satisfies 0 < 2s < min{l + 2|E(;r|, n}. Then
there exists C = C(¢, n) such that

/ [exp (Botn, n/21u()2) = 1 = fo(n n/2)lu)P | dx < €
X
for any u € W"*2(X) with

s/2 (n—2s)/4 2
—A—|p? ~A—|p?+¢? dx < 1. 1.2
/X|( ) (~a -1 +e?) T uwPdvs1 )
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Furthermore, this inequality is sharp in the sense stated above.

Remark 1.7 The number v = [+ 2| 28‘ | is called ‘pseudo-dimension’ (see (2.1) for the
definition). In the case of rank one symmetric spaces, in particular, for real hyperbolic
space B" of dimension n, the pseudo-dimension v = 3.

Theorem 1.6 implies the following Hardy—Adams inequality.

Theorem 1.8 Let n > 3,¢ > 0 and s satisfies 2 < 2s < min{l + 2|ZJ|,n}. Then
there exists C = C(¢, n) such that

| exp (potnn/2100R) = 1 = ot /2l x < c.
for any u € W22 (X) with
/ (=) 2 (=A = |p? + )24y (0] dx — |p|2fc"—2ff lu(x)[* dx < 1.
X X

Remark 1.9 For the real hyperbolic spaces, in contrast with [24, Theorem 1.14], our
result improves the range of s with 1 < s < 3/2 for all dimension #.

The article is organized as follows. In Sect. 2, we review some preliminaries of
Riemannian symmetric spaces and Fourier analysis on them. Using Anker’s multiplier
theorem on X, we derive a Sobolev embedding theorem on fractional Sobolev spaces
(Corollary 2.4). Section 3 focuses on the optimal Bessel-Green-Riesz kernel estimates
near the origin for the fractional operators. We also need to establish sharp estimates
for the convolution of the fractional kernels. Section4 devotes to the preparation of
the proof of the important local Adams inequality (Theorem 1.3). In Sect. 5, we prove
all the results using Fourier analysis on X.

2 Riemannian Symmetric Spaces of Noncompact Type

In this section, we describe the necessary preliminaries regarding semisimple Lie
groups and harmonic analysis on Riemannian symmetric spaces. These are standard
and can be found, for example, in [12, 15-17]. To make the article self-contained, we
shall gather only those results which will be used throughout this paper.

2.1 Notations

Let G be a connected, noncompact, real semisimple Lie group with finite center and g
its Lie algebra. We fix a Cartan involution 6 of g and write g = €@ p where £ and p are
+1 and —1 eigenspaces of 8 respectively. Then £ is a maximal compact subalgebra of
g and p is a linear subspace of g. The Cartan involution 6 induces an automorphism ®
of the group G and K = {g € G | ®(g) = g} is a maximal compact subgroup of G.
Let B denote the Cartan Killing form of g. It is known that B [, is positive definite
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and hence induces an inner product and a norm | - | on p. The homogeneous space X
= G/K is a Riemannian symmetric space of noncompact type. The tangent space of X
at the point 0 = ¢K can be naturally identified to p and the restriction of B on p then
induces a G-invariant Riemannian metric d on X. For x € X, we denote |x| is the
distance of x from the origin 0. For a given x € X and a positive number r we define

Bx,r)={yeX: dx,y) <r},

to be the open ball with center x and radius r.

We fix a maximal abelian subspace a in p. The rank of X is the dimension / of a.
We shall identify a endowed with the inner product induced from p with R’ and let a*
be the real dual of a. The set of restricted roots of the pair (g, a) is denoted by . It
consists of all & € a* such that

ge ={Xeg|[Y,X]=al)X, foralY € a},

is non-zero with m, = dim(g,). We choose a system of positive roots X and with
respectto X, the positive Weyl chamberay = {X € a |a(X) > 0, foralle € X}
We also let Ear be the set of positive indivisible roots, that is, Ear ={ae Xt |2a¢
X }. Let n be the dimension of X and v be the pseudo-dimension:

n=1I1+ Zma, andv=l+2|26r|. 2.1

aeX

We notice that one cannot compare n and v without specifying the geometric structure
of X. For example, when G is complex, we have n = v; but when X has normal real
form, we have n = [ + |2]6r | which is strictly smaller than v. Let p € a* denote the
half-sum of all positive roots counted with their multiplicities

1
p=3 Z M. (2.2)

aeX

It is known that the L?-spectrum of the Laplace-Beltrami operator A on X is the half-
line (—oo, —|p|?]. Let n be the nilpotent Lie subalgebra of g associated to X, that is,
N = @uex, go- If N =expnand A = expathen N is a nilpotent Lie subgroup and A
normalizes N. For the group G, we now have the Iwasawa decomposition G = K AN,
that is, every g € G can be uniquely written as

g=«(g)expH(gn(g), «(g) € K,H(g)€ang N,

and the map (k, a,n) +— kan is a global diffeomorphism of K x A x N onto G.
Let M’ and M be the normalizer and centralizer of a in K respectively. Then M is a
normal subgroup of M’ and normalizes N. The quotient W = M’/M is a finite group,
called the Weyl group of the pair (g, £). W acts on a by the adjoint action. It is known
that W acts as a group of orthogonal transformations (preserving the Cartan-Killing
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form) on a. Each w € W permutes the Weyl chambers and the action of W on the
Weyl chambers is simply transitive. Let Ay = expay. Since exp : a — A is an
isomorphism we can identify A with R, Let A, denote the closure of A in G. One
has the polar decomposition G = K AK, that is, each g € G can be written as

g=ki(expY)ks, k1, ko e K, Y € qa.
In the above decomposition, the A component of g is uniquely determined modulo W.
In particular, it is well defined in A4. The map (k, a, k2) +— kjako of K x A x K

into G induces a diffeomorphism of K /M x A4 x K onto an open dense subset of
G. It follows that if gK = kj(expY)K € X then

IgK| =d(o, gK) = |Y].
We recall the following property of the Iwasawa projection map H [16, Lemma 1.14,

p. 217]:
|[H(expYk)| <|Y|, forY eakeK. (2.3)

We extend the inner product on a induced by B to a* by duality, that is, set
(A, u) =B, Y, A pea’, Y, Y, €aq,

where Y, is the unique element in a such that

AMY)=B({Y,,Y), forallY €a.
This inner product induces a norm, again denoted by | - |, on a*,

A= (A2, A ea.
The elements of the Weyl group W act on a* by the formula
sY, =Yg, seW,rea”.

Let a(”{: denote the complexification of a*, that is, the set of all complex-valued real

linear functionals on a. The inner products have complex bilinear extensions to the
complexifications ac and af.. All these bilinear forms are denoted by the same symbol
(-, ).

Through the identification of A with R!, we use the Lebesgue measure on R’ as
the Haar measure da on A. As usual on the compact group K, we fix the normal-
ized Haar measure dk and dn denotes a Haar measure on N. The following integral
formulae describe the Haar measure of G corresponding to the Iwasawa and polar
decompositions respectively.

/f(g)ng/ff(keprn)e2P<Y>dndek, f € C(G):
G KJaJN
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= / /7/ fkiaky) J(a) dk; da dk2,
kJay Jk

where dY is the Lebesgue measure on R’ and for ¥ € oy

J(expY) =c ]_[ (sinha(Y))™ =< ]_[ (ﬂ) ’ 2P (2.4)

aext aext I+all)

where c (in the equality above) is a normalizing constant. If f is a function on X =
G /K then f can be thought of as a function on G which is right invariant under the
action of K. It follows that on X we have a G invariant measure dx such that

/ fx)dx = / fkexpY) J(expY) dY dkyy, 2.5)
X K/M Jay
where dky; is the K-invariant measure on K /M.

2.2 Fourier Analysis on X

For a sufficiently nice function f on X, its Fourier transform f is defined on af, x K
by the formula

~

Fn, k) =fo(g)e<“—/’>H<g’]’<>dg, real, kek, (2.6)

whenever the integral exists [16, P. 199]. As M normalizes N thg functionk — ]7 (A, k)
is right M-invariant. It is known that if f € LY(X) then f (X, k) is a continuous
function of A € a*, for almost every k € K (in fact, holomorphic in A on a domain
containing a*). If in addition, f e L'(a* x K, |e(A)|? dx dk) then the following
Fourier inversion holds,

fgK) =|w|™! / FOL k) e @HHETD 160y 2dr dk,  (2.7)

a*x K

for almost every gK € X [16, Chapter III, Thegrems 1.8, 1.9]. Here c¢(A) denotes
Harish Chandra’s c-function. Moreover, f + f extends to an isometry of L2(X)
onto Lz(aj x K, |c()\)|’2 dA dk) [16, Chapter III, Theorem 1.5], that is,

/ () dx = e6 / O 0P e dh dk, 2.38)
X aj_xK

where c¢ is a positive number that depends only on G.

We now specialize to the case of K-biinvariant functions f, that is, f satisfies
fkigks) = f(g),forall k1, k; € K and g € G. Using the polar decomposition of G
we may view an integrable or a continuous K -biinvariant function f on G as a function
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on A4, or by using the inverse exponential map we may also view f as a function
on a solely determined by its values on a,. Henceforth, we shall denote the set of
K -biinvariant functions in L?(G) by L?(G//K), for 1 < p < oo; and K -biinvariant
compactly supported smooth functions by C°(G//K). If f € L'(G//K) then the
Fourier transform fcan also be written as

~ o~

FO k) =f0) = / f(@)p-1(g) dg. (2.9)
G
where ¢, is Harish Chandra’s elementary spherical function defined by
$.(8) = / i (HE0) g e a, (2.10)
K

We now list down some well-known properties of the elementary spherical functions
which are important for us ( [12, Prop 3.1.4], [5, Prop. 2.2.12], [16, Thm 1.1, p. 200;
Lemma 1.18, p. 221]).

Theorem 2.1 (1) ¢, (g) is K-biinvariant in g € G and W-invariant in ) € a?&.
(2) ¢i(g) is C* in g € G and holomorphic in ) € ag.

(3) Forall » € Eandg € G we have |, ()| < ¢do(g) < 1.
(4) The elementary spherical function ¢g satisfies the following estimate:

golexp¥) =< { [] A+a) e, forallY at. (2.11)

+
aeX)

(5) For A € a*, there holds Ay = —(|A1> + |p]?) .
6) For ) € a*, the function ¢, satisfies the following

¢_;L(hg)=f (= (HE0) = @rtp (H0) gp g.heG. (212
K

We now recall the following asymptotic estimates of the heat kernel /;(x) on X
established by Anker and Ji [5, Theorem 3.7].

Theorem 2.2 Let k be an arbitrary positive number. Then there exist positive constants
C1, Cy (depending on k) such that

h(expY)
C < o= (o,
1

0T g (@) et

forallt > 0, and Y € at, with |Y| < k(1 + 1).
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Leta > 0and 1 < p < oo. We recall that the Sobolev space W% ? (X) is the image
of L?(X) under the operator (—A)~%/2, equipped with the norm

I fllwer ey = 1(=A)*2 £l Lo x)-

If ¢ = N is anon-negative integer, then W*:? (X) coincides with the classical Sobolev
space _
WYNP(X)={f e LP(X): V/ f e LP(X),Vl < j < N},

defined by means of covariant derivatives. We refer to [33] for more details about
function spaces on Riemannian manifolds. For p = 2, the Sobolev space of order «
on X is equivalently defined by

We(X) = {f € L2 LI Ipan x)

= f . |71 (A2 + 10127 le()]72 dA dk < o).

In [2], J.-P. Anker proved the following Hérmander-Mikhlin type multiplier theorem
in the context of Riemannian symmetric spaces of the noncompact type. Let k be a
K -biinvariant tempered distribution on G and let m be its spherical Fourier transform.

Theorem2.3 Letl < p <oo, v=|1/p—1/2|and N = [vn]+ 1. Then Tf = f xk
is a bounded operator on LP (X), provided that

(a) m'extends to a holomorphic function inside the tube I = a* + i co(W .2vp),
(b) Vim (fori =0, ---, N) extends continuously to the whole of ', with

sup (1 + [A) ™ [Vim(W)| < oo.
reZV

The multiplier of the operator (—A—|p|>+¢2)~%/? is givenby ((A, A)+¢%)~*/? and
this can be extended to a holomorphic function inside the tube {1 € af. : [SA] < ¢}.
Therefore, by using the theorem above we have the following Sobolev embedding
theorem on the fractional order Sobolev spaces W% 7 (X).

Corollary 2.4 Let 1 < p < 00, > Qand ¢ > 2|p||1/p — 1/2|. Then there exists a
positive constant S, > 0 such that for all f € W% P (X)

1£1lp < Spll(—=A = p* + D% £l

We recall the following analogue of the Poincaré-Sobolev inequality for the frac-
tional Laplace-Beltrami operator on X. For proof, we refer the reader to [7, Theorem
1.11].

Theorem 2.5 Letrdm X =n >3and0 <o < min{l+2|2(‘f|,n}. Then for2 < p <
28 there exists S = S(n, o, p) such that for all u € W%’z(X),

n—o

I(=A = o) *ull5 = Slul3.
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3 Optimal Asymptotic Estimates of Bessel-Green-Riesz Kernels

In what follows, a < b ora = O(b) will stand for a < Cb with a positive constant C
and a ~ b stand for C~'h < a < Cb.

We first set
29 72 T (ar)2)

T((n—a)/2)’

It is well-known that, on the Euclidean spaces, the following identity of convolution
holds [31, Chapter V]: fora, 8 > Owitha + 8 < n

y(a) = for0 < o < n. 3.1

f 1= e — st dr = LBy avpon e (32
R y(a+B)
where the function y () is defined in (3.1) and || - || is the Euclidean norm. In order to

prove Adams inequality on compact Riemannian manifold (M), L. Fontana proved an
analogue of this formula on M [10, Lemma 2.1]. In this section, we need the following
version of this formula valid on a compact subset of X. This is essentially proved in
[10], but for the sake of completeness we sketch the proof.

Lemma 3.1 Suppose o, B > 0 satisfying « + B < n and r > 0. Then there exists €
satisfying 0 < € < min{l, n — o — B} such that for x € B(o, r)

y(@)y(B)

a+p—n €
Y@+ p) x| (1+0(x[9).

/ Iyle™ Iy~ 'x P dy <
B(o,r)

Proof For Riemannian symmetric spaces of noncompact type, it is well-known that
the sectional curvature is everywhere less than or equals zero [15, Theorem 3.1, p.
241]. On the other hand, on a compact subset of a Riemannian manifold, the sectional
curvature is bounded [8, Corollary, p. 167]. Therefore, for » > 0 there exists K, > 0
such that for any plane section P at any point x € B(o, r) the sectional curvature
K(P) satisfies —/IC, < K(P) < 0.

Let B" be the n-dimensional hyperbolic space of constant curvature —K, and exp’
be the corresponding exponential map. Let o’ € B" and B(0/, r) be the geodesic ball
centred at o’ and of radius r in B". We consider normal geodesic coordinates on B(o, r)
and on B(0’, r) in X and B" respectively. It is a feature of these coordinates that the
tangent space at the center is isometric to the standard n-dimensional Euclidean space.
So, by choosing orthonormal basis in 7,X = p and T,/B", we can identify both the
tangent spaces with standard R”.

If x and y are two points in B(o,r) C X, we consider their normal geodesic
coordinates s and ¢ points in p = R”, uniquely determined by x = exp(s) and
y = exp(t). We now construct two points x’, ' in B" by x” = exp’(s) and y’ = exp’(¢).
The Rauch Comparison Theorem [10, Theorem 2.3] implies that

Isll < Ix] < dpn (@', %), el < |yl < dpn(0',Y), and |ls =]l < |y~'x| < dn(x', ), (3.3)
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where dpn is the hyperbolic metric on B”. As in [10, eqn.(15)], we have that
i (', ¥) < lls = 1l {1+ 0 (st + 1e1?) ] (3.4)

where the quantity (9((||s|| + ||t|||2) < G, (sl + ||t|||2, for some C, x, > 0
depends only on the radius r and curvature K,. Also, we have dy = (1 + O(||t]])) d¢
on the compact set B(o, ) [10, Prop. 2.2]. We now choose a small number € such that
0 < € < min{l, n — o — B}. Then, in normal geodesic coordinates around the origin

0, using the notations introduced above, we obtain by (3.3) that

/ Iyl“™ [y~ tx P dy 5/ I~ Ils — 1P~ (1 + O(|lz1])) d
B(o,r) B(0,r)
< / I s — P (1 + Ot ]|)) de.
B(0,r)

Therefore, using the Euclidean relation (3.2), the estimates (3.3) and (3.4) we have

/ Iy Iy~ tx P dy
B(o,r)

< L st (14-000s1)
< % dg (0, XY (1 + Odpn (0, X)) (1 + (9(||s||2))"
< % (14 O(1x[),
where 7 is a positive number and the quantity O(||s||%) is bounded on B(0, 7). O

Let k; o be the Schwartz kernel of the operator (—A — o2 4+ ¢2)~%/2 fora € R
and ¢ > 0. Also, let ko be the kernel of (—A — |p|?)~%/2, for0 < & < l+2|23‘|. The
following asymptotic estimates of the Bessel-Green-Riesz kernels at infinity is due to
Anker and Ji [5, Theorem 4.2.2].

Theorem 3.2 (i) For ¢ > 0 and B > 0 there holds
ke p (o) ~ x| B1=D21E0 gy =611 > 1.
(ii) Fort =0andfor0 <a <1+ 2|E(")"| there holds
ke () ~ x50 g ), ] = 1.

In the remaining part of this section we first derive the optimal bounds for the
kernels ky, for 0 < o < [ + 2|20+| and k; g, for ¢ > 0,8 < n near the origin
(Propositions 3.3 and 3.4). Then we establish sharp estimates for the convolutions
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ko * k; g, for 0 < a + B < n near the origin and away from the origin using Fourier
analysis on symmetric spaces (Propositions 3.5 and 3.6).

Proposition 3.3 Let 0 < o < min{n, ! + 2|ES‘|}. There holds

1 1 1
(o) < st + 0 (e ) 0 < <1

where y («) is defined in (3.1)

Proof By the Mellin type expression

1 00 5
(Aol —/ (2l AP gy, (3.5)
['(a/2) Jo
We will now use the following local expansion of the heat kernel %, (x)
h(x) = e~ P4 =120 () 4+ O (e—clx\2/tt—n/2+l) ’

where vg(x) = (4m)™? + O(|x|*) and 0 < ¢ < 1/4 [3, eqn.(3.9), p. 278]. Using
this it follows from (3.5) that on the kernel level

1 L 2
ko (x) = F(Ot/2)/ 177 (x) PP ar
0
1
_ F(l/z)/ (/21 (e—\x|2/4tt—n/2v0(x)+O(e—c\x\2/t[—n/2+l>> PP gy
a 0
1 © 2
+r( /2)/ 1“2 (x) e dr
(64 1
1 Vet (P —clx 2/t —n /241
=t b (e x4 uo(x)+o(e el /ey=n ))(I—I—O(t)) dr
(04 0
1 © 2
+ T /2)/ 1“2y (x) eI dr
o 1
1 2 1 2
< 'U()()C)/ e—|x| /4t ta/2—1—11/2 dr +/ O <e—c\x| /t la/Z—n/Z dr
'(a/2) 0 0 )
PR S P (3.6)
F'@/2) J; ' ‘ '

Now, we have that
o0
/ e~s S(n—a)/Z—l ds
|

/1 e—lx\2/4t (/2=1=n/2 4, _ (i)

0 x| x2/4
2 n—ao

<= r . (3.7)
x| 2
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Similarly, the second integral is of O(|x |*=n+1y For the third term, we use the estimate
on i, [3, Theorem 3.1, ii)] that there exists C > 0 such that

h(x) < Ct=27IE0 (1 4 x 2o 1V2 gloPi=plog)—x2/G4n -t > 1 |y < /7.
Using this estimate it follows that forall 0 < x| < land 0 < @ <[ + 2|Ea’|

1
T'(a/2)

00 5 oo +
f 7V (x) P ar < c/ (P25 g < 00, (3.8)
1 1

Using vg(x) = (47)~2 4+ O(|x|?) and the estimates (3.7) and (3.8), it follows from
the equation (3.6) that for 0 < |x| < 1

ka(0) < @7 @) 2T ((n—@)/2) 2" |x|°7" + O(Ix [ + O(1)
< |97 + O(|x |+,
y ()
This completes the proof. O

The following three results, that is, Propositions 3.4, 3.5 and Proposition 3.6 are
extension of Lemmas 3.4, 3.5 and 3.6 proved in [24] respectively in the context of
hyperbolic spaces.

Proposition3.4 Let ¢ > 0 and 0 < B < n. Then there exists € satisfying 0 < € <
min{l, n — B} such that

1 1 1
ke, (x):——+(9<—~>, 0 < x| <.
“f y(B) [x|"F |x|n—F—¢ .

Proof We first prove the result when 8 = m is an integer satisfying 1 <m < n — 1.
Precisely, we prove that there exists € satisfying 0 < ¢y < min{l,n — m} = 1 such
that

1 1 1
k;,m(x)fmw-i-(/)('x'n_—m_ﬂ)), 0< x| <. 3.9)

This will be done by induction. It follows by the Mellin type expressions that on the
kernel level

1

ket (x) = /Oo V2 hy(x) P18 dr
' L'(1/2) Jo
<! /oo 1=V2 b, (x) e’ dt
I'(1/2) Jo
— ki (x).

Thus, by Proposition 3.3, the estimate (3.9) holds for m = 1. In fact, this is true as long
asm < min{n, [ +2| 20+ |} by Proposition 3.3. Now, suppose that the estimate (3.9) is
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valid form € Z satisfyingl <m < n—2with0 < €g < min{l,n—m} = 1. We prove
this is also true for m + 1, that is, there exists € satisfying 0 < € < min{l,n —m — 1}
such that

1 1 1
ke 1) < s +O(|x|n_m_l_g), 0<lxl<1. (3.10)

Let x € X withO < |x| < 1. Then

kykke p(x) = /

B(o,

ki(y) k;,m(y_IX)der/ ki) ke (v %) dy i= L1+,
2) X\B(0.2)

(3.11)
We first prove that the second integral I on the right-hand side is uniformly bounded
independent of x. Indeed, by Holder’s inequality, Theorem 3.2, integral formula (2.5)
with (2.4) and the estimate (2.11) of ¢, it follows that for |x| < 1

L= / ki () ke (y~") dy
X\B(0,2)

1/2 172
< ( / k()12 dy) ( / Ik;,m(z)lzdz>
X\B(0,2) X\B(o,1)
) 12
< ( / P25 g ()2 dy)
X\B(0,2)

1/2
+
(/ |Z|WI717172‘20 ‘ ¢O(Z)2 e*2§'|z| dZ)
X\B(o,1)

12
< </ |Y|z—2z—4|20+| |Y|2|zg|e—2pm o200 dY)
{Year:|y|=2}

1/2
</ [y I [y 20120 () o =261Y ] 20(Y) dY)
{Yea:|Y|=1}

00 1/2 0 172
< </ r2—2l—2|>:0+| s dr) (f pm=l=1 ,=20r L1—1 dr) < 0.
2 1

Now, we estimate the first integral /1 in (3.11). Since m < n — 2 and ¢y < 1,
we can choose a €; € (0, 1) such that m + €y + € < n — 1. We first observe
that [y|~"=2 < |y|~®=1=€D for small |y|. Using this fact, the estimate of k, in
Proposition 3.3 and the estimate (3.9) of k; ,, we get that

n= / k() e (L) dy
B(0,2)

11 C 1 1 C,
= n—1 + n—1-—e —1y|n—m + —1 4 |[n—m—e dy
B,2) \ (1) |yl [yl 1 y(m) |y~ x| [y~'x| 0

1 1 1 Cr 1 1
= n—1 —1y|n—m dy + n—1 —1y|n—m—e dy
y(Dy(m) JBo,2) |y ly= x| (D) JB,2) IyI" Iy~ ] 0
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+& ! ' _4ytac f ! !
1= — — y 1C2 1= = —
y(m) Jpeo lyPP—1=e |y=lxp—m B0, IyI"T1me |y~ lx[r=m—<o

dy.

Since m + 1 + €] 4+ €9 < n, using Lemma 3.1 we get that there exists 0 < € <
min{l,n — (m + 1 4+ €y + €1)} such that for |x| < 1

1 1 1
I < +0 _ ).
y(m+1) |x|r—m-1 |x|n—m—1=¢

Putting this in (3.11) we finally have for |x| < 1

kens1(6) = ket % ke (¥) < Ky % ke () < y(m1+ . |x|nim—1 e <|x|n—i1717€) :

By induction this completes the proof of the lemma when § = m € Z with
l1<m<n-—1.

Now, we prove the required estimate for arbitrary B (not necessarily integer) with
0 < B < n. We choose 0 < B < 3 and an integer m with 0 < m < n — 1 such that
B = E + m < n. Without loss of generality, we can assume m > 1. Thus

kg’ﬁ(x) = kC,E *kg’m < kB * k(,m

= f kz(0) ke (y™'o) dy + / kg kem(y™'x) dy. (3.12)
B(0,2) X\B(0,2)

The second integral is bounded as in the case of I> in (3.11). The first integral can
be estimated as /7 in (3.11). To see this, we first notice that we may choose €p small
enough satisfying 0 < €9 < min{l, n — B} such that (3.9) holds. Let us choose €,
such that 0 < €3 < min{l, n — B — €g}. By Proposition 3.3 it follows that

[ k0 ke dy
B(0,2)

1 1 Cq 1 1 C
=< = = + = g il b r— dy.
Bo2) \Y(B) |y|"F  |y["—F-e yGm) [y=ix[r=m oyl

Therefore, by Lemma 3.1 there exists € satisfying 0 < € < min{l,n — 8 — ¢y — €2}
such that

1 1 1
k() ke (v d 5——+O<—~).
/B(a,z) o) Kemly 0 Y = gy Txpp N

Putting this in (3.12) we complete the proof. O

Proposition3.5 Let¢ > 0,0 < o < l+2|26r|and0 < B <nsuchthat) < a+p <
n. There exists €' satisfying 0 < ¢’ < min{l, n — a — B} such that

1 1 1
ky xk < O ————), 0 1.
a* k) = TR e T (|x|”ﬂ€’) ==
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Proof The proof is exactly the same as that of Proposition 3.4. O

Proposition3.6 Let¢ > 0,0 < o < l+2|ES‘|andO < B <nsuchthat) < a+p <
n. For ¢’ € (0, ¢) we have

o ke, g0 S €W 9o ) + (ol - 19772E g ) ke p), for fxl = 1,

where x1,2 is the cutoff function vanishing in B(o, 1/2) and identically equals 1
otherwise.

Proof By Theorem 3.2 (ii) we have

ke % ke p(x) = / ko (Wke p(y~'x) dy + / ko (Wke p(y~'x) dy
B(0,1/2) X\B(0,1/2)

< / ko (Wke p(y~'x) dy

B(o,1/2)

] + _
+ / [ 2% o () ke p (v x) dy
X\B(0,1/2)

_ / ke (ke s () dy

B(o,1/2)

7 +
+ (ol 1772 o)) ke p (o). (3.13)
We notice that, if |y| < 1/2 and |x| > 1, then |y_1x| > |x|—1y| = 1/2. Therefore, by

the estimates of k,, (Proposition 3.3) and k; g (Theorem 3.2 (i)) we have for |y| < 1/2
and |x| > 1 that

ke (9) S 191977, and ke p(y~'x) S e 8 Moy ),

where ¢’ € (0, ¢) and the constant depends on ¢’. Using the above estimates, the
property (2.12), the fact | H (y~'k)| < |y| (see equation (2.3)) and the integral formula
(2.5), it follows that

f ka (ke s () dy
B(o,1/2)
1 -
< / — e~ gy (v x) dy
B(o,1/2) [yI"™¢

ge—f'lx‘/ i_a o£ly! / P (HO™'0) =oH 600 g g
B(o,1/2) [ K

Se—c/m/ o PHGD) dk/ L et glollvl g
K Blo,1/2) IYI"™*

< e P o (x)

J(expY)dY
(veay|<1/2y [Y1"7¢
S e o).

Putting this in (3.13) we get the required result. O
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Remark 3.7 There exists C > 0 such that ko *k; g(x) < C, forall [x| > 1. Indeed, by
Proposition 3.6 it is enough to show that <X1/2| . |°"l’2|23| ¢0(-)) xkr g(x) < C, for

|x| > 1. To see this we first observe that if |x| > 1 and |y| < 1/2, then [y~ x| > 1/2.
Using this, the property (2.12), the estimate of k; g (Theorem 3.2 and Proposition 3.4)
it follows by Cauchy-Schwarz inequality that

_J_ +
(2l 17172150 o)) ke o (00
Y Th >k —
5/ Iy g (ke p (v ) dy
X\B(0,1/2)

<

~

] + _ _
/ y[* 20 g () |y~ x 1P dy
{yeX\B(0,1/2): |y*1x\<l/2}

_J_ + _
+ / 1125 o (ke s () dy
{yeX\B(0,1/2): [y~1x|>1/2}

< f X P dy
{veX: ly~lx|<1/2}

] + _
+ / Iy 1“1 =21%0 g (v) ke p (' x) dy
{yeX\B(o,1/2): |y~1x|>1/2}

1/2
_97_ +
SC+ ([ Iy |22 4%0 T (g (1)) dy)
X\B(0,1/2)

) 1/2
( / e 2R (g0 (2))? dz) < 0.
X\B(0,1/2)

4 Asymptotic Estimates of Non-increasing Rearrangement of the
Bessel-Green-Riesz Kernels

For a real valued function f on X, the non-increasing rearrangement of f is defined
by
fr(0) =inf{s > 0:Ap(s) <1},

where the distribution function A ¢ of f is given by

ap(s) = lfx € X 1 [f(0)] >s}|=f dx.

{xeX:|f(x)|>s}

Here we use the notation | E£| for the measure of a subset E of X. We need the following
two properties of the non-increasing rearrangement [ 13, Prop. 1.4.5, p. 46]:

(i) By definition A p(f*(¢)) < t.If | f| < |g| almost everywhere, then f* < g*.

(ii) If there exists ¢ > 0 such that |{x € X : |f(x)| > f*(t) — ¢}| < oo, then
t<|{xeX:1f(0) =[O}

For the convenience of the reader we summarize the results of Sect. 3 here. By Theo-

rem 3.2, Propositions 3.3, 3.4, Propositions 3.5 and 3.6 we have
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a) For ¢ =0and 0 < & < min{n, [ + 2|2 |}

1 1 1
ke = e 7O <|x|"—°f—1>’ O=hi=t

.
< xR0l g (x), Jx) > 1.

b) Let ¢ > 0and 0 < B < n. There exists € satisfying 0 < € < min{l, n — B} such
that

1 1 1
ke pg(x) < +(9< ~),O<|x|<1;
o“f y(B) |x|"—F |x|n—F—

< x| BID2IEGT o=l o), ] 2 1. @.1)

c¢) Let >0,0 <« <l+2|28’|and0 < B <nsuchthat 0 < o + B8 < n. There
exists €’ satisfying 0 < €/ < min{l, n — a — B} such that

ko xky p(x) < ! ! + O ! 0<lx] <1
k) s < < 1.
o ¥ Ke plX) = y(a+ p) |x[—o—F |x|r—e—B—¢ x

S e g0+ (2l - 17 2E o)) ke ), forlx] = 1,
4.2)

where 0 < ¢/ < ¢.

The behaviour of the volume of a small geodesic ball around the origin in X can be
expressed as follows (see [11, Theorem 3.98], [20, equation (8)]):

B(o,r)| = 2= L 0", 0 <r < 1. (4.3)
n

Lemma 4.1 Let ¢, a, B, € be as in Proposition 3.5. Then for0 <t <2

1 nt (a+,3—n)/n ,
(ko ke 1" () < m (a) ]> +O(t(a+ﬂ+€ 7'1)/").
—

Proof By (4.2) there exists C > 0 such that for 0 < [x| < 1, k¢ * k¢ g(x) < h(x),
where the function % is defined by

. 1 1 n C
C yla+ B) |x[reh T |x|pme—pe

x € X.

h(x)

By Remark 3.7 there exists Cp > 0 such that k, xk; g(x) < Co for |x| > 1. Therefore,
ko %k g(x) < Co + h(x) for all x € X and hence it is enough to prove the required
estimate for the function A*.
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First, we note that if f(t) = At~ “(1+ Btb), t > 0, for positive constants A, B, a, b
then there exists a C > 0 such that

7N < [A YA 4 e, for > 1L
Applying this to the function f(|x|) = h(x), we get that

1 1/(n—a—p)
] [1 + Ct*'/("*“*m], t> 1.

T
y(@+p)

Using the above inequality and (4.3) we get that for ¢ > 1

reX:h) =0l <Bo.h™' ()] < % (h7'@)" + ™ @™

—1 n/(n—a—p)
< Wp—1 ( t ) [1 i C/lfe’/(nfafﬁ)].
n v+ p)

Again, if g(t) = Ar~%[1 + Bt‘b], t > 0, for positive constants A, B, a, b, then there
exists a C > 0O such that

¢ < [Ar Y91 + Cel9), for 0 <1 < 2.

Using this we get that for 0 < r < 2

h(t) < [14+ 0 /m)].

1 (w,,_l )(n—a—ﬂ)/n
yl@+p) \ nt

This completes the proof. O

Lemma4.2 Let ¢, B, € be as in Proposition 3.4. Then there holds

(B—n)/n

ke gl*(t L +O@ BT/ 0 < <2,

[{,ﬂ]()_y(ﬁ) o ( ),
.

Proof The proof is similar to that of Lemma 4.1. O

Lemma4.3 Let¢ > 0,0 < B <nand ' € (0, ¢). There holds
[ke g1 (1) < 122101 (1og 1) 2P/ @ HOD | > 0,

Proof Let us choose r > 0 such that |B(o, )| < 1 and set

hx) =

W, 0< x| <r;

=0, x| =1,
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and f(x) = e Plogx) e~ < for x € X. Using the estimate (2.11) of ¢y, it follows
form (4.1) that there exists C > 0 such that

kep(x) <C(h(x)+ f(x), xeX. 4.4
We now observe that for s > 0
{x € X : h(x) > s}| < |B(o, r).
This inequality yields

HxeX h(x)+ f(x)>s} <{xeX:h(x)>s/2}+|{xe X: f(x) >s/2}
<|B(o,n)|+{x € X: f(x)>s/2}]

Therefore, for t > |B(o, r)| we have

(h+ )*@) = irvlf{s >0:{xeX:h(x)+ f(x) >s}| <t}
< irvlf{s >0:{xeX: f(x)>s/2} <t—|B(o,r)|}
=2f*(t —|B(o,r)]). 4.5)

Integral formula (2.5) yields

rr(f*0) = / c ]_[ (sinh e (Y))" dY
(Yearf =10} gex,
< / 2P gy (4.6)
{Yeﬁ: eP(Y)+f’\Y|<ﬁ]
Let us fix a basis of a* as {e1, --- , €/_1, p/|p|}, where p~ = span{ey, --- , e_1}. If
Y € a,wewrite Y = (Y, ---, Y;) withits coordinates with respect to the correspond-

ing dual basis. We observe that p(Y) = |p|Y;. Since p(Y) > O for Y € aZ, it follows
that

, €
f*@) f@)

/ 1 1 1
o - plelYiE'Y —
C{Y€a+.e <f*(t)7 |Y|<§’10g(f*(t)>}'

Therefore, by (4.6) we get that

{Y edT: PNHN ;} c {Y carierren o 1 em ! }
f*@®

A (1) 5/ 2lY1 qy
) {Yea:e‘plylﬂ/ykf*lm’|Y|<ﬁ1°g( 1 )} )

(1 e RSN
! .
~ <f*(t)> <0g<f*(t)>>
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Since f*(t) is non-zero it follows from the above estimate that A ¢ (f*(t — ¢)) < o0
for ¢ € (0, f*(t)). Therefore,

o 21p1/(¢'+101) 1Y
— A r(f* ! '
F=hp(f0) S (f*m) (Og (f*(f))>

Using the lemma below (Lemma 4.4) we get that for all # > 1

@) < £~ e /20l (log t)l(g’+|p|)/2\p|.

This fact together with (4.4) and (4.5) completes the proof. O

Lemma 4.4 Let h be a non-increasing function on the positive real axis. Suppose there
exist two positive numbers a, b such that fort > 1

() (i)
t<|— log| — ) .
h(t) h(t)

h(t) < 7Y% Qogn)?/?, fort > 1.

Then there holds

Proof Let h(t) = s. By the hypothesis we have for all r > 1

b
hls)=1< 1 <log l) .
S(l

N

Therefore, for s > 1

h—l ((logs)h)l/a - s (1 ( sl/a b
s ~ (logs)? 8 (log s)b/a

b
log s'/% —log (log 5)P/@
=5
logs

Since the term inside the bracket on the right-hand side goes to a finite positive limit
as s goes to infinity, we get that

b l/a
h! ((M> ) <s, fors=>1.
s

Since & is non-increasing, it follows that

1
h(s) < v (log s)?/4 .
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The following result is analogous to Lemma 4.1 in [24].

Lemmad4.5 Let0 <o <3/2,¢ >0and 0 < B < n — «. Then for each a > 0, we
have [ (Tky % ke g1*(1))7 di < o0,

Proof By Lemma 4.1, it is enough to show that there exists ¢y > O such that the
integral f:)o (lkq * k;,,g;]*(t))2 dt < oco. We set

filx) = lxlnT_ﬁ, x| < 1

=0, x| =1,

and f2(x) = (X1/2| . |et=2%] | ¢>o(-)) xke p(x).Let ¢’ € (0, ¢). By (4.2) there exists
C > 0 such that

ko % ke p(x) < C <f1 (@) + e~ o (x) + fz(x))  xeX. @.7)
Proceeding as before we get by (4.5) that for t > |B(o, 1)|
(fide Moo+ ) 0 =2( g0+ £2) - co.

where cp = |B(o, 1)|. By (4.7) and equation above it follows that

o0

oo ’ * 2
[Ttk ar <ac [“[(e s p) @ -] a

0 €0

= ac? / e o) + o) ax
X

) 12 1/2)2
§4c2{(/ e 2 o (x)? dx) +(/ (fo(x))? dx) } .
X X

The integral formula (2.5) and the estimate (2.11) yield

/ e~ X'l $o(x)? dx < oo.
X

On the other hand, by Plancherel formula (2.8) for K-biinvariant functions we have
for 0 < o < 3/2 that

| a7 ar=co [ W@ | (ol 1175 go) Gaff e an

=<6 [ P+ | (xaal 1 o) ) fe

IA

¢ [ 1 (et 1725 0) G el 0
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—cf P25 (g (1) dx < oo,
{(xeX:|x|>1/2)
This completes the proof. O

5 Proof of the Theorems

Proof of Theorem 1.3 Let u € W*”(X) and we write f = (—A — |p|> + ¢>)%?u.
Then clearly u = f *k¢ o and by the hypothesis || f ||, < 1. Applying O’Neil’s lemma
[28, Lemma 1.5] for the rearrangement of convolution, we have for t > 0

t t o0
u (1) < %'/ £*(s) ds/ k;a(s) ds _|_/ f*(s)k;a(s) ds.
0 0 t

Therefore,
1 Ny 1 [IE] oy
- R S - , *t D/ t
|E|/Eexp<ﬂo(n D@l ) dx = 7 [ ep Byt )l 1)
1 |E| 1 t t o) ,
< — exp (ﬁo(n,a) 7‘/ J O] dx/ k7 4(s) ds—l—/ SEEE () ds p) dr
lE] Jo t Jo o ' ’

5[ exp(—l-l—ﬂo(n,a)
0

+/ () k;a(s) ds
|

Ele~!

1 |Ele™! |Ele™!
|Ele~" fo f*(s)ds fo kE o (s) ds

P’) dr. (5.1)

To get the last equation, we use the substitution ¢ +— |E|e~’. Next, we change the
variables

o) = (|Ele™)"P f*(|Ele™"); (5.2)
Y1) = Bo(n, o) P (|Ele™) Pk} ,(|Ele™). (5.3)

It is now easy to check that

|Ele™! |Ele™!
/0 f*(s) ds /() k;a(s) ds

] /OO e ¢(s) ds /OO e Py (s) ds;
t 1

= Bo(n. )17

00 1 '
/I-Ele’ f*(S) k*,a(s) ds = W /;oo ¢)(S) l[f(S) ds.

Putting the above quantities in (5.1) we get that
%/b_exp (Botn. )luo)l”") dx
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(o e}
S/ exP<—t+ "')dz
0

- / T F0 g, (5.4)

¢ /oo eIV p(s) ds /m e™SIP Y (s) ds +/ B(s) ¥(s)ds
t t —00

where

/

00 00 t P
F(it)=1t— <e’/ e_s/p/(j)(s) ds / e=s/p W (s) ds-l—/ @ (s) v(s) ds) .
t ! —o0
We now set

a(s,t) = ¥(s), s <1
_ ( [~y dr) I st (5.5)
t

Then, by (5.4) we have

_1 / * F(t)
exp (Bo(n, a)|u(x)|” ) dx 5/ et dp,
|E|/E P ) ;

where

p/
F(t)=1— (/ a(s, 1) ¢(s) ds> . (5.6)
R

Now, we prove that there exists C independent of u such that [;° e~F" dr < C. The
proof is inspired by similar ideas used by Adams [1, Lemma 1] and has been carried
out in details in [24]. For the sake of completeness, we sketch the proof. First, notice

that
o0
/ e F® dt:/ |Ex| e da,
0 R

where E, = {t > 0: F(t) < A} and |E,| is the Lebesgue measure of Ej. It is enough
to show the following two facts:

(1) There exists a constant ¢ > 0 which is independent of ¢ such that inf;>¢ F(¢) >
—c.

(i1) There exist constants By and B; which are both independent of ¢ and A such that
|Exl < Bil|A| + Ba.

We first prove (i). We set L(t) = ([ ¢(5)? ds)'/”. By the definition (5.2) of ¢, it
follows that

t
/ ¢(s)P ds = / ¢(s)ds — L) = | flp — L) <1 —Ln)".
—00 R

By using the above estimate and Holder’s inequality, it follows from (5.6) that if
teE,,
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p/
t—A < /a(s,t)qS(S) ds]
R

/

r pt 00 P
= / a(s,t)p(s) ds + / a(s, t)o(s) ds:|
t

—00

B t , 1/p | 00 , 1/p
(/ a(s, 1) ds) (1—L®P) Py (/ a(s, 1) ds) L(t):|
—o0 t

- NV 1
(/ v (s)P ds> (1—L@y?)""”

0 o 1/p' P
+e ( / e Py (r) dr> < f e’ ds> L(t)] ) (5.7)
t t

By the definition (5.3) of 1, the estimate given in Lemma 4.2 and the factthat p = n/«
we have

!

p

IA

V() = Boln, )P (IEle™)YP kE ((IEle™) =140 (f%') . forallt > 0.
(5.8)
Let¢ > 0if 1 < p <2and¢ > 2/p| (3 — %) if p > 2. We choose ¢’ € (0, ¢) with

¢ — ¢’ small enough such that ¢’ satisfies the same properties as ¢, that is, ¢/ > 0 if

l<p<2and¢ >2/p| (- %) if p > 2. Then by Lemma 4.3 we have

oo

0 ’
/ Y ()P ds = Bo(n, o) " (k;a(t))p dr

< /OO (t_l/z—i//zlﬂl (logt)2|p|l/(é“’+|p|))p dt < oo.
|E|

Therefore, using (5.8) and the above estimate we have
4 / 0 / 4 /
/ Y(s)P ds = / Y (s)? ds +/ Y (s)? ds
—00 —0 0
t B /
<bi+ / (14 0@ ™M) ds <41, 5.9)
0
and
o0 00 1/p o0 B ,
e </ e Py (r) dr) <f e’ ds) < e’/ e 7/P (1 + (’)(e_”/")) dr e /P
t t too
< C/ e U0/ gy = by < o0, (5.10)
t

where the constants by, b> and b3 are independent of ¢. Using the estimates (5.9),
(5.10) it follows from (5.7) that
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r—a< [(bz + /v (1- L(t)”)l/p +b3L(t)]p )

The rest of the proof of (a) is similar to that in [1] (see the proof after eqn.(16) in
[1]). Since the proof of (b) is the same as that in [24] we will omit here.

The sharpness of the constant 8y (n, «) can be verified by the process similar to that
in [1, 19, 24, 29] and thus the proof of Theorem 1.3 is completed. O

Proof of Theorem 1.4 Letu € W? with [, [(—A — |p]* 4+ ¢%)*?u(x)|P dx < 1. By
Corollary 2.4, we have

/X lu(x)|P dx < Sp/XI(—A — 1o + )Y u(x)|? dx < S,

provided ¢ > 2|p||1/2 —1/p|. We now set 2 (u) = {x € X : |u(x)| > 1}. Then from
the above inequality it follows that

|2 (w)| =f dx 5/ lu(x)|” dx < S,.
Q) X

Therefore, we have |2 (u)| < S,, which is independent of u satisfying ||(—A — | P2+
¢3)%?u||, < 1 provided ¢ > 2|p||1/2 — 1/p|. We now write

| (Botn. ) ax
X

:/ ®, (,Bo(n,ot)lu(x)lp) dx +/ ®, (ﬂo(n,a)lu(x)ll"> dx.
Q) X\Q (1)

We now notice that j, = p if p is an integer and j, = [p] + 1 if p is not an integer.
Therefore, (j, —1)p’ = p forall p > 1. We also notice that on the domain X\ Q (u),
|u(x)| < 1. Thus

0 k
/ /30("’0!) /
f @, (Bolm. lu(e)?) ax = Y )P dx
X\Q2(u) k=j,—1 . X\ (u)
o k
<y folner ()P dx
e R Ixnaw
o0 k
ﬂO(”,Of) V4
sk_ZlTnunpscl. (5.11)
=Jp—

Since ¢ > 2|p]||1/p — 1/2|, by Theorem 1.3 there exists C» > 0 independent of u
such that

[ @ (ot cotuo”) ax < [ exp (potn cou(nl”) dx < €. .12
Q(u)

Q(u)
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Combining equations (5.11) and (5.12) it follows that
/ @, (Fotn @lu)|”) dv = €1+ € = C,
X

for all u satisfying [[(—A — [p|?> + ¢*)*/?||, < 1 provided ¢ > 2|p||1/2 — 1/p|. The
sharpness of the constant By (7, o) can be verified by the process similar to that in the
proof of Theorem 1.3. O

Lemma5.1 Letn > 3,¢ > 0and 0 < 25 < min{/ +2|Eg’|,n}. Then for2 < g <
2_ there exists C = C(n, s, q. ¢) such that for all u € W">2(X)

n—2s

/ [(=A = 1pI)*(=A = |p]> + )" u@) P dx = Cllull;.
X

Proof By the Plancherel formula (2.8) and the Poincaré-Sobolev inequality (Theo-
rem 2.5), it follows that

f I(=A = 1p") 2 (=A — |p* + ¢2) =294 (x) | x
X
—co [ PR+ R T e i dk
aj_><K

=g [ P G0 )] dndk
al xK

2n

= ;"*25‘/ (A = [p)YPu)? dx = Cllul?2, 2<q< :
X n —25

This completes the proof. O

Proof of Theorem 1.6 Letu € W"/>2(X) satisfying (1.2). We choose some g satisfy-
ing 2 < go < min{2n/(n — 2s), 4}. Then by Lemma 5.1 we have

lull7, < Co/ [(=A = 1) (=A = |p]* + )" U @) P dx < C.
X
We now set Q(u) = {x € S : |u(x)| > 1}, then
Q)| = f dx < f u()|® dx < 72,
Q) X
where the constant C9°/2 is independent of u. Since g < 4, it follows that

/ [exp (,so(n, n/2)u(x)2> 1= By(n, n/2)u(x)2] dx
X\ Q)

S k
— Z ﬂo(n? 7/2) / M(X)Zk dx
- K X\Qw)
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o0

k
<y R Pol, ”/2) /X\m ) ()% dx < oo. (5.13)

k=2

Next, we show that [, (u) EXP (Bo(n.n/2)u(x)?) dx is bounded by some constant
independent of u. We rewrite

v= (A= [pP) P (=A = |pPP + )

Then ||v]l2 < landu = v*(ky*k; (1—25)/2). By Lemma4.1, the kernel ks ki (n—25)/2
satisfies

nt _1/2 /
< ) +0a VPN for0 <t < 1,

lks * k¢, (n—2)/21" (1) <
Wp—1

y(n/2)

and by Lemma 4.5, for eacha > 0

o0
f 1Tk ke nzsy s T (O df < 00,
a

Following the proof of Theorem 1.3, we can find a constant C independent of # such
that

/ exp (,BO(n,n/Z)u(x)2> dx
Q(u)

- / exp (,Bo(n, n/2)[ * (kg *ks,(n,m/z)]z) dx < C.
Q(u)

Combining equation (5.13) with the above inequality we complete the proof.
The sharpness of the constant Sy (n, o) can be verified by the process similar to that
in the proof of Theorem 1.3 O

Proof of Theorem 1.8 Let u € C°(X) with
/X|(—A)”2<—A —1pl* + )" u(x)) dx - |p|2s;"*”/x|u(x>|2dx <L
The Plancherel formula (2.8) yields
/X (=8 =1o)" (=8 = 1o +¢3) " o dx
=cG /  WPORP + 207 G ()l dh dk
) 2)(n72s)/2 B

<co [ [(07+10P) (0P +¢ o] i DI e(I 2 d dk
a’ x

= / (=22 (=A — |pl* + ¢H 240> dx — ¢ p|* / lu(x)* dx < 1.
X X
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Therefore, by Theorem 1.6 we complete the proof. O
We conclude the paper with the following remark.

Remark 5.2 We recall that Damek—Ricci spaces are non-symmetric generalization of
rank one Riemannian symmetric spaces. Though symmetric spaces are the most impor-
tant prototypes, they form a very small subclass of the set of all Damek—Ricci spaces
(see [4]). A Damek-Ricci space is a Riemannian manifold and a solvable Lie group but
in general not a symmetric space, i.e. cannot be realized as a quotient space G/ K, for a
semisimple Lie group G. It will be interesting to see whether Adams-type inequalities
can be proved in the context of Damek—Ricci spaces.
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