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A B S T R A C T

Cancer therapy often leads to the selective elimination of drug-sensitive cells from the tumour. This can favour
the growth of cells resistant to the therapeutic agent, ultimately causing a tumour relapse. Castration-resistant
prostate cancer (CRPC) is a well-characterised instance of this phenomenon. In CRPC, after systemic androgen
deprivation therapy (ADT), a subset of drug-resistant cancer cells autonomously produce testosterone, thus
enabling tumour regrowth. A previous theoretical study has shown that such a tumour relapse can be delayed
by inhibiting the growth of drug-resistant cells using biotic competition from drug-sensitive cells. In this
context, the centrality of resource dynamics to intra-tumour competition in the CRPC system indicates clear
scope for the construction of theoretical models that can explicitly incorporate the underlying mechanisms of
tumour ecology. In the current study, we use a modified logistic framework to model cell–cell interactions in
terms of the production and consumption of resources. Our results show that steady state composition of CRPC
can be understood as a composite function of the availability and utilisation efficiency of two resources-oxygen
and testosterone. In particular, we show that the effect of changing resource availability or use efficiency is
conditioned by their general abundance regimes. Testosterone typically functions in trace amounts and thus
affects steady state behaviour of the CRPC system differently from oxygen, which is usually available at higher
levels. Our data thus indicate that explicit consideration of resource dynamics can produce novel and useful
mechanistic understanding of CRPC. Furthermore, such a modelling approach also incorporates variables into
the system’s description that can be directly measured in a clinical context. This is therefore a promising
avenue of research in cancer ecology that could lead to therapeutic approaches that are more clearly rooted
in the biology of CRPC.
1. Introduction

Prostate cancer is among the leading causes of mortality in men
(Cancer Society, 2023), and both its clinical progression and therapy
have been the subject of intense theoretical investigation (Basanta
et al., 2012; Zhang et al., 2017; Cunningham et al., 2018; West et al.,
2020; Zhang et al., 2022). Research over the past few years has re-
vealed an important role for intra-tumour competition in prostate
cancer progression, particularly in drug-resistant relapse in advanced
castration-resistant prostate cancer (CRPC) (Zhang et al., 2017; Gal-
laher et al., 2018; Brady-Nicholls et al., 2020). While intra-tumour
competition is contingent on a diversity of cancer cell types occupying
the tumour microenvironment (Gatenby et al., 2009; Kareva et al.,
2015; Carreira et al., 2014; Gedye and Navani, 2022; Madan et al.,
2022), such cellular heterogeneity also gains therapeutic relevance
when a subset of cancer cells in the tumour are resistant to a given
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drug treatment. Investigations of such tumour populations comprised of
a diversity of drug sensitivity phenotypes have demonstrated that drug-
resistant relapse under conventional treatment approaches is primarily
due to selective elimination of drug-sensitive cells from the tumour by
therapy, which in turn allows drug-resistant cells to proliferate more
freely (Gatenby et al., 2009; Marusyk et al., 2014; Sahoo et al., 2021;
Farrokhian et al., 2022). Current research efforts are therefore aimed
at the design of alternative therapeutic regimens that can prevent such
competitive release of drug-resistant cells across a variety of cancer
types (Hansen and Read, 2020; West et al., 2020).

Prostate cancer is well-characterised in terms of its clinical pro-
gression (Gordetsky and Epstein, 2016; Montironi et al., 2018) and
the emergence of advanced castration-resistant prostate cancer (CRPC)
is considered to be driven primarily by cancer cell types that are
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resistant to chemical suppression of systemic androgen growth fac-
tors through androgen deprivation therapy (ADT) (Culig et al., 1999;
Grasso et al., 2012; Fontana et al., 2022). In this context, progress
towards alternative strategies to treat CRPC has focused on biotic
interactions between androgen-dependent cells that are sensitive to
ADT and androgen-independent cells that are resistant to ADT. The
presence of such interactions is a key aspect of the development of
intermittent androgen deprivation (IAD) therapies that are aimed at
better managing drug resistance in a growing tumour (Phan et al.,
2020; Pasetto et al., 2022). Much of this work builds either on com-
partment models of androgen-dependent and -independent cells in
prostate cancer, or kinetic models of androgen metabolism (Hirata
et al., 2018; Phan et al., 2020; Pasetto et al., 2022). On the other
hand, more recent work has explicitly considered the role of androgen-
producing cells in prostate cancer progression and the optimisation of
fluctuating dosing strategies (Zhang et al., 2017; Cunningham et al.,
2018). Producer cell types can drive tumour expansion by autonomous
production of the androgen, testosterone, thus indirectly supporting the
growth of androgen-dependent tumour cell types. This adds a commen-
sal dimension to the existing competitive interactions in the system
between producers and consumers of testosterone, while also making
competition dynamics with androgen-independent cells more complex.
Cell-autonomous production of testosterone could further drive the
clinical progression of prostate cancer towards castration resistance by
enabling tumour growth without systemic testosterone supply, which,
as mentioned earlier, is directly relevant to the development of CRPC
following androgen-deprivation therapy (ADT).

In an important study that includes tumour-internal androgen pro-
duction, Cunningham et al. (2018) found that the interaction strengths
between the cancer cell types, as described by the interaction coef-
ficients, could be used to classify the dynamics and steady states of
the model as ‘‘Best Responders’’, ‘‘Responders’’ or ‘‘Non-responders’’,
to a drug that inhibits testosterone production. Only the testosterone-
dependent cell types are sensitive to the inhibitory drug. Therefore, in
absence of inter-conversion between these cell types through mutation,
a higher frequency of the testosterone-independent cell type will lead to
an increasingly drug-resistant tumour population. The relative steady-
state frequencies of testosterone-dependent cell types therefore deter-
mines the ‘‘responsiveness’’ category to which the tumour population is
assigned. For the Cunningham et al. model, the steady-state frequencies
are largely determined by the configuration of various interaction
coefficients, such that the stratification of model behaviour into re-
sponsiveness categories is essentially the identification of points in the
interaction coefficient parameter space corresponding to qualitative
differences in model dynamics. The roles of other ecologically-relevant
factors like differences in intrinsic growth rates, initial population size,
and initial population composition remain unclear.

The Cunningham et al. model represents the use of a classic eco-
logical model of interspecific competition to functionalise tumour het-
erogeneity within a framework for therapeutic intervention in CRPC.
While models of this kind provide valuable phenomenological insights
into the progression of CRPC, it is difficult to relate their findings to
physiological processes operating within a tumour community. Parame-
ters like the interaction coefficients are usually not directly informative
about the underlying mechanisms of cell–cell interactions, and the
lack of direct mechanistic links to tumour processes could limit the
translational applicability of such models.

Classical theoretical ecology, on the other hand, offers other con-
ceptual frameworks that more explicitly account for the mechanisms
of inter-specific interactions. Resource-consumer models represent one
such framework within theoretical ecology that cast interspecific in-
teractions entirely in terms of production, supply and consumption
of, and competition for, physically explicit resources (Tilman, 1980;
Grover, 1997; Muscarella and O’Dwyer, 2020). Their mechanistic roots
arguably makes these models harder to parameterise than a logistic
2

framework, which might explain their limited use in cancer systems f
so far (Kareva et al., 2015). Nevertheless, a resource dynamics based
approach offers considerable potential to relate tumour ecology to
measurable quantities within the tumour microenvironment.

In this study, we add a mechanistic element to the phenomeno-
logical description of the Cunningham et al. model by including the
temporal dynamics of two resources-oxygen and testosterone. Oxygen,
or the lack thereof (i.e. hypoxia), has been implicated in at least three
separate cancer hallmarks including deregulated cellular energetics,
angiogenesis, and metastasis (Hanahan and Weinberg, 2011), which
makes it a biologically-pertinent inclusion in this model. As recognised
by earlier work, testosterone is indispensable to any mechanistic de-
scription of the prostate tissue, cancerous or otherwise, as androgens
are an integral part of prostate homeostasis (Mohler et al., 2004; Page
et al., 2006; Calistro Alvarado, 2010). Furthermore, the demonstrated
relevance of within-tumour testosterone production for the progression
of advanced prostate cancer (Titus et al., 2005; Montgomery et al.,
2008; Stanbrough et al., 2006; Watson et al., 2015) makes it a germane
addition to the model.

The inclusion of resource dynamics in our model entails additional
processes like cellular resource production and consumption that must
be parameterised, and wherever possible, we have determined these
parameter values based on available empirical measurements of the
corresponding processes. Within this theoretical framework, our results
enable us to construct an understanding of the steady state behaviour
of the CRPC system in terms of the differential resource use properties
of three distinct types of prostate cancer cells. Our data broadly demon-
strate that resource consumption processes could potentially elucidate
underlying mechanistic links within a system that is otherwise largely
phenomenological. In particular, we find that the efficiency of resource
use and abundance regimes of resources both play important roles in
determining the steady-state composition of the tumour. We also iden-
tify resource use efficiency as an interesting aspect of tumour-intrinsic
properties that could potentially be used to predict the sensitivity and
responsiveness of a given tumour to testosterone-targeting therapy.

2. Methods

2.1. Model framework

Fig. 1 shows a schematic with the main components of the current
model. Following the Cunningham et al. model, we use three sepa-
rate logistic equations (Eq. (1)) with density-dependent competition
to describe the dynamics of each of the three types of cancer cells:
𝑇 +, which requires testosterone for growth but cannot synthesise it;
𝑝, which also requires testosterone for growth but is capable of
utonomous testosterone production; and 𝑇 −, which neither requires
or produces testosterone. We use two ODEs to describe the dynam-
cs of two resources-oxygen (Eq. (2)) and testosterone (Eq. (3))-that
ontribute directly to cell growth (Fig. 1A).

In order to connect resource levels to cell abundances, we model the
ell type-specific carrying capacities as dynamic functions of real-time
esource levels according to their respective consumption modalities
etailed further below, such that competitive interactions in the model
re realised through the levels of each resource. The complete set of
quations are as follows:

𝑑𝑦𝑖
𝑑𝑡

= 𝑟𝑖 𝑦𝑖

(

1 −
∑

𝑖 𝑦𝑖
1 +𝐾𝑖,𝑚𝑎𝑥 𝑓𝑖(𝑂2) 𝑓𝑖(𝑇 )

)

− 𝛿𝑖 𝑦𝑖, for 𝑖 ∈ {𝑇 +, 𝑇 𝑝, 𝑇 −}

(1)

𝑑𝑂2
𝑑𝑡

= 𝑝𝑂2
−
∑

𝑖
𝜇𝑂2 ,𝑖 𝑦𝑖 − 𝜆𝑂2

𝑂2, for 𝑖 ∈ {𝑇 +, 𝑇 𝑝, 𝑇 −} (2)

𝑑𝑇
𝑑𝑡

= 𝑝𝑇 𝑦𝑇 𝑝 −
∑

𝑖
𝜇𝑇 ,𝑖 𝑦𝑖 − 𝜆𝑇 𝑇 , for 𝑖 ∈ {𝑇 +, 𝑇 𝑝} (3)

here 𝑟𝑖, 𝑦𝑖 and 𝛿𝑖 are the growth rate, abundance and death rate
or cell type 𝑖, and 𝑝 , 𝜇 and 𝜆 are the production, consumption
𝑗 𝑗, 𝑖 𝑗, 𝑖
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Fig. 1. Schematic showing the components of the current model. (A) Three cell types of CRPC, with oxygen as the common resource and testosterone (T) as the 𝑇 𝑝-produced
resource. Regular arrows indicate production of a resource and inverted arrowheads indicate consumption. Corresponding rates are given alongside the arrows. In general, 𝜇 is a
consumption rate and 𝑝 is a production rate. (B) Functional forms used to describe the two resource use efficiencies. See main text for descriptions of the cell types and resource
use efficiencies. 𝑎External production of testosterone is turned off unless otherwise mentioned. 𝑏External production of oxygen is either low or high, but always non-zero.
and decay rates for cell type 𝑖 and resource 𝑗. We model oxygen as
a common resource that is supplied externally, at the constant rate
𝑝𝑂2

, in a cell-independent manner reflecting baseline blood supply. It is
consumed by all three cell types and leaks out of the tumour tissue at
some constant rate. Since castration-resistant prostate cancer arises af-
ter some period of androgen deprivation therapy (Mohler et al., 2004),
we initially assume that there is no external supply of testosterone, such
that any testosterone in the system is derived solely from production
by 𝑇 𝑝. As explained below, this is an assumption that we eventually
relax to consider CRPC with external testosterone supply. Since 𝑇 − is
testosterone-independent, testosterone consumption is only due to 𝑇 𝑝

and 𝑇 +, in addition to some constant leakage out of the tumour as with
oxygen.

𝐾𝑖,𝑚𝑎𝑥 is the maximum carrying capacity for each cell type and this
is further tuned by the availability of resources through the response
function, 𝑓𝑖(𝑟𝑒𝑠). As a heuristic based on other models (Ghaffarizadeh
et al., 2018), we assume 𝑓𝑖 to be a piecewise linear function valued in
[0, 1], such that it remains at zero for resource levels below a certain
lower threshold value. Once the lower threshold is crossed, 𝑓𝑖 increases
linearly up to one at some upper threshold value, and stays at one
thereafter. Fig. 1B shows the general shape of 𝑓𝑖 for both resources and
this is discussed further in the following section, but we note here that
this form allows the effective carrying capacity, as represented by the
whole of the denominator in Eq. (1), to respond dynamically to the
amount of resources available in the environment. When 𝑓𝑖(𝑟𝑒𝑠) = 0,
the denominator is 1, and for abundant resource availability such that
𝑓𝑖(𝑟𝑒𝑠) = 1, the denominator approaches 𝐾𝑖,𝑚𝑎𝑥. The denominator also
includes 1 to prevent division by zero under no availability of either
or both resources. We choose 1 instead of adding a really small value
(of the order of 10−12) to prevent runaway errors over the course of
numerical simulation.

2.2. Parameterisation and exploration

Table 1 gives a complete list of all the parameter values and their
ranges used in the model. As noted above, we have tried to derive as
many of these from empirical sources as possible, such that our model
is rooted as far as possible in the biology of the system.

Growth and death rates for the cell types are in units of min−1 and
derived from the doubling times of corresponding cell lines (see Table 1
and Supplementary Text). As the growth and death rates are different
between the cell types, we derive 𝐾𝑖,𝑚𝑎𝑥 for each cell type grown indi-
vidually without resource limitations (i.e. 𝑓𝑖(𝑇 ) = 𝑓𝑖(𝑂2) = 1) to achieve
the same effective carrying capacity of 10 000 (Equation S2). We rescale
all resource levels such that a resource level of 1 corresponds to the
empirically measured steady state value of that resource in prostate
cancer tissue. This enables us to sidestep a detailed treatment of the
3

stoichiometry of two very different resources. Setting Eq. (2) to zero,
we rescale empirically-derived cell-type specific consumption rates and
decay rate for oxygen, and use these to calculate the steady state supply
rate for oxygen assuming a population of only 𝑇 − cells. Similarly,
setting Eq. (3) to zero, we use rescaled values of the production rate and
natural decay rates for testosterone to calculate testosterone consump-
tion rate for 𝑇 𝑝. This rate is then used to determine the testosterone
consumption rate for 𝑇 +. We restrict all equations to a biologically
plausible space by requiring that 𝑦𝑖 = 𝑑𝑦𝑖

𝑑𝑡 = 0, 𝑖𝑓 𝑦𝑖 < 1 and only
allowing non-zero population and resource abundances. Details of the
parameterisation and normalisation are given in the Supplementary
Text.

The efficiency of resource conversion into cellular growth is an
important aspect of any resource-based conception of growth and
competition. Resource efficiency is equally relevant to cancer, simply
due to the diversity of niches and corresponding metabolic phenotypes
within any solid tumour (Zheng, 2012; Birsoy et al., 2014; Loponte
et al., 2019). Since environmental heterogeneity is well-documented
in solid tumours, the availability and efficiency of use of oxygen could
vary substantially between different regions of a tumour (Zheng, 2012).
Similarly, variation has been identified across prostate cancer cell lines
from several sources in their response to the availability and amount
of testosterone in the system (Gregory et al., 2001; Chuu et al., 2011).
Resource use efficiency could therefore underlie distinct metabolic
strategies within a heterogeneous tumour population. We consider
two distinct kinds of such metabolic strategies in our model for each
resource, based on the use efficiency of each resource. We choose two
distinct forms of the function 𝑓𝑖, corresponding to how much resource
is required to realise the maximum carrying capacity in Eq. (2). The 𝑓𝑖
for high use efficiency (Fig. 1B, solid line) reaches 1 at a lower resource
level than that for low efficiency (Fig. 1B, dashed line), thus requiring
a lesser amount of resource to realise maximum carrying capacity.

In addition to resource use, we also explore the effect of initial
population size on the steady state composition of the system. This
stems from the expectation that as the sole producer of testosterone,
absolute abundance of 𝑇 𝑝 could have a significant impact on the
balance of resource-based competition in the system.

All ODEs were simulated numerically using the LSODA algorithm
through the scipy.integrate.ode function in Python, until a
plateau was observed. Initial data suggested that a plateau was reached
within ∼ 1000 days of model time for most parameter combinations.
We therefore ran all simulations for 1000 days initially and subse-
quently extended the simulation time for those cases where a steady
state had not been reached. Supplementary Figures S2–S5 show the
time series for all the steady states examined in the main text along with
the final run time in each case. All simulations reached steady state
within 2500 days, except for only one combination of low oxygen use
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Table 1
List of all parameters used in the current model. T stands for testosterone. Units of all resource-related parameters do not include dimensions
of absolute abundance or concentration as these are normalised against 𝑟𝑒𝑠∗, and absolute values can be obtained by multiplying the parameter
by 𝑟𝑒𝑠∗. Cell-type specific values of 𝐾𝑖,𝑚𝑎𝑥 correspond to the value for which an effective carrying capacity of 10 000 is realised for that cell
type growing without other competitors and abundant resource availability. Details of normalisation of resource parameters and derivation of
growth parameters are given in the Supplementary Text. Supplementary Table S1 gives the values of empirically-derived rates and resource
abundances used in the normalisation.

Parameter Description Value(s) Source(s)

𝑟𝑖 Population growth rate of cell
type 𝑖

𝑇 + 2.84 × 10−3 min−1

𝑇 𝑝 2.79 × 10−3 min−1

𝑇 − 6.23 × 10−4 min−1
Equation S1

𝛿𝑖 Population death rate of cell type
𝑖

𝑇 + 2.5 × 10−3 min−1

𝑇 𝑝 2.5 × 10−3 min−1

𝑇 − 1.6 × 10−4 min−1
Jain et al. (2011)

𝐾𝑖,𝑚𝑎𝑥 Cell-type specific carrying
capacity

𝑇 + 8.35 × 104

𝑇 𝑝 9.62 × 104

𝑇 − 1.34 × 104
Equation S2

𝑝𝑟𝑒𝑠 Production rate of resource,
either as bulk or by cells

O2 0.11 min−1

T 5 × 10−7 min−1 cell−1 Equations S3 and S4

𝜇𝑟𝑒𝑠,𝑖
Uptake of resource 𝑟𝑒𝑠 by cell
type 𝑖

𝑇 + 1.63 × 10−6 min−1 cell−1
O2 𝑇 𝑝 1.63 × 10−6 min−1 cell−1

𝑇 − 1.04 × 10−6 min−1 cell−1 Hail et al. (2010), Equation S3

𝑇 + 2.34 × 10−8 min−1 cell−1
T 𝑇 𝑝 6.00 × 10−8 min−1 cell−1

𝑇 − 0 min−1 cell−1

𝜆𝑟𝑒𝑠 Decay rate of resource O2 0.100 min−1

T 0.004 min−1 Ghaffarizadeh et al. (2018)
and Jain et al. (2011) and
supplements therein
efficiency and high testosterone use efficiency, and initial population
size of 500, which was simulated for 5000 days. Custom Python scripts
have been used for all the simulations, data analysis and plotting.

3. Results

Our model aims to investigate intra-tumour cell dynamics in CRPC
in terms of the availability of and competition for resources. Specif-
ically, we study the effects of changing resource availability under
varying conditions of resource use efficiency and population size. Con-
sidering two distinct levels of supply for both oxygen and testosterone,
we define four resource supply states under which we examine steady
state tumour composition. The first state is when neither resource
is supplemented externally, testosterone production is entirely from
𝑇 𝑝, and oxygen supply is at a low level, as in a hypoxic tumour. In
the second state, only oxygen is supplemented and we use a higher
value of the oxygen supply rate, while testosterone production remains
restricted to 𝑇 𝑝. In the third state, there is only testosterone supple-
mentation, implemented by the inclusion of a constant supply term
independent of 𝑇 𝑝 in Eq. (3), while oxygen supply rate is low. In the
fourth state, both resources are supplemented, oxygen supply rate is
high, and external supply of testosterone is included.

We evaluate model outcomes based on whether or not 𝑇 𝑝 and 𝑇 +

are able to persist at steady state. In the context of therapy, we consider
the competitive exclusion of the testosterone-dependent cell types by
𝑇 − an unfavourable outcome, the reasons for which will be discussed
later. We classify model behaviour into four distinct tumour responses
based on the particular resource supply state in which steady-state
persistence of 𝑇 𝑝 and 𝑇 + occurs. The first is a T-type response, which
signifies that external supplementation of testosterone is sufficient for
𝑇 𝑝 − 𝑇 + persistence at steady state. The second is an O-type response,
which signifies that external supplementation of 𝑂2 alone is sufficient
for 𝑇 𝑝 − 𝑇 + persistence. The third is a TO-type response signifying
that external supplementation of both resources is required for 𝑇 𝑝−𝑇 +

persistence. The fourth response is called an N-type one, and indicates
that 𝑇 𝑝−𝑇 + persistence is not possible under any of the resource supply
states tested here. Unless otherwise stated, all simulations are initialised
4

with equal numbers of all three cell types and resource use efficiencies
are identical across all three cell types. In the following sections, we
illustrate how both resource use efficiency and supply states can play
key roles in determining the overall tumour response as defined above.

3.1. Steady state composition under high resource use efficiency: a mix of
tumour responses

Fig. 2 shows the steady-state composition of the tumour across the
four resource supply states when both resources are used at the same
efficiency, either both high (Fig. 2A) or both low (Fig. 2B). At high
use efficiency (Fig. 2A), for any initial population size, 𝑇 𝑝 − 𝑇 + are
competitively excluded by 𝑇 − when neither resource is supplemented
externally. This is intuitive as 𝑇 𝑝 and 𝑇 + are dependent on both testos-
terone and oxygen for growth, and lack of external supplementation
of both resources puts them at a competitive disadvantage relative to
𝑇 − which are limited only by oxygen. At population size 500, external
supply of testosterone is sufficient to ensure 𝑇 𝑝 − 𝑇 + persistence,
indicating a T-type response. However, for higher initial population
sizes, external supply of either or both resources can ensure 𝑇 𝑝 − 𝑇 +

persistence, suggesting a T- and O-type tumour response. Both these
responses can be understood by identifying the limiting resource in
each case. In the absence of external testosterone supply, 𝑇 𝑝 cells are
the only source of testosterone in the system. A small initial population
with few 𝑇 𝑝 cells and no external testosterone supply is therefore
limited by testosterone, leading to a T-type tumour response. Larger
initial population sizes also entail higher 𝑇 𝑝 frequency, thus relieving
testosterone limitation. Under these circumstances, external supply of
either one of the resources is sufficient to support 𝑇 𝑝 − 𝑇 + growth
and steady-state persistence. Taken together, our data indicate that
high resource use efficiency generally favours 𝑇 𝑝 − 𝑇 + persistence at
steady state under a range of resource supply conditions, although this
tendency is affected by the initial population size.

Under low use efficiency of both resources, Fig. 2B shows that
supply of both resources is necessary for 𝑇 𝑝 − 𝑇 + persistence at steady
state, indicating a TO-type tumour response. Contrary to high efficiency
(Fig. 2A), the TO-type response under low use efficiency is unaffected
by the initial population size. We also observe that under low efficiency,

low supply of oxygen leads to a smaller steady-state population size
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Fig. 2. Steady state behaviour under identical use efficiencies of both resources. Abundances of all three cell types, under (A) high use efficiency of both resources, and (B) low
use efficiency of both resources; initial population sizes are given on top of each subpanel and equal numbers of each cell type were seeded in the beginning. Without external
supplementation, 𝑝𝑂2

= 0.06 min−1, 𝑂2 at 𝑡 = 0 was set to 0, and testosterone was produced by 𝑇 𝑝 at a rate 𝑝𝑇 = 5 × 10−7 min−1 per cell. Under external supplementation,
𝑝𝑂2

= 0.11 min−1, 𝑂2 at 𝑡 = 0 was set to 0.5 and an additional supply of 0.001 min−1 was added to Eq. (3). 𝑇 at 𝑡 = 0 was always 0. High use efficiency (i.e. panel A) usually leads
to either a T- or T/O-type tumour response depending on the initial population size. Low use efficiency (i.e. panel B) produces an obligate TO-type tumour response regardless of
initial population size. Further elaboration on tumour response types are in the main text.
while the lack of external testosterone supply does not have such an
effect on the steady-state population size. This disparity is explicable
based on the functional form of low use efficiency of oxygen, which
allows only a fraction of the maximum carrying capacity to be realised
under the oxygen-limiting conditions imposed by limited external sup-
ply. It is also worth noting that since testosterone use efficiency is also
low, 𝑇 𝑝−𝑇 + growth is limited strongly by both oxygen and testosterone
at all times, and therefore requires external supplementation of both
resources for their persistence. This leads to a TO-type response.

3.2. Mismatched resource use efficiencies reveal the lability of tumour
responses

So far, we have only dealt with identical use efficiency of both
resources — either both high or both low. We now consider responses
to resource supplies of tumours with one resource used at high ef-
ficiency and the other at low efficiency. As Fig. 3 (left) shows, low
testosterone use efficiency is the simpler of the two in terms of tumour
responses, as it leads to an obligate T-type response. This implies that
𝑇 𝑝 − 𝑇 + persistence requires external testosterone supply regardless
of the initial population size, and as Fig. 3A, C and E make clear,
testosterone is both necessary and sufficient for 𝑇 𝑝 − 𝑇 + persistence.
As observed earlier, lower testosterone abundance does not affect the
steady state population size.

Low use efficiency of oxygen coupled with high testosterone use
efficiency presents a more complicated picture. As shown in Fig. 3
(panels B, D and F), steady state population size responds to low oxygen
abundance as expected, leading to a smaller final population. However,
when oxygen and/or testosterone are supplied, tumour responses in
terms of steady state composition show a greater degree of variability.
Following the trend across Fig. 3B, D and F from top to bottom, at small
initial population size (Fig. 3B), the lower frequency of 𝑇 𝑝 cells leads to
testosterone limitation and the tumour shows a T-type response. Given
that 𝑇 𝑝 − 𝑇 + are already limited by testosterone, external supply of
oxygen under small initial population size favours 𝑇 −. Intermediate
initial population size increases the 𝑇 𝑝 frequency, but in the absence
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of external testosterone supply, testosterone production by 𝑇 𝑝 alone is
insufficient for 𝑇 𝑝 − 𝑇 + persistence. Since oxygen is already limiting,
this leads to a TO-type response overall (Fig. 3D). Further increase in
the initial population size increases 𝑇 𝑝 frequency, and this increase
ameliorates the initial testosterone limitation. However, higher total
cell number under low oxygen use efficiency makes oxygen the limiting
resource in turn, and this leads to an O-type response (Fig. 3F). Low
use efficiency of oxygen therefore reveals the potential for population
size to determine which resource is actually limiting and how tumour
populations respond to resource supply states.

3.3. Oxygen supply rate could affect producer–consumer cell abundance
balance

Fig. 4 shows part of a finer exploration of the resource-supply pa-
rameter space, in which we vary the supply rates of both resources over
a range of values. Under low use efficiency of only oxygen (Fig. 4A), we
find that increasing the supply rate of oxygen increases the proportion
of 𝑇 + at steady state relative to 𝑇 𝑝 (cf Fig. 4A and B). Low efficiency
use of testosterone, on the other hand, limits the viable resource
supply region, such that population growth occurs for only the highest
testosterone supply rate when its use efficiency is low (Fig. 4B; note that
the 𝑥-axis here has only the highest value of testosterone supply rate).
It is also worth noting that in the supply cases shown here, the steady-
state population is almost entirely comprised of 𝑇 𝑝 and 𝑇 +, indicating
that under sufficient resource abundance, 𝑇 − is competitively excluded.
As further elucidated in Supplementary Figure S6, below some lower
threshold supply rates of oxygen and testosterone, 𝑇 𝑝 − 𝑇 + are both
driven to extinction at steady state. While the data are not shown here,
we also find that below some other threshold supply of oxygen lower
still, all three cell types are driven to extinction. Testosterone supply
and its use efficiency therefore seem to result in binary outcomes in
terms of steady-state 𝑇 𝑝 − 𝑇 + persistence. On the other hand, under
conditions when testosterone availability is sufficient for 𝑇 𝑝 − 𝑇 +

persistence, higher oxygen availability favours a greater proportion of
𝑇 + at steady state.
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Fig. 3. Steady state behaviour under mismatched resource use efficiencies. Abundances of all three cell for (A, C, E) low use efficiency of testosterone only and (B, D, F) low use
efficiency of oxygen only; initial population sizes vary across rows as given on the right end of each row, and equal numbers of each cell type were seeded in the beginning.
Resource supplies were parameterised as mentioned earlier. 𝑇 stands for testosterone. When testosterone use efficiency is low (A, C, E), tumour responses are obligately T-type
regardless of initial population size. On the other hand, low use efficiency of oxygen (B, D, F) leads to shifting tumour responses, from T-type for small initial population size (B),
to TO-type response (D), to an O-type response (F). See main text for further explanation.
Fig. 4. Producer–consumer balance with varying oxygen supply. Steady state ratio of 𝑇 𝑝 against 𝑇 + across a range of supply rates of oxygen and testosterone for low use efficiency
of oxygen and either (A) high use efficiency or (B) low use efficiency of testosterone. Note that lower supply rates of either resource, below 0.0001 min−1 for testosterone and
below 0.06 min−1 for oxygen, could not support any cell growth at all and are therefore not shown here. Empty spaces marked as ‘‘Growth is not viable’’ are resource supply
states for which 𝑇 𝑝 and 𝑇 + both go extinct. Oxygen supply rates on the 𝑦-axis increase from top to bottom. In all cases, simulations were initialised with equal numbers of all
three cell types, with an initial population size of 500 and run for 2500 days.
3.4. Oxygen and testosterone function at different abundance regimes

The previous sections show that across resource efficiencies, oxygen
and testosterone have qualitatively different effects on steady state pop-
ulation sizes and tumour compositions. To investigate these differences
in further detail, we show part of the parameter exploration for the
choice of upper and lower thresholds for 𝑓𝑖(𝑂2) and 𝑓𝑖(𝑇 ) in Fig. 5A–B,
for a population of 𝑇 𝑝 cells alone. The heat maps clearly demonstrate
that when testosterone is only produced by 𝑇 𝑝 and oxygen is supplied
externally, 𝑇 𝑝 growth is viable across the whole parameter space of
upper and lower thresholds for oxygen (Fig. 5A). However, 𝑇 𝑝 goes
extinct for testosterone lower thresholds of 0.2 or greater (Fig. 5B).
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Comparing this with a representative simulated time series of resource
levels in Fig. 5C, we see that in the initial few days, testosterone
levels remain slightly below 0.2 whereas oxygen levels increase rapidly
to stabilise close to one. This distinction in turn stems from the fact
that oxygen and testosterone are produced and consumed at vastly
different rates in the system, leading to different abundances at steady
state as well as different dynamics towards the steady state. Fig. 5
altogether demonstrates that the difference in steady state resource
abundance corresponds to the parameter space of 𝑓𝑖(𝑂2) and 𝑓𝑖(𝑇 )
where cell growth is viable. The extent to which the upper and lower
thresholds can be varied for 𝑓𝑖(𝑇 ) is therefore much more restricted
than for 𝑓𝑖(𝑂2), primarily due to differences in the underlying resource
dynamics.
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Fig. 5. Abundance regimes of oxygen vs. testosterone. Steady state abundances of a population of 𝑇 𝑝 cells grown without resource limitation and in the absence of other cell
types, under a range of thresholds for 𝑓𝑖 of (A) oxygen and (B) testosterone, and (C) representative time series of resource dynamics in the first 25 days. For panels (A) and (B),
upper and lower threshold values correspond to the upper and lower inflection points of 𝑓𝑖 as shown in Fig. 1B. The missing upper diagonal values of (A) and (B) are not valid
threshold values of 𝑓𝑖 as the lower limit must be less than the upper limit by definition. For (C), equal numbers of all three cell types were initialised, initial total population size
was 2000, lower and upper thresholds were 0 and 1 respectively for 𝑓𝑖(𝑂2), 0 and 0.1 for 𝑓𝑇 𝑝 (𝑇 ), and 0 and 0.05 for 𝑓𝑇 + (𝑇 ), and 𝑝𝑂2

= 0.11 min−1.
4. Discussion

Androgen dependence has been a much-studied aspect of prostate
cancer in the context of progression of castration-resistant growth (re-
viewed in Phan et al., 2020; Pasetto et al., 2022). The current study
goes beyond previous investigations (Cunningham et al., 2018) by al-
lowing us to describe system behaviour in terms of the availability and
consumption of resources that are pertinent to the biology of CRPC. In
the absence of external supplementation, oxygen in our model is usually
present at much higher levels than testosterone (Fig. 5), which is con-
sistent with measurements from the tumour microenvironment (Dillard
et al., 2008; Stewart et al., 2010). As 𝑇 𝑝 and 𝑇 + are simultaneously
limited by two resources, they are driven to extinction in many parts of
the resource efficiency-supply space (Figs. 2 and 3). While low resource
use efficiency is detrimental to 𝑇 𝑝 − 𝑇 + survival overall (Fig. 2B),
overcoming this through external supply of the limiting resource is
context-dependent. Fig. 3A shows that when testosterone use efficiency
is low, external supply of testosterone is always sufficient to ensure
𝑇 𝑝 − 𝑇 + survival. When oxygen use efficiency is low, Fig. 3B shows
that the initial population size determines which resource is limiting
and can therefore support 𝑇 𝑝−𝑇 + survival if supplied externally. Fig. 4
shows a specific part of the resource supply-efficiency parameter space
in which oxygen supply seemingly favours a higher abundance of 𝑇 +

at steady state. Since 𝑇 + has a slightly higher doubling rate than 𝑇 𝑝, it
is possible that its growth could be favoured by the presence of higher
resource abundance.

On the whole, our data suggest that resource use efficiencies could
serve as potential tumour-intrinsic properties that could be predictive
of tumour composition at steady state. In the case of CRPC, the steady-
state composition serves as an indicator of whether the tumour is
likely to respond to resource-targeting therapy. As 𝑇 𝑝 and 𝑇 + are both
testosterone-dependent cell types, their persistence at steady state leads
to a tumour that would respond to testosterone inhibition. On the
other hand, a higher frequency of 𝑇 − at steady state leads to a tumour
that is less responsive to testosterone-targeting therapy as 𝑇 − cells are
not dependent on testosterone for growth. Given that the development
of personalised cancer therapy is a subject of active research (Martin
et al., 2015; Hansen et al., 2017; Marigorta et al., 2017; Gedye and
Navani, 2022), our data indicate that the elucidation of resource use
strategies in a tumour could form the basis of designing more effective,
personalised therapeutic strategies for CRPC cases depending on the
extent of resource dependencies within the tumour. We also speculate
that the abundance regime in which a resource operates could be an
important factor in determining its therapeutic relevance. Testosterone
in our model operates at a much lower abundance than oxygen. On
one hand, this identifies testosterone as a clear target for therapeutic
approaches involving resource supply as it is invariably limiting. How-
ever, we also find that model behaviour is highly sensitive to changes
in testosterone availability, with very sharp thresholds for steady-state
𝑇 𝑝 − 𝑇 + persistence (Supplementary Figure S6). To what extent these
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thresholds are an artefact of our parameterisation of resource use
efficiencies is unclear, and this is a subject of ongoing investigation.

Although we use clinically relevant parameter regimes for our data,
our model results have not been fit to longitudinal data from patient
samples, unlike some other models in this context (Hirata et al., 2018;
Foryś et al., 2022; Zhang et al., 2022). Consequently, rather than
providing precise quantitative predictions about the progression and
dynamics of CRPC, our results point towards qualitative patterns and
behaviours of such a system. One such observation from the model
relates to cases where drug sensitivity is accompanied by unique re-
source use strategies. Under such conditions, the external supply of
resources used specifically by sensitive cells supports their growth,
while drug treatment retards their growth. This suggests that resource
supply, due to its effect on intra-tumour competition, could potentially
be used as a counterweight to chemotherapy to extend the time for
which the tumour responds to the therapy. A recent resource-consumer
model of estrogen and glucose consumption in breast cancer has used
an 𝑅∗-based conceptual framework to demonstrate effects of resource
dynamics on intra-tumour competition in the absence of chemotherapy
(Kareva and Brown, 2021). Furthermore, tumours of an LNCaP-derived
cell line when implanted in athymic mice have been shown to undergo
significant regression and necrosis when the mouse is given a testos-
terone bolus (Umekita et al., 1996). Therapeutic use of testosterone
also offers the possibility of improvements in patient-reported Quality
of Life indicators that are typically adversely affected by prolonged
androgen deprivation (Niraula et al., 2016). More generally, our data
indicate that a theoretical framework that integrates available infor-
mation on the biology of resource use in a tumour with its growth
dynamics could considerably expand our current toolkit for cancer
control. This could be particularly relevant for endocrine cancers, most
of which frequently have a hormone or growth factor signalling axis
that is crucial for cancer progression, as exemplified by the importance
of EGFR signalling in breast cancer (Osborne et al., 1985; Kareva and
Brown, 2021), testosterone signalling in prostate cancer (Mohler et al.,
2004), or insulin signalling in pancreatic cancer (Chan et al., 2014;
Archetti et al., 2015).

Realising the translational value of resource use models in cancer
treatment depends on the ability to identify and monitor relevant cel-
lular phenotypes and resource availability. One potentially interesting
avenue are the so-called ‘‘radiomics’’ approaches that can integrate
quantitative imaging data with additional information about spatial
structure, genomics and gene expression to help with diagnosis and
monitoring (Gillies et al., 2016). Such analyses have been applied
to classify prostate cancer and benign masses accurately, and further
separate different kinds of tumours with the same overall Gleason
score (3 + 4 vs. 4 + 3, for example Wibmer et al. (2015) and Fehr
et al. (2015)). The possibility of obtaining such information before and
after a therapeutic intervention represents unprecedented scope in the
future for precise, patient-driven treatment that can respond to drug-
induced ecological and evolutionary changes in a tumour. Theoretical
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models must therefore be geared to make use of such granular data
from the tumour microenvironment to enable an ecologically-informed
treatment approach.
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