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Symbolic Models for Interconnected Impulsive Systems
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Abstract— In this paper, we present a compositional method-
ology for constructing symbolic models of nonlinear intercon-
nected impulsive systems. Our approach relies on the concept
of “alternating simulation function” to establish a relation-
ship between concrete subsystems and their symbolic models.
Assuming some small-gain type conditions, we develop an
alternating simulation function between the symbolic models of
individual subsystems and those of the nonlinear interconnected
impulsive systems. To construct symbolic models of nonlinear
impulsive subsystems, we propose an approach that depends on
incremental input-to-state stability and forward completeness
properties. Finally, we demonstrate the advantages of our
framework through a case study.

I. INTRODUCTION

The symbolic model (a.k.a abstraction) of dynamical sys-
tems involves representing complex systems using finite sets
of states, inputs, and transition relations that capture the
essential dynamics of the concrete system. The resulting
abstract model must be formally included with the concrete
system via relations like simulation or alternating simulation
[1]. This enables model checking and controller design, e.g.,
through supervisory control and algorithmic game theory.
Abstraction-based controller synthesis, commonly used, han-
dles high-level specifications expressed as temporal logic
formulae [2]. However, these approaches depend on state
and input space discretization, leading to exponential com-
putational complexity as the concrete system’s state space
dimension increases. Thus, they face the curse of dimen-
sionality, particularly in high-dimensional systems.

When dealing with complex, interconnected systems, the
use of compositional abstraction becomes essential. In this
approach, the abstraction process is broken down into smaller
subsystem level construction of abstraction, allowing for a
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more manageable construction of the abstraction of the con-
crete system. A significant amount of research has been de-
voted to developing compositional abstractions for different
classes of large-scale interconnected dynamical systems. The
results include the construction of compositional abstraction
for acyclic interconnected linear [3] , nonlinear [4], and
discrete-time time-delay [5] systems, compositional frame-
works based on the notion of an (alternating) simulation
function and small-gain type conditions [6], compositional
frameworks based on dissipativity properties [7], composi-
tional abstraction for interconnected switched systems, [8],
[9], and compositional synthesis of abstraction for infinite
networks [10]. Authors in [11] propose a compositional
approach using the concept of assume-guarantee contracts
[12]. Finally, authors in [13], [14] proposed compositional
abstraction frameworks using the concept of approximate
composition.

However, none of the proposed approaches in the literature
makes it possible to compositionally construct abstractions
for the class of impulsive systems. Indeed, although [15]
addressed the abstraction of impulsive systems, it focuses
on providing a monolithic abstraction of impulsive systems,
which can result in a high computational burden when
applied to large-scale interconnected systems. Therefore,
this paper aims to address this gap in the literature by
developing novel results for the compositional abstraction
of interconnected impulsive systems.

This paper! establishes a novel compositional scheme for
constructing symbolic models of interconnected impulsive
systems. In particular, we adapt the notion of alternating
approximate simulation functions in [16] to establish a rela-
tion between each subsystem and its symbolic model. Based
on some small gain-type conditions, we compositionally
construct an overall alternating simulation function as a
relation between an interconnection of symbolic models and
that of the original interconnected subsystems. Furthermore,
under certain stability and forward completeness properties,
we present the construction of symbolic models for each
subsystem of the original model. In our case study, we
demonstrate the effectiveness of our approach by comparing
the computational efficiency of compositional and monolithic
methods for constructing symbolic models of systems while
varying the number of interconnected subsystems.

II. NOTATIONS AND PRELIMINARIES

Notations: We denote by R, Z, and N the set of real
numbers, integers, and non-negative integers, respectively.

IThe proofs are omitted due to space limitations.
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These symbols are annotated with subscripts to restrict them
in an obvious way, e.g., Rs o denotes the positive real num-
bers. We denote the closed, open, and half-open intervals in
R by [a, b], (a,b), [a,b), and (a, b], respectively. For a,b € N
and a < b, we use [a; ], (a;b), [a;b), and (a; b] to denote the
corresponding intervals in N. Given any a € R, |a| denotes
the absolute value of a. Given any u = [ug;...;u,] € R™,
the infinity norm of w is defined by ||ul| = max;e[1;p) [|ul|-
Given a function v : R>g — R, the supremum of v is
denoted by ||v[|oo; we recall that ||V = sup,cp_ [[V(1)]]-
Given x : Ryg — R"™,Vt,s € Ry with ¢ > s, we define
x(~t) = lim,_,; x(s) as the left limit operator. For a given
constant 7 € R>( and a set W := {x : R5o — R"}, we
denote the restriction of WV to the interval [0, 7] by W|jo ;] :=
{x :]0,7] = R™}. We denote by C(-) the cardinality of a
given set and by @ the empty set. Given sets U and S C U,
the complement of S’ with respect to U is defined as U\S =
{z : 2z € Uz ¢ S}. Given a family of finite or countable
sets S;,4 € N C N, the ;' element of the set S; is denoted
by s;;. For any set S C R" of the form § = U]Ai1 S
for some M € No, where S; =[], [c].d!] € R™ with
¢/ < d!, and non-negative constant n < 7, where 7 =
ming_y s, and s, = min{|d] — cl|.....|d} - ci}.
we define [S], ={a€S |a,=knki€Zi=1,...,n}
if n # 0, and [S],, = S if n = 0. The set [S],, will be used as
a finite approximation of the set S with precision 1 # 0. Note
that [S],, # @ for any 1 < 7. We use notations C and K to
denote different classes of comparison functions, as follows:
K=A{a: R>o — R>| o is continuous, strictly increasing,
and a(0) = 0}; K = {a € K] qli}n;oa(s) = oo}. For
a,y € Koo we write o < 7 if a(r) < ~(r), Vr € Rxg, and,
by abuse of notation, a = ¢ if a(r) = cr for all ¢,r > 0.
Finally, we denote by id the identity function over R>o, i.e.
id(r) = r,Vr € Rxo.

A. Interconnected Impulsive System

1) Characterization of Impulsive Subsystems: We con-
sider a set of impulsive subsystems indexed by i € N,
where N = [1;N] and N € Ns;. The i'" subsystem can
be formally defined by,

Definition 2.1: A nonlinear  impulsive  subsystem
¥, i € N, is defined by the tuple ¥; =
(RIL’, Wi, Wi, [Ui7 Ui, fi7 gi, Yi, hi, Qi), where

o R is the state set;

¢ W; C R% is the internal input set;

o W; is the set of all measurable bounded internal input

functions w; : Ryo — W;;

e U; C R™ is the external input set;

e U, is the set of all measurable bounded external input

functions v; : Ry — Us;

o fivgi + R™ x W; x U; — R™ are locally Lipschitz

functions;

o Y; C RPé is the output set;

e h; : R; =Y, is the output map;

o Q; = {tF}ren is a set of strictly increasing sequence

of impulsive times in R>o comes with tf“ —tr e

{z;7iy...,Z;7;} for fixed jump parameters 7; € Rsq

and z;,z; € N>q, 2, < 7.
The non-linear flow and jump dynamics, f; and g; are
described by differential and difference equations of the

form,
xi(t) = fi(xi(t), wi(t), va(t)), t € R0\ S,
Zi : Xq(t) = g7(X7(7t ,wi(’t), Z/Z(L‘)), te Qz, (IIl)
yl(t) = hi(Xi t)), te R)m

where x; : Ryo — R"™ and w; : Ryo — W, are the state
and internal input signals, respectively, and assumed to be
right-continuous for all ¢ € Rx. Function v; : Ry — U; is
the external input signal. We will use xg, ., (t) to denote
a point reached at time ¢t € Rx( from initial state z; under
input signals w; € W; and v; € U;. We denote by X, and
X4, the continuous and discrete dynamics of subsystem X;,
i.e., Eci : ).(Z(t) = fi(Xi(t),wi@),Vi(t)), and Edi : Xz(t) =
g (x:(),wi(" ), i (1)):

2) Interconnections among Impulsive Subsystems: We
assume that the input-output structure of each impulsive
subsystem 33;, ¢ € N, is general and formally given by,

N
wi = [win; .- s Wi(i—1) Wi(i+1)5 - -+ ;wWiN], WFH_;;;,WW (IL.2)
JF

N
yi = [yins-- s uin), Y= H Yijs {L.3)
j=1

where w;; € W5, y;; = hij(x;) € Vi, and output function,
hi(zi)=[hir (z:); . .. hin (74)], (I1.4)

and z; denotes the state vector of the i*" subsystem. The
outputs y;; are considered as external, while y;; with ¢ # j
are internal and are used to define the connections between
the subsystems. In fact, we consider that the dimension of
the vector w; is equal to that of the vector y;. If there is no
connection between the subsystems >J; and XJ;, h;; is fixed
as zero, i.e. h;; = 0.

Assumption 2.2: The interconnections are constrained by
wij = Yjir Yji © Wij, Vi, j € N,i # j.

3) Interconnected Impulsive Systems: The formal defini-
tion of the interconnected impulsive system is given by,

Definition 2.3: Consider N € N> impulsive subsystems,

Y = (R™,W;, Wy, U;, Uy, fi, 96, Vi, hi, ;)

with input-output structure given by (I1.2)-(I1.4). The inter-
connected impulsive system is a tuple ¥ = (X, U, f,G,Q),

denoted by Z(X1, ..., Xx) and described by the differential,
difference equation of the form,
o [KO= 1m0, vieRQ
x(t) = G(x("t),v(t)) Ve

with z eX=[], R™, veU=TIY, U;, Q= Q; and
Fx@),v(1) = [fu(zr(t), wr(t), v1(t)), - - s fu(@n(t), wn(t), vn(t))]
G, 1(0) = [Br (a1 (T0), 1 (70, 01(1)), -, B (") wa(T8), va(1))]

where, 7
Bi(zi(T),wi(T1),vi(t)) = {Iq( t)

gi(zi(Tt), wi(Tt), vi(t))

if t ¢,
Z'ftEQi.
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B. Transition systems

1) Transition Subsystems: Now, we will introduce the
class of transition subsystems [17], which will be later
interconnected to form an interconnected transition system.
Indeed, the concept of transition subsystems permits to
model impulsive subsystems and their symbolic models in
a common framework.

Definition 2.4: A transition subsystem is a tuple 7; =
(X, Xo,, Wi, W, Ui, U; , F, Yi, Hy), @ € N, consisting of:

« a set of states Xj;

« a set of initial states Xo, C X;;

« a set of internal inputs values W;;

« a set of internal inputs signals Wi:={w; : R>o — W;};

« a set of external inputs values U;;

« a set of external inputs signals U; := {u; : R>o — U };
transition function F; : X; x W; x U; = X;;

e an output set Y;;

e an output map H; : X; — Y;.

The transition a:;r € Fi(x;,w;, u;) means that the system can
evolve from state xz; to state xj' under the input signals w;
and w;. Thus, the transition function defines the dynamics of
the transition system. Let X, ., », denotes an infinite state
run of T; associated with external input signal u;, internal
input signal w;, and initial state z;. Correspondingly, define
Yas wiui = Hi(Xg, w0, ) as an infinite output run of T;. Sets
X;,W;,U;, and Y; are assumed to be subsets of normed
vector spaces with appropriate finite dimensions. If for all
z;, € X;,w; € Wi,u; € U, C(.E(aci,wi,ui)) < 1, we
say that T; is deterministic, and non-deterministic otherwise.
Additionally, T; is called finite if X;,w;,U; are finite sets
and infinite otherwise. Furthermore, if for all x; € X; there
exists w; € W; and u; € U; such that C(F;(z;, w;,u;)) # 0
we say that T; is non-blocking.

2) Interconnections among transition subsystems: We as-
sume that the input-output structure of each transition sub-
system T}, i € N, is formally defined as the interconnection
structure for the impulsive subsystems in part II-A.2 and is
formally defined by,
wi:[w“; N

N
swin], Wi=] Wy, aLe)
Jj=1,
i#i

Y Wi(i—1)5 Wi(i41)5 - -

N
vl Y =[] Yis,
j=1

vi = [yi1; - - - (1L.7)

where w;j € Wij, yi; = hij(x;) € Y;;, and the output map,
Hi(wi)=[Hir(2:); ... Hin (:)]-

Assumption 2.5: The input-output interconnection vari-
ables of transition systems are constrained by,

(IL8)

lwij — Hji(@;)ll < Py, iy € Rxo (IL9)

3) Composed transition system: We define the composed

transition system by Z(77, ..., Tx) and we define it formally
by,

Definition 2.6: Consider N € N> transition subsystems

Ti = (Xi’XONWiaWi7U’iauia‘Fi7)/i7H’i)

with  input-output structure given by (IL.6)-(IL.4).
The interconnected transition system is a tuple
T = (X,Xo0,U,F,Y,H), denoted by Z(T1,...,Tn),

where X = vazl Xi, Xo = HZV:I Xo,, U = Hil Ui,
Y = Hf\;l Y;. Moreover, the transition relation F and the
output map H are defined by,

Fla,u)={[zT;.. ;23] laf € Filzi,ui,w;) VieN},
(I.10)

H(zx):=[Hi1(z1);- .- ; Hyn(zN)] (IL.11)

where © = [z1;...;2n] € X, u = [ug;...;un] € U.

C. Alternating Simulation Function

In this section, we recall the so-called notion of £—
approximate alternating simulation function in [6].

Definition 2.7: Let T = (X, X, U, F,Y,H) and T =
(X, Xo,U,F,Y,H) with Y CY.A function S : X x X —
R is called an alternating simulation function from 7" to
T if there exist & € Koo, 0 < & < 1, Pu € Koo U {0}, and
some € € Rxq so that the following hold:

1) For every x € X, % € X, we have,

a||H(x) — H(@)) <S(a, 2);

2) Foreveryx € X, % € X, @ € U there exists u € U such
that for every z™ € F(x,u) there exists 2+ € F(Z,0)
so that,

S(zt,27) < max{58(z, %), pu(||t]|o0),&}; (IL13)
It was shown in [6] that the existence of an approximate
alternating simulation function implies the existence of an
approximate alternating relation from 7' to T'. This relation
guarantees that for any output behavior of T' there exists
one of 7' such that the distance between these two outputs
is uniformly bounded by & = & !(max{p,(r),£}). For
local abstraction, the notion of c-approximately alternating
simulation function from 7; to Ti, Vi € N, is formally
defined by,

Definition 2.8: LetT; = (X;, Xo,, W;,U;, Fi, Y;, H;) and
T, = (Xi,f(o”Wi,Ui,ﬁi,ﬁ,?:[i) be transition subsystems
with Yl CY;, w; € W;. A function S; : X; X Xi — Ry is
called a local alternating simulation function from Ti to T;
if there exist a, pu; € Koo, 0 < 0; < 1, py, € Koo U {0},
and some ¢; € Ry so that the following hold:

(IL12)

1) For every z; € X;,2; € Xi, we have,

i ([Hi(xi) — Hi(2:)]]) <Si(s, 24); (I1.14)

2) For every z; € X;,z; € Xi,ﬁi S Ul there exists
u; € U; such that for every w; € W;,&; € Wi,z €
Fi(i,w;, u;) there exists ;" € F; (&, 05, 4;) so that,

Si(xf, &) <iSi(wi, &) + oy ([|lwi—ail])
+ pu(lltilloo) + & (L15)

The goal is to construct alternating simulation functions

for the compound transition systems 7' = Z(71,...,Tn)
and T = I(Tl, .. ,TN) from the local alternating simula-
tion functions of the subsystems. To achieve this goal, the
following lemmas are recalled.
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Lemma 2.9: [18, Theorem 1] Let S; : X; x X; — R
be a local alternating simulation function from T; to T; then,
for every z; € X;, Z; eXZ, u; € U there exists u; € U; such
that for every w; € W;,0; € Wz,a: € Fi(x;, w;,u;) there
exists Z; tek (4, w;, ;) so that,

Si(zf, #7) <max {0;S

10 Z

|wi —ai)),
(IL.16)

('Tiai'i)vai(
Pu; ([[illoc), €6} 5

where 0; = 1 — (1 — w)(l — 3i)s Pu; mﬁw
Pu; = mﬁul, ande; = =09 for an arbitrarily chosen
positive constant ¥ < 1, and cr 5 , Pw, P, are constants and
function appearing in Definition 2.8.

III. COMPOSITIONALITY RESULT

The goal of this section is to provide a method for the com-
positional construction of an alternating simulation function
for the interconnected transition system 7'=Z(T1,...,Tn)
to T = I(Tl, .. ,TN) as defined in Definition 2.6. For the
functions o;, «;, and p,,; associated with S;, i € N, given
in Lemma 2.9, we define Vi, j € N,

oF}
Yij = —1
Pw; © aj

and we set 7;; equal to zero if there is no connection from
Tj to 1;, i.e., Wij = 0.
To establish the compositionality results of the paper, we
make the following scaled small-gain assumption.
Assumption 3.1: Assume that functions +;; defined in
(IIL.1) satisfy,

if i,jeNi=j

1.1
if i,j € N|i #j, (ti-h

-+ 0 ’yir—lir o ,yiril < Id7 (IIIZ)

N}7, where r € {1,...,N}.

Yiriz © Yigiz ©

V(is,... i) € {1,...,

The next theorem provides a compositional approach to
construct an alternating simulation function from T =
(Ty,...,Ty) to T = (Ty,...,Tx) via local alternating
simulation functions from TZ to T, i € N.

Theorem 3.2: Consider the interconnected transition sys-
tem T = Z(T,...,Tn). Assume that each T; and its
abstraction 7} admit a local alternating simulation function
S; as in Lemma 2.9. Suppose Assumption 3.1 holds. Then,
function S : X x X — R>( defined as,

S(w, 2) := max{y; (Si(wi, 7))}
is an alternating simulation function from T =
I(Tl,...,TN) to T :I(Th...,j—’]\]).

(I11.3)

IV. CONSTRUCTION OF SYMBOLIC MODELS

In the previous section, we showed how to construct an ab-
straction of a system from the abstractions of its subsystems.
In this section, our focus is on constructing a symbolic model
for an impulsive subsystem using an approximate alternating
simulation. To ease readability, in the sequel, the index ¢ €
is omitted.

Consider an  impulsive  subsystem X =
(R™, W,W,U,U,, f,g,Y,h,Q), as defined in Definition
2.1. We restrict our attention to sampled-data impulsive
systems, where the input curves belong to U, containing
only curves of constant duration 7, i.e.,

=v((k—-1)7), (IV.1)
€[(k—1)r,k7),k € N>}

= {l/ : RZO — [U‘V(t)

Moreover, we assume that there exist constant ¢ such that
for all w € W the following holds,

lw(®) —w((k =1)7)[| < @, Vt € [(k = 1)7,k7), k € N>1.

IV.2)

We also have the following Lipschitz continuity assump-
tion on the output map h.

Assumption 4.1: There exist positive constant L, such that
the output maps h satisfy the following Lipschitz assumption
is satisfied,

|h(2)—h(y)| < Lllz—yl| Yo,y € R". (Iv:3)

Next, we define sampled-data impulsive systems as tran-
sition subsystems. Such transition subsystems would be
the bridge that relates impulsive systems to their symbolic
models.

Definition 4.2: Given an impulsive system %X =
(R, W, W, U, U, f,g9,Y,h,Q), we define the associated
transition system T,(X) = (X, Xo, W, U U, F,Y,H)
where:

e X =R"x{0,...,Zz};

] Xo =R" x {0},

« U=U;
e U=U;
« W =W,
« W=W;
o (z7,c") € F((z,¢),w,u) if and only if one of the
following scenarios hold:
— Flow scenario: 0 < ¢ <zZ—1, 2" = x,,,(77), and
ct=c+1;
— Jump scenario: z < ¢ < z, 2t = g(z,w(0),u(0)),
and ¢t = 0;
o« Y = Y;

e H:X — Y, defined as H(x,c) = h(x).
For later use, define WV, as,

W; ={w:Rxo = Wlw(t) = w((k—1)7), (Iv.4)

te [(k— l)T,kT),k S N;l}.

In order to construct a symbolic model for T,(X), we
introduce the following assumptions and lemmas.

Assumption 4.3: Consider impulsive system

¥ = (R, W,W,U,U,, f,g,Y,h,Q). Assume that there
exist a locally Lipschitz function V' : R™ x R® — Ry,
Ko functions o, @, pu.;Puwys Pue, Puy» and — constants
ke € R, kg € R, such that the following hold,
o V2,2 € R",
a(llz —2|) < V(z,2) <a(llz —2[));  AV.5)
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e Vz,z € R™ ae, Vw,w € W, and Yu,u € U,

OV (x, %) ovV(x,&),,. . .
< =KV (@, 8) +pu, ([[w =) +pu, (lu—a]));
o Vr,z € R"Vw,w € W, and Yu,u € U,
Vig(z,w,u), g(Z,0,u)) (IV.7)

<kaV (@, 2) + pu, (|w=&l) + pu,y ([[u—al))-
Assumption 4.4: There exist K, function 4 such that for
all z,y,z € R™,

Viey) <V(e2)+4(ly—2).  ave)

We now have all the ingredients to construct a symbolic
model 7', () of transition system 7’ () associated with the
impulsive system 3 admitting a function V' that satisfies
Assumption 4.3 as follows.

Definition 4.5: Consider a transition system T,.(X) =
(X, Xo, WW, U, U, F,Y,H), associated to the impul-
sive system ¥ = (R",W,W,U,U,,f,g,Y,h,Q). As-
sume X admits a function V that satisfies Assump-
tion 4.3. One can construct symbolic model 7,(X) =
(X, Xo, W W, U, U, F,Y,H) where:

e X =R" x {0,...,z}, where R” = [R"],. and 7" is

the state set quantization parameter;

. Xo = X X {O},

o W = [W],., where 71 is the internal input set quanti-

zation parameter;

e W={0:[0,7] = W|& € Wrlpon}:

o U = [U],u, where * is the external input set quanti-

zation parameter;

o U={u:[0,7] = Uli €Uy}

o (@t ct) € F((&,¢),,a) iff one of the following

scenarios hold:

— Flow scenario: 0 < ¢ < z—1, |27 — x4 4.5(7)| < 0%,
and ct =c+1;

— Jump scenario: z < ¢ < 7, |21 — g(&,©(0),4(0))| <
n®, and ¢t = 0;

° 7:[ = H
In the definition of the transition function, and in the remain-
der of the paper, we abuse notation by identifying 4 (respec-
tively w) with the constant external (respectively internal)
input curve with domain [0,7) and value @ (respectively
&). Now, we establish the relation from T} () to T,(%),
introduced above, via the notion of alternating simulation
function as in Definition 2.7.

Theorem 4.6: Consider an impulsive system > =
(R™, W,W,U, U, f,q,Y, h, Q) with its associated transition
system T.(2) = (X, Xo, WWW,U,U,F,Y,H). Suppose
Assumptions 4.3, 4.4, and 4.1 hold. Consider symbolic model
T.(2) = (X,Xo,0,W,U,U,F,Y,H) constructed as in
Definition 4.5. If inequality,

In(kq) — keTe <0, (Iv.9)

holds for ¢ € {z,Z}, then function V defined as,

Viz,2) if kg <1& k>0,
Vi(z, @) .
>
V((Qj?C)y (l’,c)) ={ e~ HRcTeEC if kg21& K> 0,
V(ﬁvgx) if Kg < 1& Ke < 07
Kg®

(Iv.10)

for some 0 < €< 1 and 0 > Z, is an alternating simulation
function from 7 (X) to T, (X).

V. CASE STUDY

Consider the exchange problems between N intercon-
nected warehouses of a storage-delivery process. Denote by
X; € R>q, the number of goods in the warehouse i. The
interconnections between the warehouses is supposed to be
circular.

Under the flow mode: When ¢ € R>(\$;, for each ware-
house the state z; is continuously controlled through a
delivery and picking-up process with a quantity d; and input
signal v;(¢) € {-1,1},¢t € [0, 7).

Under the jump mode: At each time ¢t € (€; =
{t};}keN’i:l,ZS, with ¢} | —ti € {z;7,...,Z7;} for fixed
jump parameters 7; € Ry and z;,2; € N>q,2; < %, a
truck enters warehouse ¢ and the state x; becomes controlled
through a delivery and picking-up process with a quantity d;
and input signal v;(¢t) € {-1,1},¢t € [0, 7).

The full state of each warehouse x; is observable and
we assume that the interconnected system is realisable. The
dynamic motion of this process in the case N = 3 is modeled

Y. (%,(t) = aixi(t) + bix(t) + divs(t), ¢ € R\,
it 4 xi(t) = rixi () 4+ @ixi(t) + divi(t), t € Qy,

i1 z.>1. In order to
N 1=1
construct a symbolic model for the interconnected impulsive
systems, we have to check Assumptions 3.1, 4.3, 4.4 and
4.1.

In the sequel, we will only detail the shell for the case
N = 3. It can be shown that conditions (IV.5), (IV.6)
and (IV.7) hold for each subsystem %; with V; (z;,2}) =
lx; — i, @ = 1,2,3, with, o = & = Zg ke =
—Qj, Kd; = |7‘i s Pue,l = |d1 s Pug,l = |£11 s Pwe,l = |b1
Pwat = a1l puc2 = lda|, pus2 = |d2|, pu.2 = [bal,
Pug2 = |a2ls pucz = ld3|, pugz = |dsl, po.3 = |bs]
and p,, 3 = |g3|. From these functions, we can drive the
expressions of the 7;; functions in Assumption 3.1. Thus,
Y31 = max{|bi], |q[}, 12 = max {[bs],[g2[} and 123 =
max {[ba], |qs]}.

Assumption 4.4 holds with 4 = Z; and Assumption 4.1,
is satisfied with L = 1. Now, given 7; and ¢; satisfying
(Iv.9) for ¢; € {z;,z;}, and, with a proper choices of
¢; and ¢;, functions V;(x;,&;) given by (IV.10) are local

with ¢ = 1,...,N and i =

[}
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TABLE I: Abstraction Computation Time Comparison [s]

Abstraction umber of subsys. 2 3 4 5
Monolithic 0.3107 | 1.2285 | 13.0902 5453.65
Compositional 0.2108 | 0.3147 2.2348 975.4288
ratio 1.4739 | 3.9037 5.8574 5.5910

alternating simulation functions from 7', (%;), constructed
as in Definition 4.5 for each " subsystem i = 1,2,3, to
T-(3;). In particular, each V; satisfies conditions (I.14) and
(IL.15) with functions o, p.,, pu,, and constants 7;, €; given
below based on the values of a; and 7;, with ¢ = 0.99.

. |’I“Z| < 1&aq < 0 : o = Zq,0; =

max {e% " r;}, pw, = max {b;, ¢}, pu;, = 0,6 = &;.

e ril 2 1&a; <0: a; =Ty pu; = pu; = 0,5, =
7,1|} > :enc‘re(3+1)¢_

. |7"2| <1&a; c> 0 :5%1.@: Id,pui = Pu; = 0,0, =
5 || 1}751' = Pi.

The control objective is to maintain the number of items
of each warehouse 4 in a desired range O; given by O; =
[Smin, ©min) (a safety specification). We set up the system
with the following parameters al = —1, by = 0.4, d; =
1, T = 0057 q1 = 0.4, Jl = 1, as = —1.5, bQ =
05 do =1, 750 = 0.03, @@ = 05, do = 1, a3 =
—2, b3 = 0.5, d3 = 0.5, 73 = 0.08, g3 = 0.5, d3 =
1, and consider the following, for i = 1,...,3, Q; =
[1 2 3 4 5 6 7 8 9 10]; Each system state is
expected to operate around an equilibrium point within the
range of [—5 5}. With the defined system parameters, the
sampling period for the controller to be designed is set 7 =
0.2, which satisfies condition (IV.9) for all the subsystems.
We discretize the state by n” = 0.6667. We conducted both
monolithic and compositional abstractions, with the former
taking 3589 seconds and the latter taking 1546 seconds to
compute. Figure 1 displays the state trajectories using the
designed fixed-point controller [1]. It is evident from the
figure that the designed controller successfully keeps the
states within the required safe region.

We compared computation
times between monolithic and
~ compositional abstractions for
varying subsystem numbers (Ta-
ble I). Results show compu-
tation times in seconds for
each abstraction and subsystem
count, at a discretization pa-
rameter n® = 2.5. Composi-
tional abstraction generally re-
quires less time than monolithic,
even as subsystems increase.
The time difference remains significant; for instance, with
five subsystems, compositional abstraction is almost six
times faster. This makes it more computationally efficient,
particularly when dealing with numerous subsystems.

max eain(1+eici)’ Qi Ti€iCi

max 4 e%i7

T

States Trajectories

0 12 14 16 18 20
Time [sec]

Fig. 1: State trajectories
under fixed point con-
troller.

VI. CONCLUSION

To conclude, this paper introduces a novel compositional
technique for building symbolic models in interconnected

impulsive systems using the concept of approximate alter-
nating simulation function. With certain small gain-type con-
ditions, our method compositionally establishes an overall
alternating simulation function, connecting interconnection
symbolic models and original impulsive subsystems. More-
over, we present a method, guided by stability and forward
completeness, to create symbolic models with corresponding
alternating simulation functions for impulsive subsystems.
Future work involves extending this approach to stochastic
impulsive systems, integrating probabilistic distributions for
characterizing flow and jump mode functions.
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