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On the Contractivity of Plug-and-Play Operators

C. D. Athalye, K. N. Chaudhury, and B. Kumar*

Abstract

In plug-and-play (PnP) regularization, the proximal operator in algorithms such as ISTA and
ADMM is replaced by a powerful denoiser. This formal substitution works surprisingly well
in practice. In fact, PnP has been shown to give state-of-the-art results for various imaging ap-
plications. The empirical success of PnP has motivated researchers to understand its theoretical
underpinnings and, in particular, its convergence. It was shown in prior work that for kernel
denoisers such as the nonlocal means, PnP-ISTA provably converges under some strong assump-
tions on the forward model. The present work is motivated by the following questions: Can
we relax the assumptions on the forward model? Can the convergence analysis be extended to
PnP-ADMM? Can we estimate the convergence rate? In this letter, we resolve these questions
using the contraction mapping theorem: (i) for symmetric denoisers, we show that (under mild
conditions) PnP-ISTA and PnP-ADMM exhibit linear convergence; and (ii) for kernel denoisers,
we show that PnP-ISTA and PnP-ADMM converge linearly for image inpainting. We validate our
theoretical findings using reconstruction experiments.

1 Introduction

Image reconstruction tasks such as denoising, inpainting, deblurring, and superresolution can
be modeled as a linear inverse problem: we wish to recover an image £ € R™ from noisy linear
measurements b = A€ + w, where A € R™*"™ is the forward model and w € R™ is white Gaussian
noise. A standard approach is to solve the optimization problem

mininiize f(2) + g(e), f(@) = ;A - bl 0
xreER” 2

where the loss function f is derived from the forward model and g is an image regularizer [1,2]. The

choice of regularizer has evolved from simple Tikhonov and Laplacian regularizers [3] to wavelet,

total-variation, dictionary, etc. [3-5], and to more recent learning-based models [6-8].

It has been shown that powerful denoisers can also be used for image regularization [9-H12]. One
such method is Plug-and-Play (PnP) regularization, where we fix a proximal algorithm for solving
such as ISTA or ADMM [13] and formally replace the proximal operator of g with a denoiser
[10}[14H16]. It is not apparent if this ad-hoc replacement can work in the first place, but PnP has
been shown to work surprisingly well for many imaging and signal processing applications [6}/10],
[17H21]. In fact, it has been shown that simple kernel denoisers such as nonlocal means [22] can
yield state-of-the-art results which are comparable with deep learning methods [23]. The empirical
success of PnP has sparked interest in theoretical questions stemming from the algorithm. The most
basic issue is convergence since the PnP iterations are not strictly derived within an optimization
framework. In the absence of a convergence guarantee, the iterations can possibly diverge and result
in a poor reconstruction. Convergence of PnP has been studied in several works; we refer readers to
[16)24] and the references therein for a comprehensive survey. In particular, PnP convergence for
linear inverse problems is studied in [[10,14-16], [24H29].
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In this letter, we revisit the convergence question for two popular PnP algorithms, PnP-ISTA
and PnP-ADMM [10}/15}27]. To keep the analysis tractable, we restrict ourselves to linear inverse
problems and linear denoisers [10}(14}/16,23]. Specifically, we show that the convergence results in
[15] can be extended and strengthened in various directions. Similar to [15], we exploit the linearity
of the denoiser and the fact that PnP-ISTA and PnP-ADMM can be expressed as an iterative map
x — Qx + r; however, our analysis is fundamentally different from [15]. Our main results are
summarized below:

(i) For symmetric denoisers [10}|14], we give necessary and sufficient conditions for PnP-ISTA and
PnP-ADMM to be contractive w.r.t. the spectral norm (Theorems|I]and 2). Subsequently, using
the contraction mapping theorem [30], we establish linear convergence of these PnP methods
for applications such as inpainting, deblurring, and superresolution (Corollaries[I|and [2). To
our knowledge, these are the first results on linear convergence of PnP, where the assumptions
are practically verifiable.

(ii) For image inpainting using (nonsymmetric) kernel denoisers [22], we prove that || Q|p < 1
for both PnP-ISTA and PnP-ADMM (Theorem 3), where | - ||p is an appropriate matrix norm.
It is shown in [15] that the spectral radius ¢(Q) < 1 for PnP-ISTA based on kernel denoisers,
which is sufficient to guarantee convergence. However, the condition ||Q||p < 1 allows us to
establish linear convergence for PnP-ISTA (Theorem [3), which is not guaranteed by o(Q) < 1.

This letter is organized as follows. We cover the necessary background in Section[2] We state
and discuss our main results in Section [|and numerically validate them in Section[d the proofs are
deferred to Appendix.

2 Background

In this section, we briefly cover some background material. In the classical ISTA algorithm for solving
, we start with an initialization x, € R™ and perform the updates x5 = prox., (mk —yVf (sck))
for k > 0, where prox,: R" — R" is the proximal operator of g,

1
pros, (&) = arguin (3 o~ 213 +9() ) @

and v > 0 is the step size [31]. In PnP regularization, instead of going through g and its proximal
operator, we directly substitute prox, , by a denoiser. In this work, we consider linear denoisers and
a quadratic loss function f (see (I)), i.e., we perform the updates as

zii1 = W(z — y(ATAz, — ATD)), 3)

where W is a linear denoiser. Examples of such denoisers are Yaroslavsky [32], bilateral [33],
nonlocal means [10,22], LARK [34], GLIDE [35], and GMM [14]. We refer to (3) as PnP-ISTA. The
above idea can be applied to other iterative algorithms such as PnP-ADMM [10,/17]], which is based
on the ADMM algorithm [13]. In PnP-ADMM, starting with y,, 2o € R™ and some fixed p > 0, the
updates are performed as follows:

Lr+1 = PTOpr(yk — 2k),
Y1 = W (xpi1 + zk), 4)

Zg+1 = 2k + Tht1 — Y1

In prior work [15], it was shown that PnP-ISTA converges if A and W satisfy some assumptions
and  is small. More specifically, it was shown that (under some conditions on W) convergence
is guaranteed for inpainting if v € (0, 1). The analysis is based on the observation that (3) can be
written as

Trp11 = Pz, + q, )

where P = W(I — yATA) and ¢ = yWA Tb. In particular, it was shown in [15] that if at least one
pixel is sampled from the averaging window (of the denoiser) around each pixel, then o(P) < 1



for inpainting; subsequently, it follows that the sequence {x;} in () converges for an arbitrary
initialization o [36]. However, we show that the above assumption in [15] can be dropped if we
adopt a different analysis.

Similar to PnP-ISTA, we can express (@) in terms of a linear dynamical system. More precisely,
we have the following observation by adapting the results in [25,27].

Proposition 1. Let {(xy, Yy, zk) }k>1 be the iterates generated by PnP-ADMM starting from y,, zp € R™.
Define the sequence {uy }r>1 as follows: uqw =y, + 21, and

1 1

fork > 1. Then y,, = Wuy, for k > 1.

The above result can be traced to the observation that ADMM can be interpreted as Douglas-
Rachford splitting applied to the dual problem of (I), e.g., see [13]. For problem (1), a direct
calculation based on (2) gives

prox,s(x) = (I + pATA)_lw + h, (7)
where h € R" is an irrelevant parameter. Substituting @) in @, we obtain ug 1 = Ruy + s, where

1

R
2

I+J), J=FV, (8a)

F=2I+pATA)' -1, V=02W-I), (8b)

and s € R" is an irrelevant parameter.
Our convergence analysis is built on the contraction mapping theorem [30]. In particular, we use
the following result.

Proposition 2. Let o € R" and {x)}r>1 be the sequence generated as xy11 = Qxy, + 7. Then {x;}
converges linearly if Q is a contraction, i.e., if there exists a norm || - | on R™ such that | Q|| := max { ||Qz|| :
|zl =1} < 1.

Recall that a sequence {x} is said to converge linearly to «* if there exists 6 € (0, 1) such that
lek+1 —x*|| < 0 ||xr — x*|| for all k [13,[37]. More generally, we use the term “linear convergence” if
there exist ¢ > 0 and 6 € (0, 1) such that ||z — x*|| < ¢ for all k [38].

3 Results and Discussion

In this section, we motivate and discuss our main results; the proofs are deferred to Appendix. We
first consider linear symmetric denoisers and then nonsymmetric kernel denoisers; the analysis and
results are slightly different in each case.

We use S™ to denote the space of (n x n) symmetric matrices. We denote the spectral radius of
Q € R"™" by o(Q). A matrix C is said to be nonnegative if all its entries are nonnegative. We use e
to denote the vector of all-ones, I for the identity matrix, and N(C) for the null space of C. A matrix
C is called stochastic if C is nonnegative and Ce = e.

3.1 Symmetric Denoisers

Definition 1. A linear denoiser W is said to be symmetric if W is stochastic and symmetric positive
semidefinite.

Symmetric denoisers are discussed in [10}/14,39]. Note that the eigenvalues of a symmetric
denoiser are in the interval [0,1]. The above-cited instances of symmetric denoisers are in fact
irreducible; subsequently, it follows from the Perron-Frobenius theorem [36] that 1 is a simple
eigenvalue of W, i.e,, its algebraic multiplicity is one.

To motivate the main idea, we consider the PnP-ISTA operator P in (5) and write it as

P=WG, G=I-~1ATA. )



Since W is a symmetric denoiser, |[W|s = o(W) = 1. On the other hand, if 0 < v < 2/0(ATA),
then |Gll2 < 1. Since neither W nor G is contractive (w.r.t. to the Euclidean norm), we cannot
immediately conclude that P = WG is a contraction. However, we observed in numerical exper-
iments that in the case of symmetric denoisers, |P|j2 < 1if 0 < v < 2/0(ATA). This raises the
following question: when is the composition of two symmetric nonexpansive operators contractive?
An equivalent condition for the same is given next, which is a core result of this letter.

Lemma 1. Suppose M,N € S" are such that |M||s < 1 and |N||z < 1. Let U and V be the subspaces
spanned by the eigenvectors of M and N corresponding to eigenvalues +1. Then |MN ||y < 1 if and only if
UnvVv={0}

Using Lemmal|l} we can explain our empirical observation that | P|» < 1.

Theorem 1. Let W be a symmetric denoiser, and let 0 < v < 2/0(ATA). Then |P||2 < 1 if and only if
NI-W)NN(A) = {0}

As explained next, we get the following result from Theorem and Proposition

Corollary 1. Let W be a symmetric denoiser with 1 as a simple eigenvalue and let vy € (0, 2). Then PnP-ISTA
is contractive and converges linearly for inpainting, deblurring, and superresolution.

Following Theorem we need to check that o(ATA) < 1and N(I - W) N N(A) = {0}. This
requires us to examine A for the applications under consideration. In inpainting, we observe a
subset of the pixels from the original image [1]]. If we represent the image by a vector in R”, where n
is the number of pixels, and let 2 C {1,2,...,n} be the observed pixels, then A for inpainting is the
diagonal matrix

1 ;e Q
Ap={ "% (10)
0, ¢

We assume that Q # (), which holds trivially in practice. Thus, o(ATA) = 1 for inpainting. For
deblurring and superresolution, A = B and A = SB, respectively, where B € R"*" is a blurring
matrix corresponding to a lowpass filter and S € R™*" is a subsampling matrix. In practice, a blur
matrix B is circulant and stochastic [1], whereby ||B||2 = 1. Therefore, o(ATA) = 1 for deblurring.
As for superresolution, since ||S||2 = |B||2 = 1, we have o(ATA) = ||A||3 < 1. Thus, the range of v
in Theorem [I|can be (0, 2) for inpainting, deblurring, and superresolution.

Next, we argue that N'(I - W) N NV(A) = {0} in Corollary[I] Since 1 is assumed to be a simple
eigenvalue of W, we have V(I — W) = span{e}. Note that Ae # 0 for inpainting, deblurring, and
superresolution. Therefore, for the applications under consideration in Corollary [1} using Theorem
we have ||P[|; < 1 for v € (0,2). Subsequently, Corollary [I] follows from Proposition[2]

The contractivity of PnP-ISTA was established for deep denoisers in [27], however, under a strong
assumption that f is strongly convex. Note that our analysis applies to a broader class of linear
inverse problems such as inpainting, deblurring and superresolution for which f is not strongly
convex. Also, the present assumption for PnP-ISTA convergence is significantly milder than that
in [15]. Recall that 1 is indeed a simple eigenvalue of symmetric denoisers discussed in [[10}(14}39].
Moreover, the convergence interval v € (0, 2) in Corollary (1)is similar to that for classical ISTA [31].

We next look at PnP-ADMM with a symmetric denoiser. The core result in this regard is the
following.

Theorem 2. Let W be a symmetric denoiser and p > 0. Then |R||2 < 1ifand only if N(I-W)NN(A) =
{o}.

As explained earlier, the condition in Theorems|I|and [2|is satisfied for inpainting, deblurring,
and superresolution if 1 is a simple eigenvalue of W. Thus, as a consequence of Theorem 2} we can
conclude the following (see Remark[7]in Appendix).

Corollary 2. Let W be a symmetric denoiser for which 1 is a simple eigenvalue. Then, for any p > 0,
PnP-ADMM is contractive and converges linearly for inpainting, deblurring, and superresolution.

The convergence interval p € (0, 00) in Theorem 2]is similar to standard convergence results for
ADMM [13].



3.2 Kernel Denoisers

We now turn to kernel denoisers [10,22}32-34,40]. These are typically nonsymmetric, whereby
Theorems|I|and [2|do not apply. First, we make precise what we mean by a kernel denoiser.

Definition 2. Let K be nonnegative and symmetric positive semidefinite, and let D = diag(Ke). We call K
a kernel matrix and W = D~'K a kernel denoiser. We assume that Ke is a positive vector and 1 is a simple
eigenvalue of W.

The last two assumptions are met for most kernel denoisers where W is nonnegative and
irreducible [41]. In the archetype kernel denoiser, such as nonlocal means [22], K is derived from a
Gaussian kernel acting on image patches. The precise definition of K is not relevant to our discussion;
instead, we refer the reader to [39,/41] for precise definitions. We just need the following abstract
property of a kernel denoiser (e.g., see [16]): W is similar to a symmetric positive semidefinite
matrix, and its eigenvalues are in [0, 1].

It turns out that we generally cannot ensure that |P||2 < 1 or ||R||2 < 1 for kernel denoisers (see
Table[T). However, for the inpainting problem, we can show that P is a contraction with respect to
| - [lp, where D is as in Definition 2]

Remark 1. The inner product and norm on R™ w.r.t. a symmetric positive definite matrix D are defined as
follows:

(@, y)p = Dy, |zl = (x, )},

and ||QHD = maX{||Q33||D : ||33||D = 1}f07‘ Q c Rnxn, ’

Theorem 3. Let W be a kernel denoiser. Consider the inpainting problem where A is given by (L0). If
0 < v < 2 then |P||p < 1; consequently, PnP-ISTA converges linearly. On the other hand, if W is
nonsingular and p > 0, then |R||p < 1; thus, PnP-ADMM converges linearly.

We note that the nonsingularity assumption of W in Theorem 3| holds for nonlocal means [23].
Also, note that the use of || - ||p in Theorem [3|is crucial in guaranteeing contractivity. In fact, as
reported in Table 1} we have observed in numerical experiments that ||P||2 and ||R||2 can indeed
exceed 1.

Table 1: Inpainting of the Barbara image with 0.1% samples: norms of PnP-ISTA and PnP-ADMM
operators with the NLM denoiser.

parameter PnP-ISTA PnP-ADMM
(v/p) IPll2 | [Plo | R[> | [Rlp
0.25 1.0167 | 0.9998 | 1.0168 | 0.9998
0.50 1.0165 | 0.9996 | 1.0163 | 0.9999
0.75 1.0164 | 0.9996 | 1.0165 | 0.9998

Remark 2. It follows from Remark that ||P||p is the largest singular value of D2 PD~2. Thus, we can
compute |P||p and ||R||p using the power method [42]]. ¢

4 Numerical Results

We numerically validate our contractivity and linear convergence results for three restoration
applications: inpainting, deblurring, and superresolution. For all the experiments, we have made
some fixed choices. We have used nonlocal means as a kernel denoiser [16]. For symmetric denoisers,
we have used DSG-NLM [10] (a form of symmetrized NLM) and the GMM denoiser [14]. We have
randomly sampled 30% pixels for inpainting; the blur matrix B is a uniform 11 x 11 blur for
deblurring and superresolution, and S is uniform 2x-subsampling for superresolution. The codes of
our experiments are available at https://github.com/Bhartendu-Kumar/PnP-Conv.
Fig.[I]validates the contractivity of PnP-ISTA and PnP-ADMM for inpainting, deblurring, and
superresolution with a symmetric denoiser (Corollaries[I|and [2). Furthermore, it also validates the
contractivity of PnP-ISTA and PnP-ADMM for inpainting using a kernel denoiser (Theorem 3).
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Figure 1: Contraction factors for PnP-ISTA (left) and PnP-ADMM (right) for inpainting (INP),
deblurring (DBR), and superresolution (SR); Wsym is the symmetric DSG-NLM denoiser [10] and
Wiy is the NLM denoiser [16].
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Figure 2: PnP-ISTA iterates for inpainting, deblurring, and superresolution, using the symmetric
DSG-NLM denoiser [10] and for different step size ; * is the iterate after 100 iterations.



(a) Observed (b) PnP-ISTA (c) PnP-ADMM.

(d) Observed (e) PnP-ISTA (f) PnP-ADMM

Figure 3: Inpainting (top) and 2x-superresolution (bottom) using the symmetric DSG-NLM denoiser
[10]. PSNR: (a) 23.23dB, (b) 30.22dB, (c) 30.25dB; (d) 8.40dB, (e) 25.56 dB, (f) 25.57 dB.

(a) yo = all-zero image (b) yo = all-one image (c) yg = white noise

Figure 4: Deblurring results for PnP-ADMM using the symmetric GMM denoiser [14]. PSNR for
three different initializations (see insets): (a) 24.04 dB, (b) 24.04 dB, (c) 24.04 dB.



In Fig.[2| we demonstrate linear convergence of PnP-ISTA with a symmetric denoiser, where the
experiments have been performed on the Barbara image. As asserted in Corollary T} the residual
ek — x*||2 is seen to monotonically converge to zero. We also observed similar behavior for
PnP-ADMM with a symmetric denoiser.

In Fig. |3, we show the reconstructions for inpainting and superresolution using the symmetric
DSG-NLM denoiser. The initialization x is obtained by median filtering the observed image b for
inpainting and by median filtering the adjoint A " b for superresolution. We used 100 iterations for
both experiments. We notice that the reconstructions are of high quality, as already reported in the
literature [6,/10,/17].

We have shown that PnP-ISTA and PnP-ADMM using symmetric denoisers are contractive for
inpainting, deblurring, and superresolution. Therefore, it follows from the contraction mapping
theorem that for an arbitrary initialization, the PnP iterates should converge to the unique fixed
point of the PnP operator. This is demonstrated in Fig. [ for deblurring using the symmetric GMM
denoiser [14]]. Starting from three different initializations, PnP-ADMM is observed to converge to
the same reconstruction; PnP-ISTA also exhibits similar behavior.

5 Conclusion

We provided new insights into the convergence of PnP for linear inverse problems. In particular,
using the contraction mapping theorem, we established linear convergence of PnP-ISTA and PnP-
ADMM with symmetric denoisers. We numerically validated our results on inpainting, deblurring,
and superresolution. Furthermore, we established linear convergence of PnP-ISTA and PnP-ADMM
for inpainting with nonsymmetric kernel denoiser.

We can establish contractivity under additional assumptions on A and W for deblurring and
superresolution with kernel denoisers. However, these additional assumptions are rarely met in prac-
tice, so we did not report these results. Establishing convergence for deblurring and superresolution
with nonsymmetric kernel denoisers thus remains an open problem.

A Appendix

Notation: S” denotes the space of (n x n) symmetric matrices; S’} and S7 , denote the set of (n x n)
symmetric positive semidefinite and positive definite matrices; and ¢(T') denotes the spectrum of T.

A.1 Proof of Lemma

Remark 3. A subspace X C R™ is said to be T-invariant if Tx € X for all @ € X. Notice that in Lemma
U (resp. V) is M-invariant (resp. N-invariant).

The following proposition is used in the proof of Lemma

Proposition 3. Let T € S™ be such that | T||2 < 1. Let Y C R"™ be the space spanned by eigenvectors of T
corresponding to eigenvalues +1. Then || Tz||2 < ||z|2 forall z € R™\ Y.

Proof. Since ||T|2 < 1, |\ < 1forall A € o(T). Let X C R™ be the subspace spanned by eigenvectors
of T corresponding to A € ¢(T) such that |A\| < 1. Note that X and Y are T-invariant subspaces;
moreover, since T € S?, X+ = Y. Therefore, for any arbitrary z € R™ \ Y, there exist unique
x € X\ {0} and y € Y such that z = & + y. Now, since X and Y are orthogonal and T-invariant, we
have

1213 = =3 + lyl; and [Tz|3 = [|T2|3 + | Tyl3. (11)

From the definition of Y, we have || Ty||2 = ||y]|2- Also, since x # 0, it follows from the construction
of X that | Tz||2 < ||z||2. Thus, using (I1), we have || Tz||> < ||z|2. Since z is arbitrary, this completes
the proof. O

Remark 4. In Proposition [3| note that |T||y < 1if and only if Y = {0}. While in general, in the context of
Proposition 2} | Q|| < 1 if and only if |Qx|| < ||| for all = € R™ \ {0}. ¢



Proof of Lemmal[l] («<): For any arbitrary z € R™\ {0}, there are two possibilities: (i) z € V, (ii) z ¢ V.
In case-(i), since z # 0, it follows from the definition of V that Nz € V \ {0}; in fact, | Nz||s = ||z||2-
Now, since UNV = {0}, we can conclude that Nz ¢ U. Subsequently, by Proposition 3| we have
IMNz||2 < [[Nz|l2 = ||z]2. In case-(ii), it follows from the hypothesis and Proposition [3| that
IMNz|2 < ||[Nz||2 < ||z]|]2- This shows that ||[MNz||2 < ||z]|2 forall z € R™\ {0}; thus, ||[MN]|z < 1.

(=): Suppose there exists 0 # © € UNV. Since & € V, it follows from the definition of
Vthat x = y + z where y € N(I — N) and z € N(I + N); furthermore, as N € S”, we have
lz||? = ||lyll3 + ||z]|3- Let w := y — z; notice that Nw = x. Moreover, since Nw = x € U and
[IMull2 = ||ul|2 for all u € U, we get

IM(Nw) 3 = [[Nwl3 = [l«]l3 = ylI3 + 2] = [w]3,

This contradicts | MN]||s < 1. O

A.2 Proof of Theorem[l]

Proof. Note that since ATA € S7, it follows from the spectral mapping theorem that if 0 < v <
2/0(ATA), then o(G) C (-1, 1], where G is given by () . Therefore, G being symmetric, we have
[G|l2 < 1. Recall that [W]|; = 1. We now apply Lemma [l]with M = W and N = G; notice that in
this case, U= N (I - W)and V=N (ATA) = NV(A). O

A.3 Proof of Theorem

Remark 5. Notice from that F € S™. We can conclude using the spectral mapping theorem that
o(F) C (—=1,1] for all p > 0; consequently, ||F||2 < 1. Also, since c(W) C [0,1] and W € S", we have
o(V)C[-1,1]and |V]2 < 1. ¢

Remark 6. In the context of Proposition (3| the corresponding subspaces for F and V are N'(A) and
NI — W)@ N (W), respectively. Thus, |Fz||s < ||z||2 forall z € R"\ N(A), and ||V z|2 < ||z]|2 for all
zeR"\ (NI-W)aNW)). ¢
Proof. (=): Suppose there exists 0 # € N (I - W) NN (A). Fromz € N (I - W), we get Vo = x;
and from x € N(A), we have Fz = z. Consequently, using (8), we get Jx =  and Rz = x, which
contradicts |R||2 < 1.

(<): LetW:=N(I—-W)&N(W). Forany € R" \ {0}, we consider the following exhaustive
cases.

Case (z ¢ W). It follows from Remarks[5|and [f|that
[Jzllz < [[Vellz < [l
Therefore, using (8), | Rz|2 < ||z||2.

Case (x € W). This means « = y + z wherey € N(I- W) and z € N (W). There are two subcases:
(i) Ve ¢ N(A), and (ii) V& € N(A). In subcase-(i), it follows from (8) and Remark [6] that
[Jzlly < [Vl <[22 thus, [Ra]ly < [z
In subcase-(ii), since N (I-W)NA(A) = {0}, we claim that z # 0. Note that V& = y—z. Thus,
if z=0,wehave Vz =y € N(I - W) NN(A) which contradicts V(I - W) N N(A) = {0}.
Notice that since V& € N(A), we have F(Va) = V. Subsequently, using (§) and Va = y — 2,
we get

1 1
Ra:zi(:c—&—Ja:):g(a:—i—Vw):y. (12)
Since W € S", we have ||z||> = ||y||2 + ||z||3. Therefore, it follows from and z # 0 that
Rz < [zl
We have shown that ||[Rx||2 < ||x||2 for all z € R™ \ {0}; hence, |R]|2 < 1. O

Remark 7. If |R||2 < 1, then it follows from Proposition 2| that {wy} in (6) convergences linearly to some
u* € R"™. This indeed implies that {y,} converges linearly to y* := Wu*; note that since y,, = Wuy, and
[Wll2 = 1, we have [ly), — y*[|2 < [lug — u"[|2. 4



A.4 Proof of Theorem 3|

Proof. It follows from Remarkthat |P|p = |[D2PD"z||;, where Dz € ST, is the symmetric
square root of D. It follows from (9) and that G is diagonal for inpainting. Subsequently, using
(), we get
D:PD" % = (D:WD~2)(D:GD"?) = WG, (13)

where W, = D>WD~3. Notice that as W = D~ 'K is a kernel denoiser, we have Wy =
D KD : ¢ St . Moreover, since W is similar to W, we have [Wy||2 = o(Wy) = o(W) = 1. Also,
it follows from (9) and that for inpainting, | G|2 < 1if y € (0,2). To show that | DzPD~ 2], < 1,
we use Lemma with M = Wy and N = G. In this setting, U = N(I — Wy) = span {q}, where
q:=Dze,and V = N(A). Since Q # ) and all the components of ¢ are nonzero, it follows from
that ¢ ¢ N (A). Therefore, we have from and Lemmal(I|that |P|p = [[W(G||2> < 1; and hence,
by Proposition PnP-ISTA converges linearly.

To prove |R|p < 1, it suffices to show that ||J||p < 1, where J = FV (see (§)). Moreover, for
inpainting, F is diagonal (see (8b)). Therefore, using (8), we can write

D:JD i = (D:FD :)(D:VD~ %) = F(2W, — 1), (14)

where Wy = DzWD™z € S? (as explained earlier). It follows from the expression of W and the
assumed nonsingularity of W that 0(2W, —I) C (—1,1]. Also, recall from the proof of Theorem 2]
that o(F) C (—1,1] for all p > 0. We now use Lemma|l|with M = F and N = (2W, — I) to show
that [D2JD~ 2|, < 1. Recall from the proof of Theorem 2|that for M = F, we have U = AV'(A). Also,
notice that for N = (2W;, —I), since 0(2W, —I) C (-1, 1], we have V = N (2W, — 2I) = span {q},
where ¢ = Dze. As explained before, ¢ ¢ N(A). Thus, using and Lemma (1} we have
[Jlp = [[F(2W¢ —I)||2 < 1; subsequently, [R/||p < 1. Therefore, on similar lines of Remark[7} we
can conclude from Proposition 2] that PnP-ADMM converges linearly; note that as explained earlier,
IWilp = [Wollz = 1. O
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