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We summarize the results obtained for the quark masses (u,d,s,c, and b) in Refs. [1,2] and strong coupling 
(𝛼s) using renormalization group (RG) improvement of the theoretical expressions and experimental inputs that 
enter in the QCD sum rules. We obtain 𝑚𝑢(2 GeV) = 2.00+0.33−0.40 MeV, 𝑚𝑑 (2 GeV) = 4.21+0.48−0.45 MeV, and 𝑚𝑠(2 GeV) =
104.34+4.32−4.24 MeV using Borel Laplace sum rules for the divergence of the axial vector currents. The relativistic 
sum rules for the moments of the heavy quark currents lead to the determination of 𝛼s (𝑀𝑍 ) = 0.1171(7), 𝑚𝑐 =
1281.1(3.8) MeV and 𝑚𝑏 = 4174.3(9.5) MeV.
1. Introduction

The QCD sum rules [3,4] play a key role in the determination of the 
standard model (SM) parameters. These parameters include coupling 
constants, masses of the particles, and higher dimensional condensates. 
Quark masses and coupling constants are the parameters of the QCD 
Lagrangian while the condensates terms appear when current correla-

tors are expanded in terms of the fields relevant for a process using 
operator product expansion (OPE) [5]. In the case of perturbative QCD 
(pQCD), the strong coupling constant is large in the low-energy regions. 
The determinations of these parameters suffer from convergence and 
renormalization scale dependence issues. These issues, to some extent, 
can be controlled using prescriptions such as renormalization group 
summed perturbation theory (RGSPT) which uses the renormalization 
group equation (RGE) to sum the large running logarithms (log(𝜇2∕𝑄2)) 
present in the perturbative series such that 𝛼s(𝜇2) log(𝜇2∕𝑄2) ∼  (1). 
These logarithms are often resummed to all orders by setting 𝜇2 =𝑄2, 
and the evolution of the operators is performed numerically using RGE. 
Even in this case, it is not guaranteed that the scale dependence, which 
is calculated by setting 𝜇2 = 𝜉𝑄2 and varying 𝜉 ∈ {1∕2,2}, will be min-

imum [6–8]. Apart from this, it has been found that RGSPT can be 
used not only for RG improvement but can also sum large kinematical 
𝜋2−terms arising due to the analytic continuation of perturbative series 
from spacelike regions to timelike regions [9]. The analytic continua-

tion is an important ingredient for Borel-Laplace and Laplace type sum 
rules [10–14].

In section 2, we discuss the RG improvement of the perturbative 
series in the RGSPT prescription. In section 3, discuss the role of RG 
improvement in the determination of the light quark masses using the 

Borel-Laplace sum rule. In section 4, determination of 𝛼s, 𝑚𝑐 and 𝑚𝑏

from the relativistic sum rules is discussed. In section 5, we give a short 
conclusion about the role of RG improvement in the QCD sum rule 
determinations.

2. RG improvement using RGSPT

In FOPT prescription, a finite order perturbative series (𝑄2, 𝜇2) in 
pQCD can be written as:

(𝑄2, 𝜇2) ≡
𝑗≤𝑖∑

𝑖=0,𝑗=0
𝑇𝑖,𝑗𝑥

𝑖𝐿𝑗 , (1)

where 𝑥 = 𝛼s(𝜇)∕𝜋 and 𝐿 = log(𝜇2∕𝑄2). The RG evolution of the per-

turbative series in Eq. (1) is obtained using its anomalous dimension, 
𝛾𝑆 (𝑥), by solving:

𝜇2 𝑑

𝑑𝜇2 (𝑄2) = 𝛾𝑆 (𝑥) (𝑄2) , (2)

𝜇2 𝑑

𝑑𝜇2 𝑥(𝜇) = 𝛽(𝑥) , (3)

where anomalous dimension 𝛾𝑆 (𝑥) and 𝛽(𝑥) is given by:

𝛾𝑆 (𝑥) =
∑
𝑖=0

𝛾𝑖𝑥
𝑖+1 ,

𝛽(𝑥) = −
∑
𝑖=0

𝛽𝑖𝑥
𝑖+2 .

(4)

In RGSPT, perturbative series in Eq. (1) is arranged as follows:

Σ(𝑄2) =
∑
𝑖=0

𝑥𝑖𝑆𝑖(𝑥𝐿) , (5)
Please cite this article as: M.S.A. Alam Khan, Nucl. Part. Phys. Proc., https:

Available online 8 November 2023
2405-6014/© 2023 Elsevier B.V. All rights reserved.

E-mail address: alam.khan1909@gmail.com.

https://doi.org/10.1016/j.nuclphysbps.2023.11.004

Received 15 September 2023; Accepted 1 November 2023
//doi.org/10.1016/j.nuclphysbps.2023.11.004

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nppp
mailto:alam.khan1909@gmail.com
https://doi.org/10.1016/j.nuclphysbps.2023.11.004
https://doi.org/10.1016/j.nuclphysbps.2023.11.004


M.S.A. Alam Khan

and the goal is to obtain a closed-form expression for coefficients:

𝑆𝑖(𝑧) =
∞∑
𝑗=0

𝑇𝑖+𝑗,𝑗𝑧
𝑗 , (6)

where 𝑧 ≡ 𝑥 𝐿 . The coefficients 𝑆𝑖(𝑧) are function of one variable where 
𝑧 ∼(1). The closed-form solution for them is obtained using RGE.

The RGE in Eq. (2) results in a set of coupled differential equations 
for 𝑆𝑖(𝑧), which in compact form can be written as:(

𝑛∑
𝑖=0

𝛽𝑖

𝑧𝑛−𝑖−1
𝑑

𝑑 𝑧

(
𝑧𝑛−𝑖𝑆𝑛−𝑖(𝑧)

)
+ 𝛾𝑖𝑆𝑛−𝑖(𝑧)

)
−𝑆′

𝑛
(𝑧) = 0 . (7)

The first three coefficients can be obtained by solving the above differ-

ential equation and are given by:

𝑆0(𝑧) =𝑇0,0𝑤−�̃�0 ,

𝑆1(𝑧) =𝑇1,0𝑤−�̃�0−1 + 𝑇0,0𝑤
−�̃�0−1

[
(1 −𝑤)�̃�1

+ 𝛽1�̃�0(𝑤− log(𝑤) − 1)
]

𝑆2(𝑧) =𝑇2,0𝑤−�̃�0−2 − 𝑇1,0𝑤
−�̃�0−2

[
(𝑤− 1)�̃�1

+ 𝛽1
(
�̃�0(−𝑤+ log(𝑤) + 1) + log(𝑤)

) ]
+ 1

2
𝑇0,0𝑤

−�̃�0−2
{
− 𝛽1�̃�1

[
1 −𝑤2 + 2 log(𝑤)

+ 2(𝑤− 1)�̃�0(𝑤− log(𝑤) − 1)
]
+ (𝑤− 1)

×
[
(𝑤− 1)𝛽2 �̃�0 + (𝑤− 1)�̃�21 − (𝑤+ 1)�̃�2

]
+ 𝛽21 �̃�0

(
�̃�0 − 1

)
(𝑤− log(𝑤) − 1)2

}
, (8)

where 𝑤 ≡ 1 − 𝛽0 𝑧, for anomalous dimension and higher order beta 
function coefficients, we have used �̃� ≡ 𝑋∕𝛽0. The most general term 
of RGSPT is given by:

Ω𝑛,𝑎(𝑄2) ≡ log𝑛(𝑤)
𝑤𝑎

=
log𝑛(1 − 𝛽0 𝑥(𝜇) log(𝜇2∕𝑄2))
(1 − 𝛽0 𝑥(𝜇) log(𝜇2∕𝑄2))𝑎

, (9)

where 𝑛 is a positive integer and 𝑎 ∝ 𝛾0∕𝛽0 appearing in Eq. (4). The 
imaginary part of (𝑄2, 𝜇2) is obtained as:

Im((𝑠,𝜇2)) = 1
2𝜋𝑖

((𝑠+ 𝐼𝜖,𝜇2) − (𝑠− 𝐼𝜖,𝜇2))

= 1
2𝜋𝑖

𝑠+𝐼𝜖

∫
𝑠−𝐼𝜖

𝑑 𝑞2
𝑑

𝑑 𝑞2
(𝑞2, 𝜇2) (10)

= 1
2𝜋𝑖 ∮|𝑞2|=𝑠

𝑑 𝑞2
𝑑

𝑑 𝑞2
(𝑞2, 𝜇2) (11)

where contour integral is evaluated by avoiding the cut for 𝑠 > 0 present 
in (𝑞2, 𝜇2) due to logarithms of log( 𝜇2

−𝑞2 ). It should be noted that we 
have used variables 𝑄2 = −𝑞2 > 0 for the spacelike and 𝑠 = 𝑞2 > 0 for 
timelike regions.

For FOPT, the imaginary part is obtained by taking discontinuity of 
log(𝜇2∕𝑄2) = log(𝜇2∕|𝑄|2) ± 𝑖 𝜋 results in large “𝑖 𝜋” corrections. In the 
case of RGSPT, the imaginary part for the terms in Eq. (9) is obtained 
as:

1
2𝜋𝑖 ∮|𝑞2|=𝑠

𝑑𝑞2

𝑞2

log𝑚(1 − 𝑢1 log
(

𝜇2

−𝑞2

)
)(

1 − 𝑢1 log
(

𝜇2

−𝑞2

))𝑛

= lim
𝛿→0

𝜕𝑚
𝛿

⎧⎪⎪⎨⎪⎪
tan−1

(
𝜋𝑢1

1−𝑢1 𝐿𝑠

)
𝜋𝑢1

, 𝑛 = 1

𝑤
− 1
2 (𝑛−𝛿−1)

𝑠 sin
(
(𝑛−𝛿−1) tan−1

(
𝜋𝑢1

1−𝑢1 𝐿𝑠

))
𝜋𝑢 (𝑛−𝛿−1) , 𝑛 ≠ 1

(12)
2
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where, 𝑤𝑠 =
(
1 − 𝑢1𝐿𝑠

)2 + 𝜋2𝑢21. We can see that all the kinematical 𝜋2-

terms are summed in 𝑤𝑠 and tan−1( 𝜋𝑢1
1−𝑢1 𝐿𝑠

). The large logarithms are 
also under control as they are always accompanied by 𝛼s, which is one 
of the important features of the RGSPT. Hence, both RG improvement 
as well as all-order summation of 𝜋2−terms is naturally achieved in 
the RGSPT. For more details on analytic continuation using FOPT and 
RGSPT, we refer to Ref. [9].

One important point to note here is that results from different pre-

scriptions, such as RGSPT and FOPT, are not the same when 𝜇2 =𝑄2 is 
set after operations like analytic continuation or Borel transformation 
are performed. This is one of the motivations behind our determination 
of the light quark masses in Ref. [1].

3. Borel-Laplace sum rule and light quark mass determinations

There are various versions of QCD sum rules are used in the lit-
erature. In this section, we discuss the application of RGSPT in the 
Borel-Laplace sum rules in the light quark mass determination which 
is based on the Ref. [2].

3.1. Basic definitions

The current correlator for the divergence of the axial currents is 
defined as:

Ψ5(𝑞2) ≡ 𝑖∫ 𝑑4𝑥𝑒𝑖𝑞𝑥⟨0| {
𝑗5(𝑥)𝑗

†
5 (0)

}|0⟩ , (13)

where 𝑗5 is given by:

𝑗5 = 𝜕𝜇
(
𝑞1𝛾𝜇𝛾5𝑞2

)
= 𝑖

(
𝑚1 +𝑚2

)(
𝑞1𝛾5𝑞2

)
= 𝑖

(
𝑚1 +𝑚2

)
𝑗0 . (14)

Using Eq. (14), the correlation function in Eq. (13), is related to the 
pseudoscalar correlation function (Π𝑃 (𝑞2)), by relation:

Ψ5(𝑞2) =
(
𝑚1 +𝑚2

)2 Π𝑃 (𝑞2) , (15)

and

Π𝑃 (𝑞2) = 𝑖∫ 𝑑4𝑥𝑒𝑖𝑞𝑥⟨0| {
𝑗0(𝑥)𝑗

†
0 (0)

}|0⟩ .
Using OPE, a theoretical expression for Ψ5(𝑞2) is calculated in the deep 
Euclidean spacelike regions in the limit 𝑚2

𝑞
≪ 𝑞2, and the resulting 

expansion can be arranged as expansion in 1∕(𝑞2). At low energies 
∼ 1 GeV2, instanton effects become relevant, and their contribution is 
not captured by OPE expansion and, therefore, are added to OPE con-

tributions.

The Borel-Laplace sum rules are based on the double-subtracted dis-

persion relation for the correlation function. Therefore, it involves the 
double derivative of Ψ5(𝑞2) and the dispersion relation is given by:

Ψ′′
5 (𝑞

2) = 𝑑2

𝑑(𝑞2)2
Ψ5(𝑞2) =

2
𝜋

∞

∫
0

𝑑𝑠
ImΨ5(𝑠)

(𝑠− 𝑞2 − 𝑖𝜖)3
. (16)

The Borel transformation [15], with parameter “u”, is obtained using 
the Borel operator, ̂𝑢, defined as:

̂𝑢 ≡ lim
𝑄2 ,𝑛→∞
𝑄2∕𝑛=𝑢

(−𝑄2)𝑛

Γ[𝑛]
𝜕𝑛
𝑄2 . (17)

Borel parameter 𝑢 has the dimension of GeV2 and the Borel transform 
of Eq. (16) is obtained as:

Ψ′′
5 (𝑢) ≡ ̂𝑢

[
Ψ′′
5 (𝑞

2)
]
= 1

𝑢3
̂𝑢

[
Ψ5(𝑞2)

]
(𝑢)

= 1
∞

𝑑𝑠 𝑒−𝑠∕𝑢 ImΨ5(𝑠)

𝜋𝑢3 ∫

0
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= 1
𝑢3

∞

∫
0

𝑑𝑠 𝑒−𝑠∕𝑢𝜌5(𝑠) , (18)

where the spectral density is given by:

𝜌5(𝑠) =
1
𝜋
lim
𝜖→0

[
ImΨ5(𝑠+ 𝑖 𝜖)

]
. (19)

It should be noted that the value of the 𝑢 ≫ Λ2
𝑄𝐶𝐷

in Ψ′′
5 (𝑢) is chosen 

such that higher order terms of the OPE expansion remain suppressed 
in the Borel transformed OPE expansion.

The spectral density in the RHS of Eq. (18) Borel-Laplace sum rules 
can be decomposed in the following form:

𝜌5(𝑠) = 𝜃(𝑠0 − 𝑠)𝜌had.
5 + 𝜃(𝑠− 𝑠0)𝜌OPE

5 , (20)

where scale 𝑠0 separates the two contributions from hadronic states and 
continuum. The Borel sum rule in Eq. (18) can be written as:

Ψ′′
5 (𝑢) =

1
𝑢3

𝑠0

∫
0

𝑑𝑠 𝑒−𝑠∕𝑢𝜌ℎ𝑎𝑑5 (𝑠)

+ 1
𝑢3

∞

∫
𝑠0

𝑑𝑠 𝑒−𝑠∕𝑢𝜌𝑂𝑃𝐸
5 (𝑠) , (21)

which is used in this article for the light quark mass determination.

For clarification, various inputs used in Eq. (21) are as follows:

1. The Ψ′′
5 (𝑢) is obtained from the Borel transformation of Ψ′′(𝑞2), 

which involves OPE corrections and addition to the instanton con-

tributions.

2. The hadronic spectral density 𝜌had
5 (𝑠) is obtained by the parametriza-

tion of the experimental information on the hadrons appearing in 
the strange and non-strange channels.

3. 𝜌OPE
5 (𝑠) in the RHS of Eq. (21) is obtained from the discontinuity of 

the theoretical expression of the Ψ5(𝑞2).

It should be noted that our main focus is the RG improvement for the 
theoretical quantities relevant for point (1) and point (3) and its impact 
on the light quark mass determination.

3.1.1. RG improvement of pQCD inputs

The spectral density from the OPE expansion of the polarization 
function, its second derivative, and the Borel transform of the second 
derivative can be written as

𝜌𝑂𝑃𝐸
5 (𝑠) = 𝑠0(𝑠) +2(𝑠) +

1
𝑠
4(𝑠) +⋯ , (22)

Ψ′′
5 (𝑄

2) = 1
𝑄2

∑
𝑖=0

Ψ̃′′
𝑖
(𝑄2)

(𝑄2)𝑖
(23)

Ψ′′
5 (𝑢) =

1
𝑢

∑
𝑖=0

Ψ̃′′
𝑖
(𝑢)

𝑢𝑖
. (24)

The leading OPE contributions in Eq. (22) and Eq. (23) are known 
to  

(
𝛼4
𝑠

)
. For more details on the various contributions, we refer to 

Ref. [1]. For these quantities, we define:

𝑅0(𝑠) ≡ 8𝜋2

3(𝑚𝑠(2GeV))2
0(𝑠) , (25)

Ψ
′′
0 (𝑄

2) ≡ 8𝜋2

3(𝑚𝑠(2GeV))2
Ψ̃′′
0 (𝑄

2) . (26)

Using 𝛼s(2 GeV) = 0.2945 and 𝑚𝑠(2 GeV) = 93.4 MeV at 𝜇 = 2 GeV and 
setting 𝑚𝑢 = 0, the above quantities in FOPT and RGSPT at 𝑄2 = 2 GeV2

have contributions from different orders:

𝑅FOPT
0 = 1.0000 + 0.6612 + 0.4909 + 0.2912 + 0.1105 ,
3

𝑅RGSPT
0 = 1.0038 + 0.4175 + 0.1760 + 0.0581 − 0.0152 ,
Nuclear and Particle Physics Proceedings xxx (xxxx) xxx

Fig. 1. Renormalization scale dependence of 𝑅0(𝑠) and Ψ′′
0 (𝑞

2) normalized to 
unity at 2 GeV in RGSPT and FOPT. The bands represent the truncation uncer-

tainty.

Ψ
′′ ,FOPT

0 = 1.0000 + 0.4737 + 0.2837 + 0.1917 + 0.1405 ,

Ψ
′′ ,RGSPT

0 = 1.1508 + 0.5280 + 0.2621 + 0.1670 + 0.1244 .

The scale dependence of 𝑅(𝑠) and Ψ is shown in Fig. 1. We see that 
RGSPT gives a better convergence than FOPT for 𝜌OPE

5 .

Next, we calculate the Borel transform for FOPT and RGSPT. In 
FOPT, Borel transform is given by:

̂𝑢

[ 1
(𝑄2)𝛼

log𝑛
(

𝜇2

𝑄2

)]
= 1

(𝑢)𝛼

𝑛∑
𝑘=0

(−1)𝑘 𝑛𝐶𝑘 log𝑘
(
𝜇2

𝑢

)
𝜕𝑛−𝑘
𝛼

1
Γ[𝛼]

. (27)

In RGSPT prescription, Borel transform can only be evaluated numeri-

cally by using:

̂𝑢

[ 1
𝑠𝑧

1
𝑤𝛼

]
= 1

(𝜇2)𝑧Γ[𝛼]

∞∑
𝑛=0

(−1)𝑛Γ[𝛼 + 𝑛− 1]
Γ[𝑛+ 1]

(
𝛽0 𝑥

)𝑛+𝛼
× �̃�(𝜇2∕𝑢, 𝛼 + 𝑛− 1, 𝑧) ,

�̃�(𝑧, 𝑏, 𝑎) ≡
∞

∫
0

𝑑𝑡
𝑥𝑎+𝑡𝑡𝑏

Γ[𝑏+ 1]Γ[𝑎+ 𝑡+ 1]
(28)

Now, we can demonstrate the impact of the resummation for the Borel 
transformation. The leading mass corrections at different dimensions to
Ψ̃′′

𝑗
(𝑠) from RGSPT have the following form:

𝐴RGSPT
𝑗

= 1
𝑠(1 − 𝛽0𝑥𝐿)(2𝑗+2)𝛾0∕𝛽0

, (29)

where 𝐿 = log(𝜇2∕𝑠) is used here for the discussion. Its series expansion ( )

to  𝛼4

𝑠
in FOPT is given by:
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Fig. 2. Borel transform of 𝐴0 and 𝐴2 calculated at different orders using 𝑢 =
2.5 GeV2 .

𝐴FOPT
𝑗

=1
𝑠

(
1 + 2𝛾0𝐿(𝑗 + 1)𝑥

+ 𝛾0𝐿
2(𝑗 + 1)𝑥2

(
𝛽0 + 2𝛾0(1 + 𝑗)

)
+ 2

3
𝛾0𝐿

3(𝑗 + 1)𝑥3
(
𝛽0 + (1 + 𝑗)𝛾0

)
×
(
𝛽0 + 2𝛾0(1 + 𝑗)

)
+ 1

6
𝛾0𝐿

4(𝑗 + 1)𝑥4
(
𝛽0 + 𝛾0(1 + 𝑗)

)
×
(
𝛽0 + 2𝛾0(1 + 𝑗)

)(
3𝛽0 + 2𝛾0(1 + 𝑗)

))
+(

𝛼5
𝑠

)
. (30)

Now, we obtain the Borel transform for 𝐴0 by setting 𝜇2 = 𝑢 =
2.5 GeV2 that resums the logarithms in the case of FOPT. Using 
𝑥(
√
2.5) = 𝛼s(

√
2.5)∕𝜋 = 0.3361∕𝜋, the Borel transformation of 𝐴0 has 

the following contributions:

̂𝑢[𝐴RGSPT
0 ] = 0.4256 ,

̂𝑢[𝐴FOPT
0 ] = 0.4000 + 0.0494 − 0.0255 − 0.0011

+ 0.0042 +⋯

= 0.4270 . (31)

The higher order behavior of the Borel transform of 𝐴0 and 𝐴2 are 
presented in Fig. 2. It is shown that the Borel transform of the leading 
logarithm terms in FOPT prescription needs at least  

(
𝛼6
𝑠

)
terms to 

converge to the Borel transform of the leading term in RGSPT.

3.1.2. Hadronic inputs

The hadronic spectral function for non-strange and strange chan-

nels is parameterized in terms of the experimental information on the 
hadronic states. We use the parametrization provided in Ref. [16] for 
non-strange, and for the strange channel, we use the spectral function 
4

from Ref. [17]. The hadronic spectral density has the following form:
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𝜌NS = 𝑓 2
𝜋
𝑀4

𝜋
𝛿
(
𝑠−𝑀2

𝜋

)
+ 𝜌3𝜋

BW1(𝑠) + 𝜅1 BW2(𝑠)
1 + 𝜅1

, (32)

𝜌𝑆 (𝑠) = 𝑓 2
𝐾
𝑀2

𝐾
𝛿
(
𝑠−𝑀2

𝐾

)
+ 𝜌𝐾𝜋𝜋(𝑠)

BW1(𝑠) + 𝜅2 BW2(𝑠)
1 + 𝜅2

, (33)

where Breit-Wigner distribution normalized to unity at threshold is 
given by:

BW𝑖(𝑠) =
(
𝑀2

𝑖
− 𝑠th

)2 +𝑀2
𝑖
Γ2
𝑖(

𝑠−𝑀2
𝑖

)2 +𝑀2
𝑖
Γ2
𝑖

. (34)

The values of 𝜅1 ≃ 0.1 [16] and 𝜅2 ≃ 1 [17] control the relative im-

portance of the resonances. Three particle contributions from the res-

onance regions (𝜌3𝜋 and 𝜌𝐾𝜋𝜋) are calculated using chiral perturba-

tion theory [17–19]. Resonance contributions are parameterized using 
the Breit-Wigner distribution. The non-strange channel receives contri-

butions from the 𝜋(1300) and 𝜋(1800) states and for strange channel 
𝐾(1460) and 𝐾(1830) states contribute.

3.1.3. Light quark mass determination

To determine the light quark masses, we use Eqs. (22), (24), (32)

and (33) for strange and non-strange channels as an input for Borel-

Laplace sum rule in Eq. (21). We get the most precise determination 
using RGSPT, where theoretical uncertainties are significantly reduced, 
and the values for 𝑚𝑠 and 𝑚𝑑 at 2 GeV are obtained as:

𝑚𝑠(2 GeV) = 104.34
(+2.42)pQCD(+3.57)had.

(−2.40)pQCD(−3.50)had.
MeV

= 104.34+4.32−4.24 MeV , (35)

𝑚𝑑 (2 GeV) = 4.21
(+0.10)pQCD(+0.47)had.

(−0.10)pQCD(−0.43)had.
MeV

= 4.21+0.48−0.45 MeV , (36)

⟹ 𝑚𝑢(2 GeV) = 2.00+0.33−0.40 MeV , (37)

where, we use the ratio 𝜖𝑢𝑑 ≡ 𝑚𝑢∕𝑚𝑑 = 0.474+0.056−0.074 [20] for the 𝑚𝑢 de-

termination. The uncertainties from the parameters such as 𝛼s, 𝜇, and 
truncation of the perturbative series are included in pQCD uncertain-

ties, and the rest of them are included in the hadronic uncertainties. 
The scale dependence in our determination is presented in Fig. 3. For 
more details, we refer to Ref. [2].

Our determinations are in agreement with the current PDG average 
values [20]:

𝑚𝑠(2 GeV) = 93.4+8.6−3.4 MeV , (38)

𝑚𝑑 (2 GeV) = 4.67+0.48−0.17 MeV , (39)

𝑚𝑢(2 GeV) = 2.16+0.49−0.26 MeV . (40)

4. Relativistic sum rules and 𝜶𝐬, 𝒎𝒄 and 𝒎𝒃 determination

4.1. Basic definitions

The normalized total hadronic cross-section (𝑅𝑞𝑞), defined as:

𝑅𝑞𝑞 ≡ 3𝑠
4𝜋𝛼2

𝜎
(
𝑒+𝑒− → 𝑞𝑞 +𝑋

)
≃

𝜎
(
𝑒+𝑒− → 𝑞𝑞 +𝑋

)
𝜎 (𝑒+𝑒− → 𝜇+𝜇−)

, (41)

is one of the most important observable sensitive to the quark mass 
(𝑚𝑞). The inverse moment for the vector channel (𝑉 ,𝑛

𝑞 ), is derived 
from 𝑅𝑞𝑞 as:

𝑉 ,𝑛
𝑞

= ∫
𝑑𝑠

𝑠𝑛+1
𝑅𝑞𝑞 . (42)

Using analyticity and unitarity, the moments are related to the coeffi-

cients of the Taylor expansion for the quark-heavy correlator evaluated 
around 𝑠 = 0 as:

𝑉 ,th =
12𝜋2𝑄2

𝑞 𝑑𝑛

Π𝑉 (𝑠)
|| (43)
𝑛 𝑛! 𝑑𝑠𝑛 ||𝑠=0
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Fig. 3. Scale dependence in our determination of the 𝑚𝑠(2 GeV) and 𝑚𝑑 (2 GeV). 
The bands represent the truncation uncertainty at different renormalization 
scales.

where 𝑄𝑞 is the electric charge, 𝑠 =
√

𝑞2 is the 𝑒+𝑒− center of mass 
energy, and Π𝑉 (𝑠) are the current correlators of two vector currents 
given by:(
𝑠 𝑔𝜇𝜈 − 𝑞𝜇𝑞𝜈

)
Π𝑉 (𝑠) = −𝑖∫ 𝑑𝑥𝑒𝑖𝑞𝑥⟨0|𝑇 {

𝑗𝜇(𝑥)𝑗𝜈 (0)
} |0⟩ ,

where,

𝑗𝜇 = 𝑞(𝑥)𝛾𝜇𝑞(𝑥) .

For the pseudoscalar channel, slightly different definitions are used in 
Ref. [21]. The pseudoscalar current correlator is defined as

Π𝑃 (𝑠) ≡ 𝑖∫ 𝑑 𝑥𝑒𝑖 𝑞 𝑥⟨0|𝑇 {𝑗𝑃 (𝑥) 𝑗𝑃 (0)}|0⟩ , (44)

where,

𝑗𝑃 = 2 𝑖𝑚𝑞 𝑞(𝑥)𝛾5𝑞(𝑥) , (45)

and the double subtracted polarization function is obtained from 
Eq. (44) as:

𝑃 (𝑠) = 1
𝑠2

(
Π𝑃 (𝑠) − Π𝑃 (0) − 𝑠

[
𝑑

𝑑 𝑠
Π𝑃 (𝑠)

]
𝑠=0

)
, (46)

from which the moments are obtained as:

𝑃 ,th
𝑛

(𝑠) =
12𝜋2𝑄2

𝑞

𝑛!
𝑑𝑛

𝑑 𝑠𝑛
𝑃 (𝑠)

||||𝑠=0 . (47)

Theoretical moments are calculated using the OPE and have contribu-

tions from purely perturbative (𝑋,pert
𝑛 ) as well as non-perturbative 

(𝑋,n.p
𝑛 ) origin. Therefore, we can write the theoretical moments as 

follows:

𝑋,th 𝑋,pert. 𝑋,n.p.
5


𝑛

=𝑛 +𝑛 . (48)
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The fixed order perturbative series for 𝑋,pert.
𝑛 have the following form:

𝑋,pert
𝑛 =𝑚−2𝑛

𝑞

∑
𝑖=0

𝑇𝑋
𝑖,𝑗
𝑥𝑖𝐿𝑗 (49)

where 𝑚𝑞 ≡𝑚𝑞(𝜇), 𝑥 ≡ 𝛼s(𝜇)∕𝜋 and 𝐿 ≡ log(𝜇2∕𝑞2).
The two-loop correction to 𝑋,pert

𝑛 is calculated in Ref. [22], three-

loops in Refs. [23–27], the first four moments at four-loop (or 𝛼3s ) from 
Refs. [28,29]. Predictions for higher moments using the analytic recon-

struction method can be found in Refs. [30,31] and are used in Ref. [32]

in the 𝑚𝑐 determination. Other predictions using Padé approximants can 
be found in Ref. [33]. A large-𝛽0 renormalon-based analysis for the low 
energy moments of the current correlators can be found in Ref. [34].

The 𝑋,n.p
𝑛 include the contributions from the condensate terms and 

has the following form:

𝑋,n.p.
𝑛 = 1(

2𝑚𝑞

)4𝑛+4 ⟨𝛼s
𝜋
𝐺2

⟩
RGI

×
(
𝑇

𝑋,n.p.

0,0 + 𝑥(𝑚𝑞)𝑇
𝑋,n.p.

1,0

)
+(

𝑥2
)
, (50)

where, 𝑇𝑋,n.p.

𝑖,0 are the perturbative correction as prefactors to the gluon 
condensate and are known to NLO [35]. For the RG invariant gluon 
condensate, we use the following numerical value [36]:

⟨𝛼s
𝜋
𝐺2

⟩
RGI

= 0.006 ± 0.012GeV4 . (51)

In addition, we also need quark mass relations to one-loop [37] from 
the MS scheme to the on-shell scheme given by:

𝑚𝑞(𝜇) =𝑀𝑞

(
1 − 𝑥(𝜇)

(
4
3
+ log

(
𝜇2

𝑀2
𝑞

)))
+(

𝑥2
)
, (52)

which will be used in Eq. (50) for the quark condensate terms.

From theoretical moments, defined in Eq. (48), the ratio of the mo-

ments (𝑋
𝑛

) can be obtained as:

𝑋
𝑛
≡

(𝑋
𝑛

) 1
𝑛(𝑋

𝑛+1

) 1
𝑛+1

, (53)

which are more sensitive to the 𝛼s and less sensitive to the quark masses. 
The mass dependence arises only from the running logarithms present 
in the perturbative expansion. This quantity is very useful in the deter-

mination of the 𝛼s.

4.2. RG improvement

The RG improvement of moments in Eq. (49) is obtained by rewrit-

ing moments as:

𝑋,Σ
𝑛

=𝑚−2 𝑛
𝑞

∑
𝑖=0

𝑥𝑖 𝑆𝑖(𝑥𝐿) , (54)

and following the procedure described in section 2, we get a set of cou-

pled differential equations for 𝑆𝑖(𝑥 𝐿) that can be written in a compact 
form as:

𝑘∑
𝑖=0

[
𝛽𝑖(𝛿𝑖,0 +𝑤− 1)𝑆′

𝑘−𝑖(𝑤)

+𝑆𝑘−𝑖(𝑤)
(
−2𝑛𝛾𝑖 + 𝛽𝑖(−𝑖+ 𝑘)

)]
= 0 . (55)

After RG improved perturbative series is obtained for different 𝑋
𝑛

, we 
can study their scale dependence. For the charm vector moments, we 
take 𝛼

(
𝑛𝑓=4

)
s (3 GeV) = 0.2230 and 𝑚𝑐(3 GeV) = 993.9 MeV. These values 

are obtained from current PDG [20] values of the quark masses and 
coupling constant and evolved to different scales using the REvolver 
package [38]. The scale dependence of the first four moments for the 

vector channel for the charm case can be found in Fig. 4, and similar 
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behavior is obtained for the pseudoscalar channel. It should be noted 
that the agreement of various moments in FOPT and RGSPT prescription 
occurs at the MS value of the quark masses, i.e. 𝜇 = 𝑚𝑞(𝜇) = 𝑚𝑞(𝑚𝑞). At 
this particular scale, the RGSPT expressions reduce to FOPT expressions. 
It is evident from these figures that the RGSPT has better control of the 
scale variations compared to the FOPT.

4.3. 𝛼s, 𝑚𝑐 and 𝑚𝑏 determinations

For the vector moments, the third and fourth moments in the 
FOPT scheme are very sensitive to scale variations and contribute to 
a large theoretical uncertainty even though their experimental values 
are known more precisely [39,40]. Also, the MS definition of the quark 
mass for the vector channel, when used in the non-perturbative gluon 
condensate terms, gives unreliable determinations for the strong cou-

pling and quark masses. This problem in FOPT prescription is cured 
by using the on-shell mass taken as input [40,39] in condensate terms. 
However, such problems are not encountered in the determinations us-

ing RGSPT prescription. With these advantages in hand, we have used 
FOPT and RGSPT in the determinations of the 𝛼s, 𝑚𝑐 , and 𝑚𝑏. In the 
𝑚𝑐 determination, we use experimental moments for the vector channel 
from Refs. [40,39] and pseudoscalar moments from Refs. [41–45] us-

ing lattice QCD inputs. Similarly, for the 𝛼s−determination, we also use 
the ratios of the vector moments from Refs. [46,47] and pseudoscalar 
moments from Refs. [41–45,48]. For bottom quark mass determination, 
we use only the vector moments from Refs. [49,50,21].

Now, we turn to the final values for the 𝑚𝑐 , 𝑚𝑏, and 𝛼s determination 
obtained using the inputs from experimental moments or lattice QCD 
from the above-mentioned references. Interestingly, the most precise 
values of these parameters are obtained using RGSPT and lattice inputs 
except for the bottom quark mass, for which no lattice moments are 
available.

For the charm mass, our final determination is obtained using mo-

ments from Ref. [45] as:

𝑚𝑐 (3GeV) = 0.9962(42) GeV , (56)

⟹ 𝑚𝑐(𝑚𝑐 ) = 1.2811(38) GeV . (57)

For the bottom quark mass, we take the most precise value obtained 
from experimental moments presented in Ref. [50] as:

𝑚𝑏(10GeV) = 3.6311(98) GeV , (58)

⟹ 𝑚𝑏(𝑚𝑏) = 4.1743(95) GeV . (59)

We have two most precise determinations for strong coupling constant 
from Refs. [42,44]. We average out these values and obtain the final 
determination:

𝛼s(𝑀𝑍 ) = {0.1172(7),0.1169(7)} , (60)

⟹ 𝛼s(𝑀𝑍 ) = 0.1171(7) . (61)

These values are in agreement with the current PDG [20] values which 
read:

𝛼s(𝑀𝑍 ) = 0.1179(9) , (62)

𝑚𝑐 (𝑚𝑐 ) = 1.27 ± 0.02 GeV , (63)

𝑚𝑏(𝑚𝑏) = 4.18 ± 0.03 GeV . (64)

5. Conclusion

Precise determination of QCD parameters from QCD sum rules re-

quires higher-order information using theoretical inputs from pQCD 
and precise experimental or lattice QCD simulation data. The RG im-

provement plays a key role in improving the theoretical inputs, and we 
6

have achieved it using the RGSPT prescription. The RGSPT provides a 
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Fig. 4. Renormalization scale dependence of the first four vector moments for 

the heavy charm quark current.
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better convergence and enhanced stability with respect to the renormal-

ization scale variations for the Borel-Laplace and Laplace type of sum 
rules. While for relativistic sum rules for heavy quark currents, one only 
obtains stability with respect to the renormalization scale variations 
crucial for the higher moments. One can also avoid unstable results 
when quark masses in the MS scheme are used in the non-perturbative 
condensate terms using FOPT prescription.
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