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BEREZIN NUMBER AND BEREZIN NORM INEQUALITIES FOR

OPERATOR MATRICES

PINTU BHUNIA, ANIRBAN SEN, SOMDATTA BARIK AND KALLOL PAUL

Abstract. We establish new upper bounds for Berezin number and Berezin norm

of operator matrices, which are refinements of the existing bounds. Among other

bounds, we prove that if A = [Aij ] is an n × n operator matrix with Aij ∈ B(H)

for i, j = 1, 2 . . . n, then ‖A‖ber ≤ ‖[‖Aij‖ber]‖ and ber(A) ≤ w([aij ]), where aii =

ber(Aii), aij =
∥∥|Aij | + |A∗

ji|
∥∥ 1

2

ber

∥∥|Aji| + |A∗

ij |
∥∥ 1

2

ber
if i < j and aij = 0 if i > j.

Further, we give some examples for the Berezin number and Berezin norm estimation

of operator matrices on the Hardy-Hilbert space.

1. Introduction

Let H be a complex Hilbert space endowed with an inner product 〈·, ·〉 and B(H)

be the collection of all bounded linear operators on H. An operator A ∈ B(H) is

positive if 〈Ax, x〉 ≥ 0 for all x ∈ H. For A ∈ B(H), the absolute value of A is the

positive operator |A| = (A∗A)1/2. Recall that, the numerical range of A is denoted

by W (A) and is defined as W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1} . The famous Toeplitz-

Hausdroff theorem states that the numerical range of an operator is a convex set.

The usual operator norm and the numerical radius of A are, respectively, defined by

‖A‖ = sup {|〈Ax, y〉| : x, y ∈ H, ‖x‖ = ‖y‖ = 1} and w(A) = sup {|λ| : λ ∈ W (A)} . It
is well known that w(·) defines a norm on B(H) and satisfies the following inequality:

‖A‖
2

≤ w(A) ≤ ‖A‖. (1.1)
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The inequality (1.1) is sharp, in fact w(A) = ‖A‖
2

if A2 = 0 and w(A) = ‖A‖ if A

is normal. For more on numerical radius inequalities and related results we refer the

readers to [13, 14, 15, 16, 17, 19, 30] and references therein.

Let Ω be a non empty set. A reproducing kernel Hilbert space (RKHS in short)

H = H(Ω) is a Hilbert space of complex valued functions on the set Ω, where point

evaluations are continuous, i.e., for each λ ∈ Ω the map Eλ : H → C defined by Eλ(f) =

f(λ) is a bounded linear functional on H (see [34]). By the Riesz representation

theorem, for each λ ∈ Ω there exists a unique element kλ ∈ H such that Eλ(f) = 〈f, kλ〉
for all f ∈ H. The collection of functions {kλ : λ ∈ Ω} is the set of all reproducing

kernel of H and {k̂λ = kλ/‖kλ‖ : λ ∈ Ω} is the set of all normalized reproducing kernel

of H. For A ∈ B(H), the function Ã defined on Ω by Ã(λ) = 〈Ak̂λ, k̂λ〉, is called

the Berezin symbol of A (see [6, 7]). We recall that the Berezin Set, Berezin number

and Berezin norm of A are denoted by Ber(A),ber(A) and ‖A‖ber, respectively, and
defined as Ber(A) =

{
Ã(λ) : λ ∈ Ω

}
, ber(A) = sup

{
|Ã(λ)| : λ ∈ Ω

}
and ‖A‖ber =

sup
{∣∣〈Ak̂λ, k̂µ〉

∣∣ : λ, µ ∈ Ω
}
(see [3, 28]). It is clear from the definitions that Ber(A) ⊆

W (A), ber(A) ≤ w(A) and ber(A) ≤ ‖A‖ber ≤ ‖A‖. Although Berezin set is a subset

of numerical range but unlike numerical range, the Berezin set of an operator is not

convex, in general. For more about the characterization of convexity of Berezin range

interested readers can follow the article [20]. It should be mentioned that ber(·) and
‖ · ‖ber do not generally define a norm on B(H) but if the RKHS H has the “Ber”

property (i.e., for any two operators A,B ∈ B (H), Ã (λ) = B̃ (λ) for all λ ∈ Ω implies

A = B) then they define a norm on B(H). The Berezin symbol of an operator provides

important information about the operator and it has wide application in operator

theory. It has been studied in details for Toeplitz and Hankel operators on Hardy and

Bergman spaces. For further information about the Berezin symbol and its application,

we refer the readers to see [27, 28, 29, 41]. Recall that the Hardy-Hilbert space of the

unit disk D = {λ ∈ C : |λ| < 1} is denoted by H2(D), and is defined as the Hilbert

space of all square summable analytic functions on D. It is well known that H2(D)

is a RKHS and for λ ∈ D the corresponding reproducing kernel of H2(D) is given

by kλ(z) =
∑∞

n=0 λ̄
nzn (see [34]). Recently it is proved in [11, Proposition 2.11] that

the equality ‖A‖ber = ber(A) holds if A is positive. Observe that the above equality

may not be true for selfadjoint operators. The Berezin number and Berezin norm

inequalities have been studied by many mathematicians [8, 21, 22, 33, 36, 38, 43, 44].

Let {Ωi : i = 1, 2, . . . , n} be a collection of nonempty sets andHi = H(Ωi) be a RKHS

on Ωi for each i. Let us consider the direct sum H = ⊕n
i=1Hi. Then it is easy to observe
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that H is a RKHS on the nonempty set Ω1 ×Ω2 × . . .×Ωn. Every operator A ∈ B(H)

has an n × n operator matrix representation A = [Aij ]n×n, where Aij ∈ B(Hj ,Hi).

Here B(Hj ,Hi) is the collection of all bounded linear operators from Hj to Hi. In

recent years many mathematicians developed useful bounds of the numerical radius

and operator norm of n × n operator matrices (see [1, 5, 10, 25]). Motivated by this

idea Berezin number inequalities for operator matrices were also studied in [4, 35].

In this paper, we obtain upper bounds for the Berezin number and Berezin norm

of n × n operator matrices. As a special case for 2 × 2 operator matrices the bounds

obtained here are better than the existing ones. We also develop several upper bounds

for single and product operators.

2. main results

We begin this section with the following lemmas which will be used often.

Lemma 2.1. [39, p. 20] Let A ∈ B(H) be positive and let x ∈ H with ‖x‖ = 1. Then

〈Ax, x〉r ≤ 〈Arx, x〉 for all r ≥ 1.

Lemma 2.2. [24, pp. 75-76] Let A ∈ B(H) and let x, y ∈ H. Then

|〈Ax, y〉|2 ≤ 〈|A|x, x〉〈|A∗|y, y〉.

Lemma 2.3. [31, Th. 5] Let A ∈ B(H). Let f and g be continuous functions on [0,∞),

which satisfy the relation f(λ)g(λ) = λ for all λ ∈ [0,∞). Then

|〈Ax, y〉| ≤ ‖f(|A|)x‖‖g(|A∗|)y‖,

for all x, y ∈ H.

Lemma 2.4. [26, p. 44] If A = [aij ] is an n× n complex matrix such that aij ≥ 0 for

all i, j = 1, 2, ..., n, then w(A) = w(A+A∗

2
) = r(A+A∗

2
), where r(·) denotes the spectral

radius.

Lemma 2.5. [32, Cor. 2.5] Let x1, x2, e ∈ H with ‖e‖ = 1 and α ∈ C\{0}. Then

|〈x1, e〉〈e, x2〉| ≤
1

|α|
(
max{1, |α− 1|}‖x1‖‖x2‖+ |〈x1, x2〉|

)
.

In particular, for α = 2, the above inequality becomes the Buzano’s inequality [18]

|〈x1, e〉〈e, x2〉| ≤
1

2
(‖x1‖‖x2‖+ |〈x1, x2〉|).



4 P. BHUNIA, A. SEN, S. BARIK AND K. PAUL

Lemma 2.6. [4, p. 1001] Let A ∈ B(H1), B ∈ B(H2,H1), C ∈ B(H1,H2) and D ∈
B(H2). Then the following inequalities hold:

(i) ber

([
A 0

0 D

])
≤ max

{
ber(A), ber(D)

}
,

(ii) ber

([
0 B

C 0

])
≤ 1

2

(
‖B‖+ ‖C‖

)
.

In particular, if H1 = H2 then ber

([
0 B

B 0

])
≤ ‖B‖.

Now, we are in a position to prove our first result which provides an upper bound of

the Berezin number of n× n operator matrices.

Theorem 2.7. Let A = [Aij ] be an n × n operator matrix, where Aij ∈ B(H) for all

i, j = 1, 2, ...n. If f, g : [0,∞) 7→ [0,∞) are continuous functions satisfying f(λ)g(λ) =

λ, for all λ ∈ [0,∞), then

ber







A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .
...

An1 An2 . . . Ann







≤ w







ber(A11) a12 . . . a1n

0 ber(A22) . . . a2n
...

...
. . .

...

0 0 . . . ber(Ann)







where aij =
∥∥f 2(|Aij|) + g2(|A∗

ji|)
∥∥ 1

2

ber

∥∥f 2(|Aji|) + g2(|A∗
ij |)
∥∥ 1

2

ber
.
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Proof. For (λ1, ..., λn) ∈ Ωn = Ω× ...×Ω (n-copies), let k̂(λ1,...,λn) be the corresponding

normalized reproducing kernel of H⊕ . . .⊕H (n-copies). Then

|〈Ak̂(λ1,...,λn), k̂(λ1,...,λn)〉|

= |
n∑

i,j=1

〈Aijkλj
, kλi

〉|

≤
n∑

i,j=1

|〈Aijkλj
, kλi

〉|

=
n∑

i=1

|〈Aiikλi
, kλi

〉|+
n∑

i,j=1

i6=j

|〈Aijkλj
, kλi

〉|

=

n∑

i=1

|〈Aiikλi
, kλi

〉|+
n∑

i,j=1

i<j

(
|〈Aijkλj

, kλi
〉|+ |〈Ajikλi

, kλj
〉|
)

≤
n∑

i=1

|〈Aiikλi
, kλi

〉|

+

n∑

i,j=1

i<j

(
‖f(|Aij|)kλj

‖‖g(|A∗
ij|)kλi

‖+ ‖f(|Aji|)kλi
‖‖g(|A∗

ji|)kλj
‖
)(

by Lemma 2.3
)

≤
n∑

i=1

|〈Aiikλi
, kλi

〉|

+

n∑

i,j=1

i<j

(
‖f(|Aij|)kλj

‖2 + ‖g(|A∗
ji|)kλj

‖2
) 1

2

(
‖f(|Aji|)kλi

‖2 + ‖g(|A∗
ij|)kλi

‖2
) 1

2

=

n∑

i=1

|〈Aiikλi
, kλi

〉|

+

n∑

i,j=1

i<j

〈(f 2(|Aij |) + g2(|A∗
ji|))kλj

, kλj
〉 1

2 〈(f 2(|Aji|) + g2(|A∗
ij|))kλi

, kλi
〉 1

2

≤
n∑

i=1

ber(Aii)‖kλi
‖2

+
n∑

i,j=1

i<j

∥∥f 2(|Aij|) + g2(|A∗
ji|)
∥∥ 1

2

ber

∥∥f 2(|Aji|) + g2(|A∗
ij|)
∥∥ 1

2

ber
‖kλi

‖‖kλj
‖

= 〈Ây, y〉,
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where y =




‖kλ1
‖

‖kλ2
‖

...

‖kλn
‖



∈ Cn is an unit vector and Â = [aij ] is an n× n complex matrix,

with

aij =






ber(Aii) when i = j,
∥∥f 2(|Aij|) + g2(|A∗

ji|)
∥∥ 1

2

ber

∥∥f 2(|Aji|) + g2(|A∗
ij|)
∥∥ 1

2

ber
when i < j,

0 otherwise.

Since ‖y‖ = 1, so

|〈Ak̂(λ1,...,λn), k̂(λ1,...,λn)〉| ≤ w(Â).

Taking the supremum over all (λ1, ..., λn) ∈ Ωn, we get ber(A) ≤ w(Â). �

By considering f(λ) = λt and g(λ) = λ1−t(0 ≤ t ≤ 1) in Theorem 2.7, we obtain the

following corollary.

Corollary 2.8. If Aij ∈ B(H) for all i, j = 1, 2, ...n, then

ber







A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .
...

An1 An2 . . . Ann







≤ w







ber(A11) a12 . . . a1n

0 ber(A22) . . . a2n
...

...
. . .

...

0 0 . . . ber(Ann)







where aij = ‖|Aij|2t + |A∗
ji|2(1−t)‖

1

2

ber ‖|Aji|2t + |A∗
ij |2(1−t)‖

1

2

ber and t ∈ [0, 1].

The following corollary follows from Corollary 2.8 by considering t = 1
2
.

Corollary 2.9. If Aij ∈ B(H) for all i, j = 1, 2, ...n, then

ber







A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .
...

An1 An2 . . . Ann







≤ w







ber(A11) a12 . . . a1n

0 ber(A22) . . . a2n
...

...
. . .

...

0 0 . . . ber(Ann)







where aij =
∥∥|Aij|+ |A∗

ji|
∥∥ 1

2

ber

∥∥|Aji|+ |A∗
ij|
∥∥ 1

2

ber
.

Considering n = 2 in Theorem 2.7, we obtain the following upper bound of Berezin

number for 2× 2 operator matrices.
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Corollary 2.10. Let A =

[
A11 A12

A21 A22

]
∈ B(H⊕H). Then

ber(A) ≤ 1

2

(
ber(A11) + ber(A22)

+

√(
ber(A11)− ber(A22)

)2
+
∥∥|A12|+ |A∗

21|
∥∥
ber

∥∥|A21|+ |A∗
12|
∥∥
ber

)
.

Proof. Taking n = 2 in Theorem 2.7, we get the inequality

ber

([
A11 A12

A21 A22

])
≤ w

([
ber(A11) a12

0 ber(A22)

])

= w

([
ber(A11)

1
2
a12

1
2
a12 ber(A22)

])(
by Lemma 2.4

)

= r

([
ber(A11)

1
2
a12

1
2
a12 ber(A22)

])

=
1

2

(
ber(A11) + ber(A22)

+

√(
ber(A11)− ber(A22)

)2
+ a212

)
,

where a12 =
∥∥|A12|+ |A∗

21|
∥∥ 1

2

ber

∥∥|A21|+ |A∗
12|
∥∥ 1

2

ber
.

�

In particular, if A =

[
0 A12

A21 0

]
then

ber

([
0 A12

A21 0

])
≤ 1

2

∥∥|A12|+ |A∗
21|
∥∥ 1

2

ber

∥∥|A21|+ |A∗
12|
∥∥ 1

2

ber
.

In the following example we compute an upper bound of Berezin number for a 2× 2

operator matrix by applying Corollary 2.10.

Example 2.11. SupposeM =

[
Mz PC

Pz Mz2

]
∈ B(H2(D)⊕H2(D)), where PC, Pz,Mz and

Mz2 are respectively defined as PC(f(z)) = 〈f(z), 1〉, Pz(f(z)) = 〈f(z), z〉z,Mz(f(z)) =

zf(z) and Mz2(f(z)) = z2f(z) (f ∈ H2(D), z ∈ D). Then a simple computation shows

that ber(Mz) = ber(Mz2) = 1 and ‖|PC| + |P ∗
z |
∥∥
ber

= ‖|Pz| + |P ∗
C
|‖ber = 1. From



8 P. BHUNIA, A. SEN, S. BARIK AND K. PAUL

Corollary 2.10, it follows that

ber(M) ≤ 1

2

(
ber(Mz) + ber(Mz2)

+

√(
ber(Mz)− ber(Mz2)

)2
+ ‖|PC|+ |P ∗

z |
∥∥
ber

‖|Pz|+ |P ∗
C
|‖ber

)

= 1.5.

Remark 2.12. (i) In [4, Corollary 2.2], Bakherad obtained the following bound,

namely,

ber

([
A11 A12

A21 A22

])
≤ 1

2

(
ber(A11) + ber(A22)

+

√(
ber(A11)− ber(A22)

)2
+ (‖A12‖+ ‖A21‖)2

)
. (2.1)

If we consider H = C2, A11 = A22 =

[
1 0

0 0

]
and A12 = A21 =

[
0 1

0 0

]
then from the

bound in Corollary 2.10 we get ber

([
A11 A12

A21 A22

])
≤ 1.5, whereas the inequality (2.1)

gives ber

([
A11 A12

A21 A22

])
≤ 2. Therefore, for this example the bound of Corollary 2.10

is better than the existing bound (2.1).

(ii) The following upper bound

ber

([
A11 A12

A21 A22

])
≤ 1

2

(
ber(A11) + ber(A22)

+

√√√√(ber(A11)− ber(A22)
)2

+ 4w2

([
0 A12

A21 0

]))
(2.2)

was obtained in [35, Corollary 3.2]. Consider A11 = A22 = 0, A12 =

[
1 1

0 0

]
and A21 =

[
1 0

1 0

]
. Then it is easy to observe that Corollary 2.10 gives ber

([
A11 A12

A21 A22

])
≤ 1,

whereas (2.2) gives ber

([
A11 A12

A21 A22

])
≤

√
2. Hence the bound obtained in Corollary

2.10 is better than that given in (2.2).
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Our next theorem yields an upper bound of the Berezin norm for n × n operator

matrices.

Theorem 2.13. Let A = [Aij ] be an n × n operator matrix with Aij ∈ B(Hj ,Hi),

1 ≤ i, j ≤ n. Then

‖A‖ber ≤ ‖[‖Aij‖ber]‖ , 1 ≤ i, j ≤ n.

Proof. Let H = ⊕n
i=1Hi. For (λ1, λ2, . . . , λn), (µ1, µ2, . . . , µn) ∈ Ω1 × Ω2 × . . . × Ωn,

let k̂(λ1,λ2,...,λn) =




kλ1

...

kλn


 and k̂(µ1,µ2,...,µn) =




kµ1

...

kµn


 be the corresponding normalized

reproducing kernels of H. Then

|〈Ak̂(λ1,λ2,...,λn), k̂(µ1,µ2,...,µn)〉| =

∣∣∣∣∣

n∑

i,j=1

〈Aijkλj
, kµi

〉
∣∣∣∣∣

≤
n∑

i,j=1

∣∣〈Aijkλj
, kµi

〉
∣∣

≤
n∑

i,j=1

‖Aij‖ber‖kλj
‖‖kµi

‖ = 〈[‖Aij‖ber]x, y〉,

where x =




‖kλ1
‖

...

‖kλn
‖


 and y =




‖kµ1
‖

...

‖kµn
‖


. Since ‖x‖ = ‖y‖ = 1, we have

|〈Ak̂(λ1,λ2,...,λn), k̂(µ1,µ2,...,µn)〉| ≤ ‖[‖Aij‖ber]‖.

Therefore, taking the supremum over all (λ1, λ2, . . . , λn), (µ1, µ2, . . . , µn) ∈ Ω1 × Ω2 ×
. . .× Ωn, we get the desired result. �

Now, we give a computational example for an upper bound of the Berezin norm for

a 2× 2 operator matrix by applying Theorem 2.13.

Example 2.14. Let

[
PC Pz

Pz2 Pz3

]
∈ B(H2(D) ⊕ H2(D)), where PC(f(z)) = 〈f(z), 1〉

and Pzi(f(z)) = 〈f(z), zi〉zi (f ∈ H2(D), z ∈ D) for i = 1, 2, 3. A short computation

shows that ‖PC‖ber = 1, ‖Pz‖ber = 1/4, ‖Pz2‖ber = 4/27 and ‖Pz3‖ber = 27/256. From

Theorem 2.13, it follows that

∥∥∥∥∥

[
PC Pz

Pz2 Pz3

]∥∥∥∥∥
ber

≤
∥∥∥∥∥

[
1 1/4

4/27 27/256

]∥∥∥∥∥ ≈ 1.045.

The following inequalities concerning 2 × 2 operator matrices follows immediately

from Theorem 2.13.
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Corollary 2.15. Let A ∈ B(H1), B ∈ B(H2,H1), C ∈ B(H1,H2) and D ∈ B(H2).

Then

(i)

∥∥∥∥∥

[
A 0

0 D

]∥∥∥∥∥
ber

≤ max {‖A‖ber, ‖D‖ber} ,

(ii)

∥∥∥∥∥

[
0 B

C 0

]∥∥∥∥∥
ber

≤ max {‖B‖ber, ‖C‖ber} .

Example 2.16. Let P =

[
PC 0

0 Pz

]
∈ B(H2(D)⊕H2(D)), where PC and Pz on H2(D),

respectively defined as PC(f(z)) = 〈f(z), 1〉 and Pz(f(z)) = 〈f(z), z〉z (f ∈ H2(D), z ∈
D). Then by simple computation it is easy to observe that ‖P‖ber = 0.536, ‖PC‖ber = 1

and ‖Pz‖ber = 1/4. Therefore for this example we have

∥∥∥∥∥

[
PC 0

0 Pz

]∥∥∥∥∥
ber

= 0.536 < 1 =

max{‖PC‖ber , ‖Pz‖ber}.

Remark 2.17. By using the fact ber

([
0 B

C 0

])
≤
∥∥∥∥∥

[
0 B

C 0

]∥∥∥∥∥
ber

, from Corollary

2.15 (ii) we have

ber

([
0 B

C 0

])
≤ max {‖B‖ber, ‖C‖ber} . (2.3)

Now we give an example to show that the bounds in (2.3) and Lemma 2.6 (ii) are

not comparable, in general. If we consider H1 = H2 = C2, B =

[
1 1

0 0

]
and C =

[
1 0

1 0

]
then from (2.3), we get ber

([
0 B

C 0

])
≤ 1, whereas from Lemma 2.6 (ii),

we get ber

([
0 B

C 0

])
≤

√
2. Again, if we consider B =

[
1 0

0 0

]
, C =

[
0 0

0 2

]

then the inequality (2.3) gives ber

([
0 B

C 0

])
≤ 2, whereas Lemma 2.6 (ii) gives

ber

([
0 B

C 0

])
≤ 1.5.

Next result gives an estimation for the Berezin number of 2×2 off diagonal operator

matrices.
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Theorem 2.18. Let A ∈ B(H2,H1), B ∈ B(H1,H2) and α ∈ C\{0}. Then

ber
2

([
0 A

B 0

])
≤ 1

|α| max
{
ber(AB), ber(BA)

}

+
max{1, |α− 1|}

2|α| max
{
‖AA∗ +B∗B‖ber, ‖BB∗ + A∗A‖ber

}
.

Proof. Let T =

[
0 A

B 0

]
. For (λ1, λ2) ∈ Ω1×Ω2, let k̂(λ1,λ2) be a normalized reproducing

kernel of H1 ⊕H2. Then

|〈T k̂(λ1,λ2), k̂(λ1,λ2)〉|2

= |〈T k̂(λ1,λ2), k̂(λ1,λ2)〉〈k̂(λ1,λ2), T
∗k̂(λ1,λ2)〉|

≤ 1

|α|
(
|〈T k̂(λ1,λ2), T

∗k̂(λ1,λ2)〉|+max{1, |α− 1|}‖T k̂(λ1,λ2)‖‖T ∗k̂(λ1,λ2)‖
)

(
by Lemma 2.5

)

≤ 1

|α|

(
|〈T 2k̂(λ1,λ2), k̂(λ1,λ2)〉|+

max{1, |α− 1|}
2

(
‖T k̂(λ1,λ2)‖2 + ‖T ∗k̂(λ1,λ2)‖2

))

=
1

|α|

(
|〈T 2k̂(λ1,λ2), k̂(λ1,λ2)〉|+

max{1, |α− 1|}
2

〈(T ∗T + TT ∗)k̂(λ1,λ2), k̂(λ1,λ2)〉
)

≤ 1

|α|

(
ber

([
AB 0

0 BA

])
+

max{1, |α− 1|}
2

ber

([
AA∗ +B∗B 0

0 A∗A+BB∗

]))

≤ 1

|α| max
{
ber(AB),ber(BA)

}

+
max{1, |α− 1|}

2|α| max
{
‖AA∗ +B∗B‖ber, ‖BB∗ + A∗A‖ber

} (
by Lemma 2.6(i)

)
.

Taking the supremum over all (λ1, λ2) ∈ Ω1 × Ω2, we get the desired result. �

The following corollary is obvious from Theorem 2.18.

Corollary 2.19. If H1 = H2 then from Theorem 2.18, we have

ber
2

([
0 A

A 0

])
≤ 1

2|α| max{1, |α− 1|}‖AA∗ + A∗A‖ber +
1

|α|ber(A
2). (2.4)

Considering α = n > 1(n ∈ N) in (2.4), we get

ber
2

([
0 A

A 0

])
≤ n− 1

2n
‖AA∗ + A∗A‖ber +

1

n
ber(A2).
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Now, taking n → ∞, we have

ber
2

([
0 A

A 0

])
≤ 1

2
‖AA∗ + A∗A‖ber ≤ ‖A‖2. (2.5)

Therefore, the bound (2.5) refines the existing bound in Lemma 2.6 (ii).

In particular, choosing α = n > 1(n ∈ N) and taking n → ∞ in Theorem 2.18, we

get the following corollary.

Corollary 2.20. Let A ∈ B(H2,H1) and B ∈ B(H1,H2). Then

ber
2

([
0 A

B 0

])
≤ 1

2
max

{
‖AA∗ +B∗B‖ber, ‖BB∗ + A∗A‖ber

}
.

Next we develop the following upper bound for 2× 2 operator matrices.

Theorem 2.21. Let A ∈ B(H1), B ∈ B(H2,H1), C ∈ B(H1,H2), D ∈ B(H2) and

α ∈ C\{0}. Then

ber
2

([
A B

C D

])
≤ max

{
ber

2(A), ber2(D)
}
+max

{
‖B‖2ber, ‖C‖2ber

}

+
max{1, |α− 1|}

|α| max
{
‖A∗A+BB∗‖ber, ‖CC∗ +D∗D‖ber

}

+
2

|α| max
{
‖BD‖ber, ‖CA‖ber

}
.
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Proof. Let T =

[
A 0

0 D

]
and S =

[
0 B

C 0

]
. For (λ1, λ2) ∈ Ω1 × Ω2, let k̂(λ1,λ2) be a

normalized reproducing kernel of H1 ⊕H2. Then

∣∣∣∣∣

〈[
A B

C D

]
k̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣∣∣

2

= |〈T k̂(λ1,λ2), k̂(λ1,λ2)〉+ 〈Sk̂(λ1,λ2), k̂(λ1,λ2)〉|2

≤
(
|〈T k̂(λ1,λ2), k̂(λ1,λ2)〉|+ |〈Sk̂(λ1,λ2), k̂(λ1,λ2)〉|

)2

= |〈T k̂(λ1,λ2), k̂(λ1,λ2)〉|2 + |〈Sk̂(λ1,λ2), k̂(λ1,λ2)〉|2

+2|〈T k̂(λ1,λ2), k̂(λ1,λ2)〉||〈Sk̂(λ1,λ2), k̂(λ1,λ2)〉|

≤ ber2(T ) + ber2(S) + 2|〈T k̂(λ1,λ2), k̂(λ1,λ2)〉〈k̂(λ1,λ2), S
∗k̂(λ1,λ2)〉|

≤ ber2(T ) + ber2(S) +
2

|α| max{1, |α− 1|}‖T k̂(λ1,λ2)‖‖S∗k̂(λ1,λ2)‖

+
2

|α| |〈T k̂(λ1,λ2), S
∗k̂(λ1,λ2)〉|

(
by Lemma 2.5

)

≤ ber2(T ) + ber2(S) +
1

|α| max{1, |α− 1|}
(
‖T k̂(λ1,λ2)‖2 + ‖S∗k̂(λ1,λ2)‖2

)

+
2

|α| |〈ST k̂(λ1,λ2), k̂(λ1,λ2)〉|

= ber2(T ) + ber2(S) +
1

|α| max{1, |α− 1|}〈(T ∗T + SS∗)k̂(λ1,λ2), k̂(λ1,λ2)〉

+
2

|α| |〈ST k̂(λ1,λ2), k̂(λ1,λ2)〉|

≤ ber2

([
A 0

0 D

])
+ ber2

([
0 B

C 0

])
+

max{1, |α− 1|}
|α|

ber

([
A∗A+BB∗ 0

0 CC∗ +D∗D

])
+

2

|α|ber
([

0 BD

CA 0

])

≤ max
{
ber2(A),ber2(D)

}
+max

{
‖B‖2ber, ‖C‖2ber

}

+
max{1, |α− 1|}

|α| max
{
‖A∗A+BB∗‖ber, ‖CC∗ +D∗D‖ber

}

+
2

|α| max
{
‖BD‖ber, ‖CA‖ber

} (
by Lemma 2.6 (i) and Corollary 2.15 (ii)

)
.

Taking the supremum over all (λ1, λ2) ∈ Ω1 × Ω2, we get the desired result. �

For α = n > 1(n ∈ N) and taking n → ∞ in Theorem 2.21, we obtain the following

bound.
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Corollary 2.22. Let A ∈ B(H1), B ∈ B(H2,H1), C ∈ B(H1,H2) and D ∈ B(H2).

Then

ber
2

([
A B

C D

])
≤ max

{
ber

2(A), ber2(D)
}
+max

{
‖B‖2ber, ‖C‖2ber

}

+max
{
‖A∗A+BB∗‖ber, ‖CC∗ +D∗D‖ber

}
.

Remark 2.23. If H1 = H2 then from Corollary 2.22 we have

ber

([
A B

B A

])
≤
√

‖B‖2ber + ber2(A) + ‖A∗A+BB∗‖ber. (2.6)

In [23, Corollary 3.5], Hajmohamadi et al. obtained the following upper bound, namely,

ber

([
A B

B A

])
≤ 1

2

(
ber(|A|+ |A∗|) + ber(|B|+ |B∗|)

)
. (2.7)

If we considerH1 = H2 = C2, A =

[
0 1

0 0

]
andB =

[
1 0

0 0

]
then (2.6) gives ber

([
A B

B A

])
≤

1.41 whereas (2.7) gives ber

([
A B

B A

])
≤ 1.5. Hence for this example the bound of

(2.6) is finer than the existing bound (2.7).

Our next result reads as follows.

Theorem 2.24. Let A,B,C,D ∈ B(H) and α ∈ C\{0}. Then
∥∥∥∥∥

[
A B

C D

]∥∥∥∥∥

2

ber

≤ max
{
ber(|A|+ i|C|), ber(|D|+ i|B|)

}
max

{
ber(|A∗|+ i|B∗|), ber(|D∗|+ i|C∗|)

}

+
1

2
max

{
‖|A|2 + |C|2‖ber, ‖|B|2 + |D|2‖ber

}
+max

{
‖C∗D‖ber, ‖B∗A‖ber

}
.

Proof. Let M =

[
A 0

0 D

]
, N =

[
0 B

C 0

]
, P =

[
|A| 0

0 |D|

]
, Q =

[
|A∗| 0

0 |D∗|

]
, R =

[
|C| 0

0 |B|

]
, S =

[
|B∗| 0

0 |C∗|

]
and T =

[
0 C∗D

B∗A 0

]
. For (λ1, λ2), (µ1, µ2) ∈ Ω2,

let k̂(λ1,λ2) and k̂(µ1,µ2) be two normalized reproducing kernel of H ⊕ H. Therefore,

P = |M |, Q = |M∗|, R = |N |, S = |N∗| and P 2 + R2 =

[
|A|2 + |C|2 0

0 |D|2 + |B|2

]
,
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P + iR =

[
|A|+ i|C| 0

0 |D|+ i|B|

]
. Then

∣∣∣∣∣

〈[
A B

C D

]
k̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣∣∣

2

=
∣∣∣
〈
Mk̂(λ1,λ2), k̂(µ1,µ2)

〉
+
〈
Nk̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣
2

≤
[ ∣∣∣
〈
Mk̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣+
∣∣∣
〈
Nk̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣
]2

=
∣∣∣
〈
Mk̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣
2

+
∣∣∣
〈
Nk̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣
2

+2
∣∣∣
〈
Mk̂(λ1,λ2), k̂(µ1,µ2)

〉∣∣∣
∣∣∣
〈
k̂(µ1,µ2), Nk̂(λ1,λ2)

〉∣∣∣

≤
〈
|M |k̂(λ1,λ2), k̂(λ1,λ2)

〉〈
|M∗|k̂(µ1,µ2), k̂(µ1,µ2)

〉

+
〈
|N |k̂(λ1,λ2), k̂(λ1,λ2)

〉〈
|N∗|k̂(µ1,µ2), k̂(µ1,µ2)

〉
+
∥∥∥Mk̂(λ1,λ2)

∥∥∥
∥∥∥Nk̂(λ1,λ2)

∥∥∥

+
∣∣∣
〈
Mk̂(λ1,λ2), Nk̂(λ1,λ2)

〉∣∣∣
(
by Lemma 2.5 and Lemma 2.2

)

=
〈
P k̂(λ1,λ2), k̂(λ1,λ2)

〉〈
Qk̂(µ1,µ2), k̂(µ1,µ2)

〉
+
〈
Rk̂(λ1,λ2), k̂(λ1,λ2)

〉〈
Sk̂(µ1,µ2), k̂(µ1,µ2)

〉

+
〈
P 2k̂(λ1,λ2), k̂(λ1,λ2)

〉 1

2

〈
R2k̂(λ1,λ2), k̂(λ1,λ2)

〉 1

2

+
∣∣∣
〈
T k̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣

≤
(〈

P k̂(λ1,λ2), k̂(λ1,λ2)

〉2
+
〈
Rk̂(λ1,λ2), k̂(λ1,λ2)

〉2 ) 1

2

(〈
Qk̂(µ1,µ2), k̂(µ1,µ2)

〉2

+
〈
Sk̂(µ1,µ2), k̂(µ1,µ2)

〉2 ) 1

2

+
1

2

〈
(P 2 +R2)k̂(λ1,λ2), k̂(λ1,λ2)

〉
+
∣∣∣
〈
T k̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣

=
∣∣∣
〈
P k̂(λ1,λ2), k̂(λ1,λ2)

〉
+ i
〈
Rk̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣
∣∣∣
〈
Qk̂(µ1,µ2), k̂(µ1,µ2)

〉
+ i
〈
Sk̂(µ1,µ2), k̂(µ1,µ2)

〉∣∣∣

+
1

2

〈
(P 2 +R2)k̂(λ1,λ2), k̂(λ1,λ2)

〉
+
∣∣∣
〈
T k̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣

=
∣∣∣
〈
(P + iR)k̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣
∣∣∣
〈
(Q+ iS)k̂(µ1,µ2), k̂(µ1,µ2)

〉∣∣∣

+
1

2

〈
(P 2 +R2)k̂(λ1,λ2), k̂(λ1,λ2)

〉
+
∣∣∣
〈
T k̂(λ1,λ2), k̂(λ1,λ2)

〉∣∣∣ .

Taking the supremum over all (λ1, λ2), (µ1, µ2) ∈ Ω2, we get

∥∥∥∥∥

[
A B

C D

]∥∥∥∥∥

2

ber

≤ ber(P + iR)ber(Q+ iS) +
1

2
ber(P 2 +R2) + ber(T ). (2.8)

By using Lemma 2.6 (i) and Corollary 2.15 (ii) in (2.8), we get the desired inequality.

�
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Remark 2.25. Following [2, Theorem 3.6], for the case α = 1
2
, we have

ber

([
A B

C D

])
≤ 1

2
ber(D) + ber(A)

+
1

2

√
1

4
ber2(D) + ‖C‖2 + 1

2

√
1

4
ber2(D) + ‖B‖2. (2.9)

If we take H = C2, A = C∗ =

[
1 1

0 0

]
and B = D∗ =

[
0 0

1 1

]
then by simple com-

putation from (2.9) we have ber

([
A B

C D

])
≤ 3, whereas from Theorem 2.24 we get

ber

([
A B

C D

])
≤ 2.4. Hence for this example the bound obtained in Theorem 2.24 is

better than the existing bound (2.9).

Next we need the following lemmas to prove our next result.

Lemma 2.26. [42] For i = 1, 2, . . . , n, let ai be a positive real number. Then
(

n∑

i=1

ai

)r

≤ nr−1

n∑

i=1

ari ,

for all r ≥ 1.

Lemma 2.27. [4, Lemma 2.10] Let A,B ∈ B(H). If ber

([
A 0

0 0

])
≤ ber

([
B 0

0 0

])
,

then ber(A) ≤ ber(B).

Lemma 2.28. Let Ai ∈ B(H) be positive operators, for all i = 1, 2, . . . , n. Then
∥∥∥∥∥

n∑

i=1

Ai

∥∥∥∥∥

r

ber

≤ nr−1

∥∥∥∥∥

n∑

i=1

Ar
i

∥∥∥∥∥
ber

,

for all r ≥ 1.

Proof. Let k̂λ be a normalized reproducing kernel of H. Then using Lemma 2.1 and

Lemma 2.26, we obtain
〈

n∑

i=1

Aik̂λ, k̂λ

〉r

≤ nr−1
n∑

i=1

〈Aik̂λ, k̂λ〉r ≤ nr−1
n∑

i=1

〈Ar
i k̂λ, k̂λ〉 ≤ nr−1

∥∥∥∥∥

n∑

i=1

Ar
i

∥∥∥∥∥
ber

.

So, taking the supremum over all λ ∈ Ω, we get the desired result. �

Now, we are in a position to prove the following result.
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Theorem 2.29. Let Ai, Bi, Xi ∈ B(H) for all i = 1, 2, . . . , n. Then

ber
r

(
n∑

i=1

A∗
iXiBi

)
≤ nr−1

2r

(
max
1≤i≤n

‖Xi‖r
)∥∥∥∥∥

n∑

i=1

(A∗
iAi +B∗

iBi)
r

∥∥∥∥∥
ber

,

for all r ≥ 1.

Proof. Consider the operator matrices

A =




A1 0 . . . 0

A2 0 . . . 0
...

...
...

An 0 . . . 0



, B =




B1 0 . . . 0

B2 0 . . . 0
...

...
...

Bn 0 . . . 0



and X =




X1 0 . . . 0

0 X2 . . . 0
...

...
...

0 0 . . . Xn



.

Then it is easy to verify that A∗XB =




∑n
i=1A

∗
iXiBi 0 . . . 0

0 0 . . . 0
...

...
...

0 0 . . . 0



.

Therefore, we have

ber

([∑n
i=1A

∗
iXiBi 0

0 0

])

= ber(A∗XB)

= sup{|〈A∗XBk̂(λ1,λ2,...,λn), k̂(λ1,λ2,...,λn)〉| : (λ1, λ2, . . . , λn) ∈ Ωn}

= sup{|〈XBk̂(λ1,λ2,...,λn), Ak̂(λ1,λ2,...,λn)〉| : (λ1, λ2, . . . , λn) ∈ Ωn}

≤ ‖X‖ sup{‖Bk̂(λ1,λ2,...,λn)‖‖Ak̂(λ1,λ2,...,λn)‖ : (λ1, λ2, . . . , λn) ∈ Ωn}

≤ ‖X‖
2

sup{‖Bk̂(λ1,λ2,...,λn)‖2 + ‖Ak̂(λ1,λ2,...,λn)‖2 : (λ1, λ2, . . . , λn) ∈ Ωn}

=
‖X‖
2

sup{〈(A∗A+B∗B)k̂(λ1,λ2,...,λn), k̂(λ1,λ2,...,λn)〉 : (λ1, λ2, . . . , λn) ∈ Ωn}

=
1

2

(
max
1≤i≤n

‖Xi‖
)
ber(A∗A +B∗B)

=
1

2

(
max
1≤i≤n

‖Xi‖
)
ber

([∑n
i=1(A

∗
iAi +B∗

i Bi) 0

0 0

])
.

By using Lemma 2.27, we have

ber

(
n∑

i=1

A∗
iXiBi

)
≤ 1

2

(
max
1≤i≤n

‖Xi‖
)
ber

(
n∑

i=1

(A∗
iAi +B∗

iBi)

)
.
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Now, by using Lemma 2.28, we obtain

berr

(
n∑

i=1

A∗
iXiBi

)
≤ 1

2r

(
max
1≤i≤n

‖Xi‖r
)∥∥∥∥∥

n∑

i=1

(A∗
iAi +B∗

iBi)

∥∥∥∥∥

r

ber

≤ nr−1

2r

(
max
1≤i≤n

‖Xi‖r
)∥∥∥∥∥

n∑

i=1

(A∗
iAi +B∗

i Bi)
r

∥∥∥∥∥
ber

,

as desired. �

The following corollaries are immediate from Theorem 2.29.

Corollary 2.30. Let Ai, Bi ∈ B(H), for all i = 1, 2, . . . , n. Then

(i) berr

(
n∑

i=1

AiBi

)
≤ nr−1

2r

∥∥∥∥∥

n∑

i=1

(AiA
∗
i +B∗

i Bi)
r

∥∥∥∥∥
ber

for all r ≥ 1,

(ii) berr

(
n∑

i=1

Ai

)
≤ nr−1

2r
min

{∥∥∥∥∥

n∑

i=1

(AiA
∗
i + I)r

∥∥∥∥∥
ber

,

∥∥∥∥∥

n∑

i=1

(A∗
iAi + I)r

∥∥∥∥∥
ber

}

for all r ≥ 1,

(iii) ber

(
n∑

i=1

AiBi

)
≤ 1

2

∥∥∥∥∥

n∑

i=1

(AiA
∗
i +B∗

i Bi)

∥∥∥∥∥
ber

,

(iv) ber (A1B1 + A2B2) ≤
1

2
‖A1A

∗
1 +B∗

1B1 + A2A
∗
2 +B∗

2B2‖ber .

Corollary 2.31. Let A,B,X ∈ B(H). Then

(i) berr (A∗XB) ≤ ‖X‖r
2r

‖(A∗A+B∗B)r‖ber for all r ≥ 1,

(ii) berr (A∗B) ≤ ‖(A∗A+B∗B)r‖ber
2r

for all r ≥ 1.

Corollary 2.32. Let A,B,X ∈ B(H) where A and B are positive. Then for all r ≥ 1

and α ∈ [0, 1]

(i) berr
(
AαXB1−α

)
≤ ‖X‖r

2r
‖(A2α +B2(1−α))r‖ber,

(ii) berr
(
AαB1−α

)
≤ ‖(A2α +B2(1−α))r‖ber

2r
.

In particular, if AB = BA then
∥∥∥
√
AB
∥∥∥
r

ber
≤
∥∥∥∥
(
A+B

2

)r∥∥∥∥
ber

.

Remark 2.33. (i) Following [12, Corollary 2.19 (ii)], for the case f(t) = g(t) = t1/2

and r = n = 2, we get

ber2(A1 + A2) ≤
√
2ber

(
|A1|2 + |A2|2 + i(|A∗

1|2 + |A∗
2|2)
)
. (2.10)
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If we consider H = C
2, A1 =

[
1 0

0 0

]
and A2 =

[
0 1

0 0

]
then from (2.10) we have

ber2(A1 + A2) ≤
√
10. Again Corollary 2.30 (ii) gives ber2(A1 + A2) ≤ 2.5, for the

case n = r = 2. Therefore, for this example the bound obtained in Corollary 2.30 (i) is

sharper than the existing bound given by (2.10).

(ii) In [37, Corollary 2.7], Sen et al. obtained the following result, namely,

berr(A∗B) ≤ 1

2

√
ber2(|A|2r + |B|2r)− c2(|A|2r − |B|2r) (2.11)

where c(A) = infλ∈Ω |Ã(λ)|. Considering A =

[
1 1

0 0

]
and B =

[
0 1

0 0

]
then from

Corollary 2.31 (ii) (for r = 2) we get ber2(A∗B) ≤ 1.25, whereas for r = 2 the

inequality (2.11) gives ber2(A∗B) ≤ 1.41. Hence, for this example Corollary 2.31 (ii)

is better than the existing result given by (2.11).

(iii) For positive operators A and B, the following upper bound was obtained in [37,

Corollary 2.10], namely,

ber4(A1/2B1/2) ≤ 1

4

(
‖A2 +B2‖ber − c2(A2 −B2)

)
. (2.12)

If we take A =

[
1/4 0

0 1/2

]
and B =

[
1/4 0

0 0

]
then Corollary 2.32 (ii) (for r = 4, α = 1

2
)

gives ber2(A1/2B1/2) ≤ 1/28, whereas the inequality (2.12) gives ber2(A1/2B1/2) ≤
1/26. Therefore, for this example we can conclude that the bound of Corollary 2.32 (ii)

is sharper than the existing bound (2.12).

To prove our next theorem, we use the following lemma which is a generalization of

Lemma 2.5.

Lemma 2.34. If x1, x2, . . . , xn, e ∈ H with ‖e‖ = 1 and α ∈ C \ {0}, then
∣∣∣∣∣

n∏

i=1

〈xi, e〉
∣∣∣∣∣ ≤

1

|α|

(∣∣∣∣∣〈x1, x2〉
n∏

i=3

〈xi, e〉
∣∣∣∣∣+max{1, |α− 1|}

n∏

i=1

‖xi‖
)
.

Proof. Substituting x2 by
∏n

i=3〈xi, e〉x2 and applying
∣∣∏n

i=3〈xi, e〉
∣∣ ≤

∏n
i=3 ‖xi‖ in

Lemma 2.5, we get the desired result. �

Theorem 2.35. Let A ∈ B(H) . Then

ber
3(A) ≤ inf

α,β∈C\{0}

{
1

|α||β|ber(A
3) +

(
max {1, |β − 1|}

|α||β|
∥∥A∗2A2

∥∥ 1

2

ber

+
max {1, |α− 1|}

2|α|
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖AA∗‖

1

2

ber

}
.
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Proof. Let k̂λ be a normalized reproducing kernel of H. Then using Lemma 2.34, we

get

|〈Ak̂λ, k̂λ〉|3 = |〈Ak̂λ, k̂λ〉〈A∗k̂λ, k̂λ〉〈A∗k̂λ, k̂λ〉|

≤ 1

|α|
(
|〈Ak̂λ, A∗k̂λ〉〈A∗k̂λ, k̂λ〉|+max {1, |α− 1|} ‖Ak̂λ‖‖A∗k̂λ‖2

)

≤ 1

|α|

(
1

|β|
(
|〈A2k̂λ, A

∗k̂λ〉|+max {1, |β − 1|} ‖A2k̂λ‖‖A∗k̂λ‖
)

+max {1, |α− 1|} ‖Ak̂λ‖‖A∗k̂λ‖2
)

=
1

|α|

(
1

|β|
(
|〈A3k̂λ, k̂λ〉|+max {1, |β − 1|} ‖A2k̂λ‖‖A∗k̂λ‖

)

+max {1, |α− 1|} ‖Ak̂λ‖‖A∗k̂λ‖2
)

≤ 1

|α||β| |〈A
3k̂λ, k̂λ〉|+

(
max {1, |β − 1|}

|α||β| ‖A2k̂λ‖

+
max {1, |α− 1|}

2|α|
(
‖Ak̂λ‖2 + ‖A∗k̂λ‖2

)
)
‖A∗k̂λ‖

=
1

|α||β| |〈A
3k̂λ, k̂λ〉|+

(
max {1, |β − 1|}

|α||β| 〈A∗2A2k̂λ, k̂λ〉
1

2

+
max {1, |α− 1|}

2|α| 〈(|A|2 + |A∗|2)k̂λ, k̂λ〉
)
〈AA∗k̂λ, k̂λ〉

1

2

≤ 1

|α||β|ber(A
3) +

(
max {1, |β − 1|}

|α||β|
∥∥A∗2A2

∥∥ 1

2

ber

+
max {1, |α− 1|}

2|α|
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖AA∗‖

1

2

ber.

Taking the supremum over all λ ∈ Ω, we obtain

ber3(A) ≤ 1

|α||β|ber(A
3) +

(
max {1, |β − 1|}

|α||β|
∥∥A∗2A2

∥∥ 1

2

ber

+
max {1, |α− 1|}

2|α|
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖AA∗‖

1

2

ber. (2.13)

The required result follows from (2.13) by taking infimum over all α, β ∈ C\{0}. �

Considering α = β = 2 in Theorem 2.35, we get the following corollary.
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Corollary 2.36. Let A ∈ B(H). Then

ber
3(A) ≤ 1

4
ber(A3) +

1

4

(∥∥A∗2A2
∥∥ 1

2

ber
+
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖AA∗‖

1

2

ber.

Remark 2.37. In [40, Corollary 3.5(i)], Taghavi et al. obtained the following bound

of Berezin number, namely,

berr(A) ≤ 1

2
ber(|A|r + |A∗|r) for all r ≥ 1 . (2.14)

If we consider H = C3 and A =



0 1 0

0 0 1

0 0 0


 then by simple computation from Corollary

2.36 we get ber3(A) ≤ 0.75, whereas for r = 3 the inequality (2.14) gives ber3(A) ≤ 1.

Therefore, for this example the bound obtained in Corollary 2.36 is better than the

existing bound (2.14).

Proceeding similarly as Theorem 2.35 and by using Lemma 2.2 and Lemma 2.34, we

get the following upper bounds of Berezin number.

Theorem 2.38. Let A ∈ B(H) . Then

(i) ber3(A) ≤ inf
α,β∈C\{0}

{
1

|α||β|ber(A
∗|A∗||A|) +

(
max {1, |β − 1|}

|α||β|
∥∥|A||A∗|2|A|

∥∥ 1

2

ber

+
max {1, |α− 1|}

2|α|
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖A∗A‖

1

2

ber

}

≤ 1

4
ber(A∗|A∗||A|) + 1

4

(∥∥|A||A∗|2|A|
∥∥1

2

ber
+
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖A∗A‖

1

2

ber,

(ii) ber3(A) ≤ inf
α,β∈C\{0}

{
1

|α||β|ber(A|A||A
∗|) +

(
max {1, |β − 1|}

|α||β|
∥∥|A∗||A|2|A∗|

∥∥ 1

2

ber

+
max {1, |α− 1|}

2|α|
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖AA∗‖

1

2

ber

}

≤ 1

4
ber(A|A||A∗|) + 1

4

(∥∥|A∗||A|2|A∗|
∥∥ 1

2

ber
+
∥∥|A|2 + |A∗|2

∥∥
ber

)
‖AA∗‖

1

2

ber.

(iii) ber4(A) ≤ 1

4

(
ber(|A∗||A|) + 1

2
‖|A|2 + |A∗|2‖ber

)(
ber(A2) +

1

2
‖|A|2 + |A∗|2‖ber

)
.

(iv) ber4(A) ≤ 1

4

(
ber(A|A|) + 1

2
‖|A|2 + |A∗|2‖ber

)(
ber(A∗|A∗|) + 1

2
‖|A|2 + |A∗|2‖ber

)
.

Finally, we obtain the following general power inequality of Berezin number.



22 P. BHUNIA, A. SEN, S. BARIK AND K. PAUL

Theorem 2.39. Let A ∈ B(H) . Then

ber
n(A) ≤ 1

2n−1
ber(An) +

n−1∑

i=1

1

2i
‖A∗iAi‖1/2ber ‖AA∗‖

n−i
2

ber ,

for every positive integers n ≥ 2.

Proof. For every positive integer n ≥ 2 and for all x ∈ H with ‖x‖ = 1, the following

inequality ([9, Theorem 3.1]) holds

|〈Ax, x〉|n ≤ 1

2n−1
|〈Anx, x〉|+

n−1∑

i=1

1

2i
‖Aix‖‖A∗x‖n−i. (2.15)

Let k̂λ be a normalized reproducing kernel of H. Now, putting x = k̂λ in (2.15), we get

|〈Ak̂λ, k̂λ〉|n ≤ 1

2n−1
|〈Ank̂λ, k̂λ〉|+

n−1∑

i=1

1

2i
‖Aik̂λ‖‖A∗k̂λ‖n−i

=
1

2n−1
|〈Ank̂λ, k̂λ〉|+

n−1∑

i=1

1

2i
〈A∗iAik̂λ, k̂λ〉1/2〈AA∗k̂λ, k̂λ〉

n−i
2

≤ 1

2n−1
ber(An) +

n−1∑

i=1

1

2i
‖A∗iAi‖1/2ber ‖AA∗‖

n−i
2

ber .

Taking the supremum over all λ ∈ Ω we get the desired result. �
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