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Abstract

High energies emissions observed in X-ray binaries (XRBs), active galactic nuclei (AGNs) are linearly polar-
ized. The prominent mechanism for X-ray is the Comptonization process. We revisit the theory for polarization in
Compton scattering with unpolarized electrons, and note that the (k x k’)-coordinate (in which, (k x k') acts as a
z-axis, here k and k" are incident and scattered photon momentum respectively) is more convenient to describe it.
Interestingly, for a fixed scattering plane the degree of polarization PD after single scattering for random oriented
low-energy unpolarized incident photons is ~0.3. At the scattering angle 6 = 0 or 6 = [0,25°], the modulation curve
of k' exhibits the same PD and PA (angle of polarization) of k, and even the distribution of projection of electric
vector of k' (k) on perpendicular plane to the k indicates same (so, an essential criteria for detector designing). We
compute the polarization state in Comptonization process using Monte Carlo methods with considering a simple
spherical corona. We obtain the PD of emergent photons as a function of 6-angle (or alternatively, the disk incli-
nation angle i) on a meridian plane (i.e., the laws of darkening, formulated by Chandrasekhar, 1946) after single
scattering with unpolarized incident photons. To explore the energy dependency we consider a general spectral
parameter set corresponding to hard and soft states of XRBs, we find that for average scattering no. (Ns) ~1.1
the PD is independent of energy and PA ~ 90° (k, is parallel to the disk plane), and for (Ns.) ~5 the PD value is

maximum for i = 45°. We also compare the results qualitatively with observation of IXPE for five sources.
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1 INTRODUCTION

Active galactic nuclei (AGNs), X-ray binaries (XRBs) com-
prise a system of a compact object and an accretion disk,
where the compact object (black hole BH, or neutron star
NS) accretes material via an disk. The high energy emis-
sion (mainly X-ray <100keV) is highly variable, and is
generated at the inner region of the disk. The different
spectral states suggest the Comptonization process (i.e., up-
scattering of low-energy photons by hot electron gas) for
generating the high energy emission. The spectral features,
variability timescales, and the nature of variability over dif-
ferent energy band provide insight into, in general, the radia-
tive process and the geometry of the emission region, hence
constrain the existing theoretical model (see for review Done
et al., 2007; McClintock & Remillard, 2006). Three param-
eters, the seed photon source temperature 7;,, Comptoniz-
ing medium/ corona temperature 7, and optical depth of
medium (T) or the average scattering number (N;.) that expe-
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rienced by photon inside the corona are mainly determined
the Comptonization. The generated spectrum generally de-
generates over physically motivated emission region geome-
tries which are differed by, mainly, the location & geometry
of, either the seed photon source, or corona, or both. The
combine constraint due to the spectral and energy dependent
variability is not sufficient to lift out these degeneracy con-
cretely (e.g. Kumar & Misra, 2016b, references therein). In
literature, the widely studied corona geometries are lamp-
post corona situated at the rotation axis of the BH, spheri-
cal corona, an extended corona on top of the disk or other
disk-corona geometry differed by shape and size. In addi-
tion, a static vs dynamic corona (meant, the corona has a
bulk motion) has been also invoked. For example, the ob-
served high energy (>100keV) power-law tail emission in
XRBs has been described by both static and dynamic corona,
like energetically coupled disk-corona, or hybrid electron
distribution (e.g., Done et al., 2007), or bulk Comptoniza-
tion (BMC) with relativistic inflow onto compact object, or
BMC with relativistic conical outflow (Kumar, 2017, refer-
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ences therein). There is also an uncertainty over the location
of the seed photon source, e.g., in NS XRBs two different
types of seed photon source have been advocated, one is
boundary layer (Hot-seed), and other one is accretion disk
(Cold-seed photon model) (e.g. Lin et al., 2007).

X-ray polarization measurement provides two different in-
dependent parameters, degree of polarization PD and the an-
gle of polarization PA, thus it will provide extra constraints
on the existing theoretical models along with parameter —
spectra and time variability. Many another fields, like parti-
cle acceleration physics, the prompt emission of gamma-ray
bursts (GRBs), hard X-ray emission from millisecond pul-
sar, magnetized white dwarf (WD) and neutron stars, are
target of opportunity for X-ray polarimetry (e.g., Fabiani,
2018; Krawczynski et al., 2019; Chattopadhyay, 2021). In
this work, the main focus is the X-ray polarized emission
from XRBs. In literature, X-ray spectra along with polariza-
tion have been computed for different aspects of disk-corona
geometry (for XRBs, or AGNs) with or without taking ac-
count of general relativistic effect (e.g., Dov¢iak et al., 2011;
Tamborra et al., 2018). Li et al. (2009) have discussed the X-
ray polarized emission from the geometrically thin disk, and
commented that the degree of polarization decreases with
decreasing disk-inclination angle and the angle of polariza-
tion for low energies scattered photon is parallel to the disk
plane. Schnittman & Krolik (2010) have computed the X-
ray polarization for the hard/SPL (steep power law) state of
black hole XRBs with three different corona geometries, and
found that for photon energies above the disk thermal peak
the angle of polarization transits to perpendicular to the disk
plane from parallel at low energy while the maximum degree
of polarization is obtained at higher energy band (~100 keV)
and high inclination angle, e.g., the maximum PD ~ 10%
for wedged corona geometry, ~ 4% for clumpy geometry
and ~ 4% for spherical geometry. Beheshtipour et al. (2017)
have predicted that the polarization fraction and angle de-
pend on the shape and size of corona geometry (e.g., wedge
and spherical) for a fixed energy spectrum.

For astrophysical sources, it is expected that the high
energy emission generated by the Compton scattering pro-
cess would be linearly polarized as in most cases the ori-
entation of electron spin is random. The linearly polarized
X-ray emission has been observed in X-ray bright sources.
First source is the Crab nebula, which is measured by Weis-
skopf et al. (1978), almost 45 years ago, using the OSO 8
graphite crystal polarimeters at 2.6 and 5.2 keV (see refer-
ences therein for other sources Weisskopf, 2018; and for re-
view Lei et al., 1997). The Crab polarization has been mea-
sured by instruments, INTEGRAL/IBIS (200-800 keV; e.g.,
Forot et al., 2008), INTEGRAL/SPI (130-440 keV Jourdain
& Roques, 2019), AstroSat/CZTI (100-380 keV Vadawale
etal., 2018), PoGO +, a balloon-borne polarimeter, (20-160
keV Chauvin et al., 2018), Hitomi/SGD (60-160 keV Hitomi
Collaboration et al., 2018), IXPE (2-8 keV Bucciantini et al.,
2023), PolarLight (3-4.5 keV Feng et al., 2020). The linear
X-ray polarization of Cygnus X-1 has been measured by the
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PoGO + balloon-borne polarimeter in energy band 19-181
keV (Chauvin et al., 2018), here authors favour the extended
spherical corona geometry over the lamp-post corona model
for high energies emission (see also for gamma-ray linear
polarization of Cygnus X-1 measured by INTEGRAL Lau-
rent et al., 2011; Jourdain et al., 2012). The linear gamma-
ray polarization for many bright gamma-ray burst (GRBs)
sources has been detected by AstroSat/CZTI (e.g. Sharma
et al., 2020; Chattopadhyay et al., 2019; Chand et al., 2019),
by INTEGRAL /SPI McGlynn et al. (2007) /IBIS Gétz et al.
(2014), by POLAR Zhang et al. (2019), by other instruments,
e.g., GAP (see in details Chattopadhyay et al., 2019). Re-
cently, IXPE has measured polarization properties of many
XRBs, AGNs, pulsar in 2-8 keV energy band (Weisskopf
et al., 2022; Rawat et al., 2023; Marshall et al., 2022; Jaya-
surya et al., 2023; Pal et al., 2023; Marinucci et al., 2022;
Doroshenko et al., 2022), and for few sources the polariza-
tion is an energy dependent. Long et al. (2022) quantified
the polarized emission of Sco X-1 using PolarLight observa-
tions in 3—8 keV, and noted an energy dependent polariza-
tion. The X-ray polarimetry is mainly based on three tech-
niques diffraction, photoelectric effect, and Compton scatter-
ing (Fabiani, 2018, see for review for working, and forthcom-
ing dedicated mission), e.g., POLIX , a Compton scattering
based X-ray polarimetry and one of instrument of recently
launched XPoSar' (Paul et al., 2016).

In this work, we explore the polarization properties
of Comptonized photons. We first revisited the theory of
plane/linear polarization in Compton scattering. We noticed
that the scattered photon with the scattering angle 6 = 0
(or, < 25°) exhibits the same polarization properties of inci-
dent photon. We obtain the laws of darkening of single scat-
tered unpolarized photons (originally formulated by Chan-
drasekhar (1946)) by discussing the step by step simple
cases. We estimate the energy dependency of polarization for
single-/ multi- scattered unpolarized photons with consider-
ing a simple spherical geometry, we also compare the results
with observations. In the next section, we revisit the theory
of polarization for Compton scattering and in §3 we describe
the Monte Carlo method for Compton scattering with polar-
ization. In §4 we compare the MC results with theoretical
results for single scattered photon. §5 presents the modula-
tion curve of single scattered photon in perpendicular plane
of fixed incident photon’s direction. §6 presents the polar-
ization of emergent single scattered photons from a given
meridian plane. In §7 we present the energy dependency of
polarization for multi scattering events, and make a compar-
ison with the observations, followed by our summary and
conclusions in §8.

Uhttps://www.isro.gov.in/XPoSat.htm]
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Figure 1. A schematic diagram for computation in local (k x k') coordinate
where the (k x k') acts as z-axis. In this coordinate the (x,y)-plane is a scat-
tering plane, shown by the gray area. The perpendicular plane to k is a red
quarter circle (or, plane containing k, and (k x k’)), and the blue quarter
circle is a perpendicular plane of K’ (or, plane containing &, and (k x k')).
The polarization angle is 6, and 8/, for k and k' respectively and measured
with respect to (k x k'). The © is the angle between k, and k,, the plane
containing k, and k,, is shown by the green dotted lines. The direction of
and k, are (0,,0,) and (8,0, respectively, thus the scattering angle 0 is 6

= (0 — ;) — .

2 REVISITED THEORY OF POLARIZATION IN
COMPTON SCATTERING

The Compton scattering with unpolarized electrons gener-
ates linearly or plan polarized scattered photons. For a po-
larized electron the scattered photon is mainly circularly
polarized (Tolhoek, 1956). The unpolarized electron means
that the electrons spin are pointed isotropically in all direc-
tions. In this work, we consider only unpolarized electron for
the Compton scattering process, The Klein-Nishina differen-
tial cross section for the plane polarization for free electron
at rest is expressed as (e.g., McMaster, 1961; Akhiezerr &
Berestetskil, 1965)

I\ 2 /
Z—S:%rﬁ (%) [£+%—2+4cosz® (1)
Here, k = ”L—V is the incident photon momentum, k' = ”7"/
is the scattered photon momentum, v and V' are incident and
scattered photon frequency, 4 is the plank constant, ¢ is the
speed of light, ® is the angle between electric vector of scat-
tered (k) and incident (k,) photon, r, = me—fz is the classical
radius of the electron, e is the elementary charge, m is the
mass of the electron, and dQ is the differential element of
solid angle. The angle ® can be determined in terms of an-
gle made by respective electric vectors with (k x k')-axis (or
perpendicular direction to the scattering plane) as, see Figure
L,

cos® = cos 0, cos 0, +sin 6, sin 6, cos(d, — ¢,)  (2)

Here 6, and 0], are the 8-angle of electric vector of incident
and scattered photon with (k x k') direction (which acts as
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a z-axis) respectively; and 0, and ¢, are corresponding ¢-
angles, which are related to the scattering angle 6 as 0, — ¢/,
= £7+ 0. The scattered frequency is determined in electron
rest frame as

v 1

vV o1+ % (1 —cos9)

3)

The polarized radiation is uniquely described by four
Stokes parameters, I,Q,U, and V, with constraint [ =
VO2+U2+V2 1t is defined as I = I, +I; Q =1, — I;
U = Iiy45 — Iy 145, and V is a measured of the circular po-
larization, thus for the present study V = 0. Here, 1,1, are
the intensity measured along the one of polarized direction,
say, along the x-axis and perpendicular to it (or along the y-
axis, as here we assume that the photon is travelling along
the z-axis); I,14s,1,445 are the intensity measured along the
direction which obtains by rotating the x- and y-axis with
45 degree respectively. The degree of polarization P and the
angle of polarization Y are defined as (e.g., Lei et al., 1997;
Bonometto et al., 1970)

2 UZ VZ
p_ VO +U+

I

For an unpolarized radiation, P = 0, as Iy = I, = I, 145 =
I, 45. For a partially polarized radiation, and P = Q/I, the P
varies from -1 to 1, here P = 1 is for the completely polarized
radiation with electric vector along the x-axis and P = —1 is
for the electric vector along the y-axis.

In Compton scattering, to define the Stokes parameters,
customary we choose one linear polarization direction is per-
pendicular to the plane of scattering (or along the (k x k')
direction) and another one is parallel to the scattering plane
(i.e., the electric vector of scattered/ incident photon lies on
the scattering plane) and the corresponding measured inten-
sity is denoted in terms of differential cross section by ¢
(I,) and o (IH) respectively. In present notation, the 6, = 0
and /2 for 6, and o respectively. Since, for unpolarized
electrons, we have one of Stokes parameter V = 0, also in
next section we will show that either U = 0 (for unpolarized
incident photons) or U < Q (for polarized low-energy inci-
dent photons). Therefore, in general, for the partial polarized
photons (a mixture of polarized and unpolarized photons)
the degree of polarization for Compton scattering with un-
polarized electrons can be written as ((e.g. Lei et al., 1997;
Dolan, 1967))

tan(2y) = g @

:Q:IL_IH:GL_GH )
1 IJ_+IH 6. +0)

The angle of polarization ) of the scattered photons
also measures the angle between two consecutive scattering
planes (e.g., McMaster, 1961). In other words, the angle be-
tween (k x k') and (k X k') ex is . Since, the k., (k x k) and
(k X k') nexr all are lied in perpendicular plane to k, therefore
for next scattering

(8e)nexr = e/e +X. (6)
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However for incident photons, there is no information of pre-
vious scattering, only one has k and k.. In computation, for
first scattering one has to define the scattering plane freshly,
without loss of generality we assume that the angle of polar-
ization () previous) Of incident photons is 8, with considering
(%) previous = 0. Here the subscript previous and next is used
for the quantity related to the previous and next scattering
respectively. For clarity, we denote the angle of polarization
of the incident photons by ¢.

2.1 Compton scattering of unpolarized photons

For an unpolarized incident photons the 6, and &) can be de-

termined by averaging the cos® ®-term of equation (1) over
0, using equation (2) for 8/, = 0 and 7/2 respectively, and it
is epressed as (see, e.g., McMaster, 1961)

wol 1o (KN? Tk K
o= 32 (%) e+ i)

U 0, 1 k/ 2 k k/
d6w1—1&<f>{?+%"4ﬁ#ﬂ’

here, (cos®8,) = (sin’@,) =0.5; and {(cos®,) = (sin@,) =0,
as for the unpolarized photons the 6, is distributed isotropi-
cally.

The angle of polarization: Similarly, we estimate

1 I :
the o'"Vjs and o5 with having 6, = m/4 and
unpol

[|+45 —

31/4 respectively, its values are G'i"fr’zg =0
%rg (’%) ’ [ﬁ + % —sin?@|. Thus the Stokes parameter U is
zero, which gives x = 0. Therefore after single scattering, the
scattered photons are polarized along the (k x k') direction
or in another words, the plane of polarization of scattered
photons is along the perpendicular to the scattering plane.
The degree of polarization: The degree of linear
polarization of the scattered photons after single scattering
of unpolarized photons is written (using equation 5) as (see,
e.g., McMaster, 1961; Matt et al., 1996; Lei et al., 1997)

)
sin“ 0
P=— (7
£+& —sin’0

Here, P = 0, for 6 = 0, and P = #,1 for 6 = 90°. In

VT
Thomson limit (precisely defined as

b <1, here y =

Y mec?
1/4/(1— Z—i) is the electrons Lorentz factor, v is the speed

of electron), one has % ~ 1 (see equation 3), thus P = 1 for
6 = 90°. Hence, in Thomson regime the single scattered un-
polarized (incident) photons at 8 = 90° are completely polar-
ized in a perpendicular plane to the scattering plane.
Modulation curve: The modulation curve is a distribu-
tion of the (8,)-angle. The differential cross section for unpo-
larized incident photons can be expressed by using equations
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(1) and (2) as

1, (K\*Tk K
dc:zﬁ<z)[5+z—2mﬁmm%4,

here, we consider once again (cos’8,) = (sin>8,) =0.5; and
(cos®,) = (sinB,) =0. The above expression after rearrang-
ing the term can be written as (using, cos26/, = 1 —2sin’6)

I\ 2 /
dc—%ﬁ<%>{£+%~wmﬁ]U+Pmﬂ%) (8)
By comparison to the above expressed modulation curve
from the commonly used expression for modulation curve in
literature (e.g., equation (4.10) of Lei et al., 1997, or, equa-
tion (2) of Chattopadhyay et al., 2014, note there, authors
have measured the corresponding 8/, with respect to the scat-
tering plane), we again find that the angle of polarization for
scattered photons after single scattering of unpolarized inci-
dent photons is zero, i.e. the linear polarization is along the
perpendicular direction to the scattering plane.

For polarization-insensitive detector: The
cross section for a polarization-insensitive detector can be
written (by using equations (1) and (2), and now with having
additional (cos®6’) = (sin?@.,) =0.5) as

L, (KN [k K
dGins—detct = Zr(% <E) |:P + % sin’ e:| )

! ! ! !
Also, here doju—guc = (40" +do|""") /2= (do'["l}s +do|/}T) /2.

2.2 Compton scattering of polarized photons

For a completely polarized incident photons with polariza-
tion angle ¢ (i.e., 6, = ¢) the cross section can be obtained
by averaging the equation (1) over 0, (see, e.g., Lei et al.,
1997, and reference therein), and it is written as

do? 1, (KN\N* [k K . 5 .
= :Z@(E)[P+z—mm%m#e, (10)

here we consider (cos?8,) = (sin’6.) = 0.5; and (cos8,) =
(sin®,) =0. However, it is expected that the distribution of
0/, is no longer isotropic but depends on the cross section,
equation (1) (see, e.g., Matt et al., 1996). Similar to the un-
polarized incident photons case, we compute the do; and
do for polarized incident photons with having 0, = 0 and
7/2 respectively, which is written as (see, e.g., McMaster,
1961)

o 1 (KEN* Tk ¥
dGﬂ’_ = —rtz) (—> {— + — —2+4c0s2¢]

3\%) |7 %
o 1o (KN [k K -
dcﬁ)lzzr}z} (E) |:P+E—2+4SIH2¢COSZG:|

The angle of polarization: The do .45 and
pol

do| 45 for polarized incident photons are do’’,5 =
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242(cos? ¢ + sin g cos? 6 + sin 2¢ cos 6)} , and
[% + k;/ —2+2(cos? ¢+ sin® g cos> O — sin2¢cose)].
Here, 0, = m/4 and 3m/4 for d6i0145 and do’” . re-

i I+45
spectively. The Stokes parameters U & O are expressed

as

1 k' : . ol ol
U= Zr(z, (;) [4sin20cos8)] = do”’ s _dc\[\’izts
1 2 K 2 2 .2 2 pol pol
o=7nl7 [4cos® ¢ — 4sin” ¢cos” 0] = do”] —do|

The angle of polarization can be obtained by using expres-
sion (4). In practice, the average angle of polarization ()) is
interested, it is written as (e.g. Li et al., 2009)

)

tan2(y) = Q) (11)

here, (U) and (Q) are averaged of U and Q over angle re-
spectively. In Thomson limit, we find that the magnitude of
(U) is almost one order less than the magnitude of (Q), i.e.,
{U)| << [{Q)]. Thus, (x) ~ 0 or 7/2 for a positive or nega-
tive value of (Q) respectively.

The degree of polarization: On average |(U)| <<
[{Q)], but we notice also U > Q for a range of 0, e.g., see
Figure 15 of appendix A. Hence we define the PD with con-
sidering two extreme cases, case A: |Q| >> |U| and case B:
|Q| ~ |U|. For case A, the degree of polarization for single
scattered photons of polarized incident photons is expressed
by using equation (5) as

Q0 2—2sin’¢(1+cos’6)
I K4k 2sin’¢sin®@

Py = (12)

For case B, it is expressed by using equation (4) as (see,
e.g., Matt et al., 1996; Lei et al., 1997)

2 U2 2 —2si 2 4o 29
Py — vV O+ S sin 'q)zsm' i (13)
1 T+ 17 —2sin”¢sin“ @

In Thomson regime, Pg = 1.

Some interesting facts: (i) 6 = 0: For 8 =0, Q
cos(2¢) and U o sin(2¢). Since for 6 = 0 one has k = ¥’
which gives Pg = 1 for all ¢. However, U =0 for ¢ =0,7/2, T,
and in this case PD would be determined by P4. Here, P4 =
1 for ¢ = 0,7, and P4 = -1 for ¢ = mt/2. Conclusively, |P| =1

for0=0. (ii) ¢ = 0, m/2: For¢=0orm/2,U =0.
: _ 2 —2cos20 _
The PD is Py = T and T 7 2 for ¢ =0 and ©t/2

respectively (for ¢ = 0, see McMaster, 1961). In Thomson
limit, P4 = 1 and -1; 3 = 0 and ©t/2 for ¢ = 0 and 7/2 re-
spectively (see also Figure 5), also by definition of Q, here
0., = 0 and m/2 respectively. And in words, the polarization
properties of scattered photons are same to the incident pho-
tons. (iii) ¢ = m/4: For ¢ =7/4,itis expected that the
incident polarized photons behave like unpolarized photons.
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It means that the degree of polarization of scattered photons
will be described by expression (7). We note that for ¢ = /4

the only P4 reduces to the expression (7).
Modulation curve: The expression for modulation
curve is written by using equation (1) as

do? 1, (K\* [k K 2 20/ 1 cindein2 @ coc?
o —a' <E> [P+;72+4(cos ¢cos” 0, +sin” ¢psin“ 0, cos~ 0
7%sin2¢sin29;cose)}. (14)

After rearranging the term, the above equation can be writ-
ten as

do? 1, (KN’ [k K
£ :er, (E) {E-&-;—Zsian)sinQG} [1+ Py (cos26,—
sin 2¢‘C(;S 0 Sin26) ) }
cos2 ¢ — 2sin“ hcos? O

2.3 A special case for polarization measurement at 6
=0

For 6 = 0, the cross section (1) can be written simply as

c
0= r2cos*(8, +6.), (15)

here we use ’% =1, for 6 = 0, which is true for a electron is
in either rest or motion. In this case, k, will also lie on the
perpendicular plane to the &, and thus for a plane the solid
angle becomes dQ) = d6’,. Hence, dc « cos*(8, +0.,)de.,
which has properties that the distribution of 8/, replicates the
polarized distribution of 6,. It can be understood as i) for
unpolarized incident photons, 6, is isotropically distributed
thus the averaged cross section over 0, for ), is simply a

constant, or

= constant.
de,

ii) for polarized incident photons, 8, = constant = ¢, and the
cross section becomes

do
de),

2
= r3cos’ (8, +0) = 2 (1+cos(2(6, +9)).

which is a modulation curve for the scattered photons with
degree of polarization P = 1 and the angle of polarization
xX=0.

In general for the partially polarized incident photons, in
which P fraction is the polarized photons with polarization
angle ¢ and (1 — P) fraction is the unpolarized photons, the
modulation curve can be written as

do
de,

= A+ Bcos(2(8,+ ¢)) (16)

here, A and B are a normalization factor, and clearly, P =
B/A and (, = ¢. The above expression is similar to the equa-
tion (4.10) of Lei et al. (1997).
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2.4 Lorentz invariance of the Stokes parameters

We know that the field of the radiation is transverse in any
reference frame, and the Lorentz boost subjects to an aberra-
tion effect of radiation. Since the electric vector always lies
on the perpendicular plane to radiation propagation direc-
tion, and these electric vectors will be transformed from one
frame to another Lorentz-boosted frame with the same rule.
Thus if the radiation is completely polarized in one reference
frame, then it will be completely polarized in any Lorentz
boosted frame. In other words, the degree of polarization of
photons in any Lorentz-boosted frame is same to the magni-
tude of PD in the electron rest frame. Later, we will argue
that in Compton scattering the angle of polarization for pho-
tons remains the same in any Lorentz-boosted frame. Hence,
the Stokes parameters are invariant under Lorentz transfor-
mations (see, e.g., Landau & Lifshitz, 1987; Krawczynski,
2012, references therein).

3 MONTE CARLO METHOD

The Klein-Nishina differential cross section for unpolarized
rest electrons expressed by equation (1) depends mainly on
momentum of incident photon &, ®-angle and scattering an-
gle 6. For a given incident photon direction and polarization
angle ¢ (=6, by assumption), in principle, without affecting
the cross section one can take any direction of (k x k) on
the perpendicular plane to k with maintaining the k, direc-
tion such that the angle between k, and (k x k') is 0,. Hence,
for a known incident photon direction and polarization, any
scattering plane is permissible according to the cross section
unless the direction of &, is not fixed in space (say, global
coordinate). In case of the fixed k, in space, the photon can
scatter onto two planes only, as there are only two possible
ways for the (k x k') presentations, left and right side of the
k.. Next, for a known incident photon direction, polarization
angle and fixed k, in space (i.e., fixed scattering plane) if
the ®-angle is known then according to the cross section
the electric vector of scattered photon , lies on the surface
of cone with opening angle ® and cone-axis along the k..
Since, the scattering plane is fixed, so (k x k') also. And the
k' direction can be determined in a perpendicular direction
to the plane containing k, and (k x k'), in which &, is any
one of vectors which lies on that cone. Simply, if one takes
(k x k') as a z-axis then the intersection of ¢-plane and that
cone gives k, and the normal to this ¢-plane (which cuts that
cone) will give k’ (see Figure 1, however for clarity, the cone
containing possible k, is not shown). It can be understood
easily when k, lies on the scattering plane (i.e., (x,y)-plane),
and here one can note that for a particular value of ® either
some definite range of 0 or, 0/, is possible. In another exam-
ple when k. is along the (k x k'), in this case, the photon
can scatter in all possible directions of the scattering plane,
and obviously 0/, = @. Hence for a given polarization char-
acteristics of incident photon, and for given ®-angle, only
the definite range of 8 and 6/, is permissible, where 6 and 6/,
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both are related each other by equation (2).

There are mainly two unknown quantities ®-angle and
scattering angle 0 for determining the Klein-Nishina cross
section, as we know k and k, prior to scattering (at least, in
MC calculation). But, to describe the scattered photon po-
larization properties one needs the angle 6/, which can be
obtained by using equation (2) for a known ®-angle and
0. Therefore, to examine the polarization in Compton scat-
tering, one have three unknown quantities ®-angle, 6 and
6,. in which two quantities would be extracted from Klein-
Nishina cross section and remaining one would be obtained
by using equation (2). In above paragraph we note that in
(k x k')-coordinate one can easily know the possible range
of 0 (or 8)) value for a given @-angle and k.. So, it is more
convincing, if one describe the Compton scattering in (k x k)
coordinate system (where the z—axis is along the (k x k) )
with expressing the cross section as a function of 6 and 6/,
(see Figure 1). In the present study for Monte Carlo (MC)
calculations we consider the cross section, equation (1), as
a function of 6 and 0/, and describe the Compton scatter-
ing locally in (k x k’)-coordinate system. The algorithm for
MC method is similar to the algorithm of (Kumar & Misra,
2016b) with additional inclusion of polarization properties.
Below we have described the important steps involved in
MC calculations.

To describe the different steps involved in MC calcula-
tions we consider, for simplicity, a spherical corona of radius
L and temperature 7,. The seed photon source is situated at
the origin of spherical corona which illuminates in all direc-
tions. The optical depth 7 is defined along the radial direc-
tion of the corona/medium, the electron density inside the
corona is n, = ﬁ, where 67 is Thomson cross section. We
assume that the seed photon source is a black body with tem-
perature 7. We track a photon till it leaves the medium after
single/multiple or zero scattering. We repeat the process for
a large number of photons to make the statistics analysis.

e In first step, we determine the incident photon’s energy
E = hv from a black body distribution and the elec-
tron’s velocity from the velocity distribution of temper-
ature T,. We consider an isotropic distribution for the
photons and electrons direction. The mean free path A
of photon of energy E is computed for a given 7, and
n.. We compute the above quantities in global coordi-
nate using the scheme developed by Hua & Titarchuk
(1995) (see also Krawczynski (2012) for the polariza-
tion scheme).

» Next, we determine the collision free path of the photon
Iy in the medium with an exponential pdf (probability

. . —1 .
distribution function), exp (Tf), and obtain the con-

dition for occurrence of scattering. If [y > L then the
photon escapes the medium without scattering and for
Iy < L the scattering will be happened at distance [y
from the origin (or in general, from the previous site of
scattering) in direction of the incident photon.

» Next, we specify the polarization properties of the inci-
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dent photon locally in (k x k’)-coordinate of global (say,
(k< k' )global-coordinate). For this we first assign the
(k x k') direction on the perpendicular plane to k. For
an unpolarized incident photon, we select the (k x k) di-
rection uniformly, also 6, angle uniformly to determine
the polarization vector. For a polarized photon, we first
fix k, and then determine the (k x k) direction either
left or right side of k. at angle 6, on the perpendicular
plane to k.

* In second step to describe the Compton scattering, we
transform the quantities from global coordinate to elec-
tron rest frame.

— As the Stokes parameters are invariant under the
Lorentz transformation, we assume that the po-
larization angle also does not change. In electron
rest frame, due to the aberration effect the inci-
dent photon direction will change in the plane
containing k & v (say, k,). Consequently, the
polarization vector will lie now in a plane per-
pendicular to k., denoted as k‘e”’ . The direction
of k% can be determined as. Since the scattering
plane is assigned in global coordinate, so to deter-
mine the scattering plane in electron rest frame,
we consider an another incident photon direction
on global scattering plane and transformed it into
electron rest frame, thus the plane containing k.,
and this transformed photon direction would be
the scattering plane in electron rest frame. There-
fore, (k x k') in electron rest frame can be deter-
mined, and consequently one can fix the k‘j" fora
known 0, in this (k X k) st frame-coordinate. With
having 0/, and 0 from the cross section in electron
rest frame one can determine the scattered photon
direction &, and its k. Tn a similar way, these
two quantities transferred back to the (k x k') global-
coordinate. We again emphasize that one have to
transform the k;“b into k; with the condition of
0, |26 frame = b |rest frame due to the Lorentz invari-
ance of Stokes parameters.

- The condition of e€|lab frame — e€|rest frame €A be
understood as. Suppose, the incident photons are
fully polarized with 6, = 45°. The degree of po-
larization for scattered photons with almost rest
electron will be described by the equation (12) for
¢ =45° (see also Figure 5). Since the degree of
polarization is a Lorentz invariant quantity. There-
fore, if these completely polarized photons scatter
with moving electron then PD will still describe
by equation (12) for ¢ =45°, which can be only
possible when 0./, frame = Oc lrest frame - Hence, in
Compton scattering process the PD and 6, both
are invariant over the Lorentz-boosted frame.

¢ As the cross section depends only 6/, we skip the all
steps which involve to determine the k%, k;“" and (k x
k') rest frame> and simply extract 6 and 0/, from the cross
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section in electron rest frame.

e Next, we compute the scattered photon frequency (us-
ing equation 3), and transform back this frequency to
global (lab) coordinate by computing the angle between
scattered photon and incident electron. In addition, after
the reverse aberration effect the scattered photon has to
lie on the pre-defined scattering plane. We first compute
the scattered photon’s propagation direction (k") and po-
larization vector &, (i.e., on perpendicular plane to k') in
local (k x k) giopai-coordinate and then transform back
to those in the global coordinate.

* Next, we estimate the collision free distance /s for the
scattered photon (of energy E’ = hv') and find the dis-
tance of next site of scattering from the origin, say r,. If
r, < L then next scattering will occur otherwise photon
will escape the medium.

* For next scattering, we first determine the angle of po-
larization, say X, of scattered photon using equation
(11). Since for double scatterings or two consecutive
scatterings the angle between previous and next scatter-
ing planesis ¥ (e.g., McMaster, 1961), so using this we
compute the (k X k') for next scattering on perpen-
dicular plane to the k. And, for a known &, in global
coordinate we compute the polarization angle 6, wrt
(k X k') pexs - We proceed the calculations for next scatter-
ing with treating k" of previous scattering as an incident
photon, and follow the same steps until the scattered
photon escapes the medium.

4 MC RESULTS VERIFICATION

We verify the polarization results of MC calculations with a
theory which is revisited in section §2, i.e., for single scat-
tering, and almost rest electron. Since, the theoretical results
are derived for a given scattering plane, so in MC calculation
we obtain the results without bothering about orientation of
the scattering plane. However, later we consider the orienta-
tion of the scattering plane, see section §6. In the following
sections we show the MC results for polarized/ unpolarized
incident photons. But we will first discuss the way of com-
puting the PD and PA for scattered photons with arbitrary
scattering numbers using the results of section §2.3.

4.1 General modulation curve to estimate the PD &
PA

In section §2.3, we showed that one can know the polar-
ization properties of incident photons P & ) by mapping
the distribution of 8] of scattered photons at © ~ 0 af-
ter single scattering. In general, one can estimate the po-
larization properties of scattered photons with any average
scattering no., say (Ny.) by mapping the distribution of €/,
of scattered photons of (Ny. + 1) scattering no. at 6 ~ 0.
Mathematically, we are essentially using here a probability
o cosz(ﬂe|<NM+1> + 0, | (v, +1)) for constructing the distribu-
tion of 6|y, 41y for a known 8|y, 1y (see equation 15).
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Figure 2. The degree of polarization after single scattering of unpolarized
(incident) photons as a function of scattering angle for five different photon
energies. Here the curves 1, 2, 3, 4 and 5 are for incident photon energies
3, 300, 900, 3000 and 9000 keV respectively. The gray solid curves are
analytic one expressed by equation (7).

From equation (6), we can write 0|y, 1y = (8, = %)|(v,.)»
here the subscript with vertical bar is used for the quantity
related to that scattering number, 7 is computed using equa-
tion (11). Hence, now without going for the calculations of
(Ngc + 1)th scattering we can estimate the polarization prop-
erties of (N,.)th scattered photons by constructing the mod-
ulation curve of n-angle for a known value of (6] + )|,

using the probability p(n)

p(M) o< cos® (N + (6] )| v,y ). (17)

We have used this p(1) in the MC calculations to estimate
the polarization properties of the scattered photons.

4.2 MC results for unpolarized incident photons

In Figure 2 we show the PD as a function of scattering angle
for the unpolarized monochromatic incident photons for five
different energies 3, 300, 900, 3000, 9000 keV. The solid
gray curves are for analytic PD expressed by equation (7),
the MC results are consistent with analytic ones. Clearly in
Thomson regime, at 6 = 90° the single scattered unpolarized
(incident) photons are completely polarized. In Figure 3, the
modulation curves for a given 6 have been shown for two
different photon energies 3 (in left panel) and 300 (in middle
panel) keV. In both cases, the MC results match with ana-
Iytic one, equation (8) for a given 6 which is shown by gray
curve. By comparing with equation (16) for all curves of left
and middle panels we have ¢ = 0°, which signifies that the
scattered photons are polarized in a perpendicular direction
to the scattering plane. In the right panel we show the aver-
aged modulation curve over 6 for two photon energies 3 and
300 keV. The gray curves for 3 and 300 keV are for equation
4.5 x 10%(140.33c0s26") and 4.45 x 10%(1 4 0.28 c0s26,)
respectively. By comparing with equation (16) the estimated
PD of single scattered 3 and 300 keV unpolarized photons
are ~0.33 and 0.28. Since we know the distribution of 6 and
know the PD as a function of 0, we have computed the aver-
aged PD weighted over the 8. And we find the PD for 3 and
300 keV photons are ~0.28 and 0.24 respectively, thus the
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both methods almost agree with each other. In addition, for

3 keV photons (which is in Thomson regime) we compute

= A
the averaged PD analytically as (P) = % =1/3
0

with considering do o< (1 +cos?8) in Thomson regime. Here
we reemphasize that the high value of PD of single scattered
unpolarized (incident) photons is due to the fixed scattering
plane (see also case I with 8; = [0, 7] of section §6) and if
one accounts the effect of orientation of the scattering plane,
then the PD magnitude will get reduced, see the section §6
for details.

4.3 MC results for polarized incident photons

In section §2.2, we argue that the cross section for a com-
pletely polarized incident photon of polarization angle ¢ is
obtained with an assumption of isotropic distribution of ©/,.
We examine this assumption in MC calculations. We com-
pute the averaged cross section over ), as a function of 6
(using the equation 1) for photon energies 3 and 300 keV,
the results are shown in Figure 4. We find that the computed
cross sections are significantly deviated from the equation
(10) except for ¢ ~0 and 90°, where it shows a slight de-
viation. Actually in case of ¢ ~0 and 90°, the equation (1)
nearly reduces to the equation (10), as here also 8], = 0 and
90° (see the facts (ii) of section §2.2) for ¢ ~0 and 90° re-
spectively. Hence, the distribution of 8)-angle is no longer
isotropic (e.g., Matt et al. (1996)), as stated in the previous
section.

In Figure 5, we show the PD as a function of 0 for single
scattered completely polarized photons of energy 3 keV. We
find that the MC results agree with the corresponding theoret-
ical PD (shown by gray solid curve) expressed by equation
(12). Here we remind that the positive value of PD signifies
that the scattered photons polarization is perpendicular to the
scattering plane while the polarization is along the scattering
plane for negative value. In Figure 6, we show the modula-
tion curves of single scattered polarized photons for a fixed
0. We have computed the results for four different polariza-
tion angles of incident photons of energy 3 keV. For ¢ = 0,
the equation (14) predicts that the modulation curve is inde-
pendent of 8 in Thomson regime, we find same here see the
top left panel. In general, these modulation curves will be
described by the equation (14).

5 MODULATION CURVE IN PERPENDICULAR
PLANE OF INCIDENT PHOTON FOR 6 < 25°: A
DETECTOR WORKING PRINCIPLE

In this section, we examine the result of section §2.3, and
are interested to find the range of 0 in which the polariza-
tion properties of incident photons can be derived from the
modulation curve of scattered photons. Motivation for this
exercise is that the cross section is maximum for 6 = 0 for
polarized/ unpolarized photons of any energy (see Figure 4,
3 respectively). Thus it is expected practically that on aver-
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Figure 3. The modulation curves after single scattering of unpolarized (incident) monochromatic photons. The left and middle panels are for the fixed 6 and
for the incident photon energy 3 and 300 keV respectively while the right panel is for the averaged 6. In left and middle panels the blue, orange, green, red
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and 4.45 x 10°(1 4 0.28 cos 26),) respectively, which reflects the PD = 0.33 and 0.28 by comparing the equation (16) for 3 and 300 keV respectively.
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Figure 4. The Klein-Nishina cross section as a function of 6 for a com-
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Figure 6. The modulation curves after single scattering of completely po-
larized (incident) photons of energy 3 keV for a given 6. The solid blue,
orange, green, red and cyan curves are for 8 = 0, 30, 45, 60 and 90 degree
respectively. The first (top), 2nd, 3rd and 4th (last) panels are for 6, = 0,
30, 45 and 90 degree respectively. The curves are described analytically by
equation (14).

age upto some range of 6 (> 0), the polarization properties of
scattered photons at 6 = 0 will dominant over that range of
scattered photons. We find that for 8 < 25° (or 6 = [0,25°]
one can adequately predict the polarization properties of k
with using the modulation curve for the k.

In view of practice, we also examine the same by con-
structing the distribution of projection of k., on the perpen-
dicular plane to k. For this we fix the direction of the inci-
dent photon, say k lies along the z-axis. For a polarized pho-
ton, the direction of the electric vector is fixed in space, so
(k x k') is also fixed. Without loss of generality, we consider
(k x k) along the x-axis, that is the scattering plane is a (z,y)-
plane. It is shown in Figure 7. Clearly for 8 = 0, the k., will
lie on the (x,y)-plane. For 6 > 0, the k, will not always lie
on (x,y)-plane. And, we measure the direction of projection
k. on (x,y)-plane or the ¢-angle of k,. The distributions of
¢-angle of k, for 3 and 300 keV completely polarized inci-
dent photons have been shown in upper panel of Figure 8
for polarization angle ¢ = 45° for five different ranges of 6
=[0,7.5°], [0,15°], [0,22.5°], [0,30°], [0.45°]. We also map
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Figure 7. A schematic diagram for calculating the modulation curve in per-
pendicular plane of incident photon. Here, k is along the z-axis, (k x k') is
along the x-axis, thus the (z,y)-plane is a scattering plane. k, with fixed 6,
and k' for scattering angle © are shown.

the distribution of the ¢-angle of k, for three different po-
larization angles ¢ = 30°, 45° and 60° for a fixed O range
[0,15°], which is shown in the lower panel of Figure 8. We
find that for 0 range ~ [0,25°] the distribution of projection
of £, on the perpendicular plane to k after single scattering
can estimate the polarization properties of incident photons
k adequately.

As understood, the detector has to estimate the polariza-
tion properties of the observed photons. And, for Compton/
Thomson scattering based detector (like, AstroSat/CZTI,
PoGo+, POLAR, POLIX etc Fabiani (2018)) the observed
photons are essentially an incident photon, and so the above
analysis is more relevant for a detector as a working prin-
ciple. However, the above discussed are only the essential
criteria for the detector designing and for the general mecha-
nism for a specific detector please see the relevant references,
like (Lei et al., 1997; Fabiani, 2018; Chattopadhyay et al.,
2014, and references therein).

6 POLARIZATION MEASUREMENT ALONG A
MERIDIAN PLANE AFTER SINGLE
SCATTERING

We aim to estimate the degree of polarization and angle of
polarization for the emergent photons from a given merid-
ian plane after single scattering where unpolarized incident
photons lie on any appropriate plane. For this we consider
a simplistic (without loss of generality) geometry a semi-
spherical shell where the incident photon generates at center
of the shell and we specify its direction in spherical coordi-
nate by (8;,0;), i.e., on meridian ¢;-plane. We are interested
to compute the P and y for the scattered photon (6, ¢5), or
in general, to compute the P & % as a function of 6, on the
meridian ¢s-plane.

Before discussing the general results, we first discuss, for
clarity, a few simplistic cases in terms of incident photon di-
rection (k), or scattering plane (or (k x k'), or combination
of both in the following sections. To measure the angle of
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Figure 8. ¢-angle distribution of k, after single scattering when the com-
pletely polarized photons incident along the z-axis. The upper panel is for
the polarization angle 6, = 45°, and the curves 1, 2, 3, 4 and 5 are for
the different ranges of 6 = [0,7.5°], [0,15°], [0,22.5°], [0,30°] and [0,45°]
respectively. The lower panel is for three different 6, at a given range of
0 = [0,15°], where the solid red, blue and cyan curves are for 6, = 30,
45 and 60° respectively and the orange curves are for unpolarized inci-
dent photons. In both panels, the solid and dashed curves are for incident
photon energy 3 and 300 keV respectively and the dotted curve is simply
a(cos(2(¢—8,)) + 1), a is the normalization factor.

polarization one needs a reference direction of (k x k') for
the next scattering, we consider that (k x k')-next lies on the
same scattered meridian plane, and we take its direction as
(054 7/2, ). However, we will first discuss the way of com-
puting the averaged PD and PA of the scattered photons, as
we are caring now the orientation of the scattering plane.

6.1 Averaged degree of polarization

The partially polarized incident photons of degree of polar-
ization p; and the angle of polarization ¢; can be an average
behaviour of total n type of incident photons which have dif-
ferent degree and angle of polarization, say p; and ¢; for jh
type incident photons respectively. In context of Compton
scattering, it can be expressed for &-angle variable as (using
equation 16)

:S | —

proos2(&+ 1)) + z (pcos2(E+0,)+ 1), (18)

For example, one has unpolarized photons which is a com-
bination of two types of photon with p; = po,0; = ¢¢ and
P2 = po, 92 = O, + /2. It would be true for any value of pg
(e.g., po = 1). We use this characteristic to estimate the PD
and PA for emergent photons either after single scattering or
multi scattering. For this we compute the ) ; (PA of the jth
type scattered photons) using equation (11), as tan2y; = o
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and compute the averaged p; (over ¢, PA of the incident pho-

tons) as a function of 0 as, p; = %

6.2 Case I: Fixed k direction (along z-axis) for a
given scattering plane

We first consider a simplistic situation in which the unpo-
larized photons incident along the z-direction and we fix
the scattering plane to ¢s-plane, i.e., the (k x k) direction
is (/2,054 m/2). Since, the scattering plane is the same as
the interested meridian ¢y-plane, thus the scattering angle is
0 = 0,. And so P will follow equation (7) with 8 = 6. The
x is always 90 degree (with the choice of (k x k')-next), it
means that the k, lies parallel to the (x,y)-plane. The result
(for 6;=0) is shown in the 2nd column of table 1. In addition,
similarly, for a fully polarized incident photons the PD will
be determined by equation (12).

Instead of taking incident photons along the z—axis (or
0; = 0), we also consider any direction of k£ on incident
meridian ¢;—plane, i.e., the range of 6; is 6; = [0,7]. And
we assume again that the scattering plane is the same as the
interested meridian ¢s-plane. In this case, we expect a con-
stant P ~0.33, as shown by the red curve in the right panel
of Figure 3. We find almost the same and show the results in
the 3rd column of table 1.

6.3 Case II: (k x k') lies on the meridian plane of k

In the previous case, the scattering plane and interested
meridian plane are the same. Next we consider that incident
photons and the (k x k') both lie on the same ¢;-meridian
plane, so (k x k')’s direction for a given k is (8; +7/2,0,).
Now the photons will scattered any meridian (0; 4 ¢;)-plane,
in which ¢;; is the angle between incident and scattered
meridian plane and the range of ¢;; is = [—mx,®]. For 0; =
0 and m/2, the scattering plane of k is (¢; +m/2)-plane and
(6 = m/2)-plane respectively. In general, the scattering plane
of k will must pass the line (1/2,0,+1/2) (i.e., rotated y-axis
with angle ¢; about z-axis, say y'-axis), or in other words it is
a rotation of (¢; = m/2)-plane about y'-axis with same angle
0;. Thus, except for scattered meridian (¢; == 7/2)-plane, the
k' arises uniquely on a different scattering plane with differ-
ent 0. For example, for the meridian (¢; + 7/6)-plane the 6
varies from 7/6 to zero, and ), varies from zero to /6, when
0, varies from /2 to zero. The degree of polarization will
simply determine by using equation 7, and in general, for
a given scattered meridian (¢; + ¢;5)-plane the P varies from
P(6 = ¢;5) of equation (7) to zero for the variation of 6, from
/2 to zero respectively. The results for P as a function of 6;
for 6 different meridian planes with ¢;; = 15, 30, 45, 60, 75
and 90 degree are shown in table 1.
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6.4 Case III: any fixed incident photon direction and
a random scattering plane

Next, we fix the k direction (0;,0;) and take all possible di-
rections of (k x k') on a perpendicular plane to k. Like case II,
the incident photon is scattered in all directions. For a given
meridian plane, each k' is arisen from a different direction
of (k x k'), and clearly the different 8. The PD can be deter-
mined using equation (7) for known 6. Since, the scattering
plane is unique for a given £/, like PD, PA will be also unique.
We have computed the P and ), for the meridian plane ranges
from ; to ¢0; + 7, and for each meridian plane 6; ranges from
0 to m/2. It should be noted that case III is identical to case I
for ©; =0.

6.5 Case IV: k lies on the surface of cone at centre
with opening angle 6; and a random scattering
plane

We extend the case III with considering that 6; of k is still
fix but now ¢; can take any value in [0,27], so essentially the
vector k is rotating on the surface of the cone of opening an-
gle 0; which is situated at the centre. Unlike Case II or III,
here on a given meridian plane the k' is arisen by any k with
appropriate scattering angle, thus PD and PA of £’ would be
estimated by averaging method. The averaged P and 7 of the
k' are computed using equation (18) for a given 0, where
now, n is total no. of scattered photons with 6y, the p; is
determined for each scattered photon for known 6 by using
equation (7). Since, for unpolarized incident photons the &,
lies along the (k x k") which gives ¢; = 0, but we have fixed
the reference (k x k)-next to measure the PA, so ¢; is the an-
gle between (k x k') and meridian plane ((k x k')-next). Ex-
pectedly, the variation of P, and ) as a function of 6; is same
for all scattered meridian planes. In table 2, we have noted
the results for 8; = 0, 15, 30, 45, 60, 75 and 90 degree along
with fp, (a total no. of scattered emergent photons with 6 on
a given meridian plane). For example, the emergent photons
along the z-axis (0,=0) are unpolarized for any opening an-
gle ©;, as in this case for all incident photons the scattering
angle is © = 0;, and the electric vector of &’ is isotropically
distributed. In general, for a given 0;, the emergent photons
escape maximally at 65 ~ 0;, e.g., for 6; = 15° the maximum
emergent photons escape with 8; ~25° and have PD ~ 0.06.

We compare the above results with the results of case III.
Since the given k' can be arisen from the incident meridian
(&5 + ¢is)-plane with ¢;; = [-7, ] of case III, or particularly n
different situations of case III in range of ¢; = [0,27]. As the
P and 7 of case III are uniquely determined for a given ¢;,
the resultant P and ) of case IV for a given 6, can be obtained
by weighted averaging method, as defined in equation (18).
For present case this equation is rewritten as

Peos2E+ 1))+ 1= Y. £ [prcos@(E+%,)) + 1], (19)
=1

here, f; is the fraction of emergent scattered photons at 6;
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Table 1 The PD (P) and PA (y) of the emergent photons as a function of 0 (or i) for cases I and II. The results for case II are presented
for six different scattered meridian planes ¢; + ¢;; with ¢;3 = 15, 30, 45, 60, 75 and 90 degree. While the results for case I are true If(or any
umar

scattered meridian plane, as here ¢0s-plane = ¢;-plane, and computed for two different ranges of 6; = 0 and [0,7].

P ()
cos(8y) Case I Case I ¢]; = (in degree)
0,=0 6, = (0, 1542 30£2 45+£2 60+2 7542 90£2

0.0 0.99 (90.9)  0.28(90.9)  0.036 (180.0)  0.137(180.0)  0.315(178.1)  0.569 (178.1)  0.844 (176.3)  0.660 (134.5)
0.1 0.96 (90.9)  0.27(90.9)  0.030 (178.1)  0.132(176.3)  0.314(174.5)  0.570(170.9)  0.833 (160.0)  0.948 (100.0)
0.2 0.90 (90.9)  0.27(90.9)  0.029 (176.3)  0.128 (172.7)  0.302 (169.0)  0.543 (160.0)  0.787 (143.6)  0.905 (94.5)
0.3 0.81(90.9)  0.26(90.9)  0.027 (174.5)  0.120(170.9)  0.280 (163.6)  0.499 (152.7)  0.715(130.9)  0.815 (92.7)
0.4 0.70 (90.9)  0.26 (90.9)  0.025 (174.5)  0.109 (167.2)  0.253 (158.1)  0.442(145.4)  0.623 (123.6)  0.704 (92.7)
0.5 0.58(90.9)  0.26(90.9)  0.022 (172.7)  0.096 (163.6) ~ 0.219 (152.7)  0.375(140.0)  0.519 (118.1)  0.581 (92.7)
0.6 0.45(90.9)  0.26 (90.9)  0.019 (170.9)  0.080 (160.0) ~ 0.180 (149.0)  0.302 (134.5)  0.409 (114.5)  0.455 (90.9)
0.7 0.32(90.9)  0.26(90.9)  0.015(169.0)  0.062 (158.1)  0.137(145.4)  0.224 (129.0)  0.298 (110.9)  0.328 (90.9)
0.8 0.20(90.9)  0.26 (90.9)  0.010 (167.2)  0.042 (154.5)  0.091 (141.8)  0.147 (125.4)  0.191 (109.0)  0.210 (90.9)
0.9 0.09 (90.9)  0.27(90.9)  0.005 (165.4)  0.021 (152.7)  0.045(138.1)  0.070 (121.8)  0.090 (107.2) ~ 0.098 (90.9)
1.0 0.00 (90.9)  0.29(90.9)  0.000 (165.4)  0.000 (150.9)  0.000 (134.5)  0.000 (120.0)  0.000 (105.4)  0.000 (90.9)

1: here ¢y is measured in anti-clockwise direction, if it is measured in clockwise direction then the angle of polarization becomes T — 7

to total that arisen due to the j”’ incident meridian (s + ¢;s)-
plane, and p;, and ) ; are corresponding PD and PA respec-
tively. We find that the results are similar in both ways.

6.6 Case V: general case

Finally, we consider a general case where there is no restric-
tion on k. That is, the scattered photon £’ is arising from all
directions of k. We compute the P as a function of 6, for
any meridian ¢s-plane, We find P ~ 11, 0 % for 6, = 90, 0
degree respectively. The  is ~ 90 degree for all 6,. Since
we are measuring ) with respect to (k x k')-next, it signifies
that k, is parallel to the (x,y)-plane. Clearly, the all scatter-
ing planes (which generate the k' on ¢;-plane) are not a (-
plane, but we notice that on averaged the scattering plane
is mostly a scattered meridian plane, thus the results y ~
90° confirms that the polarization of single scattered unpo-
larized (incident) photons is perpendicular to the scattering
plane. The results are shown in table 3.

Like case IV, the results of case V are verified by a
weighted averaging method using the result of case I'V. For
convenience in table 2 we have also listed the fp, along with

the P and x. Thus, f; = an% for a given 05 and 0; (here,
j=1/9s

i = J), and with having n = 7 we obtain the results of case V
approximately using table 2 and equation (19).

The results are qualitatively agreed with almost century
old calculations of Chandrasekhar (1946) (see also, Chan-
drasekhar, 1960). Chandrasekhar (1946) had solved the ra-
diative transfer equations, which is governed by the Thom-
son scattering by free electron, for the intensities of two
states of polarization, one /; is along the meridian plane and
other one I, is perpendicular to it, with no incident radiation.
In defining the source function for /; or I, the considered
cross section for the polarization in perpendicular to and par-
allel to the scattering plane is either for unpolarized photons,
or combinations of two polarized photons with polarization
angle ¢ and ¢ + /2, see equations (2) and (3) of their pa-
per and table 2 for the results (and for refined results see
table XXIV in Chandrasekhar, 1960). So, the laws of dark-
ening for the PD of the emergent photon is only for the single
scattering event in Thomson regime for unpolarized incident
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photons. In the next section, we compute the laws of darken-
ing for multi scattering events.

For all cases, we have estimated the PD and PA by two
another methods, (i) we perform second scattering and con-
struct the modulation curve for either 6 = 0 or 8 = [0,25°] to
estimate the P as discussed in section §2.3, (ii) we construct
the modulation curve using the probability p(1) (of equation
17) and estimate the P, as discussed in section §4.1. We find
that in all cases the results match qualitatively with these two
methods.

7 GENERAL RESULTS AND COMPARISON
WITH OBSERVATIONS

In previous section we estimate the polarization for a single
scattering event in Thomson regime and for a almost rest
electron. In this section we consider a multi scattering event
with arbitrary electron Lorentz factor. We explore the gen-
eral results for spectro-polarimatric measurement for XRBs
source, and make a comparision for few XRBs observed by
IXPE. In general, a detailed accretion disk + corona geom-
etry is required for the spectro-polarimatric study for XRBs
(e.g., Beheshtipour et al., 2017; Schnittman & Krolik, 2010).
However, here to estimate the polarization for multi scatter-
ing events and the energy dependency of polarization, for
completeness we consider the same spherical corona geome-
try (as described in section §3). Therefore our results will
describe the observed polarization properties qualitatively
only.

7.1 Multi scattering

To verify the MC calculations for multi scattering we con-
sider the case I with 8; = [0, 7], as in this case the scattered
photon has PD ~0.33 in all directions of 6. We first compute
(say, first method) the P value of 2nd times scattered photon
for this case. Next, we consider (say, 2nd method) a partially
polarized incident photon with P = 0.33, 3 = 90 degree and
(k x k') lies either on the meridian plane or perpendicular to
the meridian plane (and here, for 0.66 fraction of unpolar-
ized photons, the (k x k) lies randomly), and estimate the


https://doi.org/10.1017/pasa.2024.8

Table 2 The PD and PA of the emergent photons for case IV along with fg_(total no. of the emergent photons for a given 6y). The results

are presented for seven different opening angles of cone (on which incident photon lies), 8; = 0, 15, 30, 45, 60, 75 and 90 degree.

P (x, fes) for case IV when 6; = (in degree)

45

60

75

90

cos(6,) |
[0 5 30

0.0 0.996 (90.9,1.73)  0.866(90.9,1.87)  0.558 (89.0,2.29)
0.1 0.969(90.9, 1.76)  0.842(89.0,1.86)  0.536(90.9,2.37)
02 0.908(90.9, 1.91)  0.783(89.0,2.06)  0.491 (89.0,2.54)
03 0.816(90.9,2.04)  0.703(89.0,2.17)  0.431(89.0,2.61)
0.4 0.703(90.9,2.30)  0.596(90.9,2.46)  0.351(89.0,2.92)
0.5 0.581(90.9,2.59)  0.491(89.0,2.78)  0.275(90.9,3.23)
0.6 0.454(90.9,3.08)  0.374(90.9.3.18)  0.193(90.9,3.67)
0.7 0.328(90.9,3.50)  0.269(89.0,3.85)  0.125(89.0, 4.40)
0.8 0.208(90.9,4.01)  0.160(90.9,4.24)  0.057 (90.9, 5.65)
0.9 0.098 (90.9,4.63)  0.066(89.0,5.17)  0.017 (83.6,5.64)
1.0 0.000(90.9,2.62)  0.003(96.3,0.16)  0.012 (170., .09)*

0.220(39.0, 3.13)
0.213(89.0,3.12)
0.180(90.9, 3.18)
0.152(87.2,3.55)
0.112(90.9,3.81)
0.068 (89.0,4.38)
0.027(87.2,5.31)
0.004 (69.0, 8.83)
0.006 (34.5,4.43)
0.016 (169.,2.65)
0.044 (101., .05)*

0.014 (180.,4.25)
0.020 (165.,4.48)
0.031(07.2,4.73)
0.040 (176.,5.12)
0.034 (05.4, 6.09)
0.026 (03.6,9.32)
0.051 (05.4, 5.06)
0.056 (05.4,3.61)
0.054 (174.,2.60)
0.035 (180., 1.64)
0.024 (76.3, .02)*

0.132 (180.,6.71)
0.120 (01.8, 6.99)
0,100 (180., 8.18)
0.089 (01.8, 8.49)
0.114 (180.,5.75)
0.116 (180.,4.35)
0.100 (03.6, 3.39)
0.094 (180.,2.57)
0.075 (176., 1.90)
0.041 (01.8, 1.10)
0.188 (112.,.01)*

0.078 (180., 16.1)
0.124 (180.,9.75)
0.150(180.,7.17)
0.155 (180., 6.03)
0.157 (180.,4.88)
0.150(178.,3.98)
0.122(180., 3.07)
0.109 (178.,2.22)
0.084 (03.6, 1.59)
0.035 (09.0, 0.98)
0.301 (158., .01)*

* the corresponding value is not reliable due to low statistics.
Note: for 8; = 6,, one has small P (in range of (0.002-0.08)) and maximum fq_ .

Table 3 The PD of the emergent photons for general case V from any given meridian plane after single scattering of the randomly oriented
unpolarized incident photons (or, the re-estimation of laws of darkening of Chandrasekhar (1946) with having a general Klein-Nishina

cross section, equation 1 ).

cos(6;) 0.0 0.1 0.2 0.3 0.4
P 0.111 0.112 0.103 0.097 0.097

0.5 0.6 0.7 0.8 0.9 1.0
0.082 0.071 0.059 0.042 0.020 0.010

P after single scattering. We find that for both methods the
result qualitatively agrees, with P ~ 0.1 —0.12 on a given
meridian plane.

Interestingly, we find that for all cases, I — V, after 3-4
numbers of scattering, the maximum P value is reduced to ~
0.02 - 0.05 on any meridian plane. Here, again we consider a
Thomson regime and almost rest electron. Therefore, for all
cases and average scattering number > 4, the emergent scat-
tered photon is mainly unpolarized with averaged maximum
P ~ 0.035. Here, we like to point out that if these emergent
photons again freshly scatter in optically thin corona with av-
erage scattering number ~1 then the P &  will be described
like case V.

7.2 Energy dependency of polarization

The prime focus is here to study the polarization properties
for X-ray binaries, XRBs frequently transit from soft spec-
tral state to hard state and vice versa. To understand and
to explore the energy dependency of polarization for Comp-
tonized photons, we consider two different steady spectral
states with unpolarized seed photons. The first is a soft spec-
trum (Model 1) with low electron medium temperature k7,
=2.5keV (see, e.g. Kumar & Misra, 2014). In view of neu-
tron star NS low-mass X-ray binaries, we consider two dif-
ferent seed photon source (black body) temperatures corre-
sponding to Hot-seed and Cold-seed photon model (see, e.g.
Kumar & Misra, 2016a, references therein) which are k7, =
1.5 and 0.7 keV respectively. We refer Model la with tem-
perature kT, = 2.5keV and kT;, = 1.5 keV and for Model
1b kT, = 2.5keV and kT, = 0.7 keV. Since, for consistency
we consider only a spherical corona geometry, but these two
models are defined based on the seed photon source geome-
try (e.g., Lin et al., 2007), thus our study does not give physi-
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cal insight of the model but only provides the dependency of
PD and PA on kT}, variations. The second is a hard spectrum
(Model 2) with high electron medium temperature k7, = 100
keV and kT;, = 0.3 keV. To explore the general results we
take two optical depth values in such a way that the cor-
responding average scattering number (Ny.) =~ 1.1 and 5.0.
Thus, conclusively to explore the energy dependency of PD
and PA, we take mainly three Models 1a, 1b and 2 with two
values of (Ny.) = 1.1 and 5.0. PD and PA have been com-
puted for four values of 6, = 30°, 45°, 60°, 75°. In consid-
ered spherical geometry, if one assumes, the z-axis is along
the radio-jet direction, then the (x,y)-plane will mimic the
accretion disk and so the angle 6; is equivalent to the disk
inclination angle i (or the angle between the line of sight and
the normal to the disk plane). Thus we also study the varia-
tion of PD and PA with disk inclination angle i. And now, in
present convention, PA = 90° signifies that the electric vector
is parallel to the disk plane.

The general results for Model 1a and 1b are shown in Fig-
ure 9. The upper and lower panels are for (Ny.) ~ 1.1 and 5
respectively. In the left panel, the seed photon flux is shown
by dashed curve and Comptonized photon flux by solid line.
As expected for (Ny.) ~ 1.1 the PD as a function of 6, (or,
i) is slightly lower than the respective values listed in table
3. The PD values for given i are almost constant over the
energy bin, also qualitatively independent from the seed pho-
ton source temperature k7;,. Due to the low photons statistics,
the PD and PA are computed upto photon energy 8 and 16
keV for Model 1a and 1b respectively, and we also notice
that their values are fluctuated around this energy bin. Since
for unpolarized incident photons and for single scattering, it
is expected that the electric vector of Comptonized photons
will lie normal to the scattering plane. And for (Ny.) = 1.1
we find almost the same, here for all i values, the PA lies
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Figure 9. Comptonized photons density distribution, degree of polarization and angle of polarization are shown in left, middle and right panels respectively
when the seed photons (shown by dashed line in left panel) are unpolarized. The upper and lower panels are for the average scattering number ~ 1.1 and
5 respectively. PD and PA are computed for four 6, (or, alternatively the disk inclination angle i) values = 30, 45, 60 and 75 degree, which are shown by
dashed-dotted, solid, dotted and dashed lines respectively. PA is computed on perpendicular plane to the escaped photon directions, not on the sky plane,
here PA = 90° signifies that the electric vector parallel to the (x,y)-plane or accretion disk, see the text for details. The energy bins are 0.8, 1, 2, 4, 6, 8, 10,

14, 18, 22, 26 and 30 keV.

from 89° to 95°.

In model 1, the spectral parameters are in Thomson
regime, so the distribution of scattering angle will be o<
(1+cos?0). In considered spherical corona geometry, the
Comptonized photons after any number of scattering follow
the same scattering angle distribution of Thomson regime.
But the Comptonized photons which escape the medium
(corona) do not follow it for (Ny.) > ~ 1.1. The deviation
from Thomson cross section for escaped Comptonized pho-
tons can be understood as. Supposed, before escaping the
medium the scattered photon is at scattering site whose dis-
tance is 0.7L from the centre, then to escape the medium in
forward direction the photon has to travel collision free path
of length 0.3L but in case of backward direction the collision
free path length is 1.7L. With having the exponential distri-
bution for the collision free path it is more likely, on average
(as the probability for travelling the scattered photon in for-
ward or backward direction is same), that the photon will
escape the medium in a forward direction in comparison to
the backward direction. In addition, the trend for escaping
the photons in forward direction increases with (N.), as the
mean free path for photons decreases with increasing opti-
cal depth. For a given medium, it is also expected that after
some value of (N;.) the scattering angle distribution will get
saturated, we find, the saturation occurs around (Ns.) = 25.
The results are shown in Figure 10.

For (Ny:) & 5 (in lower panel of Figure 9), the PD and PA
are calculated upto photon energy 14 and 22 keV for Model
1b and la respectively. Like, (Ny.) ~ 1.1, the PD and PA

https://doi.org/10.1017/pasa.2024.8 Published online by Cambridge University Press

are independent of the k7;. PD is almost constant over the
photon energies (< 10 keV). The fluctuation in PD and PA
values above 10 keV is due to the low photons statistics. PA
values range from 80° to 120° when the i ranges from 30°
to 75°. We observe that the 8-angle distribution for escaped
Comptonized photons for a given i has an extra small hump
(by a factor ~ 1.1 — 1.2 from the corresponding values of
cyan curve of Figure 10) around 6 = i, which leads to a max-
imum value of PD for i = 45°. Here, we find the maximum
value of PD ~ 0.025 for i =45°. In general, in the soft state
of XRBs the optical depth is relatively high, to characterize
this we consider Model la with (Ny.) ~ 26.7. The results
are shown in Figure 11. Here, the magnitude of PD values is
similar to the case of (N.) & 5, only the dependency of PD
value on i has changed. The range of PA values is wider now
and for i = 75° PA is ~ 150°.

In Figure 12, the general results for Model 2 have been
shown. The upper and lower panels are (Nsc) ~ 1.1 and 5.
For (Nsc) =~ 1.1, the PD and PA have been computed upto 30
keV. Like Model 1, PD is constant over photons energy (<
10keV), and PA is ~ 90° and independent to the photons
energy (< 6keV). The magnitude of PD is slightly lower
in comparison to the Model 1, e.g., for i = 75° PD = 0.07
and 0.05 for Model 1 and 2 respectively. Also, for above 6
keV photons energy the PA ranges 95° - ~100°. Here, the
decrement in PD values and the deviation of PA from 90° is
mainly due to the multi scattering. Since, in Model 2 due to
the large k7, = 100 keV and low k7}, = 0.3keV, the photons
of energy > 2keV on average experienced a large scattering
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Figure 10. The 6-angle distribution of escaped Comptonized photons in
spherical corona after experienced of average scattering number (Ny.). The
blue, red, orange, cyan, magenta and green curves are for (Ny.) = 1.1, 2.0,
3.0, 5.0, 26.7 and 44.1 respectively. The Klein-Nishina cross section in
Thomson regime is shown by black dotted curve. Note, the Comptonized
photons which are inside the medium always follows Klein-Nishina cross
section for any given (Nj).

number from the averaged value 1.1. For example, for 2 —
10 keV photons the averaged scattering number varies from
1.1 to 1.5, while for 10 — 70 keV it varies from 1.5 to 2.5.
For (Ngc) ~ 35, as expected the PD value is slightly lower
in comparison to the corresponding value of Model 1. The
increasing behaviour of PD for low photons energy (< 10
keV) is mainly corresponded to the 6 —angle distribution for
escaped photons, as the photons with energy less than 7 keV
have average scattering number less than 5. The PA values
range from 80° to 150°.

For completeness, we have also computed the PD and PA
for the Wien spectrum of Model 1 and 2, the results are
shown in Figure 13. We know that the Wien spectrum does
not depend on the seed photon spectrum but only depends on
the electron medium temperature. In addition, for low k7, (or
non-relativistic electrons) one needs a large scattering num-
ber to generate the Wien spectrum, while for large k7, (rel-
ativistic electron) one need comparatively small scattering
number (e.g., Kumar & Kushwaha, 2021). We compute the
Wien spectrum for Model 1 and 2 with (Nsc) = 170 and 45
respectively. For Model 1, the dependency of PD on i, and
the range of PD are similar to the case of Model la with
(Nsc) = 26.7. While for Model 2 the magnitude of PD is
around 0.01 upto photon energy 1000 keV. Since, in the case
of Model 2, in last, the seed photons are mainly ~ 200 keV
photons. From equation (7) (or, see Figure 2) we know that
the PD value for 200 keV photons is comparatively smaller
than the seed photon of energy 10 keV (or < 10 keV), as
a result we obtain a smaller value comparison to the Model
1. Conclusively, The dependency of PD on i of Wien spec-
tra for unpolarized seed photons does not behave like case
V, see table 3. This also indicates that the emergent photons
from thin accretion disk (in which, the emergent spectrum
is a black body due to the large optical depth by Thomson
scattering Shakura & Sunyaev, 1973) would be mainly un-
polarized with maximum PD ~ 0.03 for i ~ 45°.
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7.3 Geometry dependency

With having spherical corona we compute PD and PA for
two extreme sets of spectral parameters. Particularly for
large optical depth, the PD values are always less than 0.03
for photons of energy < 10 keV. Recently IXPE has mea-
sured PD for many XRBs sources, and for a few sources the
estimated PD is greater than the 0.03 in 2 — 8 keV energy
band (e.g. Krawczynski et al., 2022; Jayasurya et al., 2023).
Authors explained the comparatively large PD mainly in
terms of different possible geometry for scattering medium
in the disk. In section §6 we had noticed that the PD also de-
pends on incident photon direction, see the table 2 for Case
IV; also see, e.g., Case I for the variation of PD as a func-
tion of 0. Therefore, the dependency of PD on the geome-
try can be happened in terms of either distribution of inci-
dent photon direction or distribution of 6-angle for the es-
caped Comptonized photons, or both. To understand the de-
pendency of PD on geometry for simplicity we ad-hocly ex-
clude the some range of 0 of the Comptonized escaped pho-
tons in estimation of PD without bothering about the spec-
tra. However, in appendix B we argue that in Thomson limit
the Comptonized spectrum is independent of 0, and thus the
spectra would not get changed in these cases. The results
are shown in Figure 14. The left and right panels are for the
Model 1a and 2 respectively. For Model 1a we consider two
sets of 6 range, [30,180°] and [0,150°]; while [45,180°] and
[0,135°] for Model 2. We find that PD values after exclud-
ing the backward direction are smaller than the PD obtained
by excluding the forward direction for both models. This is
because of the 0-angle distribution of escaped photons, in
which the maximum photons escape the medium with 6 =
0, see Figure 10. Hence, for considered geometry for both
models the magnitude of PD is around 0.04 or above when
we exclude the forward direction of escaped photon.

7.4 Comparison with Observations

In this section we briefly discuss the polarization properties
of a few sources observed by IXPE. However, these expla-
nation would be a purely qualitative, as we have a simple
spherical corona geometry, and also the present calculations
have not been implemented in the general relativity formal-
ism. Moreover, the main motive of this exercise is to what
extent one can learn in understanding of polarization proper-
ties with having simple spherical corona geometry. We select
five sources, in which two are black hole XRBs and three are
neutron star XRBs.

4U 1630-47: IXPE had observed 4U 1630-47 from
23-Aug-2022 to 02-Sept-2022, when the source is in
high soft spectral state. The polarization properties have
been analysed by three groups (Rawat et al., 2023;
Kushwaha et al., 2023; Ratheesh et al., 2023), and they
found that PD is an energy dependent which increases
significantly with energy. In 2-8 keV band PD is ~ 0.08
and PA in the sky plane is ~ 18°. They argue that the ob-
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(Nse) = 5.0 respectively. PD is computed for four i values = 30, 45, 60 and
75 degree, and shown by dashed-dotted, solid, dotted and dashed lines re-
spectively. For left panel the energy bins are same as Figure 9 while Figure
12 for right panel.

servations can explain in thin accretion disk with mildly
relativistic outflowing medium.

In the present scenario, the observed flux is described
almost by Model la with (Ny.) = 1.1 (see left upper
panel of Figure 9). Therefore PD is energy independent
and PD = 0.08 for i = 75°. PA is always around 90°,
i.e., the electric vector is parallel to the (x-y) plane or
accretion disk. The energy dependency of PD can be
arose by fresh scattering in optically thin ((Ny) = 1)
medium (possibly, wind) where large fraction of high
energy photons experience scattering in comparison to
the low energy photons, which will increase the PD
value to 0.1 for high energy photons (see table 3 and
text).

Cyg X-2: Farinelli et al. (2023) measure the polariza-
tion properties of Cyg X-2 ( a Z-source), in 2 - 8 keV
band the PD = 0.018 and PA = 140° where the polar-
ization is in the direction of radio jet (possibly on the
sky plane). They argue that the observed PD cannot be
explained with accretion disk geometry and suggest an-
other geometry related to the neutron star surface. The
observed flux of Cyg X-2 can be described nearly with
Model 1a and (Ny:)=26.7. Thus for the inclination an-
gle i =~ 60°, PD ~ 0.015 and PA =~ 120°, here we re-
mind that PA is measured in a perpendicular plane to
the escaped photon direction. Hence, our calculation in-
dicates that the observed PD can be explained, in gen-
eral, with accretion disk + corona geometry.

The similar range of PD (=~ 0.017) is measured for atoll
source GX 9+9: by Chatterjee et al. (2023). The re-
ported PA is ~ 63° where the range of i is 40— 60°. The
observed flux can be described here by Model 1a with
(Njc) lies in range 5 - 26. In our calculations, like Cyg
X-2, the observed PD of GX 949 can be described in
the accretion disk scenario. The calculated PA is around
either (90 — 120°) or (60—90°) for a given range of i
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(here, 180° differences in PA is due to the two possible
definitions for modulation curve, see equation 16).
XTE J1701-462: IXPE had observed XTE J1701-462
during an outburst two times, Sept-2022 (epoch 1) and
Oct-2022 (epoch 2). Jayasurya et al. (2023) measure a
significant PD ~ 0.045 for epoch 1 and a negligible PD
< 0.01 for epoch 2 in 2 - 8§ keV band. The PA is ~
143°, while the source has i close to 70°. The observed
flux can be described with Model 1a with (Ny.) > 26
for epoch 1 while ~ 25 for epoch 2 (see Figure 16 for
epoch 1 modeled flux). In present study with simplis-
tic spherical geometry we can not explain the observed
PD for epoch 1, one needs other geometry. However if
we exclude some fraction of forward directed escaped
photons in this geometry then we can explain the ob-
served magnitude, see left panel of Figure 14. More-
over the observed PD for epoch 2 can be explained in
present study for i ~ 70°. The calculated PA for i ~
70° is around 150°. Therefore, in present observations,
the polarization properties of XTE J1701-462 indicates
that the corona geometry changes in month scale. For
a spectro-polarimatric study in details we consider this
source, see appendix B.

Cyg X-1: Krawczynski et al. (2022) estimate the po-
larization properties for hard state of Cyg X-1, the re-
ported magnitude is PD ~ 0.04 and PA ~ 20° in the
plane of sky. They also find that the X-ray polarization
almost aligns with radio jet in the plane of sky, which
is consistent with the previous results of Chauvin et al.
(2018) using the PoGO+ balloon-borne polarimeter in
19 - 181 keV. Chauvin et al. (2018) had measured PD
~ 0.045 and PA = 154° in 19 - 181 keV. The observed
flux can be described by Model 2 with (N,.) ~ 5, thus
the estimated PD < 0.025. Krawczynski et al. (2022)
found the PD < 0.03 for a spherical lamppost corona
and non-spinning black hole. Therefore, our calcula-
tions are consistent with the result of Krawczynski et al.
(2022). Although, Krawczynski et al. (2022) argue that
the observed high PD can be explained with sandwich
corona with i ~ 45° (see theirs Figure 3).

Clearly, like epoch 1 of XTE J1701-462, in present
study with having spherical corona we can not explain
the observed high PD. However, if we exclude the some
fraction of forward escaped photons in spherical geom-
etry then we can explain the observed high PD in broad
band 2 - 181 keV (see right panel of Figure 14).

8 SUMMARY AND CONCLUSIONS

The polarization measurement provides two independent
variables, the degree of polarization PD and the angle of po-
larization PA. We observe a linearly polarized high energy
emission (X-ray) in XRBs, AGNs. The observed polariza-
tion along with spectra, and time variability may remove
the existing degeneracy among theoretical models mainly in
terms of the radiative process and the geometry of the emis-


https://doi.org/10.1017/pasa.2024.8

sion region. We explore the linear/ plane polarization prop-
erties in the Comptonization process using a Monte Carlo
scheme with spherical corona geometry. We revisit the the-
ory of polarization in the Compton scattering process with
unpolarized electrons. We argue that the (k X k’)-coordinate
(in which, (k x k') acts as a z-axis) is more suitable to de-
scribe the polarization formalism. The single scattered unpo-
larized (incident) photon is polarized in perpendicular to the
scattering plane. In Thomson regime it is completely polar-
ized for scattering angle 6 = 90°, see equation (7) for PD
as a function of 6. The PD and PA can also be extracted
for a given 6 from its modulation curve, see equation (8).
The cross section for completely polarized incident photons
of polarization angle ¢ (or, 6,), expressed by equation (10),
is not an exact expression (see the Figure 4 for deviation
and validation of the approximation). The completely polar-
ized low-energy incident photon with ¢ = 0 and 90° retains
its own polarization properties after scattering, the PD as a
function of 0 after single scattering is expressed by equation
(12) for a given ¢. The Stokes parameters are invariant under
Lorentz transformations, particularly in Compton scattering
we argue that the value of PD and PA do not change after
transforming one frame to any Lorentz-boosted frame.

For 6 = 0, we find that the modulation curve of scattered
photon exhibits same polarization characteristic of incident
photon, it is also valid for the range of 8 = [0,25°]. We use
this property to estimate the PD and PA of scattered pho-
tons with average scattering number (N ), by computing the
modulation curve of scattered photons of (Ny. + 1) scatter-
ing at 6 = 0. We also compute directly the PD and PA of
(Nj)th scattered photons by using the pdf (corresponding to
the cross section at © = 0, see equation 17) for known 0, an-
gle of (Ny. + 1)th scattering. Interestingly, we find that for a
fixed incident photon (k) direction and 6 = [0,25°] the distri-
bution of projection of &, (electric vector of scattered photon)
on perpendicular plane to the k also reveals the polarization
properties of incident photon, which can be a working prin-
ciple for Compton scattering based detector of polarization.
We write an expression (equation 18) for the resultant PD
and PA of photons in particular direction which are a mix-
ture of nth type of photons of different PD and PA.

Chandrasekhar (1946) has solved the radiative transfer
equations, governed by scattering opacity by free electrons,
for the two states of polarization one is along the meridian
plane and another one is normal to it. It is found that the
emergent photons from a given meridian plane are polarized
normal to the meridian plane and PD varies zero (at i = 0)
to 0.11 (at i =90°, i: disk inclination angle). We obtain these
results using the MC scheme in a step wise way after single
scattering by discussing four relevant cases for unpolarized
incident photons. We derive these results with considering
a semi spherical corona in which seed photons source situ-
ated at the centre. The different steps involved are, case I:
the incident photons are along the z-axis (i.e., 0; = 0) and the
scattering plane is fixed to the considered emergent merid-
ian plane; case III: the incident photon direction is fixed, say
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(8;,0;) and all possible scattering planes are considered; case
IV: the incident photon lies on the surface of cone of opening
angle 6; with having all possible scattering planes; and last
a general case, Case V. In particular the case IV may be rel-
evant for the external Comptonization in blazars of radio jet
of opening angle 0; (Kumar & Kushwaha, 2021), e.g., here
for 6; = 15° the maximum emergent photons escape with 6
~25° and have PD ~ 0.06.

In Thomson regime for the unpolarized incident photons,
the maximum PD in general case V (or law of darkening of
Chandrasekhar (1946)) is ~ 0.11. However for a fixed scat-
tering plane and isotropic directions of k, the PD is ~0.33
(see case I with 6; = [0, 7], also right panel of Figure 3). In
case of multi scattering we notice that after scattering num-
ber > 4, the maximum PD reduces to 0.02-0.035 for all dis-
cussed cases. Here, it is noted that this multi scattered photon
is basically an unpolarized photon if these photons scatter
freshly with optically thin medium (Ny.) ~ 1 then the PD as
a function of i is again described by table 3.

We explore the energy dependency of polarization for un-
polarized incident photons by considering mainly two dif-
ferent spectral sets of parameters corresponding to the hard
(larger electron medium temperature, k7, = 100keV) and
soft (kT, = 2.5keV) states. For calculations we take a simple
spherical corona geometry, and estimate the polarization of
scattered photons with two average scattering numbers (N, )
~ 1.1 and 5 for each spectral set. We compute for four incli-
nation angles of disk i = 6, = 30°, 45°, 60° and 75°, here we
have considered the (x,y)-plane as an accretion disk. With
spherical corona geometry, we find that the PD is indepen-
dent of seed photon source temperature k7j,, and for (Ny.)
~ 1.1 the PD is independent of energy in 2 - 8 keV band
for both spectral sets. Since, in Thomson regime the Comp-
tonized flux is independent of 0, thus for the unpolarized in-
cident photons and non-relativistic corona temperature, the
PD of the scattered photons would be independent of E (see
appendix B) atleast after single scattering. The magnitude of
PD as a function of i is slightly lower than the values listed
in table 3 for (Ny.) ~ 1.1 as expected. For (Ny.) ~ 5, the
maximum value of PD is ~0.03 at i = 45°. In present con-
vention, PA = 90° means that the electric vector is parallel to
the accretion disk (or (x,y)-plane) for all i. We find that for
both spectral sets with (N.) ~ 1.1 the PA is ~ 90° while for
(Nge) ~ 5, the PA at i = 75° is ~120° and 140° for soft and
hard spectral sets respectively.

We also estimate the polarization for Wien spectra for
both spectral sets. We find that in Thomson regime PD has
maximum value ~0.03 at i=45°. Since the emergent photons
spectra from thin disk are a black body mainly due to the
large optical depth governed by Thomson scattering (e.g.,
Shakura & Sunyaev, 1973, see also Kumar & Mukhopad-
hyay, 2021). Thus these Wien spectra calculations indicate
that the polarization of emergent photons from the thin disk
will not be described by table 3, but it has maximum value
~0.03 for i=45°, see also Figure 13.

Recently, IXPE has observed many XRBs and AGNs
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sources and the estimated PD for few sources is larger than
0.03, which can not be explained with considered simple
spherical geometry. To understand the geometry dependency
for polarization within this, we adhocly exclude the some
range of the scattering angle. For a soft spectral set we ob-
tain PD ~ 0.045 at i = 45° with 6 range [30,180°], and so
we qualitatively obtain the observed PD value for source
XTE J1701-462 (Jayasurya et al., 2023). Similarly, to ex-
plain the observed PD (~0.04) for Cyg X-1, Krawczynski
et al. (2022) conclude that it can not be obtained with simple
spherical corona, which is consistent with our conclusions.
We qualitatively understand the estimated polarization prop-
erties for five sources observed by IXPE within spherical
corona geometry and we almost align with the author’s con-
clusions, except a few. In future we intend to study the polar-
ization properties with proper geometries of corona and also
with implementation of general relativity formalism in MC
scheme.
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A (U) AND (Q) FOR POLARIZED INCIDENT
PHOTONS

Figure 15 shows the Stokes parameters U and Q as a func-
tion of scattering angle (see section §2.2 for the expression)
for three different values of polarization angle of polarized
(incident) photons ¢ = 30, 45 and 60°. Here one can notice
that for a small range of 0 the U dominates over Q. However,
for all cases we find that (U) << (Q).

— =

$=30° ——
¢ =45° ——
¢ =60°

U (dotted line); Q (solid line)

0.00 0.79 157 2.36 3.14

Figure 15. U (o< sin2¢ cos8) and Q(o< (cos? ¢ — sin® ¢ cos?8)) of the single
scattered polarized (incident) photons as a function of 6. The dotted and
solid curves are for U and Q respectively. The red, blue and orange curves
are for ¢ = 30, 45 and 60° respectively.

B XTE J1701-462: SPECTRO-POLARIMATRIC
COMPARISION

For a observed spectro-polarimatric comparision we con-
sider the source XTE J1701-462. The data points for flux
are taken from Jayasurya et al. (2023, see theirs Figure 3).
Unlike the detail modeling of Jayasurya et al. (2023), we de-
scribe the observed flux by Comptonization only, with aim-
ing to estimate the polarization properties. The result for flux
modeling in spherical geometry is shown in the upper panel
of Figure 16, and the model parameters are k7,= 2.5keV;
kTy= 1.25keV; (N,.) = 24.7. We compute the PD as a func-
tion of E for two different ranges of 6 = [0, 180°] and [45,
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180°], which is shown in the middle and lower panels of Fig-
ure 16 respectively. We find that the variation of PA with
energy is similar to the case Model Ta with (N;.) = 26.7.
As noted earlier the observed PD of epoch 1 can not be ex-
plained in the spherical corona geometry, but one needs a
different geometry where the 8-angle distribution of escaped
Comptonized photons does not follow the same variation as
shown in Figure 10. We also here noted that for both ranges
of 8 the computed fluxes are same. This is because of that in
Thomson regime the scattered frequency does not depends
on 6 but only on angle o and o, where o is the angle be-
tween incident photon and incident electron, o is the an-

gle between scattered photon and incident electron, and in
1—7cosa

1-Ycosa/+ YV:erz (1—cos®) "
Hence, in general, in Thomson regime the Comptonized flux
is independent of 0. Further in Thomson regime and non-
relativistic corona temperature, for unpolarized incident pho-
tons, the PD of the scattered photons would be independent
of E atleast after single scattering (as noted), since the PD as
a function of 0 is described by curve 1 of Figure 2.

1

the lab frame it is determined as VV/ =

0.1F

data
without cond.
seed - - -

with cond. - - -

Photons density (arb. unit)

0.01 L

Photons Energy (keV)

T T
0.06 - —

Photons Energy (keV)

Figure 16. Spectro-polarimatric measurement for source XTE J1701-462
in spherical corona. The upper panel is for the flux, here the data points
are taken from Jayasurya et al. (2023), the solid curve is for Comptonized
flux, the dotted curve is for seed black body flux, and the dashed curve is
Comptonized flux having different 0 range [45, 180°]. The parameters for
Comptonization are kT,= 2.5keV; kTp= 1.25keV; (Ny.) = 24.7. The middle
and lower panels are for PD with having 6 range [0,180°] and [45, 180°]
respectively


http://dx.doi.org/10.3847/2041-8213/acd77b
https://ui.adsabs.harvard.edu/abs/2023ApJ...949L..43R
http://dx.doi.org/10.1088/0004-637X/712/2/908
https://ui.adsabs.harvard.edu/abs/2010ApJ...712..908S
https://ui.adsabs.harvard.edu/abs/1973A&A....24..337S
http://dx.doi.org/10.1093/mnras/staa570
https://ui.adsabs.harvard.edu/abs/2020MNRAS.493.5218S
http://dx.doi.org/10.1051/0004-6361/201732023
https://ui.adsabs.harvard.edu/abs/2018A&A...619A.105T
http://dx.doi.org/10.1103/RevModPhys.28.277
https://ui.adsabs.harvard.edu/abs/1956RvMP...28..277T
http://dx.doi.org/10.1038/s41550-017-0293-z
https://ui.adsabs.harvard.edu/abs/2018NatAs...2...50V
http://dx.doi.org/10.3390/galaxies6010033
https://ui.adsabs.harvard.edu/abs/2018Galax...6...33W
http://dx.doi.org/10.1086/182648
https://ui.adsabs.harvard.edu/abs/1978ApJ...220L.117W
http://dx.doi.org/10.1117/1.JATIS.8.2.026002
https://ui.adsabs.harvard.edu/abs/2022JATIS...8b6002W
http://dx.doi.org/10.1038/s41550-018-0664-0
https://ui.adsabs.harvard.edu/abs/2019NatAs...3..258Z
https://doi.org/10.1017/pasa.2024.8

	Introduction
	Revisited theory of Polarization in Compton scattering
	Compton scattering of unpolarized photons
	Compton scattering of polarized photons
	A special case for polarization measurement at  = 0
	Lorentz invariance of the Stokes parameters

	Monte Carlo Method
	MC Results verification
	General modulation curve to estimate the PD  &  PA
	MC results for unpolarized incident photons
	MC results for polarized incident photons

	Modulation curve in perpendicular plane of incident photon for < 25: a detector working principle
	Polarization measurement along a meridian plane after single scattering
	Averaged degree of polarization
	Case I: Fixed k direction (along z-axis) for a given scattering plane
	Case II: (k k') lies on the meridian plane of k
	Case III: any fixed incident photon direction and a random scattering plane
	Case IV: k lies on the surface of cone at centre with opening angle i and a random scattering plane
	Case V: general case

	General results and Comparison with observations
	Multi scattering
	Energy dependency of polarization
	Geometry dependency
	Comparison with Observations

	Summary and Conclusions
	U  and Q  for polarized incident photons
	XTE J1701-462: spectro-polarimatric comparision 



