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Given a continuous, odd, reducible, and semi-simple 2-dimensional representation p,
of Gg,y, over a finite field of odd characteristic p, we study the relation between the
universal deformation ring of the pseudo-representation corresponding to o, (pseudo-
deformation ring) and the big p-adic Hecke algebra to prove that the maximal reduced
quotient of the pseudo-deformation ring is isomorphic to the local component of the big
p-adic Hecke algebra corresponding to p, if a certain global Galois cohomology group
has dimension 1. This partially extends the results of Bockle to the case of residually
reducible representations. We give an application of our main theorem to the structure
of Hecke algebras modulo p. As another application of our methods and results, we prove
aresult about non-optimal levels of newforms lifting 5, in the spirit of Diamond-Taylor.

This also gives a partial answer to a conjecture of Billerey—-Menares.

1 Introduction

Given an odd, continuous representation p; : Gal(Q/Q) — GL,(F), where F is a finite
field, it is natural to ask whether we can determine all its lifts to characteristic 0 (if
any) and whether all these lifts have some arithmetic significance. More concretely, if p
is the characteristic of F and O is the ring of integers of a finite extension of Q, with
residue field F and uniformizer @, then one would like to describe all representations
o : Gal(Q/Q) — GL,(O) such that p (mod @) = p; and determine whether all such p arise

from arithmetic objects (such as modular forms). These questions and their variants have
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been studied extensively for past three decades or so and they have become one of the
central topics in number theory.

In his seminal paper, Mazur ([34]) developed deformation theory of Galois rep-
resentations to study this question in more generality. In particular, after restricting
ramification, he proved the existence of the universal deformation ring of p,, which
interpolates all lifts of p, (up to equivalence) to complete local Noetherian rings with
residue field F when p; is absolutely irreducible. Let us denote this ring by R ; . In the case
when p, arises from an ordinary modular form, Mazur also proved that (under certain
hypotheses) the ordinary quotient of R is isomorphic to the Hecke algebra acting on a
space of ordinary modular forms of fixed level but arbitrary weights.

So it is natural to ask whether one can relate R itself to an arithmetic object. In
view of Mazur's theorem stated above, the Hecke algebra acting on a space of modular
forms of fixed level but arbitrary weights (i.e., a “big” p-adic Hecke algebra) seems to be

a suitable candidate to consider for this purpose.

1.1 History

Following this line of thought, Gouvéa conjectured, in his thesis ([22]) and in subsequent
work ([23]), that R is isomorphic to a suitable big p-adic Hecke algebra. This conjecture
was further explored by Gouvéa and Mazur in [24]. They proved that R is isomorphic
to a big p-adic Hecke algebra when p, is absolutely irreducible and unobstructed (i.e.,
R, is a power series ring of Krull dimension 4) by constructing an infinite fern in the
universal deformation space of p, using work of Coleman. Such theorems have come to
known as “big” R = T theorems in the field. Roughly speaking, big R = T theorems imply
that the set of points in the universal deformation space of p, corresponding to (p-adic
Galois representations attached to) classical modular eigenforms is Zariski dense.
Their results were extended by Bockle ([9]) to a wide range of representations.
In particular, Bockle ([9]) proved that, under some mild hypotheses (popularly known
as Taylor-Wiles hypotheses), if p, is absolutely irreducible and it arises from modular
forms, then R is isomorphic to a big p-adic Hecke algebra. In [1], Allen extended the
results and methods of Bdckle to prove big R = T theorems in the context of polarized
Galois representations for CM fields. He also proved big R = T theorems for Hilbert
modular forms under some hypotheses. The results of Allen ([1]) in the case of polarized
Galois representations for CM fields have been extended by Hellmann-Margerin—-Schraen

(26]) by generalizing the infinite fern argument of Gouvéa—Mazur and Chenevier.
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We refer the reader to the excellent introductions of both [9] and [1] to know
more about the history of big R = T conjectures, their arithmetic consequences, and a
nice summary of the techniques used by them to prove big R = T theorems. For a nice
summary of various important properties of the big p-adic Hecke algebras studied in
this article (including the Gouvéa—Mazur infinite fern), we refer the reader to a nicely
written article of Emerton ([20, Section 2]). Note that in [9], [1], and [26], p, is assumed to

be absolutely irreducible.

1.2 Aim and Setup

The main aim of this article is to explore big R = T theorems for reducible p,
Gonp — GLy(F). Note that as pg is reducible, the universal deformation ring of pg (in
the sense of Mazur) may not always exist. So the appropriate ring to consider here is
the universal pseudo-deformation ring of p, that is, the universal deformation ring
of the 2-dimensional pseudo-representation (in the sense of Chenevier) (tr(py), det(poy))
of Gg yp attached to py. The pseudo-deformation ring of p, depends only on its semi-
simplification. So we assume that p, is split reducible.

Note that, in [14], Chenevier uses the term determinant instead of pseudo-
representation and he formulates this notion using polynomial laws (see [14, Section
1.5]). On the other hand, a 2-dimensional pseudo-representation is a tuple of functions
that “behaves” like the trace and determinant of a 2-dimensional representation (see
Definition 2.2.1 for its precise definition). Moreover, in the case of dimension 2, the theory
of Chenevier determinants reduces to the theory of pseudo-representations (see [14,
Lemma 1.9]). In view of this equivalence, we work with pseudo-representations rather
than the polynomial laws that Chenevier uses.

Before stating our main result, let us first set up some basic notation and define
the objects that we will be studying.

Let p be an odd prime and N > 1 be an integer not divisible by p. Let Gg y,, be the
Galois group of the maximal extension of QQ unramified outside primes dividing Np and co
over Q. Let IF be a finite field of characteristic p and let W(F) be the ring of Witt vectors
of F. Denote by w, the mod p cyclotomic character of Gg y,. Let oy : Ggnp — GL,(F)
be a continuous, odd representation such that py = x; ® x, for some continuous
characters x;, Xy : Gonp — F*. Let y = )21)22_1 and N, be the tame Artin conductor of p.
Let C be the category of complete local Noetherian rings with residue field F. Let Rg;i be
the universal deformation ring of the pseudo-representation (tr(sy), det(py)) : Gonp = F

in C and let (Rgg)red be its maximal reduced quotient.
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If Ny | N, then it is easy to see that p, arises from a modular eigenform of level
N (see Lemma 2.4.3). Let T(N);, be the big p-adic Hecke algebra defined in §4.1. Roughly
speaking, it is the completion of the Hecke algebra away from Np acting on the space of
modular forms of level N and arbitrary weights at its maximal ideal corresponding to
po- The fact that p, arises from a modular eigenform of level N implies the existence of
this maximal ideal. Note that it is a reduced complete local Noetherian ring with residue
field F and there exists a pseudo-representation (ty,&y) : Gonp — TIV) 5, deforming
(tr(py), det(py)) (see Lemma 4.1.1).

1.3 Main results

We are now ready to state our main theorem. We are stating a slightly weaker version of

the theorem in order to avoid defining more notation.

Theorem A (see Theorem 4.2.1, Corollary 4.2.4, Corollary 3.2.2). Suppose N, | N,
X|G@p £ 1,w51|GQp, dimF(Hl(GQINp,f()) =1and p { ¢(N). Then:

1. The morphism & : Rgg — T(@)j, induced by the pseudo-representation
(ty. 8y) induces an isomorphism (RES)rEd >~ T(N),, of reduced local complete
intersection rings of Krull dimension 4.

. . - d

2. Moreover, if 1 < dimp(H' (G, X ~1)) < 3, then the map @ : Rf)_’o — TN,

is an isomorphism of reduced local complete intersection rings of Krull

dimension 4.

We prove a big R = T theorem when p | ¢ (V) as well (see Theorem 4.2.1 and
Corollary 2.3.4). However, we need to replace T(V) ;) with a big Hecke algebra of higher
level. The reason behind this is the fact that if p | ¢ (IV), then it is possible that p, arises
from a newform of level N’ such that N’ > N and the prime factors of N and N’ are
the same (for instance, see the discussion after [9, Theorem 2.7]). Note that Theorem A
has been proven in a special case in [16] using different methods (see [16, Theorem 5.3,
Corollary 5.4]).

Among all the hypotheses of Theorem A, the hypothesis about cyclicity of
H! (Gg,np- X) is the strongest. We discuss this hypothesis in §1.4 and §2.4.

We say that f is an eigenform of non-optimal level lifting p, if p, arises from f,
the level of the newform underlying f is strictly bigger than N, (the tame Artin conductor
of py) and not divisible by p. We have borrowed this convention from a work of Diamond
and Taylor ([18]). As an application of our methods and results, we prove a result about

non-optimal levels of modular eigenforms lifting p,.
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Theorem B (See Theorem 5.3.2, Corollary 5.3.3). Let{,,--- ,{, be primes such that ¢; { N,
)'(|6in = wz;llGin and p t ¢; — 1 forall 1 < i < r. Suppose )'(|GQP + 1'0)I;I|GQP’
dimp(H' (G yops X)) = 1 and j, is unramified at p. Suppose x;X, = 1}0)’50_1, with ¢
unramified at p and 2 < ky < p.

1. For every integer k = k; (mod p — 1), there exists an eigenform f of weight k
and some level N’ such that []}_, ¢; | N/, p, arises from f and f is new at ¢; for
everyl <i<r.

2. Moreover, if p { ¢ (IV), then for every integer k = k; (mod p — 1), there exists a
newform f of weight k and level N, []_, ¢; such that 5, arises from f.

For r = 1, Theorem B gives an analogue of Ribet's level raising theorem for
reducible representations and it is known, under less restrictive hypotheses, for k = k;
and p, =1 @w’;"_l by work of Billerey—-Menares (see [7, Theorem 1]). Moreover, in [8], they
have also proved a version of Theorem B for r = 1 and general p, (see [8, Theorem 2]).
Their methods are different from our methods. For r > 1, such results have been obtained
by Yoo ([50]) and Wake-Wang-Erickson ([44]) in the case of p, = 1 ® w,, using different
methods. Note that this case is excluded from our results. To the best of our knowledge,

no other such results are known for r > 1.

1.4 Cyclicity of H (G np, X)

As ¥ is odd, the global Euler characteristic formula implies that H! (Gop: X) #0.In8§2.4,
we analyze the condition dim(H 1(GQJ\,p, x)) = 1 to give an equivalent reformulation of
this condition in terms of restriction of x at primes ¢ | Np and vanishing of the wp 31
component of a certain class group (see Lemma 2.4.1). This allows us to get a family of
examples where the equality dim(H' (Gg,np X)) = 1 holds (see the examples appearing
after Lemma 2.4.1).

For instance, when Ny =1, we get:

1. Supposep>5and2<k< p—1isan even integer. Then dim(H' (Gop w’li_l)) =1

if one of the following conditions hold:

e k =4,6. For k = 4, this follows from work of Kurihara ([31, Corollary
3.8]) and for k = 6, this follows from [30, Corollary 7.1].
e p=3 (mod4) andk = l%l This follows from work of Osburn ([36,
Theorem 1.1]).
2. Suppose k and p satisfy the conditions given above and ¢, - - , ¢, are primes

such that p { [[;_; ¢; and Effz # 1 (mod p) forall 1 <i < r. Then Lemma 2.4.1
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implies that dim(Hl(GQ'pl—Lr=l Zi,wlgfl)) = 1. Hence, in all these cases, the
tuple (p, [1i_; 4 0p @ wg”“l), for any integer a, satisfies the hypotheses of
Theorem A. In these cases, if either kK = 4 or p = 3 (mod 4), then 2;‘_2 # 1
(mod p) if and only if ¢; # +1 (mod p).

2. If k > 2 is an even integer and p > k + 1 is a prime such that p { B,
(where B;, is k-th Bernoulli number), then using Herbrand-Ribet theorem
and reflection principle, we get that dim(H 1(GQ,p,a)Il,*k)) = 1. Moreover, if
£y, ,¢, are primes such that p { Hle ¢; and p ¢t Ei.‘ —1foralll <i<r,
then Lemma 2.4.1 implies that dim(Hl(GQ,pl—[lr=1 Ki,wl},‘k)) = 1. Therefore, the
tuple (p, [1i—; L, 0f © a)g““l), for any integer a, satisfies the hypotheses of
Theorem A. Note that we have only excluded finitely many primes p here.

Given a prime p > k + 1, the set {¢ | £ is a prime,p { £¥ — 1} is infinite with
p-m-1_¢(p-1)
p—1 = p-1

¢ is Euler's totient function.

Dirichlet density , where m is the gcd of kand p—1 and

3. In general, if Vandiver's conjecture is true, p > 5, k is an even integer such
that k #£ 0,2 modp — 1 and ¢,,--- , ¢, are primes such that p { Hle ¢; and
pt Ei.‘_z —1foralll <i < r, then dim(H! Gy, Ei,a)’;l)) = 1 and hence,
the tuple (p, [1;_, 4, 0f @ a)ngk*I), for any integer a, satisfies the hypotheses
of Theorem A.

On the other hand, if ¢ is a prime such that £ = £1 (mod p), N is an integer
divisible by ¢ and k is an even integer, then dim(Hl(GQle,a)’;_l)) > 2 (see Lemma 2.4.2).
Thus, when Ny =1, (7,13,1 & a)g) is the “smallest” tuple that satisfies all the hypotheses
of Theorem A except the cyclicity of H' (Gg,yp, X)-

1.5 Sketch of proofs of main results

We now give a brief sketch of the proofs of our main theorems. Our basic strategy is
similar to that of Bockle ([9]) and Allen ([1]), which we will describe now. Bockle and
Allen prove big R = T theorems by proving that every component of Spec(R;,) contains a
modular point (i.e., a prime corresponding to a modular eigenform of level IV lifting ),
which is also smooth. To prove the existence of such points, both Bockle and Allen first
show (using different methods) that certain locus in the universal deformation space
is defined by a suitable number of equations. This is a key step in both [9] and [1].
Then they combine this result with the corresponding small R = T theorems and a
result of Bockle ([11, Theorem 2.4]) about a presentation of the universal deformation

rings (or an analogue of this result) to show that the universal deformation rings are
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local complete intersection rings of appropriate dimension. Using this property of the
universal deformation rings, along with the number of equations giving the chosen
locus and corresponding small R = T theorems, they prove the existence of the desired
modular points.

We also follow similar steps to prove Theorem A. However, as we are dealing
with residually reducible representations, there are some obstacles. Note that the
presentation result of Bockle ([11, Theorem 2.4]) states that the universal deformation
ring of a representation p : Ggy, — GLy(F) (when it exists) is a quotient of the
power series ring W(F)[X;, - - ,Xdlﬂ by an ideal J generated by at most d, elements,
where d; = dimF(Hi(GQ'Np,Ad([)))) for i = 1,2 and Ad(p) is the adjoint representation
associated to p. We do not have an analogue of this result for the pseudo-deformation
rings and very few “small” R = T theorems are available. Moreover, the pseudo-
deformation rings are also not always local complete intersection rings (see [16, Corollary
4.20] for example). Hence, we need to use slightly different techniques in order to make
our strategy work.

As a first step, we replace the pseudo-deformation ring Rﬁg with a deformation
ring. To be precise, let x € H' (Go,np: X) be a non-zero element, p, be the non-trivial
extension of x, by X, corresponding to x, and R; be the universal deformation ring
of p, (in the sense of Mazur), which exists due to [38]. Since we are assuming that
dimF(Hl(GQle, x)) = 1,[16, Theorem 3.12] implies that the map R%j — T(N),, factors
through R .

Note that, the existence of a map R; — T(IV),, is equivalent to the existence of a
deformation of p, to T(N), . However, in general, a deformation of p, to T(N);, may not
exist and consequently, there may not be any map from R; to T(N); . But [16, Theorem
3.12] implies that such a deformation does exist when dim]F(H1 (Gonp: X)) = 1.

To illustrate this point further, we construct, using the assumption
dimF(Hl(GQ'Np, %)) = 1, a deformation p : Gonp = GLa(T(WV)5,) of p, such that tr(p) = 1
and det(p) = 8 (see Lemma 4.1.3 and its proof). This, along with the universal properties
of Rgg and R et also allows us to conclude that the map RES — T@) 5, factors through
R; .So in the rest of the article, we compare R; with T@)5,-

Let p"™V be the universal deformation of p,. As a key step in our proof, we obtain
a description of R /-)X[puni"(GQp)] in the form of a Generalized Matrix Algebra (GMA) (in
the sense of [4]) and use it to obtain elements «, 8,8; € R; for every k > 2 such that if
I, = (a, B,8;), then:

1. be/lk is a finite W([F)-algebra of Krull dimension 1,
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k-1
p

character of finite order and y,, is the p-adic cyclotomic character.

2. p"V (mod I) is p-ordinary with det(p™" (mod I})) = x5!, where ¢ is a

Note that the proof of Claim (2) above follows directly from the definitions of the
elements «, 8, and §;.. We split the proof of Claim (1) above in two cases: one in which the
hypotheses of Skinner-Wiles [41] hold and one where they do not hold. In the first case,
we use the small R = T theorem proved by Skinner-Wiles ([41, Theorem 6.1]) to conclude
the finiteness, while in the second case we use a finiteness result proved by Pan ([37,
Theorem 5.1.2]). This also implies that R;_is a local complete intersection ring of Krull
dimension 4.

We then combine the results from previous paragraph with an appropriate
modularity lifting theorem to conclude the existence of a modular point in every
component of Spec(R; ). To prove the smoothness of these points, we either use a small
R = T theorem (when it is available) or a combination of other appropriate results. To be
precise, in the first case, we only use [41, Theorem 6.1] to conclude the existence of smooth
modular points. However, in the second case, no small R = T theorems are available. So
we combine a modularity lifting result of Skinner-Wiles ([42, Theorem Al), results of
Kisin ([28]) and Weston ([47]) about the smoothness of the universal deformation ring of
the p-adic Galois representation attached to a modular eigenform and Proposition 2.4.4
to conclude the existence of smooth modular points in every component of Spec(R; ).
Combining the existence of smooth modular points in every component of Spec(R; )
with the Gouvéa—Mazur infinite fern argument gives us Theorem A.

Since Pan’s finitness result has less restrictive hypotheses than those of
[41, Theorem 6.1], all the arguments that we use in the second case also work in the first
case. However, we prefer to keep different proofs for both the cases as their arguments
are different and the proof in the first case is shorter. Note that in the second case, one
can prove small R = T theorems under some hypotheses using either the ordinary R =T
theorem proved by Wake-Wang-Erickson ([43]) or the results proved by Berger—Klosin
([6]) and then use the arguments of the first case of the main theorem to prove abigR =T
theorem under those hypotheses. However, this will only cover a small proportion of the
cases not satisfying the hypotheses of [41].

To prove Theorem B, we combine Proposition 3.2.1 with the main theorem of [42]
and [10, Theorem 4.7] to get a description of the universal deformation ring of p, for
Gg,np (where N = Ny [];_, ¢;) in terms of the universal deformation ring of 5, for Gg y,,,
(in the spirit of [10, Theorem 4.7]). We then use this description along with an analogue

of Corollary 3.2.3 and the modularity lifting theorem of [42] to conclude the theorem.
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1.6 Remarks on general case

Note that we prove our main theorem by relating T(IV),, with the universal deforma-
tion ring (in the sense of Mazur) of a non-split reducible representation and proving
that they are isomorphic (see Theorem 4.2.2). As mentioned in §1.5, there may not be
a representation over T(N), giving rise to the pseudo-representation (ty,dy) when
dimF(Hl(GQ'Np,)'()) > 1 and dimF(Hl(GQpr,)‘(_l)) > 1. As a result, we cannot compare
T(N);, with the universal deformation ring of a non-split reducible representation.

But even in this case, one can use Pan’s finiteness result ([37, Theorem 5.1.2])
to get an analogue of Proposition 3.2.1 (which is a key ingredient in the proof our
main theorem) as long as )?IGQP # 1 and the dimensions of the images of both the
restriction maps HI(GQ’NP,)'() — HI(GQP,)Z) and Hl(GQ,Np,)Tl) — Hl(GQp,)'(*l) are 1.
However, in order to conclude the existence of a modular point in every component of
Spec(Rg:) using our arguments, we need to know that the dimension of every component
of Spec(R]g;1
and dimy(H 1 (Go,np: x~1) > 1.If one can prove that the dimension of every component

) is at least 4. But such results are not known when dimF(Hl(GQNp, X)) >1

of Spec(Rgg) is at least 4, then our proof in the second case (after replacing modularity
lifting results of Skinner-Wiles ([41], [42]) with a modularity lifting result of Pan ([37,

Theorem 1.0.2])) will give us big R = T theorems in almost all such cases.

1.7 Structure of the paper

In §2, we list all the notations and describe the setup that we will be working with.
Then we define various deformation rings that we will be working with and gather some
background results and miscellaneous results that will be used in the proof of the main
theorem. In §3, we study properties of R; to prove some results about its structure.
We also prove the key finiteness result mentioned above and the existence of a smooth
modular point in every component of Spec(R; ). This section forms the backbone of this
article. In §4, we review definitions and properties of the big p-adic Hecke algebras
and prove the main theorem. We also give an application of our main theorem to Hecke
algebras modulo p. In §5, we first prove some preliminary results and then combine them
with the finiteness result from §3 to prove Theorem B. We have tried to keep this section

self-contained and independent from all sections other than §3.

2 Preliminaries

In this section, we will collect some notation, definitions, and preliminary results that

will be used later in the article.
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2.1 Notations and setup

We keep the notation developed in the previous section and also introduce some
additional notation here. For an integer M, let Gg »y, be the Galois group of the maximal
extension of Q unramified outside primes dividing Mp and oo over Q. For a prime ¢, denote
the absolute Galois group of Q, by G, and its inertia subgroup by J,. Fix an embedding
. : Q — C and for every prime ¢, fix an embedding ¢, : Q — Q,. For a prime ¢ and an
integer M, denote by i, 5, : Gg, — Gg up the map induced by ¢,.

For a representation p of Gg ;. We denote the representation p o i,y by :0|G@£
and denote the restriction of '0|GQ€ to I, by ply,- Denote the mod p cyclotomic character of
Ggmp by @, and the p-adic cyclotomic character by x,. By abuse of notation, for every
prime ¢, we also denote wpngi and XP|GQ5 by wp and Xp: respectively.

If n : Gy up — F* is a character, denote its Teichmiiller lift by 7. All the represen-
tations, pseudo-representations, and cohomology groups that we consider in this article
are assumed to be continuous unless mentioned otherwise. Given a representation p of
Go.mp defined over F, denote by dim(Hi(GQlMp,p)), the dimension of Hi(GQ’Mp,p) as a
vector space over F. If K is a number field, then we will denote its class group by Cl(K).

If R is aring, then denote by M, (R) the R-module consisting of 2 x 2 matrices with
entries in R. If Pis a prime ideal of R, then denote by (R), the localization of R at P. Denote
by (R)™¢ the maximal reduced quotient of R and by R* the group of units of R. If K is a
field and p : Gomp — GLy(K) is a representation, then denote by Ad(p) the representation
on M,(K) in which the action of g € Gg 5y, 0n M, (K) is given by conjugation by p(g).

We will now briefly recall the setup that we introduced in the previous section
and also introduce some additional hypotheses. We will work with this setup and keep

the hypotheses of this setup throughout the article unless mentioned otherwise.

Setup 2.1.1. Let pj : Ggyp — GLy(F) be an odd representation such that gy = x; @ X,
for some characters x;, X : Ggnp — F*. As pyis odd and pis odd, x; # x,.Let x = Xkt
and denote by Fg, the extension of Q fixed by ker(x). Throughout this article, we assume

that )'(|GQP # l,wljl and dim(Hl(GQ'Np, %)) = 1 unless mentioned otherwise.

We finish this subsection by introducing one more piece of notation. We say that
a modular form f has level M if f is a modular form of level I'; (M). For an eigenform f of
level M, denote by Oy the ring of integers of the extension of Q, obtained by adjoining
the Hecke eigenvalues of f to Qy, denote by of the uniformizer of Of and denote by
st Goup = GLp(Of) the semi-simple p-adic Galois representation attached to f such
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that for every prime ¢ t Mp, tr(pg(Frob,)) is the T,-eigenvalue of f. We say that pr lifts py
if (tr(op), det(py) (mod wy) = (tr(7p), det(5p))-

2.2 Deformation rings

In the Setup 2.1.1 established in the previous subsection, we will now define various
deformation rings. We will be working with the pseudo-representations introduced by
Chenevier in [14], which generalizes the theory of pseudocharacters developed by Procesi,
Wiles, Taylor, Nyssen, and Rouquier (see the introduction of [14] for more details). We

begin by recalling the definition of 2-dimensional pseudo-representations.

Definition 2.2.1. Given an integer M and a complete Noetherian local ring R, a con-
tinuous pseudo-representation of G,y on R of dimension 2 is a tuple of continuous
functions (t,d) : Gomp — R such that

d: Ggyp — R™ is a group homomorphism,

u(l) =2,

t(gh) = t(hg) for all g,h € Gomp:

d(g)t(g—"h) + t(gh) = t(g)t(h) for all g, h € Gg .

W=

We refer the reader to [5, Section 1.4] for the definition and properties of
2-dimensional pseudo-representations. Since p,; is a 2-dimensional representation,
(tr(py), det(py)) : Gonp — F is a continuous 2-dimensional pseudo-representation of
Gg,np- Throughout this article, we will only be working with continuous 2-dimensional
pseudo-representations. So for the ease of notation, we will just refer to them as pseudo-
representations from now on. Recall, from §1.2, that Chenevier actually introduced
the notion of determinants in [14] to generalize the notion of pseudocharacters. In
the case of dimension 2, he established a bijection between the set of R-valued
determinants of Go,mp and the set of R-valued pseudo-representations of Go,mp recalled
in Definition 2.2.1 above (see [14, Lemma 1.9]).

If R is an object of C, denote its maximal ideal by mg.

Definition 2.2.2. Let Rgg be the universal deformation ring of the pseudo-representation
(tr(py), det(py)). So Rgg is an object of C, which represents the functor from C to the
category of sets that sends an object R of C to the set of 2-dimensional pseudo-
representations (¢,d) : Gonp — R such that ¢t (mod mg) = tr(py) and d (mod mg) =
det(pg).
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The existence of R%j is proved by Chenevier (see [14, Proposition 3.3] and
[14, Proposition 3.7]). Given a pseudo-representation (t,d) : Ggy, — R, denote by
(tIG@p,d|GQp) the pseudo-representation (t o ip'N, do ip'N) : G@p — R.

Definition 2.2.3. Since we are assuming )Z|G@p # 1, there exists a g, € G@p such that
Xx1(9o) # X2(gg). Fix such a gy € GQp' Letx € HI(GQINP, Xx) be a non-zero element. Define
Px : Ggnp = GL,(F) to be the representation such that

0

_ x1(9o) 0
2. px(go) = i} .
° ( 0 Xz(go))

Let R; be the universal deformation ring (in the sense of Mazur ([34])) of p, in C

univ

1. p(9) = (Xl(g) ) *g)) for all g € Gg,yp, Where * corresponds to x,
X2

and p : Ggnp = GLy(R;)) be a universal deformation of p,.

Since we are assuming that x; # X, and x # 0, the existence of R; follows from

work of Ramakrishna ([38, Theorem 1.1]).

Definition 2.2.4. For x and p, as given in Definition 2.2.3, let oy : Gy, — GLy(F)
be the representation given by p, = p, ® )22_1. Let R%Zl be the object of C, which
represents the functor from C to the category of sets that sends an object R of C
to the set of equivalence classes of representations p : Gonp — GL(R) such that

¥y % 2 .
o v, , ¥2(I) = 1 and detp| = prlxp|1p. A deformation

of p of pj satisfying the conditions given above is called a Selmer deformation of
Py (see [41]).

p (mod mp) = A}, plg, = (

The deformation ring R%?l is defined in [41, Section 2] and its existence is proved

by combining [34, Proposition 3] and [38, Theorem 1.1].

Definition 2.2.5. Let R?d'ord be the object of C, which represents the functor from C to
the category of sets sending R to the set of pseudo-representations (t,d) : Ggy, — R
such that ¢t (mod mg) =1+ ),d = x and t|GQp = Y, + 1, where ¥, and y, are characters
of Gg, = R* lifting 1 and x |GQp’ respectively.

pd,ord
X
X |G@p # 1, it is easy to verify the existence of R

The deformation ring R is defined by Pan in [37, Section 5.1.1]. Since

pd,ord
F .
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Remark 2.2.6. Note that, the notions of p-ordinary pseudo-representations have also
been formulated by Wake-Wang-Erickson ([43, Definition 3.5.1] and [44, Definition 3.8.1])
and Calegari-Specter ([12, Definition 2.5]). However, both sets of authors formulate
the p-ordinary condition as a global condition. In contrast, Pan formulates the p-
ordinary condition as a purely local condition (as seen in Definition 2.2.5). The
p-ordinary condition of Pan is included in the formulations of both Calegari-Specter
and Wake-Wang-Erickson. Thus, their p-ordinary conditions are stronger than those of
Pan. As a result, the p-ordinary pseudo-deformation rings of Calegari-Specter and Wake-
Wang-Erickson for the pseudo-representation (1 + j, x) arise as quotients of R?(d'ord.

Since (tr(p"), det(p"™™V)) is a deformation of (tr(py), det(py)), it induces a map

. ppd - . .
F,:R; " — Rj . We first recall a result of Kisin regarding this map F,.
Lemma 2.2.7. If dim(Hl(GQ,Np, %)) = 1, then the morphism F, is surjective.

Proof. This is part (2) of [29, Corollary 1.4.4]. |

In fact, one can say a bit more. We recall here a result from [16]:
Proposition 2.2.8. If dim(H 1(GQNID, x)) = 1, then the kernel of F, is nilpotent.

Proof. This is just [16, Theorem 3.12]. |

Thus we see that the map F, induces an isomorphism between (Rg;i)red and

(Rﬁx)red. So, we will mostly focus on the ring R; from now on.

2.3 Background results

In this subsection, we will collect several results from the literature that will be
frequently used in this article.

We begin by defining the tame Artin conductor of a Galois representation. If ¢ is
a prime and p is a representation of Gg,, then denote by (p) the subspace of p on which

the inertia group I, acts trivially (i.e., the subspace of I,-invariants).

Definition 2.3.1.

1. Let K be a finite extension of Qp and p : Gonp = GLy(K) be a representation.
Let S, = {¢ | ¢ is a prime, £ # p and ¢ | N}. For a prime ¢, let

e,(p) = dim(p) — dim((plg,,)") + sw(plg,, ),
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where sw(p|GQK) is the Swan conductor of '0|G@g . Then the tame Artin conduc-
tor of p is [],eg, €7,

2. Let p : Gonp — GL,(F) be a representation. Let Sﬁ = {¢ | £is a prime, ¢ #
p and ¢ | N}. For a prime ¢, let

e,(p) = dim(p) — dim((plg, )"*) + sW(plg, ),

where sw(,5|GQe) is the Swan conductor of '5|GQ15 . Then the tame Artin conduc-
tor of f is []pes, €%

Thus, while defining the tame Artin conductor, we are excluding the contribution
coming from p. We refer the reader to [32, Section 1] for the definition of the Swan
conductor and other details.

We now recall a well known result that relates the tame Artin conductor of the

p-adic Galois representation p attached to a newform f to the tame level of f.

Proposition 2.3.2. Let f be a newform and p; be the semi-simple p-adic Galois rep-
resentation attached to f. Then the tame Artin conductor of pr is equal to the tame
level of f.

Proof. This is [32, Lemma 4.1]. | |

Given a finite set of primes S that includes the primes dividing N,;, we now
determine the greatest possible tame level of a newform f such that p; lifts p, and the
prime divisors of the tame level of f are contained in S. For a prime ¢, denote the standard

¢-adic valuation by v,. We first recall a result of Carayol.

Proposition 2.3.3. Let f be a newform of tame level N such that p; lifts p, and ¢ be a
prime dividing N. Then:

Ifpt¢?—1and{{N,, then v,(N) = 1 and Xlg,, s either wp|g, or w;1|GQ£.
Ifptf—1and{| Ny, then v,(V) = v, (V).

Ifp|€¢—1and{{Ny thenv,(V) < 2.

Ifp|¢—1and{|N,, then v,(N/N,) < 1.

Ifp|¢—1,¢|Nyandboth x; and ), are ramified at ¢, then v,(IV) = v,(IVy).
Ifp|¢+1and 1Ny, then v,(V) <2 and Xlgq, = @pleg,-

o Ok W
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Proof. By Proposition 2.3.2, the tame Artin conductor of Pr is N. As Pr lifts py and N,
is the tame Artin conductor of py, Ny | N. The proposition now follows directly from
[13, Proposition 2] and [13, Remark 1.5]. |

As a corollary, we get:

Corollary 2.3.4. Let N be an integer such that N # 1, N | N and dim(Hl(GQle, ) =1.
For every prime ¢ | N such that p | £ — 1, suppose the following holds:

1. If £ { Ny, then ¢2 | N.

2. If £ | Ny and either x; or x, is unramified at ¢, then ¢ | Nﬂo

Suppose there exists a newform f such that p lifts p, and let the tame level of f

be N'. If every prime divisor of N’ is also a prime divisor of N, then N’ | N.

Proof. Since dim(H! (GQle,)'()) = 1, it follows, from Lemma 2.4.1, that if £ | N, then

X |GQz #* “)plG@z . The corollary now follows directly from Proposition 2.3.3. |

We now recall some results about deformation rings. We begin with a presenta-

tion result for deformation rings, which was proved by Mazur and Bockle.

Proposition 2.3.5. Let X;, X, : Ggup — F* be distinct characters such that x; & x,

is an odd representation and let ¥ = )21)22_1. Let x € Hl(GQpr,X) be a non-zero

X1

*
element and p, be a representation given by ( B ), where * corresponds to x. Let

X2
R; be the universal deformation ring of p, in C. Let d = dim(Hl(GQle,Ad(ﬁX))) and

d = dimH Z(GQ,Np’ Ad(p,))). Then there exists a surjective map
F:WE[X,, -, X4] — R,

such that ker(F) is generated by at most d’ elements.

Proof. This is [11, Theorem 2.4]. |

A presentation result for deformation rings, similar to Proposition 2.3.5, was
first proved by Mazur (see [34, Proposition 2] and its proof). However, Mazur proved it
only for mod p universal deformation rings of absolutely irreducible representations. So
Proposition 2.3.5 is a generalization of Mazur’s result and it was proved by Bockle in [11]

using ideas from the proof of Mazur’s result.
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We now recall some results about universal deformation rings of characteristic
0 Galois representations. Let K be a finite extension of Qp and p : Gonp — GLy(K)
be a representation. If the only GQINp-linear endomorphisms of p are scalars, then the
existence of the universal deformation ring of p (in the sense of Mazur) has been proved
by Kisin ([27, Lemma 9.3]). To be precise, let D be the category of local Artinian algebras
with residue field K. Let H be the functor from D to the category of sets, which sends an
object R of D to the set of deformations (i.e., equivalence classes of lifts) of p to GL,(R).

Then Kisin has proved the following:

Lemma 2.3.6. If all GQINp-linear endomorphisms of p are scalars, then the functor # is

pro-representable by a complete local Noetherian ring R, with residue field K.

Proof. This is [27, Lemma 9.3]. [ |

The ring R, obtained in Lemma 2.3.6 above is known as the universal deforma-

tion ring of p. We also have an analogue of Proposition 2.3.5 for R ,.

Lemma 2.3.7. Suppose p : Ggu, — GLy(K) is a representation such that all
its GQ,Np—linear endomorphisms are scalars. Let d = dim(Hl(GQ'Np,Ad(p))) and
d = dim(H 2(GQNP, Ad(p))). Then there exists a surjective map

F:K[Xy, - ,X4] > R,

such that ker(F) is generated by at most d’ elements.

Proof. This follows directly from the proof of [27, Corollary 9.8], which uses ideas from
the proof of Mazur's result ([34, Proposition 2]). |

Let p, be the representation defined in Definition 2.2.3 and let R; be the universal
deformation ring of p, in C.

Let P be a prime of R; such that R; /P is a finite extension of W(F). As R; /P
is also an integral domain, there exists a finite extension K, of Q, such that R; /P is
isomorphic to a subring of Kp. We fix such an isomorphism and let pp : Gg,yp = GLy(Kp)
be the representation obtained by composing p"™V (mod P) with this isomorphism. Note
that pp is odd as p, is odd. Suppose pp is either absolutely irreducible or a non-trivial
extension of two distinct characters. Then, by Lemma 2.3.6, the universal deformation

ring R, of pp exists.
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Let (R; )p be the localization of R; at P and (@ be the completion of
(Rj,)p with respect to its maximal ideal. We now recall a result of Kisin relating R,
and R; .

Proposition 2.3.8. Under the notation established above, the universal deformation ring
R,, of pp (when it exists) is isomorphic to (ﬁﬁx\)P and the Krull dimension of R, is at
least 3.

Proof. The isomorphism between R,, and (@ is given in [27, Proposition 9.5]. The
lower bound on the Krull dimension of R,, follows directly from oddness of pp and
[27, Corollary 9.8]. [ |

Now we will recall a result of Kisin ([27]) and Weston ([47]) about unobstructed-

ness of pp when pp arises from a modular form. We keep the notation established above.

- - -—1
Let x = x1x3 -

Theorem 2.3.9. Suppose pp is the p-adic Galois representation attached to a newform f.
Suppose one of the following hypotheses hold:

1. x # w’lg for any integer k.

2. f is not a CM modular form, p does not divide the level of f and ,oP|G@[ is

special for all primes ¢ dividing the level of f.

Then R, ~ K[Ty, Ty, T;].

Proof. By Lemma 2.3.7, we know that R, =~ K[T,, Ty, Ty] if dim(H! (GQ'Np,Ad(pP))) =3
and HZ(GQ'NP,Ad(pP)) = 0. As pp is odd, the global Euler characteristic formula ([27,
Lemma 9.7]) implies that HZ(GQ,NP,Ad(pP)) = 0 if and only if dim(Hl(GQ'Np,Ad(,oP))) =3.
Hence, it suffices to prove that dim(H! (Go,np: Ad(pp))) = 3.

In the case of Part (1), we know this from part (2) of [28, Theorem 8.2]. Moreover,
from the proof of [28, Theorem 8.2], it follows that dim(Hl(GQle, Ad(pp))) = 3 if a certain
Selmer group (which is also a subgroup of H! (Go,np: Ad(pp))) vanishes. Now if f satisfies
the conditions of Part (2), then Weston ([47]) has proved that this Selmer group vanishes
(see [47, Theorem 1] and the proof of [27, Theorem 11.10]). This completes the proof of
the theorem. |

We now record a well-known basic result about p-adic Galois representations

arising from Eisenstein series.
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Lemma 2.3.10. Let K be a finite extension of Q, and O be the ring of integers of K. Let
X1 X2 * Ggnp — O be characters of finite order. Let IV be the product of the conductors

of x; and x,. If kK > 1 is an integer such that p = x; & xzx}j‘*l

is an odd represen-
tation of Gg yp, then there exists an Eisenstein series E of level N and weight k such

that p = pg.

Proof. The lemma follows immediately from a standard construction of Eisenstein
series of level N and weight k using the characters x; and x, and the definition of the

p-adic Galois representation attached to an Eisenstein series. |

We finish this section by recalling the generalization of Krull's principal ideal

theorem.

Theorem 2.3.11. Suppose R is a Noetherian ring of Krull dimension « and I is an ideal

of R generated by a;,--- ,a4 € R. Then the Krull dimension of R/I is at least ¥ — d.

Proof. This is [19, Theorem 10.2]. [ |

2.4 Some miscellaneous results

We begin with a result giving necessary and sufficient conditions for dim(H' (Go,np X))
to be 1. Let K; be the extension of Q fixed by ker(i‘lwp). So K is a subfield of F (&),
where ¢, is a primitive p-th root of unity in Q. Recall that we denote the class group
of K;; by Cl(Ky). Note that Gal(K;/Q) acts on the F-vector space Cl(Kj)/Cl(K;)? ®F, .
Given a character 7 : Gal(KX/Q) — F*, denote by (Cl(K)-()/Cl(KX)p)[n] the subspace of
CL(Ky)/CL(K;)P ®r, F on which Gal(K;/Q) acts via the

character 7.
Lemma 2.4.1. We have dim(Hl(GQ'Np, x)) = 1 if and only if the following conditions
hold:
1. X|G@z # wp|GQg for all primes ¢ | Np,
2. (Cl(K;)/CLE)P)lw,x 11 =0.
Otherwise, dim(H' (Gg yp, X)) > 2
Proof. Asjis odd, the global Euler characteristic formula implies that H! (Ggnp: X)# 0.

Therefore, if dim(Hl(GQ'Np, X)) # 1, then dim(Hl(GQle, %)) > 2. So we will now focus on
the case when dim(H' (Gg y,, X)) = 1.
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By the Greenberg—Wiles formula ([46, Theorem 2]) and the local Euler character-

istic formula, we have

dim(H' (G wp, X)) = Am(Hy (Gg pp 0px ) + 1+ dimEH Gy, 0 x l6g,))

+ > dimH Gy, wp% gy, ) (1)
LN

where

Hy (G np wpx ) =ker(H' (Gg s 0, X ) — Hl(GQp,wpx*HGQp) ><HH1 (GQ(,wpi’HGQl)).
N

Hence, dim(H! (Gonp: X)) =11if and only if the following conditions hold:

1. HO(GQe,a)p)'(—HGQ() = 0 that s, X|g,, # wplg,, for all primes ¢ | Np,

2. Hé(G@le,wp)'(*l) =0.

By the first condition above, we know that if £ | Np, then a)p)‘( -1 |G@( # 1. Therefore,
for all primes ¢ | Np, ker(H' (Gg,, a)p;Z‘l l6o,) H! (I@,a)p)'(—l |z,)) = 0. Indeed, if we denote
the representation wp)_(A'G@g of G, by V, and the subspace of V, fixed by I, by (V)*,

then the inflation-restriction sequence implies that
H'(Gg, /1, (V") = ker(H' (Gg,, wpx gy, = H' Uy, wpX ' 1p,)-

However, from [46, Lemma 1], we know that |H'(Gg,/I,, (V))")| = |H%(Gg,, V,)|. Since
a)px—1|GQK #1,H%(Gq,, V,) = 0 and hence, H' (Gg, /I,, (V,)"*) = 0. This proves our claim.

Hence, we have

Hy (Goupr @pX ) = ker(H' (Go s 0p X ) = H' Ty, 0, x My ) x [ [H Ty wpx 1))
LN

So H&(GQ'Np, a)p)Z_l) classifies isomorphism classes of extensions

0—>a)p)2_1—>V—> 1—->0
of Gy-representations that are unramified everywhere.
Hence, a non-zero element of Hé(GQle,wp)Z‘l) gives a Galois extension K of
Q such that K; C K, K is an everywhere unramified extension of Ky, Gal(K/Kjy)

is isomorphic to an Fp—vector subspace of F and Gal(KX/Q) acts on Gal(K/KX) via
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the character o, %~ L. On the other hand, a Galois extension K of Q satisfying all the
properties mentioned above gives a non-zero element of Hé (Gonpr @p .

Therefore, by Hilbert class field theory, it follows that if the first condition above
holds, then H} (GQ'Np,wp)Z_l) = 0 if and only if (Cl(KX)/Cl(KX)p)[wp)Z_l] = 0. This proves

the lemma. [ |

Examples: In particular, Lemma 2.4.1 implies that if p ¢t |C1(KX)| and XlG@{ *
®plcy, for all primes ¢ | Np, then dim(H! (Gop: X)) = 1.

Now suppose ¥ = a)’p‘*I with k even and k # 0,2 (mod p — 1). In this case, we
know, by reflection principle ([45, Theorem 10.9]), that (CI(Q({p))/Cl(Q(gp))p)[wf;k] =
0 if (Cl(Q(g“p))/Cl(Q(gp))p)[w’g_l] = 0. By Herbrand-Ribet theorem, we know that
(CLQ)/CUHQE)Pwf 1 = 0if and only if p{ B,y .

On the other hand, Kurihara has proved that (Cl(Q(gp))/Cl(@(gp))P)[wg_s] =0
(see [31, Corollary 3.8]). It follows, from [30, Corollary 7.1], that

(Cl(@(g“p))/cl(@(gp))p)[a)f,’*‘r’] = 0. Finally, if p > 3 and p = 3 (mod 4), then Osburn has

+1

proved that (Cl((@(gp))/Cl((@(gp))p)[a)lf,72 ] = 0 (see [36, Theorem 1.1]). Using this, we get:

1. If 2 < k < p—1is aneven integer and ¢, - - - , ¢, are distinct primes such that
ptIli- 4 andpM?_z —1foralll1 <i<r, then

dlm(Hl (GleHle Zi'wlg_l)) =1

if one of the following conditions hold:

1
e p>3,p=3 (mod4)andk=1i.

e p>5andk=4,6. 2
e b Jpr+1—k'
e pisaregular prime.
e Vandiver's conjecture holds for p.
2. More generally, if N is the tame Artin conductor of j (which means j is
ramified at all primes £ | N), p ¢t |C1(KX)| and ¢,---, £, are distinct primes
such that X|GQQ * wP|G@ei forall 1 <i <rthen

dimH' (G p, X)) = dimEH" (Go(pr_, eypr X)) = 1-

Given a prime p, we conclude, using Chebotarev's density theorem, that {£ |

¢ is a prime,x IG@z #* wpl(;@z} is an infinite set with positive Dirichlet density.
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On the other hand, we have:

Lemma 2.4.2. Let k > 2 be an even integer. If dim(Hl(GQ'Np,w’;l)) =1and ¢ | N, then
pfe?—1.

Proof. Since dim(Hl(GQle,w’;*I)) =1, by Lemma 2.4.1, we see that w’p‘*2|GQZ # 1 for all
primes £ | N. On the other hand, as k is even, w’5*2|GQK = 1if p | £2 — 1. Combining all
these observations, we get that if ¢ | N, then p { ¢2 — 1. |

Recall that we denoted the tame Artin conductor of py by N;. We will now prove

that g, arises from a modular eigenform of level NV,

Lemma 2.4.3. There exists a modular eigenform f of level NV, such that py lifts p;.

Proof. Note that, for i = 1,2, there exists an integer 0 < a; < p — 2 and a character
¢ : Ggyp — F* unramified at p such that 3; = €wy’. S0 5y = €;0p' @ e;wp?. Without
loss of generality assume a; < a, and let ky —1 = a, —a,.Let pj = ¢, & eza)lgo_l. Let
k > 2 be an integer such that k = k; (mod p — 1). By Lemma 2.3.10, the representation
p: Gonyp = GLoy(W(I) given by p :=¢, @ élel,c_l is attached to an Eisenstein series E of
level N, and weight k. Hence, pg lifts o).

Let E be the mod p modular form (in the sense of Serre and Swinnerton-Dyer)
corresponding to E. Since the g-expansion of E belongs to W(F)[q], E is the modular
form of weight k and level N, over F whose g-expansion is the image of the g-expansion
of E under the natural surjective map W(F)[q] — F[q]. Hence, E is an eigenform for all
Hecke operators away from Njp.

So #% (E) is also a modular eigenform over I of level N, and weight k+ (p+ 1)a,,
where 6 is the Ramanujan theta operator. Since k > 2, we can use the Deligne-Serre
lifting lemma to conclude that there exists an eigenform f of weight k + (p + 1)a; and
level N, lifting 691 (E). In other words, the reduction of the T,-eigenvalue of f modulo o
is the T,-eigenvalue of %! (E) for all primes ¢ t Np (see §2.1 for the notation @y). From the

effect of 6 on g-expansions, we conclude that Pf lifts 5. |

Before proceeding further, we introduce some more notation. Let E be a finite
extension of Q, such that the residue field of E contains F. Let O be the ring of integers
of E and @y be its uniformizer. We say that a character ¥ : Gy, — E* lifts ¢ if ¥
takes values in Oy and ¥ (mod wy) = ¥. We now obtain a family of reducible, non-split
p-adic representations of Gq,np: Which are unobstructed. It will be used in the proof of

Proposition 3.3.2.
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Proposition 2.4.4. Let ¢ be the character of Gy, y,, unramified at p such that y = &.a)z(’*l

for some integer 1 <k; <p—1.

1. There exist infinitely many integers k > 2 such that k = k; (mod p — 1) and
dimg(H' (G p, WxF 1) = dimg(H (G, W xp ) = 1

for any lift ¥ : Gg y, — E* of § unramified at p.

2. Let ¥ : Gy, — E* be alift of ¥, which is unramified at p. Let k be an integer
satisfying the conclusion of part (1). Let y € Hl(GQ'Np, lIJXI];_l) be a non-zero
element and p,, : Gg yp, — GL,(E) be the representation corresponding to y.
Then dimE(Hl(GQ,Np,Ad(PY))) =3.

Proof. LetW: GQ'NP — E* be alift of ¥, which is unramified at p. Let Fy be the extension
of Q given by the compositum of F; and the fixed field of ker(¥). So, F, is a finite abelian
; ; k—1 -1,1-k k—1
extension of Q. By abuse of notation, denote Wy, |G@q (resp. V™" xp, |G@q) by Vxp
(resp. W~ 3 %) for all primes g throughout this proof. Let k > 2 be an integer such that

k=ky (modp—1) and let

Hé (GQ,NP’ \legil) = ker(Hl (GQ,NP’ lIJXIchil) — Hl (GQp' \I]XII;*I) X HHI(GQ{, kI})(I]chl))
any

Let Fy o, be the cyclotomic Z,-extension of F,. Anon-zero element of H} (Go,np \IIX;‘*I)

k-1
p -

Let K be the maximal abelian unramified pro-p extension of Fy, ... Note that K is Galois

gives an abelian, unramified Zj-extension of Fy, ., on which Gal(Fy, ,,/Fy) acts via

over Fy. Moreover, as Gal(K/Fy ;) is abelian, we get an action of Gal(Fy .,/Fy) on

Gal(K/Fy ) by conjugation. Therefore, if Hé (Gg,np- \llxll,c_l) # 0, then we get a quotient

of the Gal(Fy ., /Fy)-representation Gal(K/Fy .,) ®z, Q, on which Gal(Fy .,/Fy) acts via
k—1

Xp -

Note that Fy, is an abelian CM extension of Q. We know, by work of Ferrero-
Washington (main theorem of [21]), that the u-invariant of Fy, is 0. Hence, Gal(K/Fy )
has finite Zp—rank that is, Gal(K/Fy ) ®z, Q, is a finite dimensional Q,-vector space.
Thus, there are only finitely many distinct characters x of Gal(Fy ,/F) such that
Qp(x) is a quotient of Gal(K/Fy ) ®z, Qp (as a Gal(Fy, ,,/F)-representation). Therefore,
H} (Gonp: \lellj‘l) = 0 for all but finitely many k = k;, (mod p — 1).

We can also define Hé(GQ,Np, yl x;*k) similarly and the argument given above

also proves that Hj(Gg p. \D_lxg_k) = 0 for all but finitely many k = k, (mod p — 1).
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Therefore, we get that for all but finitely many k = k, (mod p — 1), Hé(GQ,Np, W XII,C*I) =
H{Gonp Y ' xp ™ =0.

There are only finitely many characters ¥ : Gg y, — E™, which lift ¥ and which
are unramified at p. Hence, it follows that there are infinitely many integers k such that
k> 2,k=ky (modp—1)and Hé(GQINp, \yxp—l) =H) (Gonp: qz—lxg—k) = 0 for all lifts ¥
of ¢, which are unramified at p.

Suppose k > 2 and Hj(Gg p, ¥~ ' xp %) = Hy (G np Wxp ') = 0. As k > 2, the

local Euler characteristic formulas imply that
dim(H' (Gg,, ¥~ x5 = dimg#H' Gy, ¥x 1) =1
and H'(Gg,, kIl‘IXI}‘k) = H'(Gy,, \IIXI’)“I) = 0 for all primes ¢ | N. Hence, it follows that
dimg(H' (Ggnp, ¥ ' xp ) < 1 and dimgH' (G, WA < 1.

Since Wy k-1

p  is an odd character, the global Euler characteristic formula implies that

dimE(Hl(GQ,Np,\IJ’lxg’k)) > 1 and dimE(Hl(GQ,Np,\IIX;f’l)) > 1.

This finishes the proof the first part of the proposition.

We now move to the second part of the proposition. Note that py is an odd repre-
sentation. So, the global Euler characteristic formula implies that dimE(H1 (Go,np: Ad(py)))—
dimE(Hz(GQ'Np,Ad(,oy))) = 3. Hence, it suffices to prove that HZ(GQ'NP,Ad(,oy)) = 0. Note
that Ad(py) =160 Ado(,oy), where AdO(,oy) is the subspace of Ad(,oy) given by matrices
with trace 0. As HZ(GQINP, 1) = 0, it suffices to prove that HZ(GQINP,AdO(py)) =0.

Let V be the subspace of upper triangular matrices with trace 0 in Ad° (py). It is
clearly a GQ'Np-sub-representation of Ad° (py). We have the following exact sequences of

Gg,np Tepresentations:
0— V- Ad%p,) > E(np*x;*k) -0,
0— E(\leg_l) —-V—>E—Q0.
As H? (GQ,pr 1) = 0, we conclude, from the exact sequences above, that

dimg(H?(Ggnp, Ad°(p)))) < dimg(H? (G pp, W xp ) + dimg(H2 (G pp, ¥ xp ).
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We have chosen k satisfying the conclusion of part (1). Hence, dimg (H? (Go,np: \Dxl’jfl)) =
dimE(Hl(GQ’Np, \IJ‘IX;_")) = 1. Since ‘llxllf_l is an odd character, the global Euler
characteristic formula implies that HZ(GQ'NP, \IJXI’,‘_I) = HZ(GQ'NP,\IJ_lx;_k) = 0. This
implies that HZ(G@'NP,AdO(py)) = 0, which finishes the proof of the second part of the

proposition. |

3 Properties of R;_

In this section, we will study the structural properties of R; .In §3.1, we begin by proving
a result that gives a description of R; [pum"(GQp)] in the form of a GMA over R; . We use
this description to define a quotient Ry of R; for every integer k > 2. In §3.2, we prove
finiteness of Ry over W(F) for every k > 2 and study its consequences for R; . In §3.3, we
define the notion of modular primes and prove the existence of smooth modular points
in every component of Spec(R; ). These two results play a major role in establishing the
main theorem.

We refer the reader to [4, Chapter 1] and [3, Section 2] for the definition and basic
properties of GMAs. However, we will mostly be working with sub-R-GMAs of M, (R) for

some ring R. To be precise, given ideals B and C of a ring R, we define

R B a b
:=[ eMz(R)la,deR,beB,ceC].
C R c d

Then we say that an R-algebra A is a sub-R-GMA of M, (R) if A is an R-subalgebra of
M, (R) and there exist ideals B and C of R such that

R B a b
A= =I eMz(R)|a,deR,beB,ceC}.
C R c d

3.1 GMA description of puni"(G@p)

Let gy € Gg, be the element fixed in Definition 2.2.3. We now begin with a simple

observation:

. a O
Lemma 3.1.1. There existsa P € Id+M, (mRﬁ ) such that P,o‘m“’(go)P_1 = ( b) where
x 0

a,b € R; are such that a = x,(gp) (mod mp_ ) and b = x,(go) (mod mg_ ).

Proof. The characteristic polynomial f(X) of ,o‘mi"(go) reduces to the characteristic

polynomial f(X) of p,(gy) modulo mg, - By assumption,f(X) has roots x;(gy) and x,(gq),
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which are distinct. Therefore, by Hensel's lemma, f(X) = (X—a)(X—b) such thata,b € R;,
with a = x;(gy) (mod mRﬁX) and b = j,(g,) (mod mRﬁx).

Let M, be the free R; -module underlying the representation o'V and V and W
be the submodules of M, given by ker(p‘mi"(go) —a) and ker(puni"(go) — b), respectively.

As a — b is a unit in R; ., it follows that

(b= @) (P (gg) — @) — (0" (gg) ~ b)) = (0 1)'
Thus, if m € My, then

m = (- a) 1 ((p™(gy) — a)(m)) — (b — @) (0™ (gy) — b)(m)).

Let w = (b — @) (0™ (gy) — @)(m)) and v = (b — @)~ (0" (gy) — b)(m)). Since f(X) is

the characteristic polynomial of p"V(g,),

£ (go)) = ("™ (gg) — &) (p™7(gy) — b) = 0.

Hence, we get that v € V and w € W. So M; = V + W. Moreover, if v/ € V N W, then
(b—a)v' =0.As b — a is a unit in R; , this means v/ = 0. Therefore, My =V & W.

Now V/mRﬁxV and W/mRt;XW are the eigenspaces of p,(gy) with eigenvalues
X1(g0) and x,(gy), respectively. Hence, by Nakayama's lemma, both V and W are generated
by one element each. As M is a free Rﬁx module of rank 2, it follows that both V and W

are free R b modules of rank 1.

0 b
Since, Q,ouni"(go)O*1 (mod mRﬁX) = py(gy) = puni"(go) (mod mRﬁX) and p,(g,) is a non-

. a 0
This implies that there exists a Q € GL, Rz,) such that O,o‘m“’(go)()_1 = ( )

scalar diagonal matrix, it follows that Q := Q (mod mRﬁx) is a diagonal matrix. Let Q' be
a diagonal matrix in GL, (Rz,) such that Q" (mod mRﬁX) = Q. Hence, Q"' Q is the matrix

in Id + M,(m,) satisfying the claim in the lemma. |

By Lemma 3.1.1, it follows that we can assume that puni"(go) is diagonal by
replacing p"V by a suitable deformation in its equivalence class if necessary. We will
assume and use this in the rest of the article.

Since p""V(g,) is diagonal with distinct diagonal entries modulo mg. , by
[3, Lemma 2.4.5], it follows that Rﬁx[pum"(GQp)] is a sub—RﬁX—GMA of My(R;.) that
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R-
p Px
Since )ZlGQp # lo, 1 by the local Euler characteristic formula, it follows that

. . . ; R B
is, there exist ideals B, and Cp of R; such that Rﬁxlpum"(GQp)] = ( Px p).

dim(Hl(GQp, x1 |G@p)) = 1. S0, by [4, Theorem 1.5.5], C,, is generated by at most 1 element
(see [16, Lemma 2.5] and its proof for more details).

Recall that G&z > Zp X 7 and under this isomorphism, the image of I, in G&]‘;
gets mapped to Z;. As a result, we get a surjective homomorphism ¢, : I, - Z;. Choose

a topological generator v of 1 + pZ, C Zy and fix an element i, € I, such that ¢, (i,) = v.

Definition 3.1.2. Under the notation developed above:

* Leta€R; be a generator of the ideal Cp, if C, # (0) and O otherwise.

c

. b N
o If pumv(ip) - (a d) thend = x, (ip) (mod mRﬁX). LetB € Mg, be the element

such that d = )?Z(ip)(l + B).
e Now det(ﬁx(ip)) =1.Lety € mg. be the element such that det(puni"(ip)) =
14vy.
. k— .
 Foranintegerk > 2,let & = 1+y — xp 1(zp). Note that, §; € mp_ .
e Fork>21letR, =R, /(@ p,5).

Specializing to k = 2, let p : Gy, — GL,(R,) be the representation obtained by

composing p"™V with the natural surjective map GLy(R;,) — GLy(Ry).

Lemma 3.1.3. The representation p® (x,) ! : Gonp = GLy(Ry) is a Selmer deformation

of ()(() T) (as defined in Definition 2.2.4).

*
Proof. Since C, is generated by «, it follows that plg@p is of the form (’701 ), for
N2

characters 1,1, : Gg, = R; lifting X, and X,, respectively. Recall that, the image of i,, in
G&l; is a topological generator of the pro-p part of the image of I, in Gall’). Hence, from the
definition of g, it follows that n,|; = x,|;, and from the definition of 4, it follows that
det(p)| L= )?1 )?26); 1 Xp! I The lemma follows immediately from the definition of a Selmer

deformation of pj given in Definition 2.2.4. |

3.2 Finiteness of R, and its consequences

Leta, B,y € R; be the elements defined in §3.1. We now prove the key finiteness result.
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Proposition 3.2.1. R; /(p,«,B,v) is a finite F-algebra.

Proof. Denote R; /(p,«,B,y) by S. Note that S is a complete Noetherian F-algebra.

Denote the representation obtained by composing p"?iv

with the natural surjective map
R; — Sby p.

We have already noted, just before Proposition 2.2.8, that the map Rgg — R;
induced by (tr(p"), det(p"™V)) is surjective. Therefore, the map Rf_)’(? — S obtained
by composing the map RES — R; with the natural surjective map R; — S is
also surjective. Observe that this map is same as the one induced by the pseudo-
representation (tr(p), det(p)).

As det(p) = j; X, S is topologically generated by the set {tr(po(g)) | g € Go,np!
over F as a complete local Noetherian F-algebra. As x,(g) € F for all g € Gonp: S 18
also topologically generated by the set {tr(o’(g)) | g € Gonp} over F as a complete local
Noetherian F-algebra, where p' = p ® X{l.

Case 1: Suppose jx is ramified at p and the y-eigenspace of the p-part of the
class group of Fi is trivial. As 8, € (p, @, B,y), Lemma 3.1.3 implies that p’ is a Selmer
EZI Sel . GQ,Np —
GL, (Rgzl) is the universal Selmer deformation of p}, then #(tr(p3e(g))) = tr(p’'(g)) for all

g € Gonp- As the map ¢ is a continuous local morphism of complete local Noetherian

deformation of pj. Let ¢ : R2Y — S be the map induced by p’. Now if p

W (F)-algebras, it follows that ¢ is surjective.

From [41, Theorem 6.1], we know that Rgzl is a finite W(FF)-algebra. So it follows
that R;El/@) is a finite F-algebra and hence, S is a finite F-algebra.

Case 2: Suppose either x is unramified at p or the x-eigenspace of the p-part of
the class group of F; is non-trivial. Let R?d'ord be the universal deformation ring defined
in Definition 2.2.5. Let (T, D) : Gg,np — R?d’ord be the universal pseudo-representation

. d,
associated to R§ ord

and let T0|G@p = ¥, + ¥, where ¥, and W, are characters of Gg,
deforming Xleg, and 1, respectively. Hence, ¥, induces a morphism Z,[[T]] — Rgd’ord,
which sends T to \Ilz(ip) — 1. By abuse of notation, denote \IJz(ip) — 1 also by T. Since )%
satisfies the conditions of [37, Section 5.1.1], [37, Theorem 5.1.2] implies that Rgd’ord is a
finite Z,[[T]]-algebra under the map obtained above.

In this case,tr(p’|GQp) = 1+)'(|GQP.Hence,the pseudo-representation (tr(p’), det(p’))
induces a surjective map ¢g : Rgd’ord

that

— S. From the previous paragraph, we conclude

1. tr(ﬂ/|GQp) =¢soV; +dgoW¥, =1+ )_(|G@p,
2. ¢so V) and ¢ o W, are S-valued characters of Gg, deforming XlG@p and 1,

respectively.
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As X|G@p # 1, it follows, from [4, Proposition 1.5.1], that ¢g o ¥, = 1 and
¢pg o W, = )'(lGQp. Thus, ¢5(T) = qﬁs(\llz(ip) — 1) = 0. Therefore, the surjective map
bs Rgd'ord — S factors through R?d’ord/(p, T). Since Rgd'ord is a finite Z,[[T]]-algebra,
it follows that R?d'ord/(p, T) is a finite F-algebra. Hence, S is also a finite F-algebra. This
finishes the proof of the proposition. |

We will now record several corollaries of Proposition 3.2.1, which will be

used later.

Corollary 3.2.2. Thering R; is alocal complete intersection ring of Krull dimension 4.

Proof. By Proposition 2.3.5, we know that R; =~ wmIlx,, ... X,,]1/I where m =
dim(H 1(GQNP,Ad(,(SX))) and I is an ideal with minimal number of generators at most

dim(H Z(GQ,Np' Ad(p,))). By the global Euler characteristic formula, we know that
dim(H" (Gg yp, Ad(5,))) — Aim(H? (G, Ad(5,))) = 3.

Hence, by Theorem 2.3.11, it follows that the Krull dimension of R; is at least 4.
Suppose the Krull dimension of R;_is n. By applying Theorem 2.3.11 again, we
get that the Krull dimension of R; /(p.a,B,y) is at least n — 4. Combining this with
Proposition 3.2.1, we see that n = 4.
Suppose the minimal number of generators of I is k. As seen above, m — k > 3
and Krull dimension of R;, is at least 1 + m — k. Since the Krull dimension of R;. is 4, it

follows that m — k = 3. This proves the remaining part of the corollary. |

Corollary 3.2.3. For every integer k > 2, the ring Ry, is a finite W(FF)-algebra of Krull

dimension 1.

Proof. Let k > 2 be an integer. Note that we have (p,«,8,¥) = (p,«,B,8). So, by
Proposition 3.2.1, R;/(p) is a finite F-algebra. Hence, it follows that R, is a finite
W (F)-algebra. As R;/(p) has Krull dimension 0, Theorem 2.3.11 implies that the Krull
dimension of R; is at most 1. As R; /(a,B,8k) = Ry, Theorem 2.3.11, along with
Corollary 3.2.2, implies that the Krull dimension of R; is at least 1. This proves the

corollary. |

Corollary 3.2.4. Let k > 2 be an integer. If P is a minimal prime ideal of R; , then the
Krull dimension of R; /(P,a, B, ) is 1.
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Proof. Since R; /(P,«,B,3;) is a quotient of Ry, it follows from Corollary 3.2.3 that its
Krull dimension at most 1. From Corollary 3.2.2, we know that R;_is a local complete
intersection ring of Krull dimension 4. Hence, from [19, Corollary 18.14], we conclude that
the Krull dimension of R; /P is 4. So, Theorem 2.3.11 implies that the Krull dimension of
R; /(P,a,B,4) is at least 1, which proves the corollary. |

3.3 Modular primes

In this section, we will prove that every irreducible component of Spec(R; ) has a smooth

modular prime. We begin by introducing the notion of modular primes.

Definition 3.3.1. We call a prime ideal Q of R; a modular prime if the following

conditions are satisfied:

1. R; /Q is isomorphic to a subring of Q,,

2. If themap R; /Q — Q, from (1) is denoted by ¢, then the semi-simplification
of the Galois representation p : Ggy, — GL,(Q,) obtained by composing
o' (mod Q) with ¢ is isomorphic to the p-adic Galois representation

attached to a classical modular eigenform.

We are now ready to prove the main result of this section. This is the second key

result from this section that will be crucially used in the proof of the main theorem.

Proposition 3.3.2. Every minimal prime ideal P of R;_is contained in a prime ideal Q(P)
of R;_ such that

1. Q(P) is a modular prime,
2. Pisthe unique minimal prime of R; contained in Q(P),

3. (R;)qp) is a regular local ring.

Proof. Let k > 2 be an integer, P be a minimal prime of R; and Q(P) be a prime of R; ,
which is minimal over the ideal (P, «, 8, 8;). In other words, if 7p : R; — R; /(P,a, B, 5)
is the natural surjective map, then there exists a minimal prime ideal Q of R; /(P,«, B, 8;)
such that ]T;l(é) = Q(P). We will first prove that Q(P) is a modular prime. By
Corollary 3.2.4 and Corollary 3.2.3, RﬁX/O(P) is a domain of Krull dimension 1, which is
finite over W(F). Hence, it is isomorphic to a subring of Q,. Fix such an isomorphism.
By abuse of notation, denote the representation Gonp — GL2(Qp) obtained from
o™ (mod Q(P)) : GQ,Np — GL,(R;, /Q(P)) by o™ (mod Q(P)) as well.
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Consider the representation p"™V (mod Q(P)) : Gonp — GLZ((QTP). If it is
reducible, then its semi-simplification is x; ® x,, where x, and y, are deformations of x;
and Xy, respectively. By definition of 8, we see that x,|; has finite order and hence, x, has
finite order. By definition of 8;, x; = xJ Xllf_l for a character x; of finite order. Hence, by
Lemma 2.3.10, this semi-simplification is isomorphic to the p-adic Galois representation
attached to a classical Eisenstein series of weight k and level equal to the product of
conductors of x; and xs.

If it is irreducible, then, from the results of Skinner—Wiles ([41] and [42]), we
conclude that it is isomorphic to the p-adic Galois representation attached to a classical
cuspidal modular eigenform. Indeed, from the definition of «, 8 and §;, it follows
m
0
order) and det(p"™™V (mod Q(P))) = nxllf_l for some character n of finite order. Since
dim(Hl(GQle,X)) = 1, it follows, from Lemma 2.4.1, that if ¢ | N, then either x is
ramified at ¢ or y(Frob,) # £. So if x, is unramified at p, ¥ is ramified at p and the

: % A~
that p"™¥ (mod O(P))|GQP ~ ( ) ,72)22—1 is unramified at p (and hence, of finite
N2

x-eigenspace of the p-part of the class group of F; is trivial, then [41, Theorem 1.2]
implies that p"™W (mod Q(P)) is modular. Otherwise, we can use [42, Theorem A]
to conclude the modularity of o™V (mod Q(P)). This completes the proof of
our claim.

So for every minimal prime P of R; , we have found infinitely many modular
primes containing P. Note that, for every minimal prime P, it suffices to find a modular
prime Q(P) such that P C Q(P) and R;)ap) is aregularlocal ring. Indeed, if such a prime
exists, then, by [19, Theorem 19.19], R;)ap) is a domain. Thus, R )ap) has a unique
minimal prime. So, Q(P) contains a unique minimal prime of R; . As we already know
that P C Q(P), this completes the proof of the proposition.

We will now do a case by case analysis to prove the existence of such modular
primes for every minimal prime of R e

Case 1: Suppose j is ramified at p and the j-eigenspace of the p-part of the class
group of F; is trivial. Let P be a minimal prime of R; . Let Q(P) be a prime of R; , which
is minimal over the ideal (P,«, 8,6,) C R; . We know, from the analysis above, that Q(P)
is modular. From Corollary 3.2.4, Corollary 3.2.3 and definition of R,, we see that the
image of Q(P) under the natural surjective map R; — R, is a minimal prime of R,. Let
us denote this minimal prime of R, by Q'(P).

From Lemma 3.1.3 and the proof of Proposition 3.2.1, we conclude that there
exists a surjective map ¢’ : Rfszl — R,.Let Q"(P) = ¢~ 1(Q'(P)). By [41, Theorem 6.1], RS¢!

Px
is reduced and has Krull dimension 1. So, it follows that Q”(P) is a minimal prime ideal
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of R%El and (R,ngl)a”(P) is a field. The map ¢’ induces a surjective morphism (R?SZI)Q”(P) —
(Ry) o (p)- Hence, (Ry) g (p) is also a field.

Now the natural surjective map R; — R; /(@ f,3;) = R, induces a surjective
map (R; )op) — (Ry)q/(p)- Moreover, the kernel of this surjective map is the ideal of
(R;,)qp) generated by the images of «, B and 4, in (R; )qp)- Since (Ry)q (p) is a field, it
follows that the kernel of the surjective map (R; )qp) — (Ry)q/(p) is the maximal ideal
of Rz)am)- Thus the maximal ideal of R )ap) is generated by at most 3 elements.

Since R;_1is a local complete intersection ring, it is a Cohen-Macaulay ring. By
Corollary 3.2.2, R;, has Krull dimension 4 and R; /Q(P) has Krull dimension 1. Hence,
by [19, Corollary 18.10], R;)ap) has Krull dimension 3. Therefore, R;)ap) is a regular
local ring.

Case 2: Suppose either x is unramified at p or the x-eigenspace of the
p-part of the class group of Fj is non-trivial. Choose an integer k > 2 satisfying the
properties of Proposition 2.4.4. Let Q(P) be a prime of R; , which is minimal over
the ideal (P, «, 8,8;) C R; . We know, from the analysis above, that Q(P) is modular.

Let E be the fraction field of R; /Q(P). Note that it is a finite extension of
Q,. By abuse of notation, denote the representation Gonp — GLy(E) obtained from
o™ (mod Q(P)) : Gonp = GLy(Rj /Q(P)) by p"™¥ (mod Q(P)) as well. We will now
prove that (R; )qp) is a regular local ring by using Proposition 2.3.8 and Theorem 2.3.9.

Let (R; )qp) be the completion of R;)ap@) with respect to its maximal ideal.
Now we are choosing p"™V such that p"™V(g,) is diagonal with distinct entries on the
diagonal, which are also distinct modulo mg, - Therefore, [3, Lemma 2.4.5] implies that
Rﬁx/(O(P))[,ounlv (mod O(P))(GQ'Np)] is a sub—Rﬁx/(O(P))—GMA of M,(R;_/(Q(P))) that is,
there exist ideals B and C of R; /Q(P) such that

R;,/(QP)1p"™™ (mod Q(P))(Gg )] = (Rﬁx/ @@y B )
c R; /(Q(P))

As p"iV (mod Q(P)) is a lift of Dy it follows that B is not zero. One can easily verify from
this description that o™V (mod Q(P)) is either reducible or absolutely irreducible. Note
that if p"™V (mod Q(P)) is reducible, then it is a non-trivial extension of two distinct
characters. Hence, in both cases, Proposition 2.3.8 implies that (Rg)\Q(P) is the universal
deformation ring of p"™V (mod Q(P)).

If o™V (mod Q(P)) is reducible, then Proposition 2.4.4 implies that

dim(H" (G np, Ad(p"™ (mod Q(P)))) = 3.
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As p"V (mod Q(P)) is odd, the global Euler characteristic formula ([27, Lemma 9.7])
implies that HZ(GQII\,ID,Ad(,ouniv (mod Q(P)))) = 0. Therefore, using Lemma 2.3.7, we
conclude that (R; )q(p) is a complete Noetherian regular local ring of Krull dimension
3. Recall that Q(P) is a modular prime. So, if o™V (mod Q(P)) is irreducible and x # w’lg
for any integer k, then, by Theorem 2.3.9, (R;)ap) = E[T,,T,, T5] that is, it is a complete
Noetherian regular local ring of Krull dimension 3.

Suppose } = a)’;_l for some even k € Z with k > 3. From the main theorem of [42],
we know that ,ouni" (mod Q(P)) ® )?2_1 is modular. From Lemma 2.4.2, we see that if £ | N,
then p  ¢2 — 1. Hence, definition of §; implies that det(p™" (mod Q(P)) ® x, ') = Xg_l.
Let f be the newform giving rise to p*™V (mod Q(P)) ® )?2_1. Then the level of f is I'y (V')
for some integer N'.

If p | N, then [2, Theorem 5] implies that the U,-eigenvalue of f is either +pk—2)/2

0
1y is an unramified character of GQp' So, it follows, from the work of Saito ([40]), that f is

. A k
or 0. Note that p"™ (mod Q(P)) ®)Zz_1 = pr is p-ordinary that is, ’OflGQp ~ (771 ), where
N2

p-ordinary that is, Up—eigenvalue of f is a p-adic unit (see [35, Proposition 3.6]). Since f
is p-ordinary and k > 2, we get that p { N. Now pr lifts 1 @w];_l and by Proposition 2.3.2,
the tame Artin conductor of pr is N'. Hence, by Proposition 2.3.3, we get that N’ is either
1 or a squarefree integer bigger than 1.

If N' = 1, then f is not a CM modular form. Suppose N’ > 1. Since N’ is square-
free and the level of f is I'y(IV'), it follows that ,oflG@i is special for every ¢ | N (see [48,
Section 3.3]). Hence, f is not a CM modular form in this case as well. Hence, we conclude,

using Theorem 2.3.9, that

dim(H' (Ggyp, Ad(p"™™ (mod Q(P) ® x; 1)) =3,

H?(Gg,p, Ad(0™™" (mod Q(P)) ® x; 1) = 0.

Note that Ad(p"™V (mod Q(P)) ® )?2_1) = Ad(p"V (mod Q(P))). Therefore, by
Lemma 2.3.7, we get that (Rg)\o(P) ~ E[T,,T,, Ts] that is, it is a complete Noethe-
rian regular local ring of Krull dimension 3. This implies that (R; )qp) is a regular

local ring. u
As a corollary, we get:

Corollary 3.3.3. R;_is reduced.
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Proof. Suppose R;_is not a reduced ring. Let r be a non-zero nilpotent element of R .
Let P be a minimal prime of R; and Q(P) be a modular prime of R; containing P, which
we found in Proposition 3.3.2. So P is the only minimal prime of R;_ contained in Q(P)
and moreover, (R; )qp is a domain.

Hence, the image of r in (R; )qp is 0. This means that there exists an element
acR; \Q(P) such that ar = 0. Thus, the annihilator ideal of r, which we will denote by
J,is not contained in Q(P). Therefore, J ¢ P for any minimal prime ideal P of Rﬁx' Hence,
by prime avoidance lemma ([19, Lemma 3.3]), J ¢ Up.gP where S is the set of minimal
prime ideals of R .

Since R;, is a Cohen-Macaulay ring, by [19, Corollary 18.14], all its associated
primes are minimal primes. Hence, the set of zero divisors of R; is just Up.cP (see
[19, Theorem 3.1]). Since J is the annihilator ideal of r, it consists of zero divisors of

R; . This implies that J C UpgP giving us a contradiction. |

Combining Corollary 3.3.3 with the results of [16], we get the following

corollary:

Corollary 3.3.4. If pt¢(V) and 1 < dim(H" (Ggp, 1) < 3, then the map RY — R,

induced by (tr(p"™iV), det(p"")) is an isomorphism.

Proof. Since p { ¢(N) and 1 < dimFHl(GQpr,X*l) < 3, by [16, Proposition 3.14],
it suffices to check that p is not a zero divisor in R; . By Corollary 3.2.2, R; is a
local complete intersection ring and hence, a Cohen-Macaulay ring. So by [19, Corollary
18.14], all its associated primes are minimal primes. Let P be a minimal prime of R; .
By Corollary 3.2.3 and Corollary 3.2.4, we see that p ¢ P. Therefore, p is not con-
tained in any associated prime of R; , which means p is not a zero divisor in R (by
[19, Theorem 3.1]). [ |

4 Comparison Between Deformation Rings and Hecke Algebras

In this section, we will prove our main theorem by comparing the deformation ring R;_
with a “big” p-adic Hecke algebra. In §4.1, we will first recall the definition of these Hecke
algebras from [5] and [15] and collect their relevant properties. In §4.2, we will prove the
main theorem using results from §3 and the infinite fern argument of Gouvéa-Mazur
([24]). In §4.3, we will give an application of our main theorem to the structure of Hecke

algebras modulo p (as defined in [5] and [15]).
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4.1 Hecke algebras

In this section, we will define the p-adic Hecke algebras acting on the spaces of modular
forms of fixed level but varying weights and collect its properties. We will mostly follow
the exposition of [5] and [15] in this subsection. We will be rather brief and we refer
the reader to [5, Section 1.2] and [15, Section 1] for more details. Assume throughout
this section that N, | N unless mentioned otherwise, where N, is the tame Artin
conductor of p,.

For an integer i > 0, denote by M;(V, W(IF)) the space of classical modular forms
of weight i and level N (i.e., level I'; (V)) with Fourier coefficients in W(F). Using the g-
expansion principle, we will view it as a subspace of W(F)[[ql]. For an integer k > 0, let
M_ (N, W(F)) = Zf:o M;(N, W(F)) Cc W(F)llqll. Note that this is a direct sum.

For a prime ¢ {1 Np, denote by (¢) the diamond operator corresponding to ¢.
Let T_, (V) be the W(F)-subalgebra of EndW(F) (M_y (N, W(F))) generated by the Hecke
operators T, and S, for primes ¢ { Np. Here S, is the operator whose action on M;(V, W(IF))
coincides with the action of the operator (€)¢'=2, We now define T(N) := 1<i£1k T (V).

From Lemma 2.4.3, we know that there exists an eigenform f of level N such that
pf lifts p,y. Hence, f gives a morphism ¢p: T(V) — (’)f of local complete Noetherian W (F)-
algebras. Let m; be the kernel of the map T(V) — Oy /w obtained by composing ¢, with
the natural surjective map (’)f — Of/wf. So mg, is a maximal ideal of T (V). Let TIV) 5,
be the localization of T(IV) at m,. Note that T(V) 5, is a complete Noetherian local ring
with residue field F. Denote its maximal ideal by m.

By gluing pseudo-representations corresponding to p-adic Galois representa-

tions of classical modular eigenforms of level NV lifting 5, we get the following lemma:

Lemma 4.1.1. There exists a pseudo-representation (ty;, dy) : GQ,Np — T(V)4, such that
7y (mod m) = tr(py), 8 (mod m) = det(py) and for all primes ¢ { Np, ty(Frob,) = T, and

Proof. See [15, Lemma 4] and [5, Proposition 2]. [ |

Let (Tuniv, punivy . Gonp — RE: be the universal pseudo-deformation. As an

immediate consequence of Lemma 4.1.1, we get:

Lemma4.1.2. There exists a surjective map © : RES — T(N) 4, such that CD(T“m"(Frobe)) =
T, and dD(Duni"(Frobe)) = (S, for all primes ¢ { Np.
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Lemma 4.1.3. The surjective map & : Rggl — T(N),, factors through R; vyielding a

surjective map ¥ : R; — T(N);,.

Proof. Since T(IV) 5, is reduced, the lemma follows from Proposition 2.2.8. But for the
convenience of the reader, we will also give a slightly different proof of the lemma by
constructing a deformation of p, taking values in T@)5,-

Let K(IV) 5, be the total fraction field of T@),,- By combining [3, Proposition 2.4.2]
and [4, Proposition 1.3.12], it follows that there exist fractional ideals B and C of K(N)ﬁ0
and a representation p : Gonp = GLy(K(V)5) such that

1. tr(p) = 7y and det(p) = 8y,
T(N)p B a b
2. TV ;[0 (Goup)l = 0 = { ) € MK | aid e

C T(N)[;O c
T(N);,beB,ce C],
3. BCCm,
4. If p(g) = (jg Zg), then a, (mod m) = j;(g) and d; (mod m) = ¥,(9).
9 9

Since dim(Hl(GQ,Np, x)) = 1, it follows, from the proof of [4, Theorem 1.5.5], that
B is generated by at most 1 element as a T(N)ﬁo—module (see also [16, Lemma 2.5]). Let o
be a generator of B as a TV) 5, -module (we take « = 0 if B = 0).

As BC C T(N),,, it follows that if o ¢ K(N);O, then there exists a minimal prime
P of TIV) 5, such that «.C = BC C P. Then, from the description of T(NV) 5, [p(GQINp)], it
follows that a (mod P) : Gonp — (T(N)5,/P)* sending g +— ay (mod P) is a character
deforming x; and d (mod P) : Gonp — (T)4/P)* sending g +— dg (mod P) is a
character deforming .

Therefore, if Ry is the universal deformation ring in C of the character x; :
Gonp — F* for i = 1,2, then the characters a (mod P) and d (mod P) induce maps
f1: Ry, — T(W)4;, /P and f, : Ry, — T(N);, /P, respectively. Hence, combining these maps
gives us a map f : Ry Qe Rz, = TWIV);, /P.

Note that ay (mod P) € Im(f}) and dg (mod P) € Im(f;,) forall g € Gg,np- Hence,
ag (mod P) + dg (mod P) = ty(g) (mod P) € Im(f) and a, (mod P).dg (mod P) = 8y(9)
(mod P) € Im(f) for all g € Gg yp,- Therefore, by Lemma 4.1.1, the map f is surjective.

Suppose the pro-p part of the abelianization of G y, is Z, x [1i—1 Z/p%Z. Then
fori = 1,2, Ry =~ W@IT, X, - ,X.1/I, where I is the ideal generated by the set
{1 + Xi)Pei — 1] 1 < i < r}. So, we see that the Krull dimension of R)-(1®W(F)RX2
is 3, which implies that the Krull dimension of T(N), /P is at most 3. However, by
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Gouvéa-Mazur infinite fern argument, we know that every component of Spec(T(IV) ;)
has Krull dimension at least 4 (see [20, Corollary 2.28] and [24, Theorem 1]). Therefore,
we get a contradiction that implies that « € K (N);fo.

As B =aT(N), and «.C C T 5, it follows, from the properties of p listed above,

-1

o 0
that if M = ( ), then conjugating p by M gives us a representation p’ = MpM™! :

0 «o
Ggnp = GLy(T() ;) such that

1. tr(p') = 1ty and det(p’) = Jy,
X *
2. p/ (mod m) = (X1 ~ ) where x is non-zero.
X2
Since dim(H 1(GQ,NP, %)) = 1, we can conjugate p’ further by a diagonal matrix in
GL,(T) 5,) if necessary to get a deformation p” : Gonp = GLa(T(V)5) of p, such that

tr(p”) = 1y and det(p”) = &y.

Hence, p” induces a map V¥ : R; — T(N);,. Now
W o Fy o (T™™Y, DUW) = W o (tr(p"™), det(p™™")) = (tr(p"), det(p”)) = (ty, y)-

Therefore, the universal property of Rgg implies that ¥ o F, = &. This proves the

lemma. u

4.2 Main theorem and its proof

We are now ready to state and prove our main theorem.

Theorem 4.2.1. Suppose N satisfies the conditions of Corollary 2.3.4. Then the map
. pbd : : : pdired
®:R; — TIV) 5, induces an isomorphism (R/30 yred ~ T)5,-

To prove Theorem 4.2.1, we first prove the following theorem.

Theorem 4.2.2. Suppose N satisfies the conditions of Corollary 2.3.4. Then the surjec-

tive map ¥ : R; — T(N),, is an isomorphism.

Proof. Let P be a minimal prime of R; and let Q(P) be a modular prime corresponding
to P as found in Proposition 3.3.2. So P is the unique minimal prime of R; contained in
Q(P). Let fp be the classical modular eigenform corresponding to Q(P). From Corollary
2.3.4, it follows that the tame level of f; is N. Note that, from our construction of Q(P), we

immediately see that p? does not divide the conductor of the nebentypus €, of fp. Hence,
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[25, Theorem 1] implies that f is a p-adic modular form of tame level N. Let kp be the
weight of f.

By [22, Proposition 1.3.9], T(V) is the Hecke algebra acting faithfully on the space
of p-adic modular forms of level N. Combining this with the fact that py, lifts gy, we get
amap ¢p : T(N);, — Q, sending T to a,(fp), the T, eigenvalue of fp, and S, to e, (£)¢*~2
for every prime ¢ t Np. Let Q'(P) be the kernel of this map.

Note that there exists an injective map ¢ : R; /Q(P) — @ such that composing ¢
with p"™¥ (mod Q(P)) gives us ps, * Gonp = GLz(@p). Hence, if Fp: R; — Qp is the map
obtained by composing the natural surjective map R; — Rj; /Q(P) with ¢, then Lemma

4.1.2 and Lemma 4.1.3, along with the previous paragraph, imply that

(tr(Fp o p"™V(Frob,)), det(Fp o p™ (Frob,))) = (tr(¢p o ¥ o p"™V(Frob,)),

det(¢p o W o p™IV (Frob,)))

for all primes ¢ { Np. We have already noted that in our setting, the map Rg;i —
R; induced by (tr(p"™Y), det(p"™V)) is surjective. Combining this with the Chebotarev
density theorem, we conclude that Fp = ¢p o W. As ker(Fp) = Q(P), ¥ is surjective and
ker(¢p) = Q'(P), we get that Q(P) = ¥~1(Q'(P)).

Let P be a minimal prime of T(N) 5, contained in Q'(P). Let J be the ker-
nel of the map R; — T@); /P’ obtained by composing ¥ with the natural sur-
jective map T(N); — ’]I‘(N)ﬁo/P/. So J is a prime ideal of R; , which is contained
in Q(P).

Now, by Gouvéa-Mazur infinite fern argument ([20, Corollary 2.28] and [24,
Theorem 1]), we know that the Krull dimension of T(N)EO/P/ is at least 4. From Corollary
3.2.2, we know that R; has Krull dimension 4. Therefore, J is a minimal prime of R;
contained in Q(P) and hence, by Proposition 3.3.2,J = P. As R; /P >~ T(N); /P', we see
that ker(¥) C P. Thus, we see that ker(W) is contained in every minimal prime of R; . By
Corollary 3.3.3, R;_is reduced and hence, ¥ is injective. Since we already know that ¥ is

surjective from Lemma 4.1.3, this gives the theorem. |
We are now ready to prove the main theorem.

Proof of Theorem 4.2.1. Recall that composition of the morphism Rgg — Rj; with ¥ is

®. The theorem follows immediately from Theorem 4.2.2 and Proposition 2.2.8. ]

We now get the following results as immediate corollaries:
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Corollary 4.2.3. If p t ¢ (), then the map @ : RES — T(N),, induces an isomorphism
R2Hred = T() 5.

Proof. If pt¢(V),then N satisfies the conditions of Corollary 2.3.4. Hence, the corollary

follows from Theorem 4.2.1. | |

Corollary 4.2.4. If p { ¢(N) and 1 < dimy HI(GQpr, %Y < 3, then the map & : Rgf —

T(V) 5, is an isomorphism.

Proof. As N satisfies the conditions of Corollary 2.3.4, the corollary follows from
Theorem 4.2.2 and Corollary 3.3.4. |

4.3 A consequence for Hecke algebras modulo p

We now give an application of Theorem 4.2.2 to the structure of mod p Hecke algebras.
For an integer i, let S;(IV, W(IF)) be the space of cusp forms of level N and weight i with
Fourier coefficients in W (F). If we replace M;(V, W(F)) with S;(V, W(IF)) everywhere in the
definition of T(V), we get the cuspidal p-adic Hecke algebra, which we denote by T'(IV)
(see [5, Section 1.2] and [15, Section 1] for more details). The restriction of the action of
Hecke operators from the space of modular forms to the space of cusp forms gives a
surjective map j : T(N) — T'(N).

As we are assuming p to be odd, the pseudo-representation (ty, §,) is determined
by ©y and 7y : Ggup — TI),, is a pseudo-character of dimension 2 in the sense of
Rouquier ([39]) (see [5, Section 1.4] for more details).

Let I be the reducibility ideal of 7 in the sense of [4]. So it is the smallest ideal
of T(N);, modulo, which 7y is sum of two characters lifting x; and x,. As x; # X5, such
an I, does exist (see [4, Section 1.5] for the existence and properties of the reducibility
ideal).

Lemma 4.3.1. The Krull dimension of T(N);,/1o is at most 3.

Proof. This is a standard result. We will give a brief sketch of its proof for the
convenience of the reader. Since 1y (mod I)) is a sum of two characters lifting x; and x,,
the map Rgg — T@); /I, factors through R)—(l(f@r,,,(]F)R)22 where R; is the universal
deformation ring in C of the character x; : Ggu, — F* for i = 1,2 (see proof of
Lemma 4.1.3). By Lemma 4.1.2, this map is surjective. We already saw in the proof of

Lemma 4.1.3 that the Krull dimension of Ry, ®W(JF)R22 is 3, which implies the lemma. W
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Lemma 4.3.2.

1. The image of the maximal ideal m; under the surjective map j : T(V) — T'(V)
is a maximal ideal m/ﬁ0 of T/(INV).

2. The natural surjective map j : T(N) — T'(IV) induces an isomorphism between
T(N);, and ’H‘/(N)ﬁ0 where ’H"(N)ﬁ0 is the localization of T'(IV) at ml’ao.

Proof. We begin with the first part of the lemma. Suppose the image of m; underj is
not a maximal ideal of T'(IV). This implies that ker(j) ¢ m; . This means that there does
not exist a cuspidal eigenform f of level N such that Pg lifts 5.

Let E be an Eisenstein series of level N such that pz lifts p,. Denote by Py the
corresponding prime ideal of T(N)p,- So Py is the kernel of the map TN) 5, — Q,,, which
sends T, to T,-eigenvalue of E for ¢ { Np. Let I = NPy where the intersection is taken over
all Eisenstein series of level N such that pg lifts p,. From the definition of T(IV) o and the
non-existence of a cuspidal eigenform f of level N such that Pg lifts py, it follows that
I1=0.

By [4, Proposition 1.5.1], we know that I, C Py for all Eisenstein series E of level
N such that pg lifts py. Hence, it follows that I; = 0. Therefore, Lemma 4.3.1 implies that
Krull dimension of T(IV) s, 18 at most 3. But by Gouvéa-Mazur infinite fern argument,
we know that the Krull dimension of T@V) 5, is at least 4 (see [20, Corollary 2.28] and
[24, Theorem 1]). Hence, we get a contradiction. This proves the first part of the lemma.

Let J be the kernel of the map TN, — ’]I"(N)l30 induced by j. From definition
of T(V) 5, and ’]I‘/(N)ﬁ0 it follows that IJ = 0. By Gouvéa—Mazur infinite fern argument,
we know that every component of Spec(T(N);,) has Krull dimension at least 4 (see [20,
Corollary 2.28] and [24, Theorem 1]). So, from the proof of the first part of the lemma, we
conclude that I is not contained in any of the minimal primes of T(N)p,-SoJ is contained
in every minimal prime ideal of T(IV); . Since T(IV); is reduced, we get that J = 0. This

proves the second part of the lemma. |

Remark 4.3.3. Note that Part (1) of Lemma 4.3.2 implies that there exists a cuspidal
eigenform f of tame level N lifting p,. On the other hand, Part (2) of Lemma 4.3.2 implies
that the subspace generated by such cusp forms is “big” inside the space generated by

all modular eigenforms of tame level N lifting p,.

We will now recall the definition of mod p Hecke algebras from [5] and [15]. Let
S_ (N, W(F)) := Zi'c:o S;(N, W(F)). Using the g-expansion principle, we view S_, (N, W(IF))
as a submodule of W(F)llgll. Let S_;(N,F) be the image of S_, (N, W(F)) under the
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natural surjective map W(F)llgll] — Fllgll. The action of Hecke operators T, and S, on
S_; (N, W(F)) induces an action of the Hecke operators on S_;(N,F). Let A_;(N) be the
F-subalgebra of Endp(S_;(IV, F)) generated by the Hecke operators T, and S, for all primes
21 Np.

Let A(N) = l(iLnkAsk(N). We have a natural surjective map T'(N) — A(N) and
the image of m/l30 under this surjective map gives a maximal ideal m%o of A(N) (see
[15, Section 1] for more details). Let AN) 5, be the localization of A(IV) at m%o. Let Rg;l,o
be the universal pseudo-deformation ring of (tr(p,), det(py)) with constant determinant

in characteristic p (see [15, Section 1] for its definition).

Corollary 4.3.4. Suppose N satisfies the conditions of Corollary 2.3.4 and p > 3. Then
the ring A(N) ;) has Krull dimension 2 and (Rgg'o)md ~ (A(N)ﬁo)md.

Proof. By Theorem 4.2.2 and Lemma 4.3.2, we conclude that the map Rg;i — 11”(N)[SO
obtained by composing ® with the surjective map T(N); — ’11‘/(N)[30 induces an
isomorphism (Rg(?)red ~ T'(N) o and both have Krull dimension 4. Note that while proving
[15, Theorem 3], we prove that if Rgg ~ ?l“’(N)ﬁ0 and the Krull dimension of Rﬁf is 4, then
(RES’O)red ~ (A(N) po)red and the Krull dimension of A(I);, is 2. However, our proofs of
these two claims also work if we replace Rgg by (Rggl)md in the assumptions (see [15,

Section 8] for more details). Hence, the corollary follows from Theorem 4.2.1. [ |

5 Application to Level Raising of Modular Forms

In this section, we will give an application of our results to finding newforms f of non-
optimal levels (i.e., of level bigger than N;) such that pf lifts py. These results are in the
same spirit as the ones obtained by Diamond-Taylor ([18]) for irreducible py. In the case
of pp =1 a)’lg for odd k > 1, our results answer the conjecture of Billerey-Menares
([7, Conjecture 3.2]) partially in the setup described below.

We will first describe the setup with which we will be working. We also slightly

change the notation for the deformation rings that we have been using so far.

Setup 5.0.5. Let py : Gy cp — GL,(IF) be an odd, reducible, and semi-simple represen-
tation for some integer C (as introduced in Setup 2.1.1). We keep the other notations of
Setup 2.1.1. Let N be the tame Artin conductor of p,. Suppose dim(Hl(GQ,Nop, X)) =1
- -1
and X|G@p # 1,0, |G@p'
1. Let Sy be the set of primes ¢ such that £ | Ny, p | £ — 1 and either x, or x, is

unramified at ¢.
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2. Let Nj = Ny []yes, &-

3. Letx e HI(GQINop, %) be a non-zero element and p, : Gongp = GL () be the
representation corresponding to x as defined in Definition 2.2.3.

4. Letr > 1be an integer and let £, -, £, be primes such that ¢; { Nop, xlg,, =
w;llc@li andpt¢;,—1foralll <i<r.

5. Let s be the cardinality of theset{j |1 <j<randp+t (¢; + D}. If s # r, then
assume, after reordering if necessary, that p { (¢; + 1) forall 1 <i < s and
pl,+Dforalls+1<i<r.

6. If s=r,thenlet N = Ny [];_, ¢; and if s # r, then let N = N [T5_; €; [Ti—s 4y EJ?.

7. Note that p, is also a representation of Gonp- Let R (Np) and R; (N) be
the universal deformation rings of p, in C for the groups Gg y,, and Gg yp.
respectively.

8. Let pumiv . Gonp = GLy(R; (V) be the universal deformation of p,.

Throughout this section, we will use the notation given in the setup above and

also assume that the hypotheses of the setup hold unless mentioned otherwise.

5.1 Preliminary results

We will now prove some preliminary results that will be used later. We begin with a

result that is well known, but we include a proof for the sake of completion.

Lemma 5.1.1. Suppose f is a weight k newform of level M and ¢ is a prime not dividing

Mp. Then 'Of|G@e >~ 1y @ ny, where ny,n, @ Gg, — @X are unramified characters of Gy,
-1 -1

such that 7, # Xp'GQK’Xp |G@z'

Proof. Since ¢ t Mp, we know that 'Of|G@z is unramified at ¢. Hence, we get that pf|G@[ ~
N, @ ny, for some unramified characters 5,1, : Gy, —> Q, and the T,-eigenvalue of

. —1 . . _ . =
f is tr(,of(Frobz)). Suppose 17, is either Xp|G@[ or X, llG@z' So there exists an a € Q,
such that tr(pf(Frob()) = a(l + ¢) and det(,of(FrobZ)) = a?(. Now det(,of(Frob@)) =
e(Frob,z)Ek_1 , where ¢ is the nebentypus of f. Hence, it follows that the T,-eigenvalue of f
is (14-£)¢%=2/2¢, for some squareroot ¢, of e(Frob,). But Weil bound on the T, eigenvalue
of f (given by the Ramanujan—Petersson conjecture) implies that (¢£+1)¢*=2/2 < 2¢k-1)/2
(see [17, Lemma 6.2] and its proof for more details). This means ¢+ 1 < 2+/¢, which is not

possible as £ > 1. This gives us a contradiction. |

Lemma 5.1.2. Suppose ¥, is unramified at p and jx; x, = &w’;"_l, with ¥ unramified at

pand 1l < ky < p. Let kK > 2 be an integer such that k = k; (mod p — 1). Suppose g is a
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p-ordinary eigenform of weight k such that pg lifts p, and suppose M is the level of the
newform underlying g. Then p { M.

Proof. Let f be the newform underlying g. Thus, the representation p, factors through

Go,up and is isomorphic to pf as a Gg py,-representation. Since g is p-ordinary, it follows,

k-1

from [49, Theorem 2], that pPr is an ordinary representation such that det(pf) =€xp

k-1
*
where € is the nebentypus of f. In other words, pflG@p _(™m Xé; ), where 7, and 7,
N2

are unramified characters of GQp. As k = ky (mod p — 1), we see that the character ¢ is
unramified at p.

Suppose p divides the level of f. Then the corresponding GL, (Qp)-representation
s (i.e., p-component of the automorphic representation attached to f) is either princi-
pal series, special, or supercuspidal. Suppose 7y ,, is the principal series representation
7(€,, €,) for some characters €; and €,. As p divides the level of f, at least one of ¢, and
€, should be ramified. Since the nebentypus of f is unramified at p, it follows that both
€, and €, are ramified. But then [33, Section 2.2] implies that the U,-eigenvalue of f is 0,
which contradicts the fact that f is p-ordinary. Hence, T p is not principal series.

If mg , is supercuspidal, then [33, Section 2.2] implies that the U,-eigenvalue of f
is 0, which again gives a contradiction. Hence, 77 ,, is not supercuspidal. If 7 , is special,
then [33, Section 2.2] implies that the U, -eigenvalue of f is either 0 or p*~2/2.¢ for some
root of unity ¢. Note that k > 2, which means that the U,,-eigenvalue of f is a not a p-adic
unit. This again contradicts the fact that f is p-ordinary. Hence, it follows that p does
not divide the level of f. u

Let N be the integer defined in Point (6) of Setup 5.0.5.

Lemma 5.1.3. Suppose x, is unramified at p, XlG@p # 1,0, and 1, 5, = 1/_/60’1;0—1, with ¥
unramified at p and 1 < k; < p. Let k be an integer such that k = k; (mod p — 1). Then
there exist «, 8,6, € R; () such that if p; := oY (mod (o, B,8;)) then

%
1. Pk|G@p o~ (72)1 . ), where 1, and n, are characters lifting x; and j,, respec-
2

tively,
2. 1, is unramified at p,
3. det(py) = ekxllf_l and the character ¢, is unramified at p.
Proof. From the discussion after Lemma 3.1.1, it immediately follows that the elements

«, f and §;, defined in Definition 3.1.2 satisfy the conclusion of the lemma. Note that their
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definition only depends on the hypothesis j| Gap £1, w;l and Lemma 3.1.1 (which in turn
only depends on the hypothesis x |G@p # 1) and not on whether dim(Hl(GQle, ¥)) =1or

not. So we can define them in the current setup in the exact same way. |

Remark 5.1.4. Note that the definitions of @ and 8 are independent of k.

5.2 Increasing the ramification

Let r be the integer and ¢,, - - - , £, be the primes from Point (4) of Setup 5.0.5. For any 1 <
i < r,our assumptions imply that the characteristic polynomial of p,(Frob, ) has distinct
roots. Let g, be a lift of Frob,, in G y,. By Hensel's lemma, the characteristic polynomial
of ,oum"(gei) has two distinct roots «; and g; in R; (N) such that «; (mod mRﬁX(N)) =
)'(Z(Frobli) and g; (mod mRﬁX(N)) = )Zl(Frobzi) (which means aiﬁi_l = {; (mod mRﬁX(N))).
Recall, from Point (5) of Setup 5.0.5,thatsis|{j|1 <j<randp+? ¢+ ,pte;+1
foralll <i<sandp|¢;+1foralls+1 <i <r. We will now recall some results of

Bockle ([10]), which will be crucially used in the proof of the main result of this section.

Lemmab5.2.1. Foralll <i<r, puni"lle. factors through the Zp—quotient (i.e.,the maximal
pro-p quotient) of the tame inertia group at ¢;. Moreover, if i, is a lift of a topological

generator of this Zp-quotient in I, then,

1. For every 1 < i < s, there exists a P; € Id + My(mpg_ ) and w; € mg_ x,
such that

: 1 : .
Py(o"™ (i, )P = %) and Pi(p"V(g, )P, ! = i O )
' WL 1 ! 0 oti

2. Foreverys+1 <j <r,there exists a Oj € Id+M2(mR5X(N)) and uj, vi € My )
such that

univ : -1 V 1+ U;vj Y; univ 1 ﬂj 0
Q;(p™"(1,))Q; " = and Q;(p g, )NQ: " = .

J I Vj \/ 1+ ujVj 7 J 0 «
Moreover, there exist ﬂj, hﬁj € R; (N) be such that

'fzj ujh[

]

J

(Qj(p""™ (i) Q) =
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Proof. This follows directly from [10, Lemma 4.9] and its proof. [ |

Before recalling the next result, we establish some more notation. If s # 0, then

N N
let M .= - and if s = 0, then let M := e Thus, ¢, t M. Moreover, if s # 0,thenp t £, + 1
1 1
W@ [X,, -, X
and if s =0,thenp | ¢; + 1. Let ¢, :=,31a1_1.SupposeR(M)l3X: ((r)[[ 1 - )m]].Inthe
Lot 2Py

notation established above, we have:

Theorem 5.2.2.

1. If s # 0, then there exists a surjective map
G:WME[X,, - Xy, T] > RO,

and elements f;, - ,f g € Ry such that f; (mod T) = r; foralll <i < m/,
G(T) =wy,G(9) = a; — ¢, B, and ker(G) is generated by the set {f,--- ,f,,, 9T}

2. If s =0, then there exists a surjective map
G:WE[Xy, X, T, T] > RW),,

and elements f;,--- ,f,,9.9 € Ry such that f; (mod (T, T")) = r; forall 1 <
i<m, G(T) =uy, GT) =vy,G(9) =hy, —,,6(g) =hy, —¢; " and ker(Q) is
generated by the set {f},--- . f,,,, 9T, g'T'}.

Proof. This is [10, Theorem 4.7]. [ |

Let RES(N) and RES(NO) be the universal deformation rings of the pseudo-
representation (tr(poy), det(py)) in C for the groups Gonp and Go.Nop- respectively.

Lemma 5.2.3. The morphism ¢ : RES(N) — R; (N)/(Ugyq, -+ Uy) induced by

(tr(p"™v), det(p"™V)) (mod (Ugyq,- -+, u,)) is surjective.

Proof. LetJ = (ug.,,---,u,) and p' := o™V (mod J). Let f : R; (\N)/J — Flel/(?) be a
map and let p := f o p’. To prove the lemma, it suffices to prove that if tr(p) = tr(p,) and
det(p) = det(py), then p =~ p,.

Forevery 1 <i <s,let w; := w; (mod J) and 171 := P; (mod J).For every s+ 1 <
j<r/letv;:=v; (modJ) and E] := Q; (mod J).
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Since tr(p) = tr(pg) and p, is unramified at ¢; for all 1 < i < r, it follows that
tr(,o(giei)) = tr(p(g)) forall g € Gonp and all 1 <i <r.As p:=fop/,it follows that for
allg e Go,np and1 <i<r, tr(,o/(gigi)) —tr(p’(9)) € ker(f).

1
Let h € Go.np be such that p,(h) = (0 i) for some & € F*. So for every 1 <

. =, —1 1 +ai bi . % .
i <s,Pp'(h)P, = . L+d with b; € (R; (N)/J)* and foreverys+1 <j=<r,
i i

1 . .
e b ) with b; € (R; (W)/J)* and a;, ¢;, d; & (R; (N)/J)*.

— —1
Q.0 Wa; =
J J ( Cj 14+ d]

So forevery 1 <i<s,
. — | — —1 _
tr(p' (hiy,) — tr(p' () = tr(Byp (hi, )P, ) — tr(Pp' (WP, ) = by,
and foreverys+1<j<r,

tr(p' (i) — tr(p'(h) = tr(@;p' (hiy)Q; ) = tr(@;p ()5 ) = w7,

for some v; € (RﬁX(N)/J)X.

Soforalll <i <s, w; € ker(f)and foralls+1 <j <, ‘7j € ker(f). So the
kernel of the surjective map R; (N) — Flel/ (€?) obtained by composing the natural map
RﬁX(N) — RﬁX(N)/J with f contains w; for all 1 < i < s and U, vj foralls+1<j=<r.
Hence, p is unramified at ¢; for all 1 <i < r. Thus, p factors through GQ,NOp-

Since dim(Hl(G@lNop, x)) = 1, we know, by Lemma 2.2.7, that the natural map
RE?(NO) — Rj (Ny) is surjective. Therefore, we conclude that p ~ p, as p is a
representation of Go,nop with tr(p) = tr(py) and det(p) = det(py). This proves the

lemma. u

Lemma 5.2.4. Suppose i, is unramified at p and x; %, = &w’;"_l, with ¢ unramified
at pand 1 < k; < p. Suppose X|G@p # 1""51|G@p' Let k > 2 be an integer such that
k=ky, (mod p—1)andletw, B, d; R; () be the elements defined in Lemma 5.1.3. Then
R; (N)/(at, B, 8ps Ugyyr-- Uy is a finite W(FF)-algebra of Krull dimension at most 1.

Proof. Lett := p"™V (mod (o, B, 8, Ug 1, ,U,)). By Lemma 5.2.3, the map

. ppd
Fy:RE(N) — R; (No)/(@, B, 8, Ugiy, -+ 1 Uy)
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induced by (tr(z), det(r)) is surjective. By Lemma 5.1.3, we know that T|G@p - ('Z)l * ),
N2

where 7, is an unramified character, and det(r)|Ip = X;’f_l- Therefore, using Pan's
finiteness result ([37, Theorem 5.1.2]) and the proof of Proposition 3.2.1 for Case 2, we

get that Fj, factors through a quotient of RES(N), which is finite over W(F). This proves

the lemma. |
Lemma 5.2.5. Suppose dim(Hl(GQ'Nop,)Z)) = 1, x, is unramified at p, XlG@p *
l'wgllG@p' XXy = 1/_fa)11§°_1, with ¢ unramified at p and 1 < k, < p. Let £ be a

prime such that x|, = ,'lg, and p { ¢ — 1. Then the ring R; (No¢) has Krull

dimension 4.

Proof. Suppose p t ¢* — 1. Since dim(H'(Ggy,, X)) = 1, Lemma 2.4.1 implies
that (Cl(KX)/Cl(KX)p)[a)p)TI] = 0 and )_(IGQq # “)p|GQq for all primes q | Nyp. From
our assumptions on ¢, we know that )_('G@e # wP|GQg‘ Hence, Lemma 2.4.1 implies
that dim(Hl(GQ,Nolp,)'()) = 1. So Corollary 3.2.2 implies that the Krull dimension of
R; (No0) is 4.

Now suppose p | £ + 1. From Lemma 5.2.1, we know that p|;, factors through the

. 0
Zy-quotient of the tame inertia group at ¢ and we can assume p""V(g,) = (¢l ) and

0 ¢y
V1+uv u
V1 +uv '

Moreover, Lemma 5.2.1 also implies that there exist fj, h, € R; (Ny¢) such that

puniV(iz) —

. uh . ,
PV (i)t = (fZ e)' Let ¢ = ¢, ¢, '. Therefore, the relation p"V(g,i,g; ') = p™V(i,)*
vh, [4

gives us u(h, —¢) =0 and v(h, —¢~1) = 0.

Let P be a minimal prime of R; (Ny¢).So P contains either u or h,—¢.If P contains
u, then by Lemma 5.2.4, we see that R; (No0)/(e, B, 8, P) is finite over W(F) of Krull
dimension at most 1. So Theorem 2.3.11 implies that the Krull dimension of R; (Ny¢)/P
is at most 4.

Suppose P does not contain u. So h, — ¢ € P. Now P contains either v or b, — ¢!,
Suppose v € P. From the previous paragraph, we know that R := R; (Ny¢)/(«, B, 8k, u, P)
is finite over W(IF) of Krull dimension at most 1. Suppose its Krull dimension is 1. Let
Q be a minimal prime of R. So R/Q is isomorphic to a subring of (QTp. Fix such an
isomorphism to view R/Q as a subring of Q. Let p : Gg e — GLp(R) be the repre-

univ

sentation obtained by composing p with the natural surjective map R; (Ny¢) — R.

$20z Aenuer gz uo Jasn ninjebuag ‘eousiog Jo a)nisu| uelpu| ‘AJelqi [elows iy Blel A YT A9 ZZ1L620L/SYY8 L/ 1L Z/S20Z/o1onie/ulwl/wod dnoojwapese//:sdiy wol) papeojumoq



On Density of Modular Points 18489

Let p (mod Q) : Gonp = GLZ((QTP) be the representation obtained by composing p with
the surjective map R — R/Q.
Since the images of «,8,8, in R are 0, we see, from Lemma 5.1.3, that
_(m
p (mod Dlgy, = ( )

0 uy
theorem of [42] and Corollary 2.3.4, p (mod Q) is the p-adic Galois representation

), where ), is an unramified character. Hence, by the main

attached to a newform f of weight k whose tame level divides Ny¢. Moreover, as the
images of u and v in R are 0, we see that p (mod Q) is unramified at ¢ and hence, £ does
not divide the level of f. Observe, from the definition of h,, that h, = £ (mod uv). So the
image of ¢ — ¢ in R/Q is 0 and hence, 'Of|G@z =X D XXp for some unramified character
x i Gg, — QTPX. But Lemma 5.1.1 gives a contradiction. Therefore, the Krull dimension
of R is 0. So Theorem 2.3.11 implies that the Krull dimension of R; (Ny¢)/P is at most 4
in this case.

Now suppose h, — ¢! € P. Since h, — ¢ € P, this means that ¢? — 1 € P, which
implies that ¢ + 1 € P (since the image of ¢ in F is —1). Since h, = ¢ (mod uv), we have
¢+ 1 € (u,P). Since R; (NyO)/(a, B, 8y, u,P) is finite over W(FF), it has Krull dimension
0 (as £ +1 € (u,P)). If the Krull dimension R; (Nyt)/P is «, then, by Theorem 2.3.11,
the Krull dimension of R; (NoO)/(at, B, 8, u, P) is at least ¥k — 4. Therefore, we conclude
that the Krull dimension of R; (Noy0)/P is at most 4 in this case as well. This proves the

lemma. u

5.3 Main result

We will now prove a key proposition that describes the structure of R; (N) in terms of
the structure of R; (IVp) (similar to Theorem 5.2.2). It will be used crucially in the proof
of the main theorem of this section and we believe that it is also of independent interest.
Note that we use the notation established in Lemma 5.2.1 and the first paragraph of §5.2.
Foreverys+1<j<r,let ¢ = ﬁjoz]._l.

Proposition 5.3.1. Suppose we are in Setup 5.0.5 as above and suppose x, is unramified
at p. Let n = dim(H! (Gonop- Ad(p,))) and r and s be the integers defined in Points (4) and

(5) of Setup 5.0.5. Then there exist a surjective morphism
F:Rgi= WXy, Xy Wy, W, Ugpy,-  Up Veyy,oo, V] > Ry (V)

and a subset Sy :={f}, -+ \f_3.91, G Bgyq, -+ ,hr,h;H,m ,h}} of Ry, such that

1. F(W;,) =w; foralll <i<s,
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F(g;) =a; —¢;B; foralll <i<s,

’F(l]]) = uj and]:(vj) = ijOI’ alls+ 1 SJS T,

F(hj) =hy, — ¢; and F(h) = h,, — qu—l foralls+1<j<r,
I, := ker(F) is the ideal generated by the set

ok wn

{flr e 'fn—S} U {Wigi}lsiis U {[]jhj}S+1§j§T U {th]/'}s-i-lgigr'

6. R; (Ny) ~ WXy, -, X 0/(fy, - fr_3) where

fi mod Wy, , Wy, Ugq,- ,Up, Vi1, , V,) =f.

Proof. We will prove the proposition by using induction on r. For r = 1, the proposition
is just a combination of Theorem 5.2.2 and Corollary 3.2.2. Assume the proposition is
true for r = m. Now supposer =m + 1.

From Theorem 5.2.2 and the induction hypothesis, it follows that there exists a

surjective map
F:Ry=WM[X}, -, X, Wy, W Ugigr - U0 Vg 'Vm+lﬂ — RﬁX(N)

satisfying points (1) — (4) and (6) of the proposition.
Case 1: Suppose s # 0. Then the induction hypothesis and Theorem 5.2.2 imply
that there exist

Jioo i fa—s €Roand Fy, -+ Fg,Ggy, oo, Gy Hoyq, oo Hyy g € (W)

such that ker(F) is generated by the set

S:={f1, Saz W91} U{Wy9, + Fy, -+, Wegs + F}U

{Us+1hs+l + Gs+1' T Um+1hm+1 + Gm+1} U {Vs+1h/s+1 + Hs+1r Tt Vm+1h/m+1 +Hm+1}~
(2)

Let M, be the maximal ideal of Ry and V be the F-vector subspace of ker(F)/M, ker(F)
generated by the images of f}, - ,f,_3. W19,. Let T be a subset of {f},--- ,f,,_3, W,9;}
such that the images of the elements of T in ker(F)/M,ker(F) form a basis of V. So, by
Nakayama's lemma, ker(F) is generated by the set TU (S\ {f}, -+ ,f_3, W19 D).
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Note that

Wy95, -+ Wegs Ugirhgirr o Ui P10 Veia g+ Vinga o} C ker(F),
which means
{Fy, - Fy Gy, g1 Hyyy, - Hpy ) C ker(F).
So ker(F) is generated by the set

TU{Wy9,, -  Wsgsy U{Ug 1 hg iy Ui B}

U{Vs+1h./s+1"" 'Vm+1h/m+1}U{F2"" 'Fs'Gerl"" 'Gm+1'Hs+1"" 'Hm+1}' 3)

Therefore, by Nakamyama's lemma, we can find a subset 7" of the set

{(Wygs. -+ WegyU{Us1hgy, o U A}

UVi1hsir o Vi B 1 JULFS, -+ Fg Gy oo Gy Ho g Hy )
(4)

such that T U T’ is a set of minimal generators of ker(F).
As TU S\ {f1,--- 1 fn_3. W19:}) is a set of generators of ker(F), it follows that
ITUT| <|TUS\N{fi, fa_3. W19, D|. This means that |T'| <2m — (s —1). If W;g; € T’

for some 2 < i < s, then

T C (W, Wiy Wiy W Ugyo Uy Ve 0 Vi)
as
{FZI"' IFSIGS+1I"' le+lle+1I... le+1} C (Wl)‘
This means
ker(F) C (fi - fuog Wy Wi Wiy W, Ugiyo o Upr Vs Vi)

Since the kernel of the map R 5 ) = R (Np¢)) is the ideal generated by the set

Wih <y <sjzi Y Us1<jemir Y Viksi1<jamer
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we conclude, using Theorem 2.3.11, that the Krull dimension of Rﬁx (IV¢;) is at least 5. But
Lemma 5.2.5 gives a contradiction to this. Therefore, {W,g,,--- , W,g,} C T".

If Ujhj ¢ T’ for some s + 1 <j < m + 1, then by the same logic as above we have
ker(f) C (fl!"' Ifnfslwll... IWS! Ug+1r“' /l]j717 l]j+1/"' lUm+1!VS+1!..- er+1)-

Since the kernel of the map R 5 V) = R; (NoL)) is the ideal generated by the set

Wihi<ics YW lsi1gyamr1 iz Y Vi dsii<yamtn

it follows that the kernel of the surjective map Ry, — R (Ny¢;) obtained by composing
the map F with R; (V) — R (Ny¢;) is the ideal generated by the set

{flr"' Ifnfslwll... /WS}U{US+1I"' rl]j71/ l]j+1r"' rUm+1}

U{Vgiy,oo, V7

-1V,

i Vg Vi) ()
So we conclude, using Theorem 2.3.11, that the Krull dimension of R;, (NE]-) is at least 5.
But Lemma 5.2.5 gives a contradiction to this.

Therefore, {Ug, hg,y, -+, Upy1hy} € T'. By repeating the same logic after
replacing U;'s with V;'s everywhere, we get that {V 1kl -, Vipy by} C T

As |T'| < 2m — (s — 1), it follows that

T = {Wy95, - WG Usirhsini Ui Pmgrs Vera R o Vigpr B -

Note that ker(F) is generated by TU T  and T C {f},--- ,f,_3. W;9,}. Hence, we get that
ker(F) is generated by the set

I /
Ui fama Wngr -  WeGs Uiy hgiy o U Ber s Va1 g1+ 0 Vi1 B b

which proves the proposition in this case.

Case 2: Suppose s = 0. The proof in this case is very similar to the proof in
the previous case. So we only give a brief sketch. From Theorem 5.2.2 and induction
hypothesis, it follows that there exist G,,---,G,, ,,Hy,---H, , € (U, V;) such that
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ker(F) is generated by

S:=1{fi, fuz: Uthy, ViR1} U{Ushy + Gy, -+ Uppiy A1 + Gig)

U{Vyhy +Hy, - Vi by + Hpyppg}. (6)

Let V be the F-vector subspace of ker(F)/M,ker(F) generated by the images of
fir-o a3, Uhy, Vih}.Let T beasubsetof {f,-- ,f,,_3, U hy, V{ A} such that the images
of the elements of T in ker(F)/M, ker(F) form a basis of V. So, by Nakayama's lemma,
ker(F) is generated by the set TU (S\ {f},--- ,f,_3. U hy, ViR,

Note that

{Uzhg, - Ungr g1, Vahy, o Vi hop g} C ker(F).
So ker(F) is generated by the set

i faea Uthy, ViR U U Ry, - Uy B 1, Voh o Vi R )

U{GZ"” 'Gm+11H21"' er+1}- (7)

So by Nakayama's lemma, we can find a subset T’ of
{U2h2r T Um+1hm+1r £ /2r o Vm+1h/m+1} U {G2r Tt Gm+1rH2r T er+1}'

which will extend the set T to a set of minimal generators of ker(F).

Since TU(S\{f},- - ,f_3. U hy, V h!}) is a set of generators of ker(F), we conclude
that |T’| < 2m. Using the same argument that we used in the previous case, we conclude
that Ujhj, V]h; € T’ for all 2 <j < m + 1. Therefore,

T = {Ughy, -+, Um+1hm+1r v, /2' T Vm+lh;n+1}'

As ker(F) is generated by the set TU T" and T C {f,--- ,f,_3, Ujhy, V1 R}, we get the

proposition in this case. |

We are now ready to prove the main theorem of this section. Recall that we have
defined IVj, in Point (2) of Setup 5.0.5. Thus, if f is a newform of level M such that pf lifts
po and ¢ is a prime dividing N, then v, (M) = v, (V) (see also Corollary 2.3.4).
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Theorem 5.3.2. Let ¢, --,£, be primes satisfying the hypotheses of Point (4) of Setup
5.0.5. Suppose XlG@p # 1’w1;1|GQp’ dim(H* (Gonpr X)) =1, X2 is unramified at p and x; x
is ramified at p. Suppose x;x, = I}wlgo_l, with ¢ unramified at p and 1 < k, < p. Then
for every integer k > 2 such that k = k; (mod p — 1), there exists an eigenform f of level

Ng [Ti= ¢; and weight k such that p; lifts gy and f is new at ¢; for every 1 <i <r.

Proof. LetN =Nj[[i_,¢; [Ti=ss1 ZJZ and k > 2 be an integer such that k = k; (mod p —1).
Let Iy be the ideal of R; (V) generated by the set

o -1 1
S‘_ {alﬂ!8k!a1 _Zlﬂll... Ias _Esﬁslus+lr"' rur!hes+1 _¢S+1'... Iher _¢r }‘

Here o, B,é € R; (N) are the elements defined in Lemma 5.1.3 and all the other elements
of S are from Proposition 5.3.1.
Let Rg(N) := Rj; (N)/I; and p : Gonp — GLa(Ri(V) be the representation

univ

obtained by composing p with the natural surjective map R; (N) — Ry(IV). From
Lemma 5.2.4, we get that Ry (V) is finite over W(F) of Krull dimension at most 1. On
the other hand, combining Proposition 5.3.1 and Theorem 2.3.11, we get that the Krull
dimension of Ry () is at least 1. Therefore, we get that Ry (V) is a finite W (F)-algebra of
Krull dimension 1.

Let Q be a minimal prime of R; (V). From the previous paragraph, we conclude
that Ry (N)/Q is isomorphic to a subring of QTp. Using this isomorphism, we view
p (mod Q) as a representation over Qp. By definition of Ry (), p (mod Q) : Gonp —
GLZ(QTP) is a p-ordinary representation such that det(p (mod Q)) = ¢ x}jfl, where ¢ is

0
and 7, are unramified characters of G@p. Hence, using the modularity lifting theorem

r L k—1
k
a character unramified at p. In other words, p (mod O)|G@p = (’th /), where 7]
Up)

of Skinner-Wiles (main theorem of [42]), we get that p (mod Q) is the p-adic Galois
representation attached to a newform f of weight k. Moreover, Proposition 2.3.3 implies
that the tame level of f divides N.

Since p; = p (mod Q) is p-ordinary, it follows, from [35, Proposition 3.6], that f is
p-ordinary. From the previous paragraph, we know that the nebentypus of f is unramified
at p. Hence, it follows, from Lemma 5.1.2, that p does not divide the level of f. Thus, f is
an eigenform of level N and weight k such that pf lifts pg.

Note that o; — ¢;8; € Qforall 1 <i < r (since hgj = {; (mod u;v;)). So it follows
that for all 1 < i < r, the semi-simplification of o (mod O)|G@e. is x; ® XiXp for some

character yx;. Note that the order of x; is not finite as k > 2. This means that f is cuspidal.
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Hence, by Lemma 5.1.1, we see that ¢; divides the level of f and p (mod Q) is ramified
. *

at ¢; for all 1 < i < r. Therefore, we have p (mod O)|GQe ~ (Xl(;(p ) with * # 0 for
i Xi

all1 < i < r. As x; is an unramified character of Gy, ., this implies that ¢; divides the
level of f exactly once and f is new at ¢; for all 1 < i < r. This finishes the proof of the

theorem. n
We now record some immediate corollaries of Theorem 5.3.2:

Corollary 5.3.3. Suppose the hypotheses of Theorem 5.3.2 hold. Let ¢;,--- ,¢, be the
primes as in Theorem 5.3.2 and k; be as in Theorem 5.3.2. Moreover, assume that p {
¢ (). Then for every integer k > 2 such that k = k; (mod p — 1), there exists a newform
f of level Ny [i_, ¢; and weight k such that p; lifts p.

Proof. Since we are assuming p { ¢ (V), we get that N, = N. The corollary now follows
by combining Theorem 5.3.2 with the facts that IV, is the tame Artin conductor of p, and
none of the ¢;'s divide N, |

We now recall a conjecture of Billerey—Menares ([7, Conjecture 3.2]).

Conjecture 5.3.4 (Billerey-Menares). Let p be a prime and k; > 4 be an even integer
such that ky <p—1.Let ¢;,---,{,. be primes such that p # ¢; for all 1 <i < r. Then there
exists a newform f of level I'y([]i_, ¢;) and weight k; such that pg lifts 1 & a)lgo_l if and

only if at least one of the following conditions hold:

1. p| (Efo — 1)(6?0_2 — 1) forall1 <i < rand there exists a 1 < j < r such that
k
ple°—1.
2. p| (Efo_z —1)forall1 <i < rand p divides the numerator of i—?, where By,

is the ky-th Bernoulli number.

The following corollary partially answers Conjecture 5.3.4 in some cases.

Corollary 5.3.5. Let k; be an even integer such that 2 < k; < p — 1. Let £;,--- , £, be
primes such thatp {¢; — 1 and p | Zfo —1forall 1 <i <r. Letk be an integer such that
k =k, (mod p — 1). Suppose one of the following conditions hold:

1. pJ(Bp-‘rl—ko'

2. pis aregular prime.
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3. Vandiver’s conjecture holds for p.
4. p>>b5andky,=4,6.
p+1

5. p>3,p=3 (mod4)andk0=T.

Then there exists a newform f of level T'y(¢; - - - £,) and weight k such that Pf lifts
ko—1
1Qwy, .

Proof. From the discussion just before Example (1), it follows that

(CLQE))/CLUQEP)wp 1 =0

if one of the conditions given above hold. Therefore, by Lemma 2.4.1, we get that
dim(Hl(GQp, w~1y) = 1. Note that o ko 1|GQ =w l|G@ if and only if ¢, k = 1 (mod p).
The corollary now follows from Corollary 5.3.3 and the fact that p t ¢ — 1 for all

l1<i<r. | |
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