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Abstract

In this article, we establish pointwise sparse domination results for Grushin pseudo-
multipliers corresponding to various symbol classes, as a continuation of our
investigation initiated in Bagchi et al. (J Fourier Anal Appl 29(3): 1-38, 2023). As a
consequence, we deduce quantitative weighted estimates for these pseudo-multipliers.
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1 Introduction

This article is a continuation of our work [3] where we have considered pseudo-
multipliers associated to Grushin operators and studied sparse operator bounds for
pseudo-multipliers with symbols satisfying Mihlin—-Hormander type conditions. In
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this article, we analyse other symbol classes associated to Grushin operators and
study their quantitative weighted boundedness. Before discussing our main results, let
us first review some well known results regarding pseudo-differential operators on the
Euclidean space which serve as the motivation for our investigation.

1.1 Pseudo-differential Operators on the Euclidean Space

The pseudo-differential operator m(x, D) associated with a function m € L*
(R"™ x R™) is defined by

m(x, D) f(x) = / m(x, ) F(E)e de,

Rn

for Schwartz class functions f on R”, where fdenotes the Fourier transform of f
which is defined by f(&) = (2m)™"/? [, f(x)e™™* dx. Recall the following class
of symbols. For any 0 € R, and p,§ > 0, ,5”" (R™) denote the set consisting of all
functions m € C*° (R" x R") such that for all oz B e N,

OP0Em(x, &)| Sap (1+ 1817 P

Pseudo-differential operators associated with the symbol class 5”100 (R") belong
to the realm of Calderén—Zygmund operators and they are bounded on L?(R") for
1 < p < oo (see [34]) and also they are of weak type (1, 1). For others symbol classes
we recall first the following fundamental result of Fefferman.

Theorem 1.1 (C. Fefferman [16]) Fix0 <a < 1land0 <68 <1 —a.

e Form e .| _ "a/ . (R™), the operator m(x, D) extends to a bounded operator from

the Hardy space HYRY) to LYR"Y). Also, m(x, D) admits a bounded extension
from L*°(R") to BM O(R").

e In general, forany o < 0andm € Yf’_a’s, the operator m(x, D) is bounded on
LP(R") provided |— — —| < —o/na.

We also refer to [2] for more general results in this direction. Since we are primarily
interested in weighted estimates for pseudo-differential operators, we first mention
the work of Miller [27] where the author established weighted L7”-estimates for
pseudo-differential operators belonging to the symbol class yloo(R”) Also, recall the
following result of Chanillo and Torchinsky [10] where the authors obtained weighted
estimates for pseudo-differential operators with symbols belonging to Yl_";éz R™)
with 0 < § < 1 —a < 1 using suitable estimates for the Fefferman—Stein sharp
maximal function M? acting on m(x, D).

Let M stand for the uncentered Hardy-Littlewood maximal function on R" and

for 1 <r < oo, M, f := (M(fI")'".
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Theorem 1.2 (Chanillo-Torchinsky [10]) For m € .7 ""*/> (R") with 0 < § <
1—a<],

ME(m(, D) f)(x) S Maf(x),

forall f € C° (R"). Consequently, for any2 < p < oo and w € A, the operator
m(x, D) maps LP (R", w) to itself.

Operators m(x, D) withm € .|, na/ 2 (R™) are more singular in nature and have
close connections with strongly smgular integral operators studied by Fefferman [15].
Motivated by the above result, Michalowski et al. [29] studied m (x, D) corresponding
tom € 5”1 a5 (R™). Increasing the decay from —na/2 to —na, it was proved that
m(x, D) is bounded from L? (R", w) to itself forany 1 < p < coand w € A,. In
fact, they made use of some sharp kernel estimates and proved their result by proving
the following estimate.

Theorem 1.3 (Michalowski—Rule—Staubach [29]) Let m € 5’1__”;” sRM for0 <a <
land0 <8 <1 —a. Then, forany 1 < p < 0o we have

M m(-, D) f)(x) S M, f(x),

forall f e CX (R"). Consequently, for any 1 < p < oo and w € A, the operator
m(x, D) maps LP (R", w) to itself.

Recently, Beltran and Cladek [4] established sparse domination for pseudo-
differential operators on R". Their work recover not only the previously known
weighted boundedness results for classes .&} "a/ 2 (R") and "¢ s (R™), but it also
establishes quantitative weighted estimates for operators correspondlng to symbols
coming from the intermediate classes. Namely, it follows from their results that for
m e S a8 (R™) with —na < o < —na/2, the operators m(x, D) are bounded on
LP (R", w) forr, < p < oocand w € Ay, where r, = —na/o. Moreover, they
could also prove weighted estimates for symbol classes with lesser decay, namely, for
y{ia, s R") with —na/2 < o < 0. But, we do not concern our self with those results,
and for interested readers we refer Corollary 4.2 in [4].

The main contribution of the present article is in establishing some analogous results
in the context of Grushin pseudo-multipliers. Our approach also relies on the sparse
domination technique. Note that in the context of the Grushin operator, we need not
have the adjoint operator m (x, G ,.)* to be a pseudo-multiplier operator, a fact crucially
used in [4]. Therefore, our focus in the present work is to obtain linear sparse forms,
which in fact provide a stronger pointwise control. In [4], linear sparse forms were
shown only in the case of 0 = —na. We succeed in establishing linear sparse forms
in the range —na < o < —na/2. We also have some weighted boundedness results
for o = —na/2, which we shall explain in Sects. 1.4 and 1.5. In order to present our
results in detail, let us first recall some preliminaries.
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1.2 Grushin Pseudo-multipliers

We start with recalling some preliminaries. Let us denote the points in R*1772 ag
x = (x/, x") € R" x R"2, For each » € N, we consider Grushin operator

G, =—Ay =V, (X/) Ay,

where V,, (x') is either |x'[** or > x}z’{. We simply denote G by G itself. These
are well-known operators and Grushin studied hypoellipticity of these operators in
[18]. The operator G ,, is degenerate elliptic along the n,-dimensional plane {0} x R"2.
It is studied in various contexts related to Dirichlet problems in weighted Sobolev
spaces, free boundary problems in partial differential equations etc. and it is closely
connected to the sub-Laplacian on the Heisenberg group. Multipliers associated to
Grushin operators are always of deep interest and is currently a very active area of
research. For instance, we refer [8, 12, 28, 30] where multiplier theorems are developed
in various contexts related to Grushin operators. Mihlin-Hérmander multiplier theorem
for Grushin multipliers with sharp number of derivatives on the multiplier function
was obtained first in [30] by Martini—Sikora when n| > n», and finally in complete
generality in [28] by Martini—-Miiller. We also refer [5] where the authors develop a
general notion of pseudo-differential operators on metric measure spaces. These are
our point of departure and in this article we specialize in developing pseudo-multipliers
for Grushin operators.

Using inverse Fourier transform in the last variable, for a dense class of functions,
we can write

Goof () = /R L (HO ) o

where, for A # 0, H,,(A) = — Ay + A2 x> or H,,(A) = —Ay +|A|? P x;z",
depending on the choice of V,.(x") and f*(x) = 27) ™" [, f(x, e dx” In
particular, when s = 1, for each A # 0, operators Hj(A) = H(A) = —A + 12X
are the scaled Hermite operators on R"!,

Using spectral decomposition of H,,(A) we have the following representation

: ” 2
Gef )= [ ST R vt (£ ) g0
m

keN

where {h,.x : k € N} is a complete orthonormal basis of L? (R™) such that
H, (Dhek = Vaeghsex WithO < v, 1 <v,00 < v, 3 <...and limg_, o0 v,k = 00,
and for each k € Nand A # 0,

hk AN 2'1711 1 /
ek (X) 1= A2 By g (AT X0 )

For s = 1, the eigen functions £, ; are the well-known scaled Hermite functions.
Let us now define pseudo-multipliers associated to Grushin operators.
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Definition 1.4 Given m € L% (R""2 x Ry), the Grushin pseudo-multiplier
m(x, G,.) is defined densely on L? (R"1"2) by

m(x, G,o) f(x) := /an e N N m (x, |)\|%+1v,{,k) (f* 1% ) I () di.
keN

(1.1)

Throughout this article, K, (x, 6,,) Will denote the integral kernel of the Grushin pseudo-
multiplier operator m(x, G ,,). Also, m(G ,,) will simply denote the Grushin multiplier
corresponding to a bounded function m defined on R .

Recall that Grushin operator G,, can be expressed as a negative sum of X ?’s and

Xﬁ © S Where X ; and X, ; are first order gradient vector fields defined as follows
0 o
Xj=— and Xyp=x" —7, (1.2)
x'; dxy,
j
forl < j<ni, 1 <k <ny anda € N"! with |o| = s.
Let us denote by X the first order gradient vector field
X = (Xj, Xak)1<j<ni, 1<k<n, la|=5- (1.3)

We consider symbol classes 5”; 5(G ), defined as follows.

Definition 1.5 For any ¢ € R and p,§ > 0, we say that a function m €
€ (R"M*"2 x R ), belongs to the symbol class 77 5 (G ) if it satisfies the following
estimate:

a [T
‘Xravlvm(x, n)‘ Sra (L4 3= 0+03Hs (1.4)

forall " € N and [ € N, where ng = n; + nz(”;”_‘fl).

For N € N, we define the seminorm for the above symbol classes as follows:

_g L_slll
lmll yox = sup sup(l+n)~ 3 TP
“pd IT|+I<N x,1

X"l m(x, m)| . (1.5)

For convenience, we will use a shortened notation |m|| 77 where the number of
derivatives N should be clear from the context where it is used.

In [7], an analogue of the Calder6n—Vaillancourt theorem for the Grushin operator
G = G was shown to be true for symbol classes y;?,a(G) with) <6 < p < 1.

In [3], we were primarily concerned with symbol classes 5”10 5(Gs), 8 < 1, and we
established appropriate sparse bounds with an emphasis on the number of derivatives
of symbol functions.

The present article is dedicated to study sparse bounds and quantitative weighted
estimates for the symbol classes Yl__g%/ 9G,) for0 <a < 1,8 <1—a,and
l1<g<2.
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We also prove weighted estimates for pseudo-multipliers corresponding to the sym-
bol class YI_QQ‘S/Z(L, U), with0 < a < 1,8 < 1 — a, associated with the joint
functional calculus of the Grushin operator G.

In the next few subsections we describe our main results.

1.3 Main Results for Classes 5/1 ?{;’(G%) with1 <g<2

Before discussing our results, let us record here that unless otherwise stated, throughout
this article we work under the following convention on parameters.

Convention 1.6 We alwaystake 0 <a <1,0<§<1—a,and 0 <§<p < 1.

We also have the following standing assumption, which plays an important role in
our analysis.

Assumption 1.7 We assume that for each m € 5” 5(G ), the operator
m(-, G,) : L*(IB(, DI®) — L*(IB(, D|®)

is bounded for all 0 < b < 1, with the operator norm bound depending only on b and
the symbol seminorm ||m|| 2N
P,

The following remark is in order.

Remark 1.8 Standing assumption 1.7 may at first look artificial but we will show in
Proposition 2.8 that given any m € 5”/?’ 5(G), with § < p, the operator m(x, G) maps
L2(|B(-, 1)|°) to itself for all b > 0.

In general, since even an analogue of the Calderén—Vaillancourt type theorem is not
known, we have to assume throughout this article that for any symbol m € . [9’ 5(Gso),

the pseudo-multiplier operator m(x, G,.) is bounded on L2(|B(', 1)|b) for all 0 <
b <1.

We now present the following theorem regarding the end-point boundedness of
pseudo-multipliers associated to the symbol class 5”11%’“8 (G ,). This result is not only
essential in our subsequent proofs of sparse domination, it is also very important in
its own right. Let H ! (R”1+”2) denote the Hardy space associated to the Grushin
operator G ,, which we < will explain in detail in Sect. 2.1.

Theorem 1.9 Given m € (5”1 —a E(G%)’ the operator m(x, G,.) is bounded from
Hé% (R"1+”2) to L (R”H'"z). Consequently, m(x, G,.) is LP-bounded for all 1 <
p <2

Here we present our main pointwise estimates for pseudo-multipliers with sparse
operators. Obtaining pointwise estimates for classical operators by sparse operators
has attracted many minds recently, for example we refer [19, 21, 23]. In [6], bilinear
sparse forms are introduced to handle more general operators and this method was
further developed to obtain beautiful estimates for several fundamental operators in
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[4,9, 20, 22] just to name a few. Since (R"! +na dg,,,|-|) is ahomogeneous space, in
order to develop sparse domination results we rely on the dyadic structure provided by
Christ’s dyadic grid S. For more relevant details, we refer to Sect. 2.4 of [3]. We say
a collection of measurable sets S C S to be a n-sparse family (for some 0 < 1 < 1) if
for every member Q € S there exists aset Eg C Q such that |[Eg| > n|Q| and {Eg}
are pairwise disjoint. Corresponding to a sparse family S and 1 < r < oo, we define
the sparse operator as follows:

1 1/r
Ar,sf(x)=2(— / |f|’) xo(x). (1.6)
Ses 191 Jo

We simply write Ag for A; s. The precise quantitative estimates for sparse operators
in terms of the A, characteristic follow from Proposition 4.1 in [25]. The following
is our main pointwise estimate.

Theorem 1.10 Let 0 = —Qa/q for some 1 < g < 2. Givenm € 7Y, (G..), for
every compactly supported function f and every q < r < 00, there exists a sparse
family S such that

Im(x, Gs) f ()| S Ars.f(x), 1.7

holds true a.e. x € R+,

We employ the following grand maximal truncated operator in our proof of Theorem
1.10: For any linear operator 7, and any s > 0, we consider the grand maximal
truncated operator defined by

M?s fx) = lel;p €SSSUpy, -cp |T(fon1+nz\33)(y) - T(fX]R”l*"Z\_yB)(Z)| )
:b>oXx
(1.8)
where the supremum is taken over all balls B containing the point x.
It is known that the sparse domination results for 7" follow once we have an appro-

priate end-point boundedness of M*} - More precisely, following the terminology of
Sect. 2.4 of [3], we have that for a sublinear operator 7, if we have

e T is of weak type (p, p) for some 1 < p < o0,
d M?",s is weak tYPe (q’ q) for some 1 < q < o0,

3¢? .
and s > 8—00, then there is an 0 < 1 < 1 such that for every compactly supported

bounded measurable function f, there exist an n-sparse family S C S such that for
almost every x € R™"1+72 e have

ITf)| Ss.s CrAr s f(x), (1.9)
where r = max{p, ¢} and Cr = | T||rr—rr.> + ||M?’S”L‘IHL‘L°°~
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The above methodology was first shown by Lerner and Ombrosi on Euclidean
spaces in [24], and the same was extended to spaces of homogeneous type by Lorist
in [25]. Concluding weighted estimates from sparse operator bounds is standard by
now and hence we do not provide details and rather conclude the following weighted
estimates. Thus we achieve the following counterpart in the Grushin setting of a recent
Euclidean result by Beltran—Cladek [4].

Theorem 1.11 Let 0 = —Qa/q for some 1 < q < 2. Givenm € S|, s(G.,), the

operator m(x, G ) is bounded on L? (w) to itself for w € A,/ (R™ 2 and for all
q < p < 00. More precisely,

max{-—,1}
[lm(x, G;«t)f”Ll’(w) <Cp J1,12,D.q, r[w] Rnﬁnz)”f”LP(w)y

foranygq <r < p < o0.

This is a consequence of Theorem 1.10 and Proposition 4.1 in [25].

1.4 About Classes 5”1 zaéz (G,,)

In the previous subsection, we explained sparse domination and weighted estimates

Q“/q (G

for pseudo-multipliers with symbols coming from .7 7 s) classes with 1 <

g < 2. It turns out that our approach is not well suited for the class 5” %a/ 2(G%)
More precisely, in the proof of Theorem 1.10, we make a crucial use of the weighted
Plancherel estimates of the integral kernels of the following form

_ 2
|B(x, R ‘>|/ (1 + Rd(x, Y)* [Kin(x,G,) . 0[7dy  See sup lm(xo, R2)[1500
Rr1+m2 X0 t+e
(1.10)

for every every t, € > 0 and any bounded Borel function m : R"1 "2 x R — C whose
support in the last variable is in [0, R?] for any R > 0. For a detailed proof of this
estimate, we refer Lemma 4.3 in [3].

We would like to note the fact that in the Euclidean setting it is possible to replace
the norm WY, by W in right hand side of (1.10) using Hausdorff-Young theorem.

While working with symbols m € .7 _ %aa/ 9(G,.) with 1 < g < 2, we are able to

establish sparse domination even with the presence of the norm WY, but difficulties

arising from Grushin metric prohibit us to do the same for the class .7 Qaf 2(G,{)
even if we assume W° norm in the right hand side of (1.10). For more detalls we
refer to Remark 5.3.

However, we are able to employ the machinery of the Fefferman—Stein sharp
maximal function and good-A-inequalities to conclude weighted boundedness for
pseudo-multiplier operator for the symbol class . _ %aa/ 2 (L, U) associated to the joint
functional calculus of G, under some more assumptions on the symbol function. We
discuss this set-up and state our weighted boundedness result in that context in the
next subsection.
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1.5 Joint Functional Calculus and Results for Classes f_oa/z(L, U)

1-a,0
Let us consider the following family of operators:
n
Lj= (—iax})2 +x}22(—i8x£)2 and Uy = —idy, (1.11)

k=1

forj=1,2,...,nrandk =1,2,...,ny. Theoperators L1, Ly ... L,,, U1, Ua, ...,
U, are essentially self adjoint on C2°(R"1772) and their spectral resolutions commute.
The same is true for all polynomials in Ly, L>...L,,, U, Ua, ..., Uy,,. Hence, they
admit a joint functional calculus on L?(R™*"2) in the sense of the spectral theorem.
Let us writt L = (Li,La,....Lp), U = (U,Us,...,Uy,) and 1 =
(1,1,...,1) € R".Now, givenafunctionm € L™ (R"*"2 x (Ry)" x (R"2\{0})),
the pseudo-multiplier operator m(x, L, U) is (densely) defined on L2(Rmitn2) by

e LU= [ (xn @t D) (74, 0) 96,
neN"1

(1.12)

where @lﬁ are the scaled Hermite functions.

Definition 1.12 For any o € R and p, § > 0, we define the symbol class ,Vgs(L, U)

to be the collection of all m € C*® (R”1+”2 x (Rp)™ x (R”Z\{O})) which satisfy the
following estimate:

o  (+p)
X" 000 m(x, 1. 10)| Srop (1+ 7] + k) T 27 (OIHBD+3 T (1.13)

forall " e NM 7172 9 ¢ NI and B € N™2,

Similar to (1.5), for N € N, we define the seminorm for the above symbol classes
as follows:

g (U+p) 3
Imll yov = sup sup (1+ 7] + ey~ T+ 27 OHIBD=3ITT | xT o058 (x 7, 10)] |
P8 D|H6I+BISN ¥ Tk
(1.14)

and here also for convenience we will use a shortened notation |m|| 7 without
specifying the number of involved derivatives.
In [7], first and third authors proved the following L2-boundedness result.

Theorem 1.13 [7, Theorem 1.10] Let m € Yg,S(L, U).

(1) If 8 < p, then m(x, L, U) extends to a bounded operator on LZ(R”1+”2).
(2) Form € yg’p(L, U), with0 < p < 1, if we further assume that

lim 8,? m(x,t,k) =0, (CancelCond)
k—0
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forall B € N with |B] < 4Ny = 4(L%J + 1), then m(x, L, U) extends to a

bounded operator on L*(R"112).

In this paper, we have the following weighted bounded results for symbol classes
772, U
1—a,é (L, U).

Theorem 1.14 Letm € 5”]_7%3/ 2 (L, U) be such that it satisfies the cancellation con-

dition CancelCond for all B € N™ with | 8| < max {4 (L%J + 1) A+ 1}.

Then, the operator m(x, L, U) is bounded on LP (w) for all w € AP/Z(R’”*”) and
2 < p<oo.

1.6 Organisation of the Paper

Concluding weighted L? estimates has always been an important theme of research
in the study of pseudo-differential operators. In this article, employing modern tools
like sparse operators and others, we prove series of weighted estimates for Grushin
pseudo-multipliers.

We have organised the article as follows.

e In Sect.2, we recall the relevant preliminary details. Here, we prove some basic
results which are not only essential to establish our main results but are also
important in their own rights. In Sect. 2.1, we list out an interpolation result using
the Hardy space as an end-point. We also need a suitable Hardy-Littlewood—
Sobolev inequality for G ,,, and we prove the same (see Theorem 2.6) in Sect. 2.2.
Finally, in Proposition 2.8, we prove a weighted analogue of Calderén—Vaillancourt
type theorem for Grushin pseudo-multipliers.

e Sect. 3 is dedicated to recalling or proving a number of kernel estimates for pseudo-
multipliers associated with G,, as well as for (L, U) assuming the cancellation
condition CancelCond. Most of the results in this section are a consequence of
kernel estimates of [3].

e We develop results concerning unweighted boundedness of pseudo-multipliers
corresponding to various symbol classes in Sect.4. In particular, the end-point
H'-L' boundedness for 5”1__208 (G ;) class symbols is addressed in Sect. 4.1. In
establishing this result, we make use of suitable kernel estimates, which we prove
in Lemma 4.1. Let us mention that our proofs in Sect. 4.1 are inspired by the work
of Alvarez—Hounie [2], however, due to the non-Euclidean nature of the Grushin
metric we had to overcome many difficulties. Subsequently, in Sect. 4.2, as an

application of the interpolation between classes 5”1:%”5 (G,) and Yligi;/ 2(G%),

we obtain unweighted L”-boundedness for symbol classes yl__gis/ 1(G,,) with
1<qg<?2.

e We prove our sparse domination results in Sect. 5. In Sect. 5.1, we prove an end-
point boundedness for the grand maximal truncated operator MﬁT’S whichis among
the key ingredients in our proof of sparse domination, using which we conclude
the proof of Theorem 1.10 in Sect. 5.2.
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e Sect.6 deals with the analysis related to the symbol class yl__g%/ 2 (L,U). We

prove a pointwise domination of the Fefferman—Stein maximal function in Sect.
6.1, and the article culminates with the proof of Theorem 1.14 in Sect. 6.2.

Notation: For any pair of positive real numbers A; and A;, by the expression A < Aa
we mean A; < CA; for some C > 0. We write A] <. A, whenever the implicit

~

constant C may depend on a parameter €. The notation A} ~ A stands for A| < Aj
and A, < Aj. For a general vector 1 = (11,...,7,,) € R", we write 7|} =

1/2
Z;ll=1 Izj| and |7| = (Z;”:l |rj|2> . Whenever it is obvious that © € N, by
abuse of notation, we write || in pace of |u];.

2 Preliminaries and Basic Results

We start with recalling the control distance function d associated with the sub-
Riemannian structure of the Grushin operator G ,,. For details, we refer to Sect. 2.1 of
[3]. The asymptotic description of d is known to be:

[x"—y"] if |x// . //|1/(1+%) < |x/| + | /!
dx,y) ~d(x,y) == |x' = y|+ { KI+'D* Y = y
‘ ‘ }X” _ y//}l/(l"r%) if ’x// _ y//’l/(l-i—%) > ‘X/| + ’y/| )

Since d is a metric, it follows that d is a quasi-metric, that is, there exists a constant
Co > 1 such that for all x, y, z € R*"1+%2,

d(x,y) = Co(d(x,z) +d(z,)). 2.0

Equipped with the Lebesgue measure | - |, it is known that (R"17"2, d) is a space
of homogeneous type with homogeneous dimension Q := ny + (1 + »)n,. We refer
Proposition 5.1 of [33] for more details. Let us now recall the following mean-value
estimate that we need in our subsequent kernel estimates.

Lemma 2.1 [3, Lemma 2.1] There exist constants C| ., C2 . > 0 (depending also
onn and ny) such that for any ball B(xg, r) and points x, y € B(xo, r), there exists
a d-length minimising curve yy : [0, 1] — B(xq, C1,,. 1) joining x to 'y, and

1
() = FO)| <Card(x, y) /0 XF (o) dr,

forany f € C! (B(xo, Cl,%r)).
Let us state another convention that we shall follow throughout the article.

Convention 2.2 For a given symbol function m(x, n) defined on R"+"2 x R, we
shall use the same notation m(x, n) for its extension to R" 72 x R withm(x, n) = 0
whenevern ¢ R.. A similar remark holds for symbol functions m(x, t) andm(x, 7, k)
defined on R" 72 x (R1)™ and R x (R;)™ x (R"2\{0}) respectively.
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Before moving on, let us mention that in our analysis we mostly decompose the
spectrum of pseudo-multipliers into dyadic pieces. In that direction, we choose and
fix Yo € C°((=2,2)) and ¢ € CZ°((1/2,2)) such that 0 < (1), ¥1(n) < 1, and

dovim=1, 22)
j=0

for all n > 0, where v (n) = ¥ (27U ~Dy) for j > 2.

2.1 Hardy Spaces and Interpolation

The theory of Hardy spaces corresponding to Grushin operators is well developed and
we recall it according to our requirement. For ¢ = 1, the Hardy space for the Grushin
operator G was studied in [11] and subsequently more general results were established
in [32].

Let Hé% denote the Hardy space associated to the Grushin operator G .., defined
as follows:

HY ={feL'®"™): #5, fe L' R"")),

where A, f(x) = sup,.qle”’ G f(x)| is the maximal function associated to the
heat semigroup and the norm is defined as ||f||Hé = A, [l @mtn)-

Recall that the heat kernel e ~"C~(x, y) satisfy the following two-sided Gaussian
bounds (see, for example, Theorem 2.1 in [13]): There exist constants ¢, ¢’ > 0 such
that

‘B(x, \/;)‘_1 exp <_TC/d(x, y)2> < ‘eitG”(x, )’)‘ S ‘B(x, «/;)‘_1 exp <_Tcd(x, y)2> ,
2.3)

In practice, for 1 < g < oo, in the spirit of [14, 32], we consider the atomic Hardy
space Halt’ 4 as well as BMO spaces on the homogeneous space (R’“+”2, d,|- I) as
follows.

Definition 2.3 We call a function a to be a (1, g)-atom if there exists a ball B such
that supp(a) C B, |la|L« < |B|~"/4 and the cancellation condition [pax)dx =0
holds.

Definition 2.4 The space H,, , (R"*"2) consists of all functions f € L'(R"*")
such that f = Zk Akak, where ay’s are (1, g)-atoms and Aj’s are complex numbers
with D", |Ax| < co. Furthermore, we define

1f gy, 1= inf Yl < o0, 24
k

where the infimum is taken over all such representations of f.
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Since the heat semigroup {e”G”},>o is conservative,thatis,fRan2 e’tG”(x, y)dy
= lforallt > 0and x € R*'™2 invoking Theorem A in [32] we have that the spaces
H(, and Hj, , (R"*") coincide with their norms || - ||H&% and || - [l , being
equivalent.

Next, we say that a function f (upto constant differences) belongs to BM O,
(R"H‘ﬂz) if

. 1 1/q
o, =supnt (g [ 1760 et ax)

1 1
“%ﬂﬁﬁfw‘mﬁf

where the supremum is taken over all balls B.
Further, following the work of [14], we define the space BM Og,_ 4 (R’” +”2) to be
the equivalence classes of functions f (upto constant differences) for which

q 1/q
dx) < 00, 2.5)

1 26 q Va
/1800, = sup <— [ Jre0=eiosen) dx) <o, 26
B \|B| /B

where rp denotes the radius of the ball B, and the supremum is taken over all balls B.
Combining various results from [14, 32], we can establish the following interpola-
tion result.

Lemma 2.5 Let T be abounded sublinear operator from Halt’2 (Rr1+12) o LT (RM1H72),

If T is also bounded on L* (R”1+"2), then T is bounded on L? (R”H'”z) for all
1l<p<?2

Proof By duality, it follows that 7* : L>® (R"11"2) — (HalL2 (R”H‘”z))* is bounded.
We begin with invoking Theorem B of [32] to get that the dual space of
Hall’2 (R™m+m2) is BM O, (R"*"2). Here we have used the fact that the heat semi-
group {e "G },_¢ is conservative, that is, e 19 (1) = Srri+n2 e 0= (x, y)dy = 1, for
all ¢ > 0, and therefore one can do the analysis of [32] with & = 1 itself.
Next, we have by Proposition 2.5 of [14] (which, in fact, is a consequence of

Proposition 3.1 of [26]), the continuity of the inclusion map BM O <s BM 0G,,.1-

Also, the continuity of the inclusion map BM 0, (R"+72) <> BM O, (R"1+2),
forany 1 < p; < p» < o0, follows trivially from Holder’s inequality.

Putting all the above results together, we get the following chain of bounded oper-
ators:

L= (R1+m2) L BMo, (R142) < BMO, <> BMOG,.| (R"*72)

As a consequence, we have that 7* : L™ (R"*"2) — BMOg 1 (R"*"2) is
bounded. With that we can invoke Theorem 5.2 of [14] to conclude that 7* is bounded
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on L? (R”’*nz) for all 2 < p < oo. By duality, we get that 7 is bounded on
LP (RM+m2) forall 1 < p < 2.
This completes the proof of the Lemma 2.5. O

2.2 Hardy-Littlewood-Sobolev Inequality

As earlier, let M, denote the maximal operator corresponding to the heat semigroup
{e7"6>},-0. It is well-known that M, is bounded on L?(R"1+"2) forall 1 < p <
oco. We essentially repeat the steps of the proof of Theorem 3 of [1], with minor
modifications, in establishing the following version of the Hardy-Littlewood—Sobolev
inequality.

Theorem 2.6 (Hardy-Littlewood-Sobolev inequality) For 1 < p < g < o0, 0 <
b < Q/pand% — % = %, we have

B DIYC I+ G0 fllg Spg 11l 2.7)
Proof Write T, = ¢~ "%~ for t > 0, and denote by p; the kernel of the operator T;.

Fix p and ¢ satisfying the conditions of the statement of the theorem. Using Holder’s
inequality we get

T, £ ()] = ‘/ FOIpr(x, ) dy’
Rr1+m2

1/p 1/p
< (/ FOP i, )] dy) (f e, )] dy)
RM1+12 Rr1+m2

<|se.vol s,

Next, recall that

1
T(b/2)

I+G) ™" fx) = /Oo 371, Fx) dt,
0

with the integral converging absolutely, a fact that is well known, and the same can
also be verified from the analysis that we are now going to perform.

We break the integration in ¢-variable in two parts, on (0, §p] and (§p, 00) where
the exact value of 69 > 0 would be prescribed later. Let us write

1
T(b/2)

_ 1 Y
K0S = 575 /50 4T f (o dr,

Jpf(x) =

80 b
/ e 't27'T, f(x)dt, and
0

so that (I 4+ G,.)"%/% f(x) = Jp f(x) + Kp f (x).
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Note first that

b
2

8
b f(X)| < F(%/Z)MG,J(X)/O e = CpMa,, f(x)d02.

On the other hand, making use of the following trivial estimate

_, |B(x, 1)|1/P » 1\@/r 1\&/p
ot <ot (1 =) S ()
|B(x, vD)|''" Vi Vi

where the first inequality follows from the doubling measure property, we get

1
T'(a/2)

b P
S [ e B V| sl ar
)

o 1/p
=B, DI7P IIfIIp/ ! (e—rM) dr

|Kp f ()] =

o0 b
/ 4T F (o) dr
3o

~

3 B, vo)['"
—1/p ® p_0_4
S/p |B(x, D] ||f||p t2 2 dt
)
b_ 0
~bpg |1BC DIV fll, 802727

Combining the above estimates of |J, f (x)| and | K} f (x)|, we get

b_ Q0
2 2p,

I+ G f ()| Spopg Mo, F(0)807 + 1BG DTV 1 £11, 80

Now, in order to optimize in §y > 0, we choose §g = (W)ZP/Q
B P 0 5 0 = MG%f(x)

then

, and

I+ G%)*b/2f(x) Sb,p,q |B(x, 1)|7b/Q ”f”?f/Q (MG%f(x))lfbp/Q

= [B(x, DI £17/2 (Mo, f ()7,
implying that

/ (1BG DI/ + G2 1)) dx Sppg 1177 f (M., f()" dx
R1+12 R 1+n2

b,
Spoe IFIP72Y £ 11D
=115

This completes the proof of Theorem 2.6. O
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2.3 Weighted Calderén-Vaillancourt Results

In this section, we shall prove a result which can be thought of as a weighted analogue
of Calderén—Vaillancourt type theorem for Grushin pseudo-multipliers.

In order to do so, we first show that the ideas of [7] allow one to have a Calderén—
Vaillancourt type theorem even in the presence of Hermite-type shifts. More precisely,
givenm € . 3 5(G) and ¢ € R, let us consider symbol functions 7 : R™M+12

(Ry)" — Cand Mz : R"F"2 x (R,)" x (R™\{0}) — C defined by
m(x,t) =m(x,|t])) and Mz(x,t,k) =m(x, T+ |«]|C). (2.8)

We have the following L?-boundedness result.

Lemma 2.7 Given a compact set IC C R™, there exists a constant C = Cyc such that
the following holds true. For any m € Y/?’(S(G%), define m(x, ) and Mz as in (2.8).
Then,

1Mz(x, L, U)llop = Cicllml g0, 2.9)

forallc € K.

Proof Choose and fix ¢ € C2°(R"2) such that ¢ (k) = 1 for all |«| < 1/2 and
¢ (k) = 0forall |[«| > 1, and decompose Mz = M; ; + M ;z, where

M s(x, T, 6) = Mz(x, T,6) (k) and My z(x, T, 6) = Mz(x, 7, 1) (I — ¢ (k).
Letus first analyse the operator M5 z(x, L, U) corresponding to the symbol function

M; z(x, T, k). It follows directly from the definition of M; z and the support condition
on ¢ that M, ; satisfies the symbol condition

1] , 51T
X079 My z(x, 7, )| <rgpxc (14 ) IFITHT, (2.10)
and the cancellation condition CancelCond for all ' € N*1T172 g ¢ N and 8 €
N"2,
It then follows from Remark 1.11 of [7] that M satisfies (2.9), that is, forall ¢ € I,

1M2,5(x, L, U)llop = Ciclimll g0 - 2.11)

Next, we analyse the operator M; z(x, L, U). Using the Taylor series expansion
(see also the discussion around (9.7) of [7]), for every N € N we can write

My (x, T, 6) = ¢ (k) (x, T + |k |0)

=9 Y = Il (x. 7)

le| <N
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+ow) > N+ f(l ON i1 9% (x, T 4 t|x|C) dr

la|=N+1
= Mll’év(x, T,K) + Mlz’év(x, T,K).

We shall fix N in just a while. But, let us first show that M 11 C{V (x, 7, k) corresponds

to an L2-bounded operator with operator norm satisfying (2.9). For this, note that
since (7, k) — |k|'*!¢ (k) is bounded, it follows from Plancherel’s theorem that it
corresponds to an L?-bounded operator, with operator bound depending only on N
and the function ¢. On the other hand, we have that each of 9271 (x 7) € 5” 0 s(L). It

then follows from the work of [7] that 3¢ (x, L), and hence M Z (x L, U), satisfies
(2.9) with the implicit constant may also be depending on N and the function ¢.
Finally, in order to argue for M Z (x 7, k), let us take one piece of the finite sum in

its definition, say, ¢>(/<)|/<||°‘|8°‘m (x 7 + |«|¢) with |a| = N + 1. Taking N to be suf-
ficiently large, one can ensure that not only (x, 7, k) ¢(K)|K|‘“|8;"n~1 (x, T +t|k|0)
satisfies the symbol condition (2.10), but it also satisfies the cancellation condition

CancelCond for all |B] < 4 (L%J + 1). With these conditions at hand, the result
follows from Remark 1.11 of [7]. O

We have the following weighted analogue of Calderén—Vaillancourt type theorem.

Proposition2.8 Lerm € YE’B(G) with 8 < p. Then, for every b > 0, we have

/ |m(x,G>f<x>|2|B<x,1>|"dxsb||m||§w/ |f)PIB(x, DI° dx.
R t12 p.8 JRP T2
Proof Note that

f Im(x, G) f(x)|*|B(x, 1)|° dx

R"l+”2

5/ Im(x,G)f(x)|2dx+/ Im(x, G) f(x))?|x'|*" dx
[x'|<1

[x|>1

=14+11.

For term 7, since m € yo 5(G) we can invoke Theorem 1.13 to conclude that

1 5/ m, G) P dx S mll % / |f (01 dx
R 12 Rr1+m2
Solmtyo [ 1f@PIBE DI .

Now, for term 717, if we could prove that

R"1 +ny

/|'| ImGe O F PR dx S ||m||2yoa/ [FEOPA+ ¥ dx 2.12)
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forall k € N, then we will have by interpolation that (2.12) holds true with k replaced
by arbitrary b > 0. In particular, that would imply

2 b 2
/ Im(x, G) f ()7 |x"|77"2 dx S llm 7,0 /
[x/|>1 0.8 n

R+

|f@)P1B(x, D° dx.
no
Now, to establish (2.12), it suffices to prove that

[ w6y p@P ax scmit [
|x/|>1 “p8

FEOPA + X D*dx, (2.13)
R”1+”2

where |a| = 2k.

With ¥;’s as in (2.2), let us decompose m(x, G) = ijo mj(x, G), where
mj(x,n) = m(x,Ny;(n). Also, as earlier, let us write m;(x, 7) = mj(x, |t]1).
Then, the kernel of the operator m ; (x, G) is given by

mj(x, G)(x,y) =m;(x, L)(x,y)

/ Z j(X, (2““ I)MDCI)M(X/)(I)/)l(y/)e in(x"=y") d ,
"2 A
I

and writing x’ = (x’ — y’) + ¥/, it suffices to prove that

2

N
sup / / y/(oc—)/)(x/ _ y/))/ Zn"ij(x’ L)(x,y)f(y)dy| dx
NeNJx/|>1 [JR"1172 =0
Sk lml0 / £ P+ 1™ d. (2.14)
.8 JRr1T12

So, in the rest of the proof, we shall establish the claimed estimate (2.14). Mak-
ing use of Lemma 4.5 of [7], we can express the integral kernel y'“~")(x’ —
y)Vm j(x, L)(x, y) as a finite linear combination of terms of the form

N
— 1 ~ -~ o
v ”f / Y Cuz | w208 Do | (o @Qu T+ EDIMNP] DD ()
RrR"2 J[0,1]7! m =0
]_
eI =Y g dx,

where || < [y1] < |yl [yl — 31yl = 3L 12l < |yl. Cy.c is a bounded function of

wand ¢, and |E(s)| < 4|y].
Therefore, it boils down to estimating the norm of the operator having integral
kernel

N

3 m 1 = i

/an > Cue (ﬂ”a?l Zm,) (6. QT+ EDIANDS (D% ()e#" aa
23 j=0
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But, if we define the operator 7 on L*(R"12) by ((7 g)*, CD:\L) =Cu: (g)‘, CDf‘Hﬂ),
then it follows from the Plancherel theorem that the operator 7 is bounded on
L?(R™*72) with the operator norm depending on y (and hence on k). Therefore,

we are led to establishing L2-boundedness of operators with kernels

N
1 m 1 P I (! —y
j}lvzz ‘EEVZB%/Iij (x’(2M+1+C(s))|)‘|)q)/);(x/)d>ﬁ(y Ye (" =y") do.

I3 j=0

But, the same holds true by Lemma 2.7, duly keeping in mind that

N
1 ~
erza%/Iij <y ||m||y/%.
=0 &
J //5)’6
This completes the proof of Proposition 2.8. O

Remark 2.9 Analogues of Lemma 2.7 and Proposition 2.8 also hold true for the joint
functional calculus, for m € 5”[?‘ s(L, U), in any of the following situations:

e if § < p,or
e if § = p and m satisfies the cancellation condition CancelCond for all 8 € N2

with [B] =4 (141 +1).

3 Kernel Estimates

In this section we shall prove kernel estimates for Grushin pseudo-multiplier operators
which are among the essential tools to prove our main results in the subsequent sections.
These kernel estimates follow from the weighted Plancherel estimates proved in [3] and
[7]. We recall them here for our ready reference. As usual, let K, (x,G,,) and K,,,(x,L,v)
denote the kernels of pseudo-multipliers m (x, G ,.) and m(x, L, U) respectively.

3.1 For Pseudo-multipliers Associated with G,
We begin with recalling the following estimates from [3].
Lemma 3.1 [3, Corollary 4.4 and 4.5] For2 < p < oo, vt > 0 and € > 0, we have
(B, ROV IBC RTDIATP (1 4 RAG, ) XE K, 60 (3|
p

r r 2
Sropeesup > RIIXTm(xo, R7)w,
X0 piap,=r

|B()C, R—1)|1/2 ”lB(’ R—l)|l/2—1/17 (1 + Rd(x’ '))tX};Km(x,G%)(x’ )”p

e b
tte
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r 2
Sropoee sup R Im(xo, R2) wee,
X0

forall T € N™ and for every bounded Borel function m : R" ™2 x R — C whose
support in the last variable is in [0, R?] for any R > 0.

In order to apply Lemma 3.1, we decompose the operator m(x, G,,) with the help
of ¥;’s (given by (2.2)) as follows:

m(x, G,) = ij(x, G,.), wheremj(x, G,.) =m(x, G,)¥;(G,).
j=0

If Kj(x,y) denotes the integral kernel of m(x, G,.), then we have the following
estimates.

Corollary 3.2 Letm € Yl"_a’a(G,{). Then, for all j,v > 0 and € > 0, we have

sup |B<x,2—f'/2)|/ LA )IK ()P dy
Rr1+72

)CER"HWZ
S_,r,s 2j<727jt(17a)2jae, (3.1)
sup |B<x,2*f/2)|/ d(x, )1 X K (x, y)* dy
xeRM1+n2 Rr1+12
<o 2/027 =g jacy] (3.2)
sup  |B(x, 27V By, 27V 2d (x, y)YIKj (x, )
x’yERnH»nz
<t c 2ja/22—jt(l—a)/22jaé/2, (33)
sup B, 272 1B(y, 27V 2d(x, y)IX K (x, p)
x,yER"|+”2
gr’e 2ja/22—jt(1—a)/22j/22jae/27 (34)
sup  |B(x, 272 1B(y, 27 2d(x, y)IX K (x, p)
x,yeR”lHLZ
<ee 0i/29=jt(1=a)/29j/29 jae/2 3.5)

Proof Let us show how to estimate (3.1) by Lemma 3.1. To see this, let us apply
Lemma 3.1 with p =2, R = 272 and T = 0, to get that

.2
m; (xg 21.)”
J ’
Weke

/ dx, vV K (x )P dy Spe |B(x, 27972) 71277 sup
Rn1+n2 X0

o el i
<ee 2Jjoy—ju( a)z./dé’

where the last inequality follows from the fact thatm € .Y, (G ). This completes
the proof of estimate (3.1).

Similarly, estimate (3.2) follows from the first estimate of Lemma 3.1 with p = 2,
R =2//2and|I'| = 1, estimate (3.3) follows from Lemma 3.1 with p = oo, R = 2//2
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and [T’ | = 0, estimate (3.4) follows from the firstinequality of Lemma 3.1 with p = oo,
R=2/and|l'| = 1, and estimate (3.5) follows from the second inequality of Lemma
3.1 with p =00, R =2//2and |T'| = 1. |

3.2 For Pseudo-multipliers Associated with Joint Functional Calculus

In this subsection we shall prove weighted Plancherel estimates for the joint func-
tional calculus of L and U. In fact, assuming the extra condition CancelCond, we get
conditions of types (3.1) to (3.5) without the extra growth of 2/9¢. More precisely,

Lemma 3.3 [7, Theorem 1.15] Let 2 < p < ocoandry € N. For all R > 0 and
0 <t <4|7]we have

Sp,t

p

112 R
o RH) 7 [BCRTH|T T (4 R, )T K (6, )

o (82)] s -

for any bounded Borel function m : R™ x R" — C such that suppm C
[—RZ, RT1M*™2 | gnd lim,—¢ Bfm(r, k) =0 forall |B| < rp.

One can use the methodology of the proof of Corollary 4.2 of [3] to prove a result
analogous to Lemma 3.3 for pseudo-multipliers m(x, L, U).

Corollary 3.4 Let2 < p <ooandrg € N. Forall R > 0and(0 <t < 4[%"] we have

1
2

1
"+ Rd(x, )" Kmx.L.u)(x, )

‘m (xo, Rz-) H we

for any bounded Borel function m : R+ x R" x R™ — C whose support in the
last two variables is in [— R%, R gndlim, BEm(x, T,k) = O0forall |B] < ry.

‘B(x, R—l)‘”2 H‘B(" R

p

Sp,t sup
X0

One can then modify the proof of Lemma 3.3 and prove the following weighted
Plancherel estimate for the gradient of the integral kernel.

Lemma3.5 Let2 < p <ooandry € N. Forall R > 0and (0 <t < 4L%°J we have

1
2

L2 3-1
|BGx, R H\B(-,R DT A+ RAG DT XK ()

S R (R)],,,
Wee

p

for any bounded Borel function m : R™ x R™ — C such that suppm C
[—R2, R21M+™ | and lim,—0 82 m(z, k) = 0 for all |B] < ro.

@ Springer



34 Page22o0f49 S.Bagchietal.

Corollary 3.6 Let2 < p <ooandrg € N. Forall R > 0and0 <t < 4[%"] we have

1_1
T+ RA(x, ) X Ko Lv) (X, )

’B(x, R*l)(l/2 H ’B(-, R

p

Sy sup (R | (x0. B2)| |+ 1Xamxo, Rz')||W§>°> .
Xi [ee)

0

for any bounded Borel function m : R+ x R" x R™ — C whose support in the
last two variables is in [— R%, R gandlim,_ 8,§m(x, T,k) = O0forall |B] < ro.

Choose ¥; as in (2.2) and for j > 0, we define m;(x, t,k) = m(x, T, K)Y;
(|(z, «)]1). Then we decompose the pseudo-multiplier operator T = m(x, L, U) =
Z?io T; where Tj = m(x, L, U)Y;(|(z, k)|1) = m(x, L, U). For convenience, let
us denote the kernel of the operator T; by K (x, y) itself.

Using Corollaries 3.4 and 3.6, one can essentially repeat the proof of Corollary 3.2
to obtain the following analogous result for integral kernels K ;.

Corollary 3.7 Letm € 5’1__%,“5/2(L, U) satisfy condition CancelCond for all B € N"2
with |B| < ro. Then forall j > 0 and 0 <t < rg, we have

sup  |B(x,277/?) f d(x, WK (x, p)Pdy < 277 Q0/2p7 i),
xeRn1+m2 Rr1+12

(3.6)

sup | B(x,277/%) / d(x, )| XK (x, )P dy gy 27724727 e=a)
xeRn1+n2 Rr1+n2

3.7

4 Unweighted Boundedness for y1:3“éq(6%) with1 <g<2

This section is dedicated to prove Theorem 1.9, using which we shall obtain
unweighted boundedness for pseudo-multipliers m (x, G ,,) with symbols coming from
5’1__%3/ 1(G,,) with 1 < ¢ < 2 as an application of Fefferman—Stein interpolation

theorem between symbol classes 5”1__%15 (G,,) and 5”1__%’5/ 2(G%).

4.1 The Case of ,5”1_0‘,'6(6,4)

—a

Recall that Cy is the constant appearing in the triangle inequality (2.1) of the quasi-
distance and Cj ,. is the constant appearing in Lemma 2.1. Let us start with the
following lemma which will be useful in our purpose.
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Lemma4.1 Letm € 5”1__%’(18 (G1). Fixany ball B = B(3, r) withr < 1. Then for any
arbitrarily small € > O there exists a constant C := Ce p, ny,3c,m > 0 such that

sup / 1K (x,y) — Kj(x,3)|dx < Crm(1ma0)/2p=i(=a0)/4 yp i o .
yEB Rn|+n2\Bl

“.1)
sup / 1K (x, y) — Kj(x,3)|dx < CrdFa/2pjdFan/t e i < jo
Rn1+n2\B/

yeB
4.2)

where ag = a(l + 2¢), B’ = B(3, 2C0C1,%r1_“0), and jo is the integer such that
200 < p=2 < 200t A a consequence, we have

Zsupf |Kj(x,y)— K;(x,3)dx < C.
j yEB Rn1+n2\3/

Proof For eachl € N, let us write
Ap = {x 12C0C1 21170 < d(x,5) < 2CoC12 0]

We shall first prove estimate (4.1) and then estimate (4.2).

Proof of estimate (4.1): Fix y € B and let j be an integer such that j > jo. Now,

Lo K = Kywadr = [ G lds
Rn|+)lz\Bl Rn|+nz\Bl

+/ IK;(x, 3l dx,
Rn1+r12\3/

and since the estimation of both of the above terms is similar, we shall only pursue
the first one.

Let us decompose the integral [pn;ny, 5 K (x, y)|dx as 3575, [4 1K (x, y)| dx.
Now, there are two possibilities to consider, for two different ranges of /.

First, if [ is such that 2C0C1,%2l+1r1_“° > %|5/|, then using (3.3) we have

/ |Kj<x,y)|dx=/ d(r, )@ Pd(x, ) K (x, y)] d
.A] -AI

2—iQa/29—j(§+1)(1-a)pjac/2
B, 27172 B Gy, 2172
21B(3,2CoCy ;21 1))
(erl—ao)Qﬂ—%

;S f d(x,3)~ (@D
A

< 270/29=j0a2)=j(§+P-a)yjae/

1

_— —(I—ag)/2~—j(1—ag)/4
N i’ 2 .
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where in the second inequality we have used the fact that d(x,y) ~ d(x,3)
for all x € A;,y € B(3,r) and in the fourth inequality we used the fact
|IB(3,2COC],%zl+lr1—HO)| < (2CoC 52! r1790) € because 2CyCy , 2 r1—%0 >
13-

On the other hand, when [ is such that 2C0C1,%21+1r1"‘0 < %|3/|, then d(x, 3) <
%|3’|, implying that 3’| < 2|x’| forall x € A;. Similarly, we can show that in this case
we have |3'| < 2|y’|. Now, using condition (3.3) we obtain

f 1K (. )l dx
A

1 1
- /_A d(x, y) "M g )y K (x, y) | dx
1

1 2—i0a/2p—j("F2 + ) (1-a)y jae/2

<
N/Al (zlrlfao)n1+n2+1/2 |B(x,27j/2)|1/2|3(y,27j/2)|1/2 dx

14 ) I+1,.1—
< g—im+nn)a/2o—j("F 2+ 1) (1—-a)y jae/2 1 1BG.2C0C152 " r )]
~ (2l r1=aoynitnat1/2 1B(5,277/2)]

n14n . I+1,.1—
S 2—j(n]+n2)a/22—j(%+%)(l—a)2]a6/2 1 (2 + r (lO)l’l1+ﬂ2|3/|%l’l2

(2lpl—aoyni+n2+1/2 2= (n+n2)/2) 50| 2en2

1 .
= (1=a0)/29—j(1=ao)/4
S gpr 00,

where in the third inequality we have used the condition 2CyC . 2/*!r1=% < %| 3|
implying that |B(3, 2CoC1 ;.2 1r17a0)| < (21 p1-aoynitnz 37 2n2

Considering both cases in /, and summing over/ > 0, one gets the claimed estimate
4.1).

Proof of estimate(4.2) : Fix y € B and let j be such that j < jj and fix y € B. This
time, we make use of the mean-value estimate from Lemma 2.1 to get

1
IKj(x,y) — Kj(x,3)| < d(a,y)/o | XK j(x, o) dt

1
< r/o X, K (x. o) dr,

where y9(t) € B(3, C1 . 1), and therefore it suffices to estimate, the integral

r/ | XK j(x, yo(1)| dx,
Rn]+n2\Bz

uniformly in ¢ € [0, 1].

In order to do this, let us fix yo(t) € B(3, Ci 1), and as earlier, analyse in two
different ranges of /.
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First, if [ is such that 2C0C1,%2l+1r1’“0 > %|3/|, then using estimate (3.5), we get

r/A|XyK_,'<x,yo<t))|dx=r/A d(x, 10(0)"CHd(x, o)) X, K (x, y0())] dx
1 1

9—j0aj2y—j($+1—a)yjae/29j/2
; . d
B 27 I (B (), 212

5,/ d(x, 3~ @D
A

I+1,.1—
SrzfQ/ZZ*jQﬂ/ZZ*j(%Jr%)(l70)2jae/22j/2B(ﬁv2C()CL,;42 rl-ao)

(zlrl—ao)QJr%

~

1 .
(1+ag) /24 j(1+ag)/4
< 75" 2 ,

where in the first inequality we have used the fact d(x, yo(¢)) ~ d(x,3) whenever
x € Ayand (1) € B(3, C150).

Finally, if / is such that 2CoC ,,2/*1r1=% < 1|3| then we have |3'| < 2|x'| and
13'] < 2ly0()’| for all x € A;. Then, using estimate (3.5), we obtain

r/ |X),Kj(x, yo(l))| dx
A

=r / d(x, yo(6) ™MD d (e, yo ()2 XK (x, yo(6))] dx
Aj

1 9—iQa/29— ("2 + 1) (1-a)yjae/27j/2
rfA, (2kpt=aoymtnat1/2 | B (x, 270/2)[V2| B (yo (1), 279/2)[1/2 &

I+1,.1—
< poimtna/2y—i(E2 4 () g jac/2 /2 1 |B(3,2CoC12 T r )|
~ (zlrl—a())n1+z1z+l/2 |B(3, 2—j/2)|

11—
< 2*]‘("]+)lg)a/227j(w+%)(l—a)2ja€/22j/2 1 (21+ r ao)n|+n2|3/|%n2

(2lrl—a0)nl+n2+l/2 27j(n1+n2)/2|3/|%n2

1 ,
__p(I4a0)/29j(14a0)/4
S (T thn,
As earlier, the claimed estimate (4.2) follows upon summing over /, duly using

the estimates in the two different regions in / as above. This completes the proof of
Lemma 4.1. o

We are now in a position to prove Theorem 1.9.

Proof (Proof of Theorem 1.9) We shall show that under the assumptions of Theorem
1.9, the operator T = m(x, G,,) extends as a bounded linear operator, say T, from
H' (Rm772) to L' (R™*72). But then in view of Proposition 4.2 of [31], we will also
have that 7 coincides with 7 on H(];% (Rmtm2)N L? (R™1+72), Therefore, we can use
the notation 7 itself in place of T, and the boundedness of 7 on L? (R"1+”2), for
1 < p < 2, would follow from Lemma 2.5.

Thanks to Theorem 4.1 of [31], in order to show that m(x, G,,) is (H', L"), it
suffices to show that there exists some C > 0 such that ||m (-, G,.)hl| ;1 < C for all
(1, 2)-atoms h.

So, let us take an arbitrary (1, 2)-atom 4 such thatsupph € B = B(3,r), fB h=0,
and |lal|;2 < |B|~'/2. We shall analyse the following two cases.
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Case 1(r > 1) : Let B denote the ball B(3,2C0C1 ). Then,

f |m(x,G%)h(x)|dx=/N|m(x,G%)h(x)|dx
R"l+"2 B

+/ (. Goh()] dx =2 Jy + b,
R

711+n2\B

and

1

~ 2 ~ 1 %
Ji1 < |B|? me(x,G%)h(xnzdx) <m |B|z</ |h<x)|2dx>
B B

Recall that m(x, G,.) = Zj mj(x, G,.). Using fB h = 0, and Holder’s inequality,
we get

h < / /|K~<x,y>—K-(x,a>||h(y>|dydx
]ZZ;) rt\FJp 7 !
=S (s [ K en - Kl [ nmld
=0 \eB R*1+12\ B B
1
1 2
<y sup/ 1K, y) = Kj(x, )l dx |B|2(/ |h(y>|2dy)
=0 \veB R\ B B

<> (sug /R\B IKj(x,y) — Kj(x,3)] dx) :
j=0 \Y€

Now the proof will follow if we can establish

sup/ K j(x,y) — Kj(x, )| dx < 27/ Ima0)/4, 4.3)
yeB JRMT2\B

where ap = a(1 + 2¢) with € > 0 being very small such that ay < 1.

The rest of the proof is devoted to prove the claimed estimate (4.3). For the same,
letus fix y € B, then

Ki(x,y)—K;(x,3)|dx < K(x, dx+/ K (x. 3)|dx.
/Rnl+,lz\§| jGy) = Kj(x.3)l /an\gl et I

The estimation of both of the above terms is similar and therefore it is sufficient to
estimate the first one. For each [ € N, let us write

A= {x L2C0C) L2 < d(x,3) < 2Coc],%zl+1r} ,

@ Springer



Sparse Bounds for Pseudo-multipliers Associated to Grushin... Page 27 of49 34

and decompose the integral fR"1+"2\E |K;(x,y)|dxas ) 2, fAz |K;(x,y)dx.
As earlier, there are two possibilities to consider. If / is such that 2CyC 1,%21“;’ >

%, then using (3.3), with € very small so that ap < 1, we get

/ |K,,~<x,y>|dx=/ d(x.y)"CTDd(x, y)22|K;(x, y)| dx
A A

<

~

dx

/ 1 2—an/22_j(%+%)(1—a)zjae/2
A (2Lr) @+ |B(x, 271/ V2| B (y, 277/2)[1/2
5 |B(3,2CoC1 5211 )

< 20/29=j0a/2p= |+ (I-a)pjae/ :
(er)Q‘f’j

< L oja-ans,

~ 0l/2

where we have used the fact that r > 1.

Next, for [ such that 2CoC1_,.2"1r < ‘37/‘, we have |3'| < 2|x’| for all x € A;.
Therefore, using again condition (3.3), with € very small so that ay < 1, we obtain

‘/A IKj(x, y)l dx = / d(x, y)_("‘+”2+%)d(x, y)n|+n2+% |Kj(xs y)| dx
1

A

_ 1 9= jm+na/29—j (52 + 1 (1-a)y jae/2
~ -/At (er)n1+;zz+l/2 |B(x, 2*/4/2)|1/2|B(y, 27j/2)|1/2

1 |B(3,2CoCy 5.2 1r))
(2lr)n1+nz+1/2 |B(3a 2—_//2)|

1 (21+1r)n1+n2|3/|%n2

dx

< p—jnitnna/2y—j("F2 + ) (1-a)pjac/2

< p—ilmAnaj2y—j ("2 + (- p jac/2

(2lr)n1+n2+1/2 2—j(n|+n2)/2|3/|un2
< L sja—apya
~ 2l/2 ’

where again we have used the fact that » > 1.

Using the above two estimates in different regimes of /, we get the claimed estimate
(4.3).

Case 2(r < 1) : Let us write B' = B(3, 2COC1,%r1’“O) with ag = a(1 + 2¢) be such
that ag < min{l1, 2a}. We decompose

/ Im(x, G,.)h(x)|dx = [ Im(x, G,.)h(x)|dx
R;11+n2 B’

+/ Im(x, G, )h(x)|dx =2 I +I1.
Rn1+n2\Bz

Let us first estimate /. For b € R, denote by J, the potential operator (I + G)?/2.
Since ag < 2a we have m(x, n)(1+n)2%0/* ¢ ,5”{?,8 (G ) and hence assumption (1.7)
implies that m(x, G) o Joay2 € B(L*(R™™™2, wy)), where wp = |B(x, 1)|° for
0 < b < 1. Therefore,

@ Springer



34 Page280f49 S.Bagchi et al.

I:/ Im(x, G,.)h(x)|dx
B/
1/2
<|B'|'? (/ Im(x, G,)h(x)[* dx)
B/
12
= |B'|'2|B(3, 1)| "%/ (/ |B(x, 1)|m(x, G%>JQQO/2JQuU/2h(x>|2dx>
Bl

1/2
< |B'|V2|B(3, 1)/ (/ |B(x, 1>|“°|1Qa0/2h(x)|2dx> ,
B/

and then using the Hardy—Littlewood—Sobolev inequality (2.7) with p = ﬁ q=2

and b = %, the above estimate implies

ISIBI2BG DI Al 2 S 1BV2|BG, DI/ B~ 702,
L +ao

Now, we estimate the quantity |B’|'/?|B (3, 1)|~90/2| B|~(1=4)/2 a5 follows. Note
that if 7179 > |3/|, then

|B1'21B (. DI B~ 02 B2 B0

< (rl—a())Q/z (rQ>*(1*ao)/2 —1.

~

whereas, if r17% < |3/|, then
|B'21B . 702 B~ a0
ni+ny 1/2 —(1—ag)/2
g {(rlao) |3/|;«m2} |3/|7a0%n2/2 {rn|+n2|5/|%n2} ap)/
=1.

Combining the above estimates, we get that / < C.
To estimate 11, we also make use of the cancellation of & to have

11 < K'x, — K X, h dv dx
_;/Bfwmw' 1G9 = K il dy

=2 (sup /R\B K, y) = Kj(x. )| dx) /B Ih(y)] dy
J

yeB

5Zsup/ |Kj(x.y) - Kj(x.3)|dx < C,
j yEB R"lJr”Z\B’

where the last inequality is true in view of Lemma 4.1.
This completes the proof of Theorem 1.9. O
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4.2 The Case of Z:Zaéq(G%) with1<g<2
Theorem 4.2 Let m € 5”1__%’“5/4 (Gy) witho = —Qa/q and 1 < q < 2. Then, the
operator m(x, G,.) is bounded on L1 (R"H'"Z).

Proof We shall prove the theorem using Fefferman—Stein complex interpolation

method. For T = m(x, G,,), we shall also make use of the factthat T o (I + G,,) % €
B(L?(RM+72)),

Let us write S = {z € C : 0 < Rez < 1}, and for each z € S, consider the symbol
function

Qa_ Qa
mo(x,n) = e mGe (1) F

and denote by T, the associated operator 7, = m,(x, G,,).
Observe that

2 a2+
IT:l22=lle* To(l+ Gy # 212

Qa Qa
= e IT oI+ G, % o (I +G,)" T | a1
2 & ~Gtasa
<X IT o (I +Go) % |lpos, 2]l (T + G 22
Qa
<o e | 1T+ G~ T4 o,

But, Plancherel’s theorem implies that

(1_{_7])7%(14’1'28(1)) ,

(14 40| = sup

n>0

Qa
(I 4Gy~ M |2 2 = sup
n>0

and therefore we get that sup, 5 | T; [l 12_, ;2 < 00.
Next, define the following set which is dense in L?(R™11"2):

V=1{feL*R"*): 3] € N such that f*(x')

= Z C(A, v%,k)h; X (x"), where C(A, k) iscompactly supported in A-variable
k<l

It can be easily verified that for each f, g € V, the map z +— fR”I+”2 (T, fHrg,is
holomorphic in the open strip S and continuous in S, and we leave the details.

Let us claim that

sup | Tzllg1 1 < 00, (4.4)
{z : Re(z)=1}
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If the claimed estimate (4.4) holds true, then it shall follow from the Fefferman—
Stein interpolation theorem that for every for ¢ € (0, 1), the operator 7; is bounded on
LPr(R™T"2) where p; = IL_H In particular, choosing ¢ = % — 1, one would get that
T = T%_l is bounded on L4 (R"1772), So, let us prove estimate (4.4). Note that for

any z = 1 + iup, we have

) _Qa_12-a)  §IT| _Qa_12-a)  IT|
XPohmxeom| Se P+~ 2 2 P2 A+t 2 2

where P is a polynomial in one complex variable, of degree at most /, and in the last
inequality we have used the simple fact that sup,,, cg e P(|z]) = C; < o0.

We have thus shown that m 4., (x, ) € y;_%g(G 5c) With seminorm of symbols
M14iu, being uniform in u>. One can then invoke Theorem 1.9 to conclude the bound
as claimed in (4.4). This completes the proof of the Theorem 4.2. O

5 Sparse Domination Results for y11%“éq(6%) with1 <g<2

In this section we shall prove our sparse domination result that is Theorem 1.10.
The proof of Theorem 1.10 requires the sparse domination principle Theorem 1.1
of [25] (we also refer Theorem 2.7 of [3], where we have stated this result particu-
larly for the homogeneous space associated to the Grushin metric). The mentioned
principle depends on two intermediate conditions. First is an appropriate unweighted
boundedness for the pseudo-multiplier operators associated with the symbol classes
5”1:%,”8/ 9(G,,)with1 < g < 2.Forq = 1,the unweighted boundedness was addressed
in Theorem 1.9, and in the case of 1 < g < 2 the same was addressed in Theorem
4.2. Secondly, we need end-point bounds for the grand maximal truncated operator,
and this will be established in Lemma 5.2.

In the following lemma we establish some kernel estimates which are essential for
the proof of the sparse domination. In the Euclidean setting similar estimates were
obtained in [29]. In [29] the authors have heavily relied on the Hausdorff—Young
theorem. However, in our context of the Grushin operator, in the absence of an exact
Hausdorff—Young theorem, we perform very delicate modifications of ideas of [29].

Lemma5.1 Let m € y]:%“a/q((;%) witho = —Qa/q and 1 < q < 2. Let B =

B(3,r) be any ball with 0 < r < 1. Thenfor1 < p <21 >1,s5 > 3C§C1,Z,
0 < 6 <1 and for sufficiently small € > 0, the following estimates hold:

o0

Lo\
sup E (/ |K;(y, v)—Kj(57U)|de>
yeB =0 2srf <d(v,3) <2/t sr0

—a— Qa_ 0 _
(21)_LrL(1 a 9)+q » —ae

SLo.p.g , 5.1
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whenever—% —l—% <L(-a)< —% + % + (1 4 ae), and

00 , 1/p
supZ(f |Kj(y,v)—Kj(5,v)|1’dv>
yEB =0 2srf<d(v,3)<2/+1sr?
—a— (ytng)a _njtny
,-SL,@,p,q (2[)7L’,,L(1 a—0)+ 7 ) ae |3/|*%’12/P’ (52)

whenever—@+% < L(l—-a) < —W +% + (1 + ae) and
313’ = 21+ st
Proof Fix s > 3C§C 1.5c- We shall first prove estimate (5.1) and then estimate (5.2).

Proof of estimate (5.1) : Fix y € B, and let jj be the integer such that 20052 ~ 1,
Write A; := {v € R"*2 : 2Lsr? < d(v, 3) < 2/+1sr?}, and denote

J<Jjo
1 €1
/ P/ / P/
b= Z (/ |K;(y, v)|? dv) . and I3 := Z (/ |K (3, v)|” dv)
J>Jo ! i>Jo !

Estimate of /; : Using mean-value estimate from Lemma 2.1 we obtain

1
IKj(y,v) — K, )| ,Srfo |(X<K;) (ro(1), v)|dt,

with y(t) € B(g_, Ci.5c7). Therefore, using (3.2) and (3.4) and subsequently the
estimate | B(y, 277/2)| =27 Q/2 for all y € R™1"2 we obtain

1
1 P I
hsr Z (/A </0 |Xij(Vo(t),v)|dt> dv)
1

J=<Jo
1

1 -
5’2/ (/ |Xij(Vo(t),v)|”'dv>p dr
0 \J4

J<Jo

p

1 ’
erZ/O (/,4 {5 LaGow, v 1% K000, 01} dv) dr
=~ !

1 )
Ser@sry ™ty /0 (S“}Z [aGo0, v 1XK; 000, w1}
VEA]

J<Jo

~J—

[ faon0. 0 1K 0000 a0)
Ay
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=2
<1 e r@srf)~L Z ({2—./Qa/2q2—./'L(l—a)/22./Q/22jae/2} v
J=Jo
1 .
{2 jQa/qp—jL(1~ a)sz/ZZJHED Y 1Cansd
_JjQa L(l a) 19 ae
Sper@sr) ™Y 27 a7 (E 40 150
J<jo
_JjQa L(l—a) JO j jae
See r2lsr?~L ZZ b T 2525
J<Jjo
Now, if Ld=a) _ (=Qa | Q) _ ltae _ () which i L ﬂ+1+a€
ow, if = 2 o7 5~ < 0, which is same as L < —4— T
then the above sum is convergent and

. [(=0a , Q L(l a) 1+ae Q
- T + 5 L
I Sper@srty el (5 6)- D Sp0 @y tptima-osti-fae

Estimate of I, : Note that

1

L= (/ K ()l dv) "

J=>Jo

1
Ly ( f [@sr")aw, vt K601 dv) '
Ap

J=Jo

< @shE Y ( /

J=jo WA

~

fa0 v 1K, 0o0l) a2 K 00 dv)

J=Jo

1

P2 v

< <2’sr9>L§:< w {ao 018 00lf " [ {d(y,v)”wy,v)ﬁ}dv) ,
. veR1+12 ;

and then making use of estimates (3.1) and (3.3) together with | B(y, 277/2)| > 2772/2
and |B(v,277/%)| > 2779/2 we get

L See Yy @sr)™t
Jj=Jo
7
({sza/zqsz(la)/zsz/zzjae/z}” [2s0uta=ita a)z]Q/22]a€}>

,SL,E (2lsr9)—L Z 2—an/2q2—jL(1—a)/22§(pp772 %)2]&6/2

Jj=Jo
<re (21”9)—L Z 2—jQaj2qn—jL(1=a)/29jQ/2pyjae/2

JjzJjo
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~0a
Clearly, the above some converges when L > —%

small, and in that case we get

= I

— and € > 0 is sufficiently

L <rc (lere)—L2—j0Qa/2‘I2—jOL(1—a)/22% Jjoae/2

Qﬂ _0_ 7_2_
SL,G (21S7‘0) L +L(1—a) ae <L0 (21) L (1 a—0)L+ 5 e

Performing similar calculations, one can show that

—a— Qa_ 0
I SL,@,E (21)_Lr(1 a—0)L+ 7y ae

b

_Q‘l_;’_g

provided that L > —4—+-.

The above estimates of /1, I, and /3 together imply estimate (5.1).

Proof of estimate (5.2) : Let us decompose the left hand side of (5.2) into three parts
I, I, and I5 exactly as we did in the proof of (5.1). We shall only show the changes
in the estimate of /;. Similar arguments can be carried out for /; and /3. We here
use the fact that if d(3, v) ~ 2'sr? and %|3’| > 2/+15r% then |3'| < 2[v/|. Similarly,

I5'] < 2|y0(t)'|. Then,

-2

sup {0000 1Ko 01} 7

v€1

I <por@lsr?y~t Z/

J=Jo

1
(/ {d(yo(z),v)2L|Xij()/0(t),v)|2} dU>p dr
A

/

-2
0—jQa/2qy—jL(1—a)/2y jae/29 /2 e
|B(yo(t),271/2)|1/2|B(v, 277/2)|1/2

Sper@sr®)~h 2/

i<jo 0 veA[

1
(z—an/qz—jL(l—a) |B(yo(t), 2-]/2)|—12ja62j) rdr

NLér(ler )y~ L Z/ sup

j<io”0 veh

{2 jQa/2qy—jL(1~ a)/22/("1+n2)/2|y0(,) |_T|v| ) ](Hae)}
1

(2 JjQa/qy—jL(1— a)2j(n1+n2)/2|y0(l) |—%"2210621> dt

/2

p-2
<L r(zlsre)—L Z {2—]'Qa/2q2—jL(1—a)/22j(n1+n2)/22jae/2|3/|—%n2} I
J=<Jo

1o
L e U N XA

Jjy+no) , p’ 2 p'=2 1
il SR (24 Dy f o dge o)

N\\

Sper@sr®)h Y 2mi0a/ 2"
i<Jjo
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L(l y Jtng) _xnp
Spe r@sr®)~E 3 g ienbma2ay= B ) TR ok 7

J=Jjo

Now, if we take L such that L (1 — a) < —W + % + 1 + ae, then the
above sum is convergent, and

. (nj+np)a nl+n2) L(] a) 1+ae }
_ - + +3
I <r@sr? Lz"’{( % 2 151"

(1—a—0)L+(ny+np)a ny+ny »ny
IN—L — —ae /1—
Steo 2)70r 7 g I3 7.

Similarly, in estimating terms I and /3, we would require the condition L (1 —a) >

—W + %, and with that one can show that
(—a—0)L+(nj+np)a nyjtny L)
DIy Speo @) 70r 7 PO
completing the proof of (5.2).
This completes the proof of Lemma 5.1. O

5.1 Estimates for the Grand Maximal Truncated Operator

Now we focus on the following pointwise estimates for the grand maximal truncated
operator which is among the key ingredients for the sparse domination.

Lemma5.2 Letm € 5’1 Qa/q(G%) with1 < q < 2 and take s > 3COC1 5. Then, for
the operator T = m(x, G..), and for any g < p < 00, we have

f(x) ~T,s,p pf(x),
for every f € C®(R"HM2),

Proof Let us fix s > 3C§C1,%, x € RM*™2 and a ball B = B(3,r) contain-
ing x. Let y,z € B. Denote ry = sr. For each [ € N, we consider 4; =
{v:2'rg <dG.v) <2 1r} .

Now, we have

|T(fXR"1+”2\B(3,rO))(y) - T(fXR"HnZ\B(;,,rO))(ZN

o0
< IKj(y,v) — Kj(z, v)|| f(v)|dv
ZA”*”z\B(z,ro) ’ ’

5ZZ/A 1Ky, v) = Kj(z vl f ()] dv (5.3)

We need to consider the following two cases for ry.
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Case 1 (r9 > 1) : First of all, we have

/IKj(y7v>—Kj<z,v>||f(v)|dvs/ |Kj(y, )| f(v)|dv
A] ./4]
+/ |K(z,v)|| f(v)|dv.
Ay

Estimation of the above two terms is similar, so we only pursue the first one.
As also seen in the previous section, we perform separate analysis in two regions
for [ as follows.

First, let / be such that 2/T1ry > %|3/ |, then using (3.3) we proceed as follows.
Choose €] = %(1 - %). Then,

/IKj(y,U)IIf(U)IdU

A

= / d(y, v)" QT3+ a(y, v) UK (v, v)[ £ ()] dv
A

<E/ (2 rg)—(Q+h+enn=iQa/2a9=j(§++F 10y jac/2
A

1 |f(v)]
|B(x,277/2)|1/2|B(y,2-1/2)|!/?
e 27100/l p) Q54024 €/2 B3 2l )| M f (x)

(2'r)?
(2lrp)(@+3+eD

Sy 27/ AJac2 Mf@)

i1 1
53,6 2 Ja a)/SWMf(x)y

where in the second last inequality we have chosen € > 0 such that € < 1=% and the

4a
last inequality follows from the fact that ro > 1.
Next, if [ is such that 2/+1rg < %|3’|, then we proceed as follows. Using (3.3) with

t=ny+ny+ % + € where €5 = “(”]‘ftl’”)(l — é), we obtain
(21}"0)nl+n2
(zlro)(n1+n2+%+€2)

fA 1K j (v, 0| f ()| dv Sy, 2771704 a2 1517215 | "2 M f (x)
[

—i(l— 1
Ss,e 2 ja a)/gﬁMf(x),

. l—a
provided that 0 <€ < .

Putting the above two estimates in (5.3), we obtain

o0

oo
(= 1
|T(fX]Rn1+ﬂ2\B(3,rO)()’) - T(fX]R"lJr"z\B(a’ro)(Z)l Sse E 22 i u)/gizl/z/\/lf(x)
j=01=0

Ss,e Mf(x),
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completing the proof of Lemma 5.2 in the case of rg > 1.

Case 2 (r9 < 1) : Again, we consider two regions of /.
To start with, let /[y > 0 be such that %|3’| < 21+1r0 forall / > ly. Then,

[T (f xrri4m2\B(3,r0) ) = T (f Xmri+n2\ B (5,r0)) @D = T1 + T2,

where,

T = ZZ/AI 1Ky, ) — K )l f )] do,

1>y j=0

ly oo
P = ZZ/A, IK; () = Kj (@ )l )] do.

1=0 j=0

Estimate for J) : Forl > Iy, we proceed as follows.

Using (5.1) with L > 0 such that —% + % <L(—-a) < —% + % + 1+ ae,
we obtain

oo

)Y ST STERIGILS
A

j=0"A

) , 1/p 1/p
<> (/ K;(y.v) — Kz, v)|? dv) (/ If(v)lpdv)
oo VA Al

Qa_ 0

€
TP T BG 2o) P M f ()

Q
—a(L—<+4€) _j(1—
§e,p "() q 2 (

Se,p (21)_Lr0

9
P Mp f(x),
and therefore

0
L=tey—1w-2)

T Sep Mpf )Y ry " (5:4)

1>y

It is straightforward to see that the infinite sum over [ > [y in (5.4) converges and
will be bounded by constant independent of r(y provided % <L < %. Actually, we

need L < £ — ¢, but that can also be ensured by assuming L < % and choosing €

suitably small. Altogether, we have the following conditions on L:

Qu 0 Qa 0
—= 4+ = —==+= 1
max g,# < L < min 2, d Py
p 1—a q 1—a 1—a
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—Qa , Q

. +
But, since p > ¢, we already have 2 - % and ’11 — L < %, and therefore the
only condition to be verified is the following:

q 1 1 1
= < + <— 14+aQ|l———-) >0,
1 a P q

which is possible by choosing p > ¢ sufficiently close to g.

Estimate for > : By definition of [y, we have that —|3 | > 20+ forall I < .
This time, we use (5.2) with L > 0 such that —W + % < L(l—-a) <

——(’”;"2)“ + —’”;"2 + 1+ ae, to get

> [ Koo - ke lfeia
j=07A

00 , 1/p 1/p
SZ(/ IKj(y,v) = K(z, v)|” dv) (f I.f(v)\"dv)
=0 Ay Ay

_J —Laytitnpa m, e
Sep @H7TLrTHT T w1312 B (5, 2 o) | P M f ()

_ (n]+rlz)u_n|+ 2 e ny+ny e
Sep @Y7L ‘“m /P2l rg) " |5 1P B G, 2 )| P M, f (x)

(i (n|+n2)

Sep To 2

pf(x),

and therefore

—a(L-"2) ) _mptmp
P Sep Mpf) ) g 27T, (5.5)

1<ly

The sumover! < [y in (5.5) will be bounded by constant independent of 7y provided
min o < '”qﬂ. Combining the conditions on L we need to ensure the following

_ (m+ny)a + ni+ny _ (m+mya + ni+ny

1
max n1+n27 q d < L < min nl+n2, 4 P4
p l—a q 1—a 1 —a

As earlier, one notices that the two conditions are simultaneously satisfied if

1
14+a(n + no) (———) > 0,
P g

which is possible by choosing p > ¢ sufficiently close to g.
This completes the proof of the Lemma 5.2. O

5.2 Proof of Theorem 1.10
We are now in a position to prove Theorem 1.10.
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Proof of Theorem 1.10 We divide the proof into two parts.

Let us first prove it for the operator T = m(x, G,,) with m € Yl__g!aa(G%). It
follows from Theorem 1.9 that T is bounded from L? (R"11"2) toitself for 1 < p < 2.
Also, we obtain from Lemma 5.2 that

M () Srop Mpf0),

for every for every 1 < p < oo, f € CX[R"1"), and 5 = 3C§C1,%861, with
8o < 1 as mentioned just before (1.9).

The above inequality implies that MﬁT’S is weak-type (p, p) forall 1 < p <
oo. Therefore, the sparse domination principle (Theorem 1.1 in [25]) is applicable,
ensuring that for each 1 < r < 0o and for each f € C2°(R"11"2), there exist a sparse
family S such that

ITf (OIS Arisf ()

for almost every x € R 772,

The proof of the sparse domination result for the operator T = m(x, G,,) with
m e Yl__%’aa/ 1(G,)and 1 < g < 2, is similar to that of the previous case. Observe that
Theorem 4.2 implies that T is bounded from L4 (R"17"2) to itself and an application
of Lemma 5.2 implies that MﬁT_s is weak-type (p, p) forall ¢ < p < oco. Hence, the
proof follows from Theorem 1.1 of [25]. |

Remark 5.3 As mentioned in Sect. 1.4, our techniques of establishing sparse domina-
tion do not extend to classes Yl__%la/ 2(G 5c). This is because even if one proves refined
weighted Plancherel estimates (of Sect.3) with the removal of the extra € > 0 from
the order of differentiability in the Sobolev norm of symbol functions, we note that
with kernel estimates of Lemma 5.1 we can not work in the case of 5”1__%15/ 1G,,)
when ¢ = 2. For example, to get the convergence of the infinite sum over / > [y in
(5.4) (or the sum over / < [y in (5.5)), we need to have p > ¢. But, estimates (5.1)

and (5.2) of Lemma 5.1 are valid only for p < 2. So, with these estimates at hand, we
are forced to restrict ourselves to the analysis of classes Yl__gfla/ 1(G,,) withg < 2.

6 Weighted Boundedness Result for Y;_%“éz(L, U)

In this section, we shall study weighted boundedness for symbol -classes

5”1_7%’”8/ 2 (L, U) with the help of the Fefferman—Stein sharp maximal function, which

is defined as follows. For a locally integrable function f,

1
M f(x) = sup—/B|f—fB|,

xeB | Bl

where fp 1= \;TI / 5 f denotes the average of f over the ball B.
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We begin with stating the following kernel estimates which will be crucial for the
proof of Theorem 1.14. The proof follows arguing exactly as in the proof of Lemma
5.1, and we leave those details. As earlier, take s = 3C§C1 R

Lemma6.1 Let m € 5”112,”8/ 2 (L, U) be such that it satisfies condition CancelCond

forall |B] < L% + ﬁj + 1. Let B = B(3,r) be any ball with 0 < r < 1. Then for
anyy € B,

> 12
Z(/ IK;(y,v) — K; G, v)lzdv)
j=0 2srl=a<d(v,3)<2ltlsrl-a

< @ty La(y, a9, ©.1)

whenever % <L < % + ﬁ and

e’} , 1/17/
Z(/ 1Ky, v) = K, v)I? dv)
—0 2srl=a<d(v,3)<2/tlsrl-a

(n1+ny)
alFY

~

<p @ Thagy, ot |7>n2/2) (6.2)

1
(1—a)

whenever % <L < % + and %|5’| > 2lgrl-a,

We shall establish pointwise domination of the Fefferman—Stein maximal function
in Sect. 6.1. For the same, we need the following L2-boundedness result, which we
state and prove here.

Theorem 6.2 Letm € Yl__%i/fa (L, U) satisfies condition CancelCond for all |B| <

4 (L%J + 1). Then, the operator (I + G)Q%m(x, L, U) is L*-bounded.

Proof Note first that in the case of the Euclidean pseudo-differential operators, if we

—Qa/2
havem € yl—a,l—a

bol from the same class ., 2%/* (A). Therefore, m(x, A)*(I + A)2%/*isa pseudo-
differential operator with symbol from the class .77

l—a,l1—a
I—a.1-a(A), and thus it is L2-
bounded. Finally, since || (7 + A)2*/*m((x, A)”Op = | ((7 + 8)24*m(x, A))*
op

||m(x, A)*(I + A)Qa/4 ||0p, it follows that (I + A)24*m(x, A) is L?-bounded.

In the context of the Grushin operator, we need not have the adjoint operator
m(x, L, U)* to be a pseudo-multiplier operator, therefore we do not have a direct
argument to conclude the theorem. We therefore write a more detailed analysis to
argue our claim.

Given m € #%%/? (L, U), letus write T = m(x, L,U) and Ty = ii(x, L, U)
where 71 (x, 7,k) = m(x, T, k)(1 + |t]* + |k|*)2%/8 1t can be easily verified that

m e Ylof a.1—q (L, U), with the symbol seminorm of m controlled by that of m.

(A) thenm(x, A)*is also a pseudo-differential operator with sym-
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Furthermore, let us denote by P, the spectral multiplier operator in the joint functional
calculus of (L, U), with symbol (7, k) — (147|241 +|7)?>+ |« |>)~2%/8. Now,

(I + G2 = (I + G)2Y*T (1 4+ G)~2/4p,,

and since the operator P, is L>-bounded (by Plancherel theorem), in order to show
that (1 +G)2%/4T is L2-bounded, it suffices to prove that (I +G)24/*Ty (I +G)~2a/4
is L2-bounded.

For any b > 0, let us consider the Sobolev space H»Z(R"1™) = (I +
G)P/2L2(RMH12). Using the spectral resolution of G, we have

Hb,Z(Rn1+n2) — {f e LZ(Rnl-‘rnz) . H([ + G)b/Zf

<OO},
L2

where

|a+6rry

= [, T e’ | @] .
m

Itis easy to observe that (1 +G)2/4T (I+G)~24/* € B (L*(R"*")) if and only
ifT e B (H%’Z(R"H'”Z)). Now, if we can prove that Ty € B (H*N-2(R"1*"2)) for
each N € N, then we can invoke the interpolation theorem for operators with change
of measures (see, for example, Sect. 5 in [35]) to conclude that 77 € B (H b, 2(R’11+”2))
for each b > 0, and our claim would then follow by taking b = Qa . So, we are
left with showing that 77 € B (H 2N, 2(]R’“"‘”Z)), which is equivalent to proving that
I+ONTII+G)NeB (LZ(R"1+”2)), and again it is equivalent to proving that
(I + GNTy o myo(L,U) € B(L*[R"7™2)), where my o(t, k) = (1 + |77 +
|k |2)7N/2.

It is enough to show that GM' Ty om . O(L U) € B(L*(R"*™2)) forall 0 < N; <

N Recallthat G = — Y "L, X331 302 X2 where X; = 83,,X,~k—x;%

So, we shall be done if we could prove that X' Ty o my (L, U) € B (Lz(RnlJr”z))
where |I'| < 2N and X = (X, X «)j k-
With f € S(R"*"2) using Leibniz formula we can write

X' omy o(L, U) f(x)

XU (x, Qu+ DAl A)
I MICIEY D>

I+Ih= 1+(2|/’L| +nl)2|)"|2+|)"|2}

A A
w7z (5 @)
r AN o —irx”
X 2{<I>#(x Yo~k }dk.

Let us carefully look at the action of X2 on CDf; (x)e " In doing so, we shall
make use of the known properties of the annihilation operators A ; (1) = % + |A |x},
J

. )
and the creation operators A (A)* = o] + IAlx}, namely,
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1 2 1 2
AP = (@up) P @, and 4,0, = (@Quy + 2 o, .
Since Xj {q)ﬁ(x/)efi)x.x//} _ % {(Dl)l(x/)efl')\“x”} _ % (Aj ()\,) —A ()\’)*)
{Cbﬁ(xl)e_m'x"],ande,k {cbﬁ(x/)e_“'x”} _ Akx} {(bﬁ(x/)e—ix.xu _ m (A o)

+A; (k)*) {Cbﬁ(x/)e_“”‘x”}, a successive application of gradient fields X ;’s and

X «’s implies that X2 [Cbﬁ (x’ )e”'””} can be expressed as a finite linear com-
bination of terms of the form

I';

03 () o 1@l + m) M) E 2 (60,

Al

where |t| < |2, T3] < |2, and $r, () is a bounded function of .
Summarising, we get that X T'Tiom ~N.o(L,U) f(x) can be expressed as a finite
linear combination of

~ ~ = ~ ICal

| {xMii (x, @G = @ + DIs ) H@lr =l +nopy

w2 4 {1 @I = 222 + 122
((,’fr‘z,l“}f)kv q),)l) cbil(x/)e—ix-m dx.

where 7, r, is the operator on defined by ((”ZV}Z,FS f)A,CDfL) = 9r,(n —
~ AF% X A
pi (@)

While the L2 boundedness of 7~’r2 r; follows from Plancherel’s theorem, it is

straightforward to verify that the symbol function M (x, t,k) € 5”10 (L,U),
where

a,l—a

[19]]

L] —N/2
Mt = (XD o) el {0+ e )

and it therefore boils down to analysing operators T;;, where

faf () = /an Q.M (x, Q(u — ) + DAL, /\) (f* @%) & (x)e ™ da.
"

(6.3)
But, the same holds true by Lemma 2.7, implying that for all |1| < 2N,
1Tz llop SN IMllz0 SN lmll oo -
This completes the proof of Proposition 2.8. O
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6.1 Pointwise Domination of the Fefferman-Stein Maximal Function

The following estimate is, in fact, the heart of the proof of Theorem 1.14.

Theorem 6.3 Letm € Yligfls/ 2 (L, U) be such that it satisfies condition CancelCond
forall 1] < | + 1| + L. Then, for the operator T = m(x, L, U), we have

MATF)(x) St Mo f (),

for every f € C2°(R"1"2) and almost every x € R"*"2,

Proof Fix f € CX°(R™"*"2), a point x € R"*"2 and a ball B = B(3, r) containing
x. As earlier, we take s = 3C§C 1.« and consider the two cases in .

Case 1 (r > 1) : Writing sB = B(3, sr), we decompose f = f1 + f» where f1 =

S XxsB-
Now,

1 - -
—/ TF() — TH®)dy < i + I,
8/

where

. =1
i =_/ TRy and 12=—f TR0 = THE)]dy.
|B| JB |B| Jp

First, we consider the term I;. Using Holder’s inequality and the L2-boundedness
of the operator 7' we get

1

1 1
v -
(/ |Tf1(y)|2dx>2 <5 - (/ |f1<y)|2dy>2 < B8 My p o)
B B2 \Jsp |B|2

~ 1

I < -

|B|2
55 Mz f(x).

Next, we estimate fz. For this part, we follow the same line of arguments as in Case 1
of the proof of Lemma 5.2. For l € N, we write A = {v : 2'sr <d(,v) <2 sr}.
Then

ITLG) — THE) = ZZ/A 1K} (5, 0) — Ky )l o) do.
1

j=01=0

Now, for those [ for which 2/*1sr > %|;,’| holds, we make use of condition (3.6)
with ro = | Q/2] + 1, to obtain

/|Kj(y,v)—K,»(a,v)nfz(vndv
A
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1 1
O+l . 2 2 1 2 2
S (Lx,d(y’”) K (7, 0)] dv) x (/A oy A dv)

) 1 )
" ([4,"(3’ v)Q+1|K,-(z,v>|2dv) ([, zarripoP )

1)~ B G 2lsr) 2 My f (x)
P22 My £ (x),

~T,s

S_,T,s

where the second last inequality follows using the fact d(y,v) ~ d(3,v), and in
the last inequality we have used the fact that » > 1 and |B(3, 2/sr)| <; 2/r)€ for
2+ s > Ly,

Next, for those I for which 2/t 1sr < %|3’| holds, we have

/ [Kj(y,v) — K;G, v)l[f2(v)]dv
A

1

< / 460K ) x / L horw)
~ 4 s J\Y> A d(y, v)n1+n2+l

+ d(3, v)" K G, v) P do %x ;v(vnzdv :
P e 4, dvymFmT 2

ny+ny
_jua e (27T
Sre 270 T rerrradcl T Maf (x)
@
271 My f (x),

where in the second last inequality we have used the fact d(y, v) ~ d(3,v) and
|B(,2sr)] S, @Iy 2|2 for 21 s < L13/).
In view of the above two estimates, we have

ITf2(y) = TG = M2 f(x),

completing the proof in Case 1.

Case 2 (r < 1) : With B’ = B(3, sr'~¢), this time we decompose f = fi + f> where
Jr=fxp-

Now,
1 ~ ~
—/ Tf(x) = TG dx < 7T, + 1.
A
where
i1 |B|/|Tf1<x)|dx and [7; = |B|/|sz<x> Tf2(3)] dx.
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Let us first estimate /1. For b € R, denote by J, the potential operator (I + G)*/2.
Since x € B(3,r) and r < 1, we have |B(3, 1)| ~ |B(x, 1)|. Now, using Theorem
6.2, and the Hardy-Littlewood—Sobolev inequality (2.7) for J_gq/2 with g = ﬁ
and p = 2, we get

1

~ 1 1 s q

I —/ T/ ()l dx < —|B|7 (/ |Tf1|‘1dx)
81 /s IB| 5

1
1 1 q
|B|¢ (/ [J-0a/2d0a2T f114 dx)
B

~ |B]
1

1 1 . B !
5 ﬁlqu’ |B(3s D2 (f (|B(x, 1)|2 |‘]—Qa/2JQa/2Tf1|)q dx)
B

o=

1 1 _a 2
Sa —|Bl7|B@3, )2 [Jas2T f1]” dx
|B| Rn1+n2
1

<r L 1B71B( 1)|*‘%|B/|%(1 /|f|2d )7
~T "o 3 1 X
IB] 31y

1 L a, 1
< ﬁlqu, [BG, DI72|B'[2 M3 f (x).

Now, observe that if sr17% > 3|, then

1 L a 1
—|B|7 |BG, D|"2|B|2 <
FIBITIBG DI BT S

whereas, if sr!=¢ < 3’|, then

»nyp(a—1)
2

1 L _a 1 (n1+n3)(a—1)
®|B|" |BG, DI"2|B|2 Sr 2 3

< Cs.

/
|

, _xma (I=a)(ny+ny) ni+ny /nz
"2 r 2 s 2 |32

3 r s 317

Put together, we get that /7 Sty Maf(x).
Next, we estimate the term I7,. Let us write 3; := {v : s2lpl-a < dv,3) <

s2!+171-4) "and let Iy > 0 be such that 1[3'| > 52/~ for all I < .
Now,

oo

1 1
2 2
|sz<x)—sz(3)|§ZZ<f |K,~<x,y>—1<,-(3,y>|2dy> x(f |fz(y>|2dy)
j=0i=0 B B
x X 5 :
+ZZ</ |K‘,~(x,y)—K,-<3,y)|2dy) x(/ |fz(y)|2dy)
j=01>ly 5 B
= IN12’1+IN12’2.
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On one hand, using (6.2) from Lemma 6.1, we get

lo

~ (ny+ny) »n 1

Ty Srop Y @ =)~ 00 @=T550 =52 B (5, 2lsr =) 2 My f (1)
=0
lo (g +n) +

nj+n3) _xm —gs xny
Srop Y @ TE O T 1T Qe 1 TR 1T My f (x)

=0

lo
_ _nl+n2
S Y 27T My f(x)
=0

St Mo f(x),

provided that L > 32,
On the other hand, using (6.1) from Lemma 6.1, we get

o0

~ 9o _ 1

[Ty Sro Yy @' trU=0E=DpG 2lsr! =) 2 My f (x)
[=ly

lo
0
S 27D My f () S Maf(x),
1=0
provided that L > %
This completes the proof of Theorem 6.3. O

6.2 Proof of Theorem 1.14

Proof of Theorem 1.14 is a consequence of Theorem 6.3 and good-X-inequality. The
proof follows from standard arguments. But, for self-containment, we write below a
brief sketch.

Proof of Theorem 1.14 Recall that it was proved in part (i) of Lemma 4.11 in [17] that
the following inequality holds:

/ MF(x)Pw(x)dx < / MEF (x)Pw(x) dx, (6.4)
Rll1+n2 Rn1+n2

for any w € Ax(R"%"2),0 < pg < p < oo, and for all F € L} _ such that
MF € LPo->°(w).

In our case we are concerned with2 < p < coand w € A p/z(R”1+"2). With p
and w fixed, the reverse Holder’s inequality for Muckenhoupt weights implies there
is po > 2 such that w € A p(R"1™2) with p > po > 2.

Now, if we can we prove that |m(-, L, U) flLrow) < Cin(.,L,U), f,po,w < OO, then
we can apply the above inequality (6.4) to F = |m(-, L, U) f| and Theorem 6.3 to
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conclude that

/ Im(x, L, U) f (x)]” w(x) dx S/ M(m(, L, U) f)(x)” w(x) dx
Rn1+n2

R?1+12

5/ MEm(-, L, U) f)(x)” w(x) dx
R+
,S/ Mo f(x)P w(x)dx
R 12
5/ [f )P w(x)dx,
R111+n2

where the last inequality follows from the fact that M» : L? (w) — L (w) is bounded
forw € Ay with p > 2.

So, we are left with showing that [|[m (-, L, U) fllzrow) < Cm(.,L,U), f.po.w < OO,
for any compactly supported bounded function f.

Let f € C°(R"™™2) be supported on B(3,r). Without loss of generality
we may assume that r > 1. Since m(x, L, U) is bounded on L2(RM1712), we
have m(x,L,U)f € L*(R™*") implying M(m(x,L,U)f) € L*(RM+m),

Therefore, an application of (6.4) with w = 1 and the pointwise domination
MEm(x, L, U) f)(x) < Maf(x), we obtain m(x, L, U)f € L9(R"*"2) for all
q > 2.

Now,

/ |m(x, L, U)f(x)|P°w(x)dx
B(3,2Cor)

1 €
T . Tre
< (/ w(x)! e dx) (/ m(x, L, U)f(x)|P0 e dx) :
B(3,2Cor) B(3,2Cor)
(6.5)

where € > 0 is chosen such that the reverse Holder’s inequality is satisfied and the first
term of right side of (6.5) is finite. Since m(x, L, U) f € L4(R" ™) for all ¢ > 2,
we conclude that the second term in the right side of (6.5) is finite.

Next, in order to estimate

/ |m(x, L, U)f(x)|P°w(x) dx,
R"1+"2\B(3,2Cor)

note first that d(x, 3) > 2Cor and d(y, 3) < r together imply d(x, y) > ﬁd(x, 3).

Fix some x, and let / be such that d(x, 3) ~ 2r. Now, if 2r > %|3’| then we proceed
as follows:

lmj(x, L, U)f(x)] S/ |Kj(x, ML)l dy

B(.r)

12
< (/ |K,,~(x,y)|2d(x,y)Q“)
B(3.r)
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1/2
( / d(x, y))~ @D £ (y)? dy)
B(3.7)

- |B(3, 2'r)|1/? a
_ita |B(, 27| Mo f(x) <2~

<2 Rl el B
~ (2lr)y@+b/2

—a)
T My f(x).
Similarly, if 2/r < %|3/|,wejust used(x, y)"1 2+ inplace of d (x, y) 2*! to conclude
that

@0

! )(Ill+;2+1)

j(-a)

Imj(x, LU f()| 2775 1517

35177 Maf (x)

j(d=a)

Srs 2707 2712 My f(x).

In view of the above estimates, we get

/ Im(x, L, U) f (0)|"w(x) dx < / (Mo f ()P w(x)dx
d(x,3)=2Cor d(x,3)=2Cor

S f | f ) Pw(x) dx

SwBG ) I fllzee,

where again the last inequality follows from the fact that M5 : LP(w) — LP°(w) is
bounded for w € A, /2 with pg > 2. This completes the proof of the Theorem 1.14.
]
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