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1. Introduction

The purpose of the article is to develop numerical radius inequalities of bounded lin-
ear operators defined on a complex Hilbert space. The study of numerical range and
the associated inequalities is useful in investigating many properties of linear opera-
tors and has various applications in numerous fields of sciences. In recent times the
numerical radius has found its application in quantum information theory, in particu-
lar, quantum error correction [14], additive uncertainty relations [25], multi-observable
quantum uncertainty relations [18]. Applying the numerical radius inequalities one can
also estimate the roots of polynomials using the notion of the Frobenius companion
matrix, see [7]. Before proceeding further we introduce the necessary notations and
terminologies.

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space ‘H, with inner product (-,-) and the corresponding norm || - ||. For A € B(H), let
|A| = (A*A)Y/? and |A*| = (AA*)Y/2, where A* is the adjoint of A. For ¢ € [0,1], the
t-Aluthge transform (generalized Aluthge transform) of A € B(H) is 4, = |A'U|A|*~,
where A = U|A| is the polar decomposition of A and U is the partial isometry. In
particular, for t = 3, A= A; = |A|Y/2U|A|'/? is the Aluthge transform of A.

Let ||Al|, w(A) and r(A) denote the operator norm, the numerical radius and the spectral
radius of A, respectively. The numerical radius of A is defined as

w(A) = sup{[(Az,2)| 1w € H, [lz| = 1}

and it is the radius of the smallest disc with center at origin that contains the numerical
range. Note that the numerical range W (A) is defined as W(A) = {(Az,z) : x € H, ||z| =
1}. It is well known that the numerical radius w(-) : B(H) — R defines a norm on B(H)
and is equivalent to the operator norm. For every A € B(H),

L4l < w(4) < 4], (1)

holds. The spectral radius of A is defined as r(A4) = sup {|A| : A € o(A)}, where o(A) is
the spectrum of A. Since, the spectrum o(A) is contained in the closure of the numerical

range (i.e., 0(A) C W(A)), we have

r(A) <w(A).

Therefore, for every A € B(H), r(4) < w(A) < ||A| holds, and r(4) = w(A4) = ||4]l,
when A € B(H) is a normal operator. Also, note that r(A) = r(A), w(A) < w(A) and
| A]| < [|AZ||*/2 < ||A]|. For more details about the numerical range, the numerical radius
and related inequalities, the readers can follow the books [7,26]. Various refinements of
the numerical radius bounds in (1.1) have been studied over the years. Kittaneh in [21,

2003] and [20, 2005], respectively, developed the following bounds
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1
w(d) < SllAll+ [ERRE (1.2)
and
2 1 2 *
w?(A) < 2 [|lAP +14°. (1.3)

The bounds in (1.2) and (1.3) improve the same in (1.1). Dragomir in [16, 2008] proved
that

w?(4) < SIAIP + Ju(4%). (14)

Clearly, the bound in (1.4) improves the same in (1.1). After that, Abu-Omar and Kit-
taneh in [1, 2015] developed

1
w?(A) <3 ||A]? + |A* 2| + w (A?), (1.5)

which improves both the bounds in (1.2), (1.3) and (1.4). Further, Bhunia and Paul in
[12, 2021] proved that
1 . iy
w?(A) < o [|lAP + [AT[] + w (1A11A%) (1.6)
and

w(A) < 7w(|A| +1i|A¥|). (1.7)

The bound in (1.6), is incomparable with the bound in (1.5), refines both the bounds
n (1.2) and (1.3). The bound in (1.7) refines the bound (1.3). The same authors in [10,
2021] obtained an improvement of (1.2) by using the spectral radius, namely,

w(A) < —HA||+ 214 A47)). (1.8)

Further, Bhunia [5, 2023] obtained an improvement of the second inequality in (1.1),
namely,

" 1/2
w(A) < [|AIY? ||l Al + (1 = )| A7

(1.9)

for all @ € [0, 1]. Recently, Kittaneh, Moradi and Sababheh [19, 2023] also developed the
following nice improvement of the second inequality in (1.1):

w(A) < S| AIM2 (14772 4 a2 (1.10)
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Some generalizations of the inequalities in (1.3), (1.5) (1.6) and (1.7) and the other
improvements also studied, see [2-4,9,11-13,17,27].

In this paper, we obtain various numerical radius inequalities of bounded linear op-
erators, which generalize and improve on the bounds in (1.1), (1.2), (1.3), (1.6), (1.7),
(1.8), (1.9) and (1.10). Other bounds are also developed which refine the existing ones.

2. Main results

We begin our study with the following known lemmas. First lemma is known as
McCarthy inequality.

Lemma 2.1. [2/] Let A € B(H) be positive, and let x € H with ||z|| = 1. Then
(Az,x)? < (APz, ),
forallp > 1.
Second lemma involves 2 x 2 positive operator matrix.

Lemma 2.2. /23, Lemma 1] Let A, B,C € B(H), where A and B are positive. Then the

operator matrix [é CB ] € B(H @ H) is positive if and only if

(Ca,y)|* < (Az,2)(By,y).
Third lemma is named as Buzano’s inequality.

Lemma 2.3. [15] Let x,y,z € H, where ||z|| = 1. Then

lzlllyl + 1.
2,2} (2,9} < LRI,

By using the above lemmas we first prove the following proposition.

Proposition 2.4. Let A, B,C € B(H), where A and B are positive. If {é C;] €EBHD
H) is positive, then the following bounds hold:

(i) w*(C) < & ||A% + B

(ii) w?(C) < 5 | A|||B]| + 3w(AB).

(iii) w?(C) < § ||A% + B?|| + w(AB).

(iv) w?(C) < ||aA + (1 — a)BJ| ||A||*=||B||*, for all a € [0,1].
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Proof. Take x € H with ||z| = 1.
(i) From Lemma 2.2, we have

[(Ca, ) ?

IA

Az, z)(Bz, )

IA

((Ax,ac)Q + (Bx,x}Q)

IN

((A’z,z) + (Bz,z)) (by Lemma 2.1)

NI N~ N

IN

This implies, w?(C) < 1 ||A? + B?||.
(ii) From Lemma 2.2, we have

|(Cx,z)|* < (Az,z)(x, Bx)

IN

(|Az||||Bz|| + |{Az, Bx)|) (by Lemma 2.3)

IN

1
2
1
L (IANIBY + w(4B)).
This gives, w?(C) < 2||AH||B|| + 3w(AB).

(iii) From Lemma 2.2, we have

(Co, 2)|* < (Az,z)(x, Bz)

(Az
1
2

IN

(|Az||||Bz|| + |(Az, Bz)|) (by Lemma 2.3)

1 (IIACEII2 + || Bz|”
2

5 + |<Aa:,Bx>)

IN

1o, mop, L
1147 + B[ + Sw(AB).

This implies, w?(C) < § ||A? + B?|| + w(AB).
(iv) From Lemma 2.2, we have

|(Cz,2)|* < (Az,z)(Bx,x)

(
= (A, 2)*(Bx,2)' " (Az, 2)' =% (Bx,z)*
<(a

(Az, ) + (1 — a)(Bx,a)) (Az,2)'~* (Ba, z)°

< llad + (1 = a) B[ | A"~ B]|“.

This implies, w?(C) < ||aA + (1 — o) B|| ||A||*~%||B||*, as desired. O

35
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By applying Proposition 2.4, we prove the following lemma.
Lemma 2.5. Let B,C € B(H). Then w(BC) satisfies the following bounds:
() w*(BO) < 4B + C|.
(it) w (BC) < sIBIPICI? + 3w (B (CB)*C)'
(iii) w?(BC) < 1 |||B*|* + |C|*|| + 4w (B(CB)*C).
(iv) w?(BC) < Hoz|B*|2 (1-— |C’\ H | B[O =) ||C||?, for all a € [0,1].

Proof. Following Lemma 2.2, it is easy to observe that the operator matrix

[ngB* CB*%] € B(H @& H) is positive. Using this positive operator matrix in Proposi-

tion 2.4, we obtain the desired upper bounds of w(BC). O
Now, we are in a position to obtain our first aim result.

Theorem 2.6. If A € B(H), then
w?(A) < SIAIR + g (| A0 PO,
for all t € [0,1]. In particular, fort = 3
w(4) < 5 ||A|| + Sw (|AJlA™]). (2.1)

Proof. Let A = UJ|A| be the polar decomposition of A. By taking B = U|A|'~! and
=|A|" in (ii) of Lemma 2.5, we obtain

2 1 2 1 1—t 2 141t
< — — .
w?(A) < 5 IIA]" + 2w (U\A| A; |A] ) , (2.2)

where A; = |A|'U|A|'~" is the t-Aluthge transform of A. Now, it is casy to see that
UJA|'~t A, |A[* = |A*|21=9)| AJ?. This completes the proof. O

Remark 2.7. (i) Since w(]A||A*|) < || A2,

w?(4) < AP +— (1A]1A™])

1 2 2
—||A —||A
LA + 21142

IN

1AII®.

Therefore, the bound in (2.1) refines the second bound in (1.1).
(ii) Tt follows from (2.2) that

w?(4) < 3 AL + 5 [|lar Al ap—| (23)
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for all ¢ € [0,1]. In particular, for t = 3

1 1 ~
wA(4) < 5 1417 + 5 |12 A ape

where A = ;1; = |A|'/2U|A|'/? is the Aluthge transform of A.
(iii) From (i) and (ii) we deduce that if w(A) = ||A]|, then

4% = 142 = ||l /2 Al a2 | = ja) | 4]
Next theorem reads as:

Theorem 2.8. If A € B(H), then

1 *
w ( ZH|A|4t+|A |4(1 t)

(|A|2t‘A*‘2(1 t))

for all t €[0,1]. In particular, fort = 3

1
w?(A) < 7 |lIAP + 4] + S (1414 .

37

(2.5)

Proof. Let A = U|A| be the polar decomposition of A. By taking B = UJA|'"! and
C = |A|" in (iii) of Lemma 2.5 and using similar arguments as in the proof of Theorem 2.6,

we obtain the desired results. O

Remark 2.9. (i) The bound in (2.5) was also developed in [12, Theorem 2.5] using different

technique.
(ii) Using similar arguments as (2.3) and (2.4), we can obtain

U}2( EH‘A|4t+|A*|41 t) H+ H‘A|A‘A|1 t

for all ¢ € [0,1]. In particular, for t =
1
wA(4) < 5 [I4P + 4] + 5 [lai2 Al

Next result reads as follows:

Theorem 2.10. If A € B(H), then

1/2
4) < [Jaapa= 4 (1 -y paga-ea-orer

. _1
for all o, t € [0,1]. In particular, fort = 3

(2.6)
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w(A) < [laA] + (1= a)|A"[| /2| 4]/, (2.8)
for all a € [0,1]. Also, in particular, for o = %

1/2

A* 2(1—t)
| JAl2, (2.9)

2

w(A) < H AP+ |

for all t €]0,1].

Proof. Let A = U|A| be the polar decomposition of A. The proof follows from (iv) of
Lemma 2.5 by taking B = UJA|'"! and C = |A]'. O

Note that, the bound in (2.8) was also obtained in [5, Theorem 2.8] using different
technique. For our next result we need the following lemma.

Lemma 2.11. /8, Theorem 2.5] Let B,C € B(H) be such that |B|C = C*|B|. If f,qg :
[0,00) — [0,00) are continuous functions with f(A)g(X) = A, for all A > 0, then

w00 <@ (| ) T 57]) =@ lm + )

forallp > 1.
Using the above lemma we obtain the following bound.

Theorem 2.12. Let f, g : [0,00) — [0,00) be continuous functions with f(A)g(X) = A, for
all A\ >0. If A € B(H), then

1
wP(A) < SJAIP ([ 127 (JAI) + g7 (JA*)

)

for allp > 1, and for all t € [0,1]. In particular, for p =1

w(d) < A1 72 (141) + g7 (4 )] (210)

for all t €[0,1].

Proof. Let A = U|A| be the polar decomposition of A. By taking B = U|A|'~! and
C = |A|' in Lemma 2.11, we get

wP(A) < S (A1) |27 (A1) + g (1A

Since r(JA[*) = [||A]*]| = ||A||*, we obtain the desired results. O
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Considering f(A) = A% and g(A\) = A7, 0 < a < 1, in (2.10) we obtain the following
corollary.

Corollary 2.13. If A € B(H), then
1 a(l— * —a)(1-—
w(A) < gllAJ" 4200 4 4 pa-ea-o||
for all a,t € [0,1]. In particular, fort = %

1 « *|l—«
w(A) < §HAH”2 [1A]* + A%

|, (2.11)
for all @ € [0,1].

Remark 2.14. (i) Let A € B(#). In particular, considering a = % in (2.11) we obtain the

following bound
]' *
w(A) < 51412 |l + ar 2, (2.12)

which was recently proved by Kittaneh et al. [19].
(ii) Tt follows from the bound in (2.11) that

1 1/2 : e *|1l—a
w(A4) < ZIAI2 min (|41 + 47 (213)
for every A € B(H). Clearly, the bound in (2.13) is sharper than that of the bound
0 20
in (2.12). Considering A = |0 0 3| & [1] (defined on C* @ C), we have, |[|A]* +
0 0 O

|A*|1_QH = max {21_a7 20 + 3l 3a, 2}. Clearly,

H|A\1/2 + \A*|1/2H — V2 + V3 & 3.14626436994

and

87
[[JA]% + [A7[F7o0 || = 2% 4+ 317% = 2.98118458519, where ap = 155

Hence,

min |||A|a + |A*|1—aH < H|A|1/2 + ‘A*‘l/QH )
agl0,1]

This implies that the bound in (2.13) is a non-trivial refinement of the bound in (2.12).
(iii) From the bound in (2.13) we conclude that if w(A) = ||A||, then

min H‘A|o¢ + |A*|17a|| — ‘A|1/2 + |A*|1/2 _ 2||A||1/2
a€l0,1]
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Next, we need the following lemma.

Lemma 2.15. /8, Corollary 2.7] Let B,C € B(H) be such that |B|C' = C*|B|. Then

1
w(BC) < 7 (1B + B[ +21B21)"* ([IC + [C1] + 2he2) .

Now, we obtain an upper bound of w(A) using the Aluthge transform of A.

Theorem 2.16. If A € B(H), then

1o\ /2
+514)

where A = |A|Y2U|A|Y? is the Aluthge transform of A and A = U|A| is the polar
decomposition of A.

1Al +|A*
o a3 4

Proof. By taking B = U|A[|'/? and C = |A|'/? in Lemma 2.15, we obtain the desired
inequality. O

Remark 2.17. (i) Clearly,

L 1AL+ ]A7]
A2 2R T
a2 (5 55

! HAH)W < a1 (31 + 3 HAH)W

Since [|A]| < [|4%*/2,

1 1 ~ 1/2 1 1 1/2
4172 (0414 50A1) <Al (G4l + J14%12) < la

Therefore, the bound obtained in Theorem 2.16 refines the second bound in (1.1).
(i) Following [22, Corollary 2], we have ||| 4|+ [A*||| < [|A] + ||| A]"/2|A*[*/2||. Also, it
is easy to observe that |||A|1/2|A*|1/2H = r1/2 (|A||A*|). Therefore, from Theorem 2.16,
we derive that

sl

1 1/2
( Al + 2172 (4] A" ) —||A||)

)"

wta) < i (5 [

< [lA)*?

N | =

< || ( Al + L7 (LA]L4%) )+

1

>
1 1
LG 2 « i)

N | =

<[y

7/ N 7N 7N N
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Based on the inequalities in (ii) of Remark 2.17 and the first inequality in (1.1), we
obtain the following proposition.

Proposition 2.18. Let A € B(H). If A2 =0, then
1 *
w(d) = S[|All and [[[A]+ A% = [lA].

The converse of the above proposition may not hold. For example, considering A =

0 2| @ (1] (defined on €2 & C), we sce that w(d) = 1 = L[| All and [||A] + [A*[] =

2 = || Al|, but A% # 0. To develop our next result we need the following lemma.

Lemma 2.19. [10, Corollary 2.18] Let B,C € B(H) be such that |B|C = C*|B|. Then

w(BC) < 5r(C) (1Bl +r/2(BIIB))

Now, we prove the following theorem.

Theorem 2.20. If A € B(H), then
1 1 ity axl—
w(A) < S AL+ AN (A AT )
for all t € [0,1]. In particular, fort = 3
1 1
w(A) < SIA|+ SN2 (jA121A 2. (2.14)

Proof. Let A = U|A| be the polar decomposition of A. By putting B = U|A|'~* and
C = |A|t in Lemma 2.19, we get the desired results. O

Remark 2.21. Let A € B(H). For 0 <t < 1, we see that

P2 (A AT < w2 (A AT
< H|A|1ft‘A*‘17tH1/2
< [|]4]|A*)|17Y/2 = |‘A2H(lft)/2.

Therefore, it follows from Theorem 2.20 that, for all ¢ € [0, 1],

w(A)

IA

1 1 ) a%1—
SIAl+ S IA] Y2 (A ar )

IN

1 1 b sl
SIAl+ S Al w2 (A A
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1 1 iy axil—tn1/2
< SIAlL+ G 1Al 1A=
1 1 (1-t)/2
< SIAI+ S Al (1A% :
2 2
In particular, considering ¢t = 0, we get
w(d) < Al + 3r/2 (4] A7)
-2 2
1 1
< -||A ~||A2%|M?
< SIAl+ 514772,
which was also proved in [10, Theorem 2.1 and Remark 2.2] by using different approach.

The next lemma that is needed for our purpose is as follows.

Lemma 2.22. [12, Corollary 2.17] Let B,C € B(H). Then

w'(BC) < Sw?(|C]" +14|B*[")

N =

for allr > 2.
Using the above lemma we prove the following theorem.

Theorem 2.23. If A € B(H), then

IN

7 1 [8 . *|r(l—
w(4) < Ju? (JA]" +4|A77070)

A

% H|A|2rt + |A*|2r(17t)

)

for all t € [0,1] and for all r > 2. In particular, for r =2

w(d) < —zw (|42 4|4 2070) (2.15)

Sl

1 1/2

< H‘A|4t + |A*|4(17t)

S

2
for allt €[0,1].

Proof. Let A = U|A| be the polar decomposition of A. By considering B = U|A|'~! and
C = |A|" in Lemma 2.22, we obtain the desired first inequality. The next inequalities
follow easily. O
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In particular, considering t = % in the inequality (2.15), we get

w?(A)

IN

1 -
S (4] +]4%)

IN

)

1
S A + 147

which was also proved in [12, Corollary 2.15 and Remark 2.16] using different technique.
To prove our final result we need the following lemma.

Lemma 2.24. [6, Corollary 2.11] Let B,C € B(H) be such that |B|C = C*|B|. Then

w(BC) < %T(C’)w (1B| +i|B*]).

Theorem 2.25. If A € B(H), then

1
w(A) < EllAlltw (1A= + i A7)

Al20-) 4 g% 120-1) ||1/2

< flaye | A2 AT ,

2
for all t € [0,1]. In particular, fort = 3
1 1/2 12 | o A%(1/2
w(d) < A1 2w (412 + a0 /2) (2.16)

1 11/2

- 2

Proof. Let A = U|A| be the polar decomposition of A. By considering B = U|A|'~! and
C = |A|' in Lemma 2.24, we obtain the desired first inequality. The next inequalities
follow easily. O

Remark 2.26. We would like to remark that the bound (2.16) is sharper than the bound

Al + A% ||M?

w(4) < |42 | EE

(2.17)

The bound (2.17) follows from the bounds w(A) < ||A|| (see in (1.1)) and w(A) <
H%H (see in [21]).
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