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ABSTRACT
Despite the enormous theoretical and application interests, a fundamental understanding of the glassy dynamics remains elusive. The static
properties of glassy and ordinary liquids are similar, but their dynamics are dramatically different. What leads to this difference is the central
puzzle of the field. Even the primary defining glassy characteristics, their implications, and if they are related to a single mechanism remain
unclear. This lack of clarity is a severe hindrance to theoretical progress. Here, we combine analytical arguments and simulations of various
systems in different dimensions and address these questions. Our results suggest that the myriad of glassy features are manifestations of two
distinct mechanisms. Particle caging controls the mean, and coexisting slow- and fast-moving regions govern the distribution of particle
displacements. All the other glassy characteristics are manifestations of these two mechanisms; thus, the Fickian yet non-Gaussian nature of
glassy liquids is not surprising. We discover a crossover, from stretched exponential to a power law, in the behavior of the overlap function.
This crossover is prominent in simulation data and forms the basis of our analyses. Our results have crucial implications on how the glassy
dynamics data are analyzed, challenge some recent suggestions on the mechanisms governing glassy dynamics, and impose strict constraints
that a correct theory of glasses must have.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0166404

I. INTRODUCTION

What does a theory of glass need to explain? Is there a sin-
gle defining mechanism of glasses? Are the different glassy char-
acteristics distinct properties? Glassy dynamics poses one of the
most fascinating and challenging problems of statistical physics.1
If you supercool a liquid below its melting point without allow-
ing it to crystallize, it becomes glass. Its dynamics becomes spatially
heterogeneous,2,3 relaxation becomes slower than exponential,4 par-
ticle displacements become non-Gaussian,5,6 etc. The snapshots
of a glassy and an ordinary liquid are nearly identical, yet, their
dynamics are drastically different.1 The experimental glass tran-
sition is not a thermodynamic transition; “where and why does
liquid end and glass begin”7 remains a puzzle. Even the primary
characteristics of the problem remain confusing.1,8–11 On the other
hand, glassiness has widespread applications for many crucial pro-
cesses: the dynamics of a cellular monolayer,12–15 intracellular
transport,16–18 cancer progression,19 satisfiability problems,20 pro-

tein folding,21 active systems in their dense regime,22–27 etc. Thus,
glass physics is significant from both fundamental and application
perspectives.

A defining feature of glassy liquids is the rapid growth of
relaxation time, τ, as the temperature, T, decreases. Below a partic-
ular T, equilibration is unreachable, and the system becomes glass.
We define the experimental glass transition temperature, T g , when
τ ∼ 102–103 s. As T approaches T g , several hallmarks of glassy sys-
tems appear: First, the relaxation becomes complex. The decay of the
self-intermediate scattering function, Fs(k, t) at wave vector k and
time t, is slower than exponential. Data from a wide variety of sys-
tems fit with KWW (Kohlrausch–Williams–Watts) form4,28 that is
a stretched exponential relaxation (SER): Fs(k, t) ∼ exp [−(t/τα)

β
],

β is the stretching exponent, τα is the relaxation time, defined
via Fs(k, τα) = 1/e. Second, the mean-square displacement (MSD)
changes from being sub-diffusive at intermediate times to diffusive
at long times. Third, Stokes–Einstein (SE) relation29,30 breaks down
as we approach glass transition.2,31,32 Fourth, Gs(r, t), the probability
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of particle displacements r at t is non-Gaussian at intermediate times
but becomes progressively Gaussian with increasing t. Fifth, the
overlap function, Q(t), also shows SER. There are other prominent
features as well.

One such feature that has emerged as a crucial aspect of glassy
liquids is Dynamical heterogeneity (DH).9,33–39 DH refers to the
coexisting dynamic fast- and slow-relaxing regions. There are strong
correlations between DH and other characteristics, such as β,2 non-
diffusive MSD,5 SE relation violation,31 non-Gaussian Gs(r, t),6 etc.
But, the correlations are not conclusive. In addition, whether the
distinct glassy characteristics are interrelated is unclear. This lack
of clarity highlights the absence of a fundamental understanding of
glassy systems. Moreover, some recent works10,11 have argued that
glassy liquids are Fickian yet non-Gaussian (FnG); that is, MSD is
diffusive, but Gs(r, t) is non-Gaussian. These studies are motivated
by the FnG behavior in some complex biological systems.10,40,41

As we will argue, and many others have shown,42–46 FnG alone is
not surprising.47 Indeed, several works have reported this aspect
for glassy systems.5,11,48,49 However, we emphasize that glasses and
other complex systems have a crucial difference. The heterogeneity
in these non-glassy systems is exogenous.40–42,50,51 In contrast, the
DH of glassy liquids is self-induced, with a finite lifetime.33,34 The
central question for glassy systems is how this DH affects the other
features. Although, direct answers to these questions are impracti-
cal, we can still obtain indirect answers and valuable insights. It is
well-known that various glassy characteristics show crossovers from
one behavior to another. The crossover times should be similar if
there exists a unique mechanism. Contrary to this expectation, dif-
ferent crossover time scales are distinct;5,48,52,53 this also contrasts
many works that led to the expectation that DH is central to glassy
dynamics.2,31,33,34

In this work, we combine analytical arguments and large-scale
simulations of diverse systems and show that two distinct mech-
anisms exist in glassy liquids: caging and DH. They lead to two
different time scales: τF when MSD becomes diffusive and τG when
Gs(r, t) becomes Gaussian.11,49 All the other crossover times are
related to either τF or τG alone. τG is greater than τF ; compared
to τα, τG always remains greater, but τF can be smaller at lower
T. This result calls for a deeper understanding of the time scales
and, specifically, the role of caging in glassy dynamics. Note that
crossover times can only be defined qualitatively.47 Added to this
difficulty is the challenge of precise measurement of Fs(k, t) at very
long times due to its inherent fluctuations. By contrast, the absence
of fluctuations in Q(t) [see the definition, Eq. (A4)] makes it suitable
to study long-time dynamics.54,55 Surprisingly, the detailed dynam-
ical properties of Q(t) are not well-understood. We show that the
crossover signature is prominent in Q(t) and it forms the basis of
our analysis of the other variables. Our results show that glassy liq-
uids resembles an ordinary liquid beyond τG: Fs(k, t) is exponential,
particle displacements are Gaussian, and SE relation gets restored.
We show that the conclusions are also valid in higher dimensions
and for diverse systems. The detailed analytical calculations, vari-
ous definitions, simulation details, and higher dimension results are
in Appendixes A–C. We discuss the implications of our results in
Sec. IV. Our work provides a coherent deeper understanding of var-
ious glassy aspects and a clear picture that a correct theory of glass
must address.

II. RESULTS
A. Analytical arguments: Two different time scales

We first present our analytical arguments for the existence of
two distinct time scales and their effects on various glassy observ-
ables. It will help in analyzing the simulation data presented in
Sec. III. For a general description, we define Gs(x, t) as the van-
Hove function for the particle displacement x in a specific direction.
Gs(x, t) can be easily related to Gs(r, t) for various dimensions (d).
Although Q(t) is the most convenient variable to characterize the
crossover time scales, it is analytically advantageous to introduce the
time scales via Gs(x, t) as it is a fundamental characteristic of glassy
systems,1,6 and other variables are related to it.

Several works have shown that the probability of particle dis-
placements in many complex systems can generally lead to expo-
nential tails.43,56,57 As shown in Appendix C, Fig. 7, and many
others,5,6,10,11 particle displacements in glassy liquids can also have
exponential distribution at intermediate times. However, there is a
crucial difference: compared to these complex systems, the expo-
nential tail in glassy liquids is transient, and the distribution crosses
over to Gaussian at long times.5,6,48 To describe the intermediate and
long-time behavior, we propose the following form:

Gs(x, t) =
1

tνΓ(1 + 1/μ)
exp [−(D̄

∣x∣
tν )

μ

], (1)

where we have used ∣x∣ to emphasize that the distribution is symmet-
ric, Γ(⋅ ⋅ ⋅) is the gamma function. We have set the constant D̄, which
is related to diffusivity, to unity. Equation (1) contains two indepen-
dent parameters, μ and ν; both are time-dependent. It is easy to see
that ν determines the MSD, whereas μ governs the nature of the dis-
tribution. The sub-diffusive to diffusive crossover of MSD implies
ν goes from a small value to 1/2 at long times. By contrast, as Gs(x, t)
goes from exponential to Gaussian behavior, we expect μ to vary
from 1 to 2 at long times. For glassy systems, the times when ν goes
to 1/2 and when μ goes to 2 are different: these are the two inde-
pendent time scales given by τF and τG, respectively. τG > τF and all
other crossover behaviors are related to one of them.

B. Distinct mechanisms behind the two time-scales
For the simplicity of arguments, we confine ourselves to one

dimension, extension to higher dimensions is straightforward. Two
independent processes control the values of the exponents in Eq. (1).
The scaling form, x/tν, determines the behavior of MSD. By contrast,
DH, via the subordination mechanism,42 governs the distribution
of particle displacement. We first concentrate on the sub-diffusion.
It comes from the properties at the particulate level. At the inter-
mediate time scale, each particle is inside the cage formed by its
neighbors. The caging time increases as we approach T g , and when
the cage breaks, the particle jumps out of the cage.35 Cage breaking is
an independent event, expected to have a distribution of times scale,
tw . Analytical calculations within trap models and simulation stud-
ies of glass-forming liquids58–60 seem to suggest that this distribution
is a power law,

Ψ(tw) ∼
1

t1+δ
w

, (2)
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with 0 < δ < 1, for which one obtains ⟨x(t)2
⟩ ∼ Dδtδ , where Dδ is

the generalization of the ordinary diffusivity and has the dimen-
sion (Length)2/(time)δ44 and ν = δ/2. The sub-diffusive behavior can
persist if the particles continue to find ever deeper traps. But, in a
glassy system, we expect a crossover from sub-diffusive to diffusive
behavior beyond the caging time scale. The distribution of particle
displacements locally is Gaussian45,61

Gs(x, t) =
1

√
4πDδtδ

exp(−
x2

4Dδtδ ). (3)

However, it can become non-Gaussian if there is a distribution of Dδ .
For example, Gs(x, t) can be exponential with an exponential distri-
bution of Dδ .42,61 In that case, we will have ⟨x(t)2

⟩ ∼ Dδtδ , where
Dδ is the average diffusivity. Thus, sub-diffusive behavior can persist
irrespective of the nature of Gs(x, t).

On the other hand, the crossover from non-Gaussian to Gaus-
sian behavior is governed by the medium-heterogeneity that changes
over time. The overall particle displacement probability depends
on the slow dynamics of the medium. The subordination mecha-
nism,42 proposed by Chechkin et al. for an annealed disorder, can
be applied to glassy systems to explain the crossover of Gs(x, t) from
exponential to Gaussian behavior. In glassy liquids, there are two
sources of disorder: thermal fluctuation and DH. The first leads to
stochastic interaction between a homogeneous medium and a diffus-
ing particle; it drives the stochastic particle motion in the medium.
By contrast, the second leads to the rearrangement of the medium;
it modulates the local interaction affecting the diffusion of the parti-
cle. The latter effect leads to diffusing diffusivity:42,43,61 the diffusivity
changes stochastically as the particle diffuses in the heterogeneous
medium. We can define an “internal time” or path length τ as

τ = ∫
t

0
D(t′)dt′, (4)

where Ref. 42 expressed D(t) via a Ornstein–Uhlenbeck process
Y(t): D(t) = Y2

(t). Note τ has the dimension of (Length)2. The
probability density function for τ is T(τ, t). If the propagator P(x, τ)
for the homogeneous medium is known, then the propagator for the
subordinated process in the heterogeneous medium is obtained by
averaging P(x, τ) with T(τ, t) for all possible τ. The propagator for
the homogeneous medium is Gaussian,

P(x, τ) =
1
√

4πτ
exp(−

x2

4τ
). (5)

Then the distribution of particle displacement, i.e., the propagator
for the subordinated process, is obtained as

Gs(x, t) = ∫
∞

0
T(τ, t)P(x, τ)dτ. (6)

Defining the Fourier transform at wave vector k as

P̂(k, t) = ∫
∞

−∞

eikxP(x, t)dx = e−k2τ , (7)

we obtain Ĝs(k, t) = T̃(k2, t), where T̃(k2, t) is the Laplace transform
of T(τ, t). The expression of T̃(k2, t) is known in the literature:42,62

T̃(k2, t) =
et/2

[ 1
2(ak +

1
ak
) sinh (tak) + cosh (tak)]

1/2 (8)

where ak =
√

1 + 2k2. Thus, the probability density, T̃(k2, t), is an
explicit function of t. The expansion of T̃(k2, t) at small t and large
t are different. Using these simplified expansions in Eq. (6), it is
straightforward to see that Gs(x, t) will be exponential for small
t and becomes Gaussian at large t.42 Thus, the mechanisms leading
to the sub-diffusive MSD and non-Gaussian Gs(x, t) are mutually
independent. Our analyses of the simulation data seem to support
this scenario for glassy systems.

C. Q (t ) becomes power-law and MSD becomes
diffusive at τF

We now discuss the behavior of the MSD and Q(t) when
ν = 1/2, but μ is arbitrary and specifically different from 2. A
quick look at Eq. (1) reveals that Gs(x, t) is non-Gaussian in this
time-scale, τF . The MSD in 1d is

MSD(t) = ∫
∞

−∞

x2Gs(x, t)dx. (9)

Using Eq. (1) at τF for the d-dimensional definition of MSD
[Eq. (A1)], we obtain MSD(t)∝ t in any dimension.

Another crucial consequence of ν being 1/2 at τF is that
Q(t) becomes power-law. As detailed in Appendix A, using the
definitions in Appendix A, Eqs. (A4) and (A2), we have

Q(t) = ∫
a

0
Gs(r, t) dr, (10)

where dr is the volume element in dimension d. Using the above
equation and the form of Gs(x, t) at τ, we obtain (see Appendix A 1
for details),

Q(t) ∼ t−d/2. (11)

Compared to an exponential, the power law is easier to detect at long
times as its decay is slower. As shown in Figs. 2 and 15, the power-
law of Q(t) is quite prominent in the simulation data for different
dimensions. Moreover, the exponent of the power-law decay only
depends on d and not on T, in contrast to the SER exponent β. All the
higher-order correlations, defined via the overlap function, should
also follow power law beyond τF . Thus, the necessary and sufficient
condition for MSD to become diffusive and Q(t) to be power law is
ν = 1/2. On the other hand, the Gaussian nature of Gs(x, t) at a time
τG, when μ = 2, has critical consequences that we discuss now.

D. F s (k , t ) becomes exponential at τG
For the clarity of presentation, we show the calculation for 3d

only (see Appendix A 2 for general dimension). It is convenient to
define

Fs(k, t) = Fs(kx, ky, kz , t)∣k2
x+k2

y+k2
z=k2 , (12)
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where ki’s are the wave vectors in directions i = x, y, z, and the
condition enforces isotropy. Using the definitions in Appendix A,
Eqs. (A3) and (A2), we have

Fs(kx, ky, kz , t) =
1

(2π)3/2 ∫ eik⋅rGs(r, t) dr

=
1

2π3/2 ∫ eik⋅rGs(x, t)Gs(y, t)Gs(z, t)dxdydz, (13)

where we have used the fact that particle displacements along var-
ious directions are independent. Then, we can write the integral
in Eq. (13) as products of three identical integrals, Fs(kx, ky, kz)

= I(kx)I(ky)I(kz), where

I(kx) =
1
√

2π∫
∞

−∞

eikxxGs(x, t)dx, (14)

and similarly for the other two integrals. Since we are inter-
ested at t > τG, μ = 2 and ν = 1/2 (see Sec. II A). Then Gs(x, t)
∼ exp (−x2

/t)/
√

t, and as detailed in Appendix A 2, we obtain

Fs(k, t) = e−k2t/4. (15)

Thus, Fs(k, t) becomes exponential and relaxation time varies as
τα ∼ 1/k2 when the van-Hove function goes to Gaussian.

E. Behavior of Q (t) when F s (k , t) becomes
exponential

Finally, we discuss what happens to Q(t) at τG when Gs(x, t)
becomes Gaussian and Fs(k, t) becomes exponential. To address
this question, we exploit the analytical relation between Q(t) and
Fs(k, t):

Q(t) =
1

(2π)3/2∫

a

0
∫

∞

−∞

Fs(k, t)e−ik⋅rdk dr, (16)

where dk and dr are the volume elements in Fourier and real
spaces, respectively. Here we present the calculation for 3d only
(see Appendixes A–C for other dimensions). First, let us consider
the spatial integration. Using the isotropy of the system (since all
directions are equivalent), we obtain

∫

a

0
e−ik⋅r dr = ∫

a

0
∫

π

0
e−ikr cos θ2πr2 sin θdrdθ

=
4π
k ∫

a

0
r sin (kr)dr =

4π
k3 [sin (ka) − ka cos (ka)].

(17)

Using the above result in Eq. (16), we obtain, when Fs(k, t) becomes
exponential,

Q(t) =
√

32π∫
∞

0
e−k2t/4 sin (ka) − ka cos (ka)

k3 k2dk. (18)

Since we are interested in the long-time behavior alone, we take
t →∞. In this limit, due to the exponential factor in the integrand,
the small k values will give the dominant contribution to the integral.
The leading order contribution from the trigonometric part becomes
sin(ka) − ka cos(ka) ≃ (ka)3

/3. Therefore, from Eq. (18), we obtain

Q(t) ≃
√

32πa3

3 ∫

∞

0
e−k2t/4k2dk =

8
√

2πa3

3
t−3/2. (19)

We show in Appendix C (Fig. 15) that Q(t) ∼ t−d/2 in dimension
d. Note that Q(t) already assumes the same power law at an earlier
time, τF . Thus, the change in Fs(k, t) will not affect the behavior of
Q(t). The same arguments also apply to MSD. The crossovers in
Q(t) and MSD only comes from the change in ν. The two times,
τF and τG, are controlled by different mechanisms and affect distinct
observables. Now we show the simulation results supporting these
analytical arguments.

III. SIMULATION RESULTS
A. The two timescales: τF and τG

We now present simulation data supporting our analytical
arguments. We show the simulation data for 3d in the main text and
other dimensions (d = 2, 4, 5, 6, Figs. 12–15) data in Appendix C. We
first demonstrate the existence of the two distinct time scales, τF and
τG, defined via Eq. (1) when ν = 1/2 and μ = 2, respectively. We fit
Eq. (1) with the data for Gs(x, t) at different times (see Fig. 7 for
the fits) and obtain the values of ν and μ as shown in Fig. 1 for six
different temperatures. Clearly, ν becomes 1/2 much before μ goes
to 2. We fit the data of both ν and μ with the stretched exponen-
tial form, f (x) = A(1 − exp[−(t/τ)δ

]); we fix A = 0.5 and 2 for the
data of ν and μ respectively as these are their saturation values. Fur-
thermore, we were able to fit the simulation data of ν and μ with a
constant δ = 0.3 and τ as a single fitting parameter. We show the fits
in Figs. 1(a) and 1(b) with the lines. The excellent fits with a single
fitting parameter of the data with the stretched exponential form,
as opposed to a power law, confirm that these two times are well-
defined. Since these are crossover time scales, obtaining their precise

FIG. 1. Existence of the two distinct time scales. We fit Eq. (1) with the simulation
data of Gs(x, t) at different times and obtain ν and μ. ν and μ are shown as a
function of time for various T in (a) and (b), respectively. The lines represent fit to
a stretched exponential form with the stretching exponent 0.3. The excellent fits
confirm that ν = 1/2 and μ = 2 beyond specific time scales, defining τF and τG
respectively.
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values from the data is challenging. Therefore, looking at them from
different angles is crucial to gain insights. We now look at the effects
and consequences of τF and τG on the other observables.

B. Crossover behaviors of Q (t) and MSD at τF
As analytically shown in Sec. II C, Q(t) and MSD show

crossover behaviors at τF . We first look at the crossover of Q(t) from
SER to a power law. Computation of Q(t) at long times is relatively
easy in simulations due to the lack of fluctuations. We show the sim-
ulation data in spatial dimension three in Fig. 2(a); the power-law
decay is evident in the log-log plot. The initial form is a stretched
exponential and then a power law. Although the crossover is unmis-
takable, the crossover time, tQ

c , is difficult to estimate. For a reliable
estimate of tQ

c , we first fit the short-time and long-time parts of Q(t)
with SER and power-law, respectively. We next define a function
combining these two functional forms as follows

Q(t) ∼ h(t) exp [−(t/τD)
βQ] + (1 − h(t))t−d/2 (20)

where h(t) = exp [−(t/tQ
c )

n
], n ≥ 1 is a real number. We obtain the

relaxation time τD and the stretching exponent βQ of the SER form
from the fit of the short-time data. h(t) in Eq. (20) extrapolates
between the two regimes with the crossover time tQ

c : the SER part
dominates when t ≪ tQ

c and the power law part dominates when
t ≫ tQ

c . The value of n depends on the nature of the crossover; we
kept it as a free parameter and found it to be generally greater than
1. Figure 2(b) shows a particular fit of Eq. (20) with the data. We
indicate the values of tQ

c at different T in Fig. 2(a). Figure 2(c) shows
Q(t) as a function of t/tp, where we chose tp in the power-law regime
via Q(tp) = 5 × 10−4; the excellent data collapse in the long times
confirms that the power-law exponent depends only on d.

We now analyze the crossover behavior in MSD, shown in
Fig. 2(d) for various T. Let us consider the long-time behavior of
MSD as MSD(t) ∼ tγ; the diffusive behavior sets in when γ = 1. In
practice, obtaining the precise time when γ becomes unity is chal-
lenging.47 Therefore, we study the approach of (1 − γ) towards zero
to determine the crossover time. Figure 2(e) shows the behavior of
(1 − γ) as a function of time for various T. If (1 − γ) approaches zero
algebraically, then there is no intrinsic time scale, and τF becomes
meaningless.47 On the other hand, if the approach is some form of
exponential, even if stretched, there is an intrinsic time-scale asso-
ciated with the approach of γ to unity. The dashed lines in Fig. 2(e)
show that the data of (1 − γ) fit well with a stretched exponential,
i.e., we can define a time scale for the diffusive nature of MSD. The
difficulty of extracting this time scale from the simulation data still
remains: it essentially becomes defining a tolerance value for (1 − γ).
We have checked that all the timescales determined via values of
(1 − γ) from 0.1 to 0.01 are proportional to each other (Fig. 7 in
Appendix C). This proportionality is not surprising when the cut-
off is in the diffusive regime. The approach from sub-diffusive to
diffusive is weak, but from our analytical arguments, we know that
tQ
c = τF . Using this knowledge, we find (1 − γ) ∼ 0.01 at τF

[Fig. 2(e)]. This definition is consistent with earlier works.5,48 The
four-point correlation function, χ4(t) that is the variance of Q(t)
[Eq. (A5)], also decays as t−d/2 at long times [Fig. 2(f)]. We visually
identify the crossover time to this power law decay and show by the
horizontal line in Fig. 2(f).

C. Behavior at τG
What are the effects of the time scale τG when μ becomes 2, and

Gs(x, t) becomes Gaussian [Eq. (1)]? We showed in Fig. 1(b) that
μ approaches 2 in a stretched exponential fashion; this implies the

FIG. 2. Crossover behaviors of Q(t) and MSD. (a) Q(t) shows a crossover from SER to Power Law. Inset: Q(t) in the semi-log plot. (b) Separate fits of the SER and
power-law forms to the intermediate and long-time data for Q(t) at T = 0.60. The solid line is fit with Eq. (20). (c) We define a time scale tp in the power-law regime of Q(t)
such that Q(tp) = 5 × 10−4 (inset). Excellent data collapse in the long time when Q(t) is plotted as a function of t/tp shows that the power law exponent only depends on d.
(d) MSD as a function of t in the log-log plot. The three time scales, τα, τF ≡ tQ

c , and τG are marked for comparison. (e) (1 − γ) approaches zero as a stretched exponential;
lines are fits and symbols are simulation data. We define γ = 0.99 at τF (shown by the horizontal line). (f) We visually characterize the crossover time in χ4(t), marked by
the horizontal line. The dashed line is the plot of the function ∼ t−d/2.
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same behavior for the approach of Gs(x, t) to the Gaussian behav-
ior. However, in contrast, it has been suggested in the literature
that this approach may be algebraic,47 implying the inaccessibil-
ity of τG. Therefore, we first analyze this aspect in more detail.
The two most convenient and widely-used procedures to quan-
tify this are via the Binder cumulant, B(t), and the non-Gaussian
parameter, α2(t). B(t) = −1 + ⟨Δx4

(t)⟩/3⟨Δx2
(t)⟩2, where Δx(t)

is the displacement of a particle in a specific direction in time
t and the averages are over different time origins and ensembles.63

Similarly, α2(t) = 3⟨Δr4
(t)⟩/5[⟨Δr2

(t)⟩]2 − 1, where Δr(t) is the
displacement in time t.64 B(t) and α2(t) are zero when the particle
displacements are Gaussian. Thus, the approach of B(t) and α2(t)
towards zero quantifies the evolution of Gs(x, t) towards Gaussian
behavior.

The behaviors of B(t) and α2(t) at different T are consis-
tent with stretched exponential with a small stretching exponent
[Figs. 3(a) and 9]. When the stretching exponent is small, distin-
guishing a stretched exponential from a power law within a small
range of data is challenging. We have checked that the data of both
B(t) and α2(t) are compatible with the stretched exponential form
with the same stretching exponent, 0.12 (Appendix C, Fig. 9); since
the stretching exponent value is small, the function looks nearly a
power law. Therefore, we looked at alternative tests for the approach
of Gs(x, t) towards Gaussian behavior. We looked into the peak
height Δ(t) of P(log10 r, t), where P(log10 r, t) = (ln 10)4πr3Gs(r, t).
Δ(t) = 2.13 when Gs(r, t) is Gaussian (Fig. 8). Figure 3(b) shows that
Δ(t) also approaches 2.13 as a stretched-exponential.

FIG. 3. Behavior at τG. (a) The decay of the Binder cumulant, B(t), towards
zero. The horizontal lines at 0.015 indicate when Gs(x, t) becomes Gaussian.
(b) Δ(t) = 2.13 for a Gaussian variable. 2.13 − Δ decays towards zero as a
stretched exponential; dashed lines are fits, and symbols are the simulation data.
(c) Analyzing the slopes γ1 and γ2 of ln⟨x2

(t)⟩ and ln⟨x4
(t)⟩ with respect to

ln t provides an alternate procedure to test how Gs(x, t) reaches the Gaussian
behavior (see text). (d) We numerically evaluate the stretching exponent β of
Fs(k, t) ∼ exp[−(t/τ)β

] for k = 2. β goes from a small value at intermediate
times towards unity at long times.

In addition, we characterized the slopes of ⟨x2
(t)⟩ and ⟨x4

(t)⟩.
When x(t) has a Gaussian distribution, it is easy to see that
⟨x2
(t)⟩ ∼ t and ⟨x4

(t)⟩ ∼ t2. We define γ1 = ∂ ln⟨x2
(t)⟩/∂ ln t and

γ2 = ∂ ln⟨x4
(t)⟩/∂ ln t; thus, γ1 = 1 and γ2 = 2 for a Gaussian pro-

cess. Figure 3(c) shows that both γ1 and γ2 reach their respective
values as stretched exponentials. Therefore, B(t) will also approach
zero with the same functional form. All these tests are consistent
with the result that the approach of Gs(x, t) towards the Gaussian
nature is a stretched exponential; therefore, the time scale τG is well-
defined.65 As before, we obtain τG from simulation data by defining
a tolerance value: B(τG) = 0.015 and α2(τG) = 0.015. These defini-
tions are not unique but guided by tQ

c . As discussed in Sec. II B, DH
is the source of the non-Gaussian nature of Gs(x, t) in glassy liquids.
The DH in glasses is self-induced. In contrast, DH in many complex
and biological systems40,41,50 is exogenous. Although the Fickian yet
non-Gaussian behavior in these systems is similar to that in a glassy
liquids,11,42,43 a direct comparison is imprecise.

Finally, we present the data supporting the analytical result of
Sec. II D that Fs(k, t) crosses over from stretched exponential to
an exponential form at τG. We write Fs(k, t) ∼ exp[−(t/τ)β

] with
τ being some relaxation time and β the stretching exponent that
depends on time. Therefore, the derivative of log[−log{Fs(k, t)}]
with respect to log t gives β. We numerically evaluate this deriva-
tive β at different times. Figure 3(d) shows β as a function of
time for k = 2.0. We find that at long times, β becomes one, i.e.,
Fs(k, t) becomes exponential. As detailed in Appendix C [Fig. 9(c)],
β approaches unity as a compressed exponential. Therefore, we can
define a tolerance value and obtain τG; via Fs(k, t), we get τG when
β = 0.99.

D. The emerging picture involving the two time scales
We now discuss the emerging picture, which is a consequence

of having only two distinct time scales, τF and τG. We have shown
that the parameters ν and μ of Eq. (1) reach 1/2 and 2 in a stretched
exponential fashion. Therefore, the time scales are well-defined. Fur-
thermore, the crossover behaviors for different observables in a
glassy system are related to one of them. Figure 4(a) shows that the
crossover times of MSD, Q(t), and χ4(t) are similar, whereas the
times related to α2, B(T), Δ(t), and Fs(k, t) are proportional to each
other. A suitable choice of the cut-off parameters can make the dif-
ferent times overlap on the two distinct time scales. The value here
is motivated by the pronounced signature of the crossover in Q(t).
The time scale in the first set of parameters is τF , and the second is τG.
We plot these two times in Fig. 4(b). τG is not proportional to τF ; this
shows that τF and τG are distinct and, as discussed in Sec. II B, have
different mechanisms controlling them. Thus, MSD becomes diffu-
sive, and Q(t) and χ4(t) decay with a power law much before DH
dies out in a glassy system; the behavior of these variables is governed
by the caging that survives for a time scale τF . On the other hand,
the DH persists till a time τG and controls the behaviors of Gs(x, t),
B(t), α2(t), Fs(k, t), etc. Thus, DH is a crucial aspect of glassy sys-
tems: it shows up in diverse glassy characteristics, has a self-life, and
dies out after τG. Beyond τG, a glassy liquid resembles an ordinary
liquid.

Let us now test this emerging picture. The SE relation29 breaks
down in a glassy system due to the presence of DH.3,9,31–33 The
SE relation states that diffusivity varies inversely with relaxation
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FIG. 4. The emerging picture of glassiness. (a) The crossover times of various
glassy characteristics are related to either τF or τG. (b) The plot of τG vs τF in
the log-log scale shows the slope is not unity, implying they are not proportional.
The orange dashed line shows the line with slope unity. (c) We chose a set of
parameters for which the breakdown of SE relation becomes stronger for larger k
when the relaxation time is defined via Fs(k, τα) = 1/e. However, the relation is
restored beyond τG. (d) Variation of τG and τF , as a function of τα, follow a power
law with exponents 1.16 and 0.83, respectively.

time. The violation of this relation has a complex nature: it holds
at a small k (long length scale) but breaks down at a large k (short
length scale).31 Writing D ∼ τ−ζ , violation of the SE relation implies
ζ ≠ 1. This definition is suitable for a system-independent investiga-
tion. When probed at long-length scales, distinct parts of the system
look identical. The DH is prominent only when the probing length
is smaller or of the order of the DH lengths. Our results imply that
DH dies out at all k, and the system becomes homogeneous beyond
τG. To test this, we chose a set of k for which the SE relation breaks
down [Fig. 4(c)] when we probe the system at times of the order
of τα (Fig. 11 in Appendix C). However, if we define the relaxation
time as τG or higher, the SE relation should hold again. Figure 4(c)
shows if we define the relaxation time via Fs(k, τ) = 0.01, the rela-
tion becomes valid again at all values of k. A similar result was also
reported in Ref. 31, though the reason was not evident. The restora-
tion of the SE relation has also been reported in the past66 with
varying definitions of relaxations. As emphasized earlier, the viola-
tion of the SE relation is related to the DH.31,33,66 However, our work
reveals that the diffusive dynamics in glassy liquids is controlled by
an entirely distinct mechanism that leads to the other set of time
scales related to τF .

Restoration of the SE relation at longer times confirms a fasci-
nating phenomenology about DH. The traditional way of defining
the relaxation time τα via the relation Fs(k, τα) = 1/e is adequate
when all the particles have similar characteristics. However, this
definition predominantly includes the fast particles. True relax-
ation of the system also requires relaxing the slow particles; when
this happens, the decay of Fs(k, t) becomes exponential, similar
to an ordinary liquid. Reference 67 argued that slow-moving par-
ticles are more relevant for glassy dynamics as the fast-moving

particles are unlikely to be strongly affected by the change in T.
Subsequently, many works have argued along similar lines.68,69 The
slow-moving particles also seem to play a crucial role in the aging
behavior of glassy systems.70 Besides, Fs(k, t) is exponential at small
k because one is sampling a large length scale compared to that of
DH. However, at long times, all possible nature of heterogeneity
passes through the system at all lengths; the time scale for this to
happen is τG. Beyond this time, the system appears homogeneous,
SE relation becomes valid again, and Fs(k, t) decays exponentially
at all k. This picture is consistent with recent experimental results71

and has consequences for theories of glassy dynamics.
Considering that τα predominantly signifies the relaxation of

the fast particles, one aspect of τF and τG deserves attention. As
Fig. 4(d) shows, τF and τG vary with τα as power laws: τG ∼ τa

α and
τF ∼ τb

α. Figure 4(d) reveals two aspects of our data: (1) both τF and
τG are greater than τα in the range of our simulations. (2) Our data
suggest that a > 1 and b < 1. The second aspect implies τG remains
greater than τα at all T. However, since b < 1, beyond a particular
T, τF becomes smaller than τα. This result represents a crossover of
the nature of the caging. The slow particles govern caging at rela-
tively high T, whereas the fast particles dominate it at lower T. The
implication of this result is significant: particle caging becomes irrel-
evant for glassy dynamics, contrary to some recent proposals.72,73

Conversely, the power-law relation of τF with τα may break down at
lower T. Resolution of this aspect can provide crucial insights into
caging and its role in glassy dynamics.

IV. DISCUSSION AND CONCLUSION
To conclude, we have focused on the nature of the defining

traits of a glassy liquid. Specifically, if various glassy features are dis-
tinct or manifestations of something more fundamental. Our results
suggest that the diverse characteristics are manifestations of two
primary mechanisms. The first is the caging of particles at an inter-
mediate time scale τF . Beyond τF , MSD becomes diffusive, and Q(t)
and the corresponding χ4(t) decay as a power law. The second is
the DH that vanishes at a time scale τG, with τG > τF . Beyond τG,
the slow-moving particles of the system also relax. Then Gs(x, t)
becomes Gaussian, B(t) and α2(t) become zero, the decay of Fs(k, t)
becomes exponential, and SE relation is restored at all k again. Thus,
glassy liquids resemble an ordinary liquid beyond τG. We have tested
these results in simulations of different models in various dimen-
sions. Our work provides a coherent picture of a glassy system and
what needs to be explained to understand glassiness: one must elu-
cidate the origins and implications of caged particle motions and
dynamical heterogeneity; everything else is a simple consequence of
these two.

The basis of our analysis of the various glassy characteristics is
their crossover time scales. A precise evaluation of a crossover time is
generically challenging. However, we have shown that the crossover
in Q(t) is quite prominent. We have defined an interpolating func-
tion between the SER and power law forms and objectively estimated
the crossover time scale. This crossover time facilitates the analysis of
the other time scales. Q(t) and Fs(k, t) are assumed to contain simi-
lar information. For example, the relaxation times τ and τα, defined
via Q(τ) = Fs(k, τα) = 1/e, are equivalent. Note that the definition of
Q(t) has a scale, a, associated with it [Eq. (A4)], and the wavevector
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k is explicit in Fs(k, t). Thus, the relaxation times are functions of
a and k. As shown in Appendix C, Fig. 10, τ and τα are similar when
we take a = 7/4k. However, a detailed understanding of the explicit
behaviors of the autocorrelation functions, Q(t) and Fs(k, t), is lack-
ing. Both of them decay via SER at short times, and they both show
crossover to some other forms. However, they cross over at distinct
time scales, τF and τG, and to different functions, power law and
exponential.

Our results show that a comprehensive analysis of all the crucial
glassy features within a unified framework leads to several surprising
results and a coherent picture of glassy liquids. One of the charac-
teristic features of glassiness is the stretched exponential relaxation
due to the spatially heterogeneous nature of the dynamics. Thus,
characterizing and theoretically explaining the source of this stretch-
ing exponent β is a critical test for the theories. We emphasize
that one should be careful while computing β from the data due to
the crossover of relaxation functions. Since the long-time data for
Fs(k, t) is quite noisy, the exponential part is nearly invisible at low
temperatures. Alternatively, the computation of Q(t) at long times is
more manageable due to the lack of fluctuations. This aspect explains
the increasing use of Q(t) to characterize glassy dynamics in recent
simulations. As we showed in our simulation data, the power-law
regime in Q(t) is readily visible. A stretched exponential form will
fit power-law data with a small stretching exponent. Thus, one must
be careful while analyzing the simulation data; exclude the power-
law regime while evaluating β. Otherwise, the value of β will be
wrong.

We have discussed that there exist two distinct mechanisms:
caging and DH. The first is the particulate-scale property, whereas
the second is the property at a larger length scale. The sub-diffusive
and non-Gaussian system properties are independent of each other.
Whereas the distribution of cage-breaking time can explain the sub-
diffusive behavior, the subordination concept explains the crossover
from non-Gaussian to Gaussian behavior. We have schematically
elucidated these two mechanisms in Fig. 5. What happens at τα? The

FIG. 5. The caging property is related to the particulate length scale, much shorter
than the DH lengths, where the subordination mechanism is applicable. The latter
associates the varying diffusivities within each region to particle displacement r
at time t. When a particle moves in a homogeneous medium, the distribution of
r is Gaussian. However, in a heterogeneous medium, it is a function of the path
length or “internal time” τ, which is the integration of the stochastic diffusivities in
its path in time t. This mechanism implies that we obtain the distribution in the
heterogeneous medium by averaging that in the homogeneous medium over the
probability density of τ. This subordination leads to non-Gaussian behavior at short
times and Gaussian at long times.

canonical definition of relaxation time is Fs(k, τα) = 1/e or Q(τα)

= 1/e. Since Fs(k, t) and Q(t) do not distinguish between the fast
and the slow particles, τα primarily represents the relaxation of
the fast-moving particles. However, glassiness seems to be pre-
dominantly controlled by slow particles.67–70 In the regime of our
simulations, τα is smaller than both τF . However, we can have
τF < τα at low enough T when τα becomes quite large. Then fast-
moving particles will dominate τF at low T. This scenario raises
questions on the role of caging in glassy dynamics, contrasting some
recent proposals.72,73

The results presented here have severe implications for theo-
ries of glassy dynamics and impose stricter conditions. For example,
one of the most celebrated theories of glassy dynamics, the mode-
coupling theory (MCT),74,75 gives an equation of motion for Fs(k, t).
MCT has also been extended for DH.76 It provides a stretched expo-
nential form for Fs(k, t) and captures the correct trends for the DH.
It is well-known that the theory breaks down at low enough T where
it predicts a non-ergodicity transition. Yet, there are scenarios where
MCT works surprisingly well. However, our results suggest that
MCT is incorrect even in the regime where it is assumed to work.
We have shown that Fs(k, t) shows a crossover from SER to expo-
nential at long times, but MCT does not exhibit any such crossover.
We have also discussed that DH relaxes at τG. Then should we
use τG instead of τα within various theories to characterize relax-
ation time? We have shown that τG ∝ τa

α. The theories that posit
relaxation dynamics as an activated event, such as the RFOT (ran-
dom first-order transition) theory or the Adam–Gibbs–Di Marzio
theory,77,78 changing this definition will not have any effect as this
only rescales the energy scale by a constant. On the other hand, this
redefinition will be significant for critical theories such as MCT that
predict power-law divergence. The exponents will differ compared
to when τα gives the relaxation time.

We have argued that τF and τG have different microscopic
origins: cage breaking for τF and disappearance of dynamical het-
erogeneity for τG. We emphasize that τG is different from the
time scale of dynamical heterogeneity defined as the time τ4 when
χ4(t) exhibits a peak; τ4 is close to τα and much smaller than τG
for the temperatures considered here. This is important because
there are reasons to expect that caging and dynamical heterogene-
ity at time scales comparable to τ4 are related. Within mean-field
theories79 of the glass transition, χ4 diverges at the dynamical tran-
sition temperature Td, which is usually interpreted as the critical
temperature of MCT. There is a single free energy minimum for
T > Td, and fluctuations are supposed to be confined to the basin
of this minimum representing the liquid state. One may argue that
caging, interpreted as fluctuations near a single free-energy min-
imum, and dynamical heterogeneity (measured by χ4) are closely
related In the mean-field limit of infinite dimension, local fluctu-
ations give rise to non-Gaussianity, α2 diverges at the dynamical
transition,80 and fluctuations are confined to single minima for
T < Td. But, in finite dimensions, activated events preempt this
dynamical transition. Hence, the behavior found in these mean-
field studies should only be relevant at time scales shorter than the
time at which the plateau in the mean-square displacement ends
The heterogeneity time scale τG, considered here, is much longer
than such cage-breaking time scales. Charbonneau et al. studied
the dynamics of the Mari–Kurchan model81 at finite spatial dimen-
sions.82 They showed that cage-breaking events lead to a breakdown
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of the Stokes–Einstein relation between the diffusivity and the struc-
tural relaxation time τα.82 These results at time scales comparable to
τα are consistent with those in Fig. 4(c), where we have shown
that the relaxation time τα obtained from Fs(k, t = τα) = 1/e exhibits
a violation of the Stokes–Einstein relation. In addition, we find
[Fig. 4(c)] that the relation gets restored when we use the much
longer time scale τG as the relaxation time. The earlier studies men-
tioned above did not consider the mechanism(s) that govern this
time scale τG and do not contradict our assertion that these mecha-
nisms are distinct from those related to the much shorter time scale
τF associated with caging.

Past results have shown that glassy liquids can be Fickian yet
non-Gaussian. A similar scenario has been observed for many com-
plex biological systems too. We have shown that this result alone is
not surprising, as two distinct mechanisms - caging and DH - gov-
ern the mean and the distribution of particle displacements. They
can be related, but other scenarios are also feasible. For example,
caging is absent in many complex biological systems,40–43 or some-
times it is always present.50 However, these scenarios are distinct
from glassy liquids.47 Caging and DH fade after finite time scales
τF and τG. They are the essence of a glassy system: how they appear
and control the dynamical behaviors are what a theory of glass
should strive to explain. The stricter constraints and the comprehen-
sive picture emerging from the results presented in this work should
help guide the development of such a theory.

ACKNOWLEDGMENTS
We thank L. Berthier, S. Karmakar, Vishnu V. Krishnan, Manoj

Kumar Nandi, Kabir Ramola, and S. Sastry for discussions. We
acknowledge the support of the Department of Atomic Energy, Gov-
ernment of India, under Project Identification No. RTI 4007. S.K.N.
thanks SERB for grant via No. SRG/2021/002014.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Puneet Pareek: Data curation (lead); Formal analysis (equal); Inves-
tigation (equal); Writing - review & editing (supporting). Monoj
Adhikari: Data curation (supporting); Formal analysis (supporting);
Investigation (supporting). Chandan Dasgupta: Formal analysis
(supporting); Investigation (equal); Project administration (sup-
porting); Supervision (supporting); Writing – review & editing (sup-
porting). Saroj Kumar Nandi: Conceptualization (equal); Formal
analysis (equal); Investigation (equal); Supervision (equal); Writing
– original draft (equal); Writing – review & editing (equal).

DATA AVAILABILITY
The data that support the findings of this study are available

within the article.

APPENDIX A: VARIOUS OBSERVABLES
AND ANALYTICAL RELATIONS AMONG THEM

We define the variables that have been the core of our analytical
arguments. The mean-squared displacement, MSD(t), at time t is

MSD(t) = ⟨
1
N

N

∑
i=1
[ri(t + t0) − ri(t0)]

2
⟩, (A1)

where N is the total number of particles, ri(t) is the position of
the ith particle at time t, and ⟨⋅ ⋅ ⋅⟩ represents average over differ-
ent ensembles as well as time origins t0. The distribution of particle
displacement in a particular spatial direction is characterized via the
self part of the van-Hove function, Gs(x, t), given as

Gs(x, t) = ⟨
1
N

N

∑
i=1

δ[x − xi(t + t0) + xi(t0)]⟩, (A2)

where δ[⋅ ⋅ ⋅] is the delta function. The self intermediate scattering
function, Fs(k, t), at an wave vector k, is

Fs(k, t) =
1
N
⟨

N

∑
i=1

eι̇ k.(ri(t+t0)−ri(t0))⟩. (A3)

The overlap function, Q(t), is

Q(t) = ⟨Q̃(t)⟩ = ⟨
1
N

N

∑
i=1

W(a − ∣ri(t + t0) − ri(t0)∣)⟩, (A4)

where W(x) is the Heaviside Step Function,

W(x) =
⎧⎪⎪
⎨
⎪⎪⎩

1, when x > 0

0, when x < 0,

The value of a is usually chosen as 0.3, where MSD shows a plateau.
The precise value of a does not affect the qualitative results, but the
choice of a around the MSD plateau helps better data analysis.55

In this work, we have primarily used a = 0.3. However, we show in
Fig. 6 the variation of the overlap function at constant t with chang-
ing a, and in Fig. 10, the variation of τ as a function of a. Note that
we define Q(t) via a step function; at any particular time, Q(t) is the
average of N numbers comprising 0 or 1. Thus, Q(t) can never be
negative. On the other hand, Fs(k, t) requires averaging the oscil-
lating cosine or sine functions; therefore, it can also be negative.
Thus, when the average values of both functions approach zero at
long times, we expect higher fluctuations in Fs(k, t) compared to
Q(t). The four-point correlation function is defined as the variance
of Q(t) as

χ4(t) = N(⟨Q̃(t)2
⟩ −Q(t)2

). (A5)

It is easy to see from the above definitions that

Q(t) = ∫
a

0
Gs(r, t)dr, (A6)

where dr is the volume element in dimension d. We now provide the
details of the analytical results discussed in the main text.
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FIG. 6. The variation of the overlap function with the Parameter a for
T = 0.47, 0.48, and 0.5 in 3d in the power-law regime. The power law fit gives
the exponent close to 3, consistent with the analytical relation [Eq. (A26)].

1. Q (t ) decays as t −d /2 at long times in d dimensions
We will use Eq. (A6) to obtain the behavior of Q(t) via Gs(r, t).

We have proposed a generic form for Gs(r, t) in Eq. (1) in the main
text. For a general dimension d, the functional form will remain the
same,

Gs(r, t) = Ce−(
r

tν )
μ

. (A7)

However, the normalization constant C will depend on d. We first
obtain C in d-dimension. Using the normalization condition of
Gs(r, t), we obtain

∫

∞

0
Sdrd−1Ce−(

r
tν )

μ

dr = 1, (A8)

where Sd = 2πd/2
/Γ(d/2) is the surface area of a d-dimensional

hypersphere of unit radius. Defining x = ( r
tν )

μ, we get

C
2πd/2

μΓ(d/2)
tdν
∫

∞

0
x

d
μ−1e−xdx = 1. (A9)

Recognizing that the integral is the definition of gamma function, we
have

C
2πd/2

μΓ(d/2)
tdνΓ(d/μ) = 1. (A10)

Thus, we obtain the normalized Gs(r, t) as

Gs(r, t) =
μΓ(d/2)

tdνΓ(d/μ)2πd/2 e−(r/t
ν
)

μ

(A11)

Now, using the Eq. (A11), in Eq. (A6), we obtain

Q(t) =
μ

tdνΓ(d/μ)∫
a

0
e−(

r
tν )

μ

rd−1dr (A12)

Since we are interested in the long time regime, when the MSD
becomes diffusive, the leading order contribution for ν = 1/2
becomes

Q(t) ∼ t−d/2. (A13)

We find that this result agrees with simulation data in dimensions
d = 2–6 for various systems.

2. F s (k , t ) becomes exponential
Let us first write down Fs(k, t) as follows

Fs(k, t) = Fs(k1, k2, . . . , kd, t)∣k2
1+k2

2+⋅⋅⋅ .+k2
d=k2 , (A14)

where the d-dimensional Fourier transform is defined as

Fs(k1, k2, . . . , kd, t) =
1

(2π)d/2 ∫ eik⋅rGs(r, t)dr. (A15)

This implies

Fs(k1, k2, . . . , kd, t) =
1

(2π)d/2 ∫ eik⋅rGs(x1, t)Gs(x2, t)

. . .Gs(xd, t)dx1dx2..dxd. (A16)

We write the above relation as Fs(k1, k2, . . . , kd)

= I(k1)I(k2) . . . I(kd), where each of the integrals are

I(k1) =
1
√

2π∫
∞

−∞

eik1x1 Gs(x1, t)dx1. (A17)

At large times such that t > τG, μ = 2 and ν = 1/2, hence we get
I(k1) = exp (−k2

1t/4). Which leads to

Fs(k, t) = e−k2t/4 (A18)

where k2
= k2

1 + k2
2 + ⋅ ⋅ ⋅ + k2

d in d dimensions.

3. Behavior of Q (t ) when F s (k , t ) is exponential
From Eqs. (A6) and (A15), it is easy to see that

Q(t) =
1

(2π)d/2∫

a

0
∫

∞

−∞

Fs(k, t)e−ik⋅rdkdr. (A19)

Let us first solve the space integral in the spherical coordinates for
d dimension, which have coordinates

{r, θ1, θ2, . . . , θd−2, ϕ},

where θi goes from [0, π] and ϕ goes from [0, 2π]. The above
integral, considering the isotropy of space, is

∫

a

0
e−ik⋅rdr = ∫

a

0
∫

π

0
. . .∫

π

0
∫

2π

0
e−ikr cos θd−2 rd−1 sind−2θ1

× sind−3θ2 . . . sin θd−2drdθ1 . . .dθd−2dϕ. (A20)

The angular integrals can be represented in terms of Γ-function,

∫

π

0
sinn θdθ = 2∫

π/2

0
sinn θdθ =

√
πΓ( n+1

2 )

Γ( n
2 + 1)

. (A21)

Using the above relation for θ1 to θd−3, we have

∫

a

0
e−ik⋅rdr = 2π

⎛

⎝

π
d−3

2 Γ(3/2)
Γ(d/2)

⎞

⎠

× ∫

a

0
∫

π

0
rd−1e−ikr cos θd−2 sin θd−2dθd−2dr. (A22)
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Substituting −cos(θd−2) = l and solving we get,

∫

a

0
e−ik⋅rdr =

4π
k
⎛

⎝

π
d−3

2 Γ( 3
2)

Γ( d
2 )

⎞

⎠
∫

a

0
sin (kr)rd−2dr (A23)

Since we are interested in the long-time, when Fs(k, t) is exponential,
we set Fs(k, t) = e−k2 t/4 in Eq. (A19) and obtain

Q(t) = 22−d/2
(

Γ( 3
2)

(
√

π)Γ( d
2 )
)∫

a

0
e−k2t/4 sin (kr)

k
rd−2dr

× ∫

∞

0

2πd/2

Γ(d/2)
kd−1dk (A24)

Since t is very large, only small k in the exponential will contribute.
Then, we have

Q(t) ≃
23−d/2π(

d−1
2 )Γ( 3

2)

d(Γ( d
2 ))

2 ad
∫

∞

0
e−

k2 t
4 kd−1dk (A25)

which gives

Q(t) =
2d/2+2π(

d−1
2 )Γ( 3

2)

d(Γ( d
2 ))

adt−d/2. (A26)

Thus, Q(t) ∼ t−d/2 when Fs(k, t) becomes exponential.

APPENDIX B: MODEL AND SIMULATION DETAILS

The simulation results presented in the main text are for the
3d binary Kob–Andersen Lennard-Jones mixture with number-ratio
80 : 20 for A and B type particles. This system rarely crystallizes and

FIG. 7. (a) The exponential tails of the van-Hove function, Gs(x, t), at intermediate
times, the dashed line is fit to the exponential form. These data are for t = 1927.
(b) Gs(x, t) becomes progressively more Gaussian as time progresses, implying
the data at higher time is more Gaussian. (c) Fits of the simulation data with the
proposed form of Gs(x, t), Eq. (1), give values of μ and ν. We show the fits to the
data at various times. All the data in this figure are for a system with T = 0.45. (d)
The corresponding values of μ and ν obtained from the fits in (c) are listed.

is an excellent glass former.83 The interaction potential is given by

Uij = 4ϵij((
σij

r
)

12
− (

σij

r
)

6
), for r < rc, (B1)

and 0 otherwise. i and j are particle indices A or B. The parameters
of the model are as follows: ϵAA = 1.0, σAA = 1.0; ϵAB = 1.5, σAB
= 0.8 and ϵBB = 0.5, σBB = 0.88. The cut-off radius for the interac-
tion potential, rc = 2.5. We kept the number density ρ = 1.2 fixed.
For reference, TMCT , where MCT predicts the non-ergodicity tran-
sition for this system, is around 0.435. The temperature ranges
explored in this work are in the regime of moderately super-
cooled; going to lower T is challenging due to the large computa-
tion time requirement. However, we expect the qualitative results
will remain valid even at lower T. We have used the time step
dt = 0.005. The Molecular Dynamics (MD) simulations were per-
formed on Large-scale Atomic/Molecular Massively Parallel Simu-
lator (LAMMPS).84

For the 2d model, we used the same binary Kob–Andersen
Lennard-Jones model, as described in the main text with density
ρ = 1.2, however, the number ratio of the two types particles is
65:35.

For the higher dimensions, we have investigated a 50 : 50 binary
mixture of particles that interact with a harmonic potential given
by:85,86

Vαβ(r) = ϵαβ(1 −
r

σαβ
)

2

, when rαβ ≤ σαβ

= 0, when rαβ > σαβ (B2)

where α, β ∈ (A,B), indicates the type of particle. The two types
of particle differ in their sizes, with σBB = 1.4σAA and σAB = (σAA
+ σBB)/2, but with the interaction strengths being the same for all

FIG. 8. (a) P(log10(δr), t) for T = 0.45 at different times. The dashed black lines is
at a value of 2.13. (b) (1 − γ) variation with time at different T . The horizontal lines
specify different cut-off values (marked in the figure) when MSD becomes diffusive.
(c) The timescales corresponding to different cut-offs of γ are proportional to each
other. (d) Data-collapse of various timescales when we scale them to a single value
at a particular T .
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FIG. 9. (a) B(t) shows a stretched exponential behaviour. We fit the equation
ae−(t/b)c

(for the stretched exponential behaviour), with the data and obtain
the stretching exponent c = 0.12 whereas we fit d(t/e)− f for the power law
behaviour. (b) α2(t) also has a stretched exponential behavior with the same
stretching exponent as for B(t). The dashed lines represent the fits for stretched
exponential whereas straight lines represent the fits for power law. In both these
plots, the data seems to be better represented by a stretched-exponential than a
power law. (c) The stretching exponent (β) of Fs(k, t) with k = 2.0 shows a com-
pressed exponential approach to 1. The exponent of the compressed exponential
is close to 2.8. The lines are the fits for the compressed exponential behaviour. (d)
χ4(k, t) defined for Fs(k, t) does not decay to zero at long times. We have plotted
χ4(k, t) with the value of k = 0.8.

pairs. In reporting results for this system, we use reduced units, with

units of length, energy and time scales being σAA, ϵAA and
√

σ2
AAmAA
ϵAA

respectively. We present results for d = 4 fixing the density at 1.3ϕJ ,
where ϕJ is the jamming density. We have used ϕJ = 0.467 using esti-
mates by Charbonneau et al.87 The number density, ρ is related to
the volume fraction ϕ for the binary mixture in the following way

ϕ = ρ2−d πd/2

Γ(1 + d
2 )
((cAσd

AA + cBσd
BB) (B3)

where ρ = N/V , with N being the number of particles, and V
the volume, and the fractions cA = cB = 1/2. The corresponding
number densities are following: 0.8132. The system size is fixed at
2000 particles, which is large enough that the linear dimension L is
>2σBB in all dimensions. Molecular dynamics (MD) simulations are
performed in a hyper-cubic box with periodic boundary conditions
in the constant number, volume, and temperature (NVT) ensemble.
The integration time step was fixed at dt = 0.01. Temperatures are
kept constant using the Brown and Clarke88 algorithm. The data,
presented here, have run lengths of around 100τ (where τ is the
relaxation time, defined below). We present results that are averaged
over 100 independent samples.

APPENDIX C: ADDITIONAL SIMULATION RESULTS
1. Variation of Q (t ) as a function of a , fixed t

Equation (19) in the main text, we have shown that Q(t) ∼ ad

in the power-law regime. We have tested it in 2d and 3d and present
the data for 3d alone in Fig. 6. We take the data for T = 0.47, 0.48,
and 0.50 and varied a. Figure 6 shows Q(t) as a function of a at a
specific value of t = 8 × 104. We find that Q(a) ∼ a3 is in agreement
with the analytical result.

2. Particle displacements and fit of simulation data
with the proposed general form

As discussed in the main text, the probability of particle dis-
placements in glassy systems show exponential tails in glassy sys-
tems. Figures 7(a) and 7(b) show that the van-Hove function in
our simulations has exponential tails at intermediate times. We have
proposed a general form for the probability of particle displacements
in the main text, Eq. (1). Figure 7(c) shows the fits of the simulation
data with this form at various times. We obtain the values of μ and
ν from these fits and show these values in Fig. 7(d).

3. Single particle displacements
The single particle displacements, P(log10(δr), t), at time t is

related to Gs(r, t) via the following equation:

P(log10(δr), t) = (ln 10)4πδr3Gs(δr, t). (C1)

FIG. 10. Left: τα defined via Fs(k, τα) = 1/e and τ, defined via Q(τ) = 1/e are plotted as functions of 1/k and a, respectively. Right: The data collapse to a single curve if
we scale 1/k to 7/4k. We have used T = 0.47 for this plot.

J. Chem. Phys. 159, 174503 (2023); doi: 10.1063/5.0166404 159, 174503-12

Published under an exclusive license by AIP Publishing

 24 January 2024 10:03:29

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 11. D vs τ for the temperature range T = 1.75–2.50 for different values of k. Different curves correspond to distinct k, whereas various τ in a particular curve comes
from varying T . (a) corresponds to the data of D vs τ when Fs(k, τ) = 0.01 and (b) corresponds to the data when Fs(k, τ) = 1/e. The dashed black lines are the fits with
power law behaviour (D ∼ τ−ζ

). We obtain the values of ζ from these fits and show them in the main text, Fig. 4(d).

At long times when Gs(r, t) becomes Gaussian, the peak value
of P(log10(δr), t) is Δ(t) = 2.13. Figure 8(a) shows the behaviour of
P(log10(δr), t) at four different t. To characterize the behavior of
Δ(t), we plot 2.13 − Δ(t) as a function of t in Fig. 3(b).

At shorter times, P(log10(δr), t) shows two peaks. The second
peak (see the plot corresponding to t = 1927.81 above) grows and
the first peak vanishes as time increases. Therefore, we focused on
the second peak alone and presented the data in Fig. 3(b).

4. MSD timescales for different cut offs
We have characterized the behavior of MSD as ∼ tγ. MSD is

sub-diffusive when γ < 1 and diffusive when γ = 1. Figure 8(b) shows
the variation of (1 − γ) as a function of t. The diffusive behavior is
equivalent to defining a cut-off value for γ. We have chosen four
different cut-offs, shown by the lines.

Figure 8(c) shows the cut-off time scales as a function of
1/T for the various cut-offs. Figure 8(d) shows we can col-
lapse these time scales on a single curve. This data collapse
implies that these definitions are equivalent. Our definition of
this cut-off, when γ becomes 1, is guided by the crossover time
of Q(t).

5. Stretched exponential behaviour of B (t ) and α2(t )
As discussed in the main text, we can quantify the non-

Gaussian nature of Gs(r, t) via Binder’s cumulant, B(t), and non-
Gaussian parameter, α2(t). They are defined such that they are zero
for Gaussian variables. We show these parameters in Figs. 9(a) and
9(b), respectively. It has been argued in the literature that these para-
meters go to zero as a power law. In that case, since there is no
characteristic time in power law, it is not possible to define a time
scale at which Gs(r, t) becomes Gaussian.

However, we find that they are more consistent with a
stretched-exponential decay with a tiny stretching exponent, 0.12.
We show the fits with the stretched exponential by the dashed lines
in Figs. 9(a) and 9(b).

As described in the main text we can write Fs(k, t)
∼ exp [−(t/τα)

β
] with τα being a relaxation time and treating β as

a function of time. Then, the derivative of log[−log{Fs(k, t)}]
with respect to log t gives β. Figure 9(c) shows the behavior of
β with time: it goes to 1 as a compressed exponential with an
exponent ∼2.8.

6. The four-point correlation function defined
via F s (k , t )

The four-point correlation function, defined via Fs(k, t) is

χ4(k, t) = N(⟨ f̃s(k, t)2
⟩ − Fs(k, t)2

), (C2)

where ⟨ f̃s(k, t)⟩ = Fs(k, t). χ4(k, t) goes to a non-zero constant at
long times [Fig. 9(d)].

7. Comparisons of relaxation times defined
via F s (k , t ) and Q (t )

We can define relaxation times, τα and τ from both Fs(k, t) and
Q(t) when they become 1/e. Since Fs(k, t) is an explicit function of
k, the relaxation time will also be a function of k, i.e., τα = τα(k).
On the other hand, it is clear from Eq. (A4) that Q(t) is a function

FIG. 12. Q(t) in 2d has a similar behaviour to that in 3d. The power law exponent
is 1.0 in 2d, consistent with the analytical result Q(t) ∼ t−d/2 at long times. The
crossover times are shown as black dots for different temperatures.

J. Chem. Phys. 159, 174503 (2023); doi: 10.1063/5.0166404 159, 174503-13

Published under an exclusive license by AIP Publishing

 24 January 2024 10:03:29

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 13. Simulation data for a system in 4d. (a) Q(t) is plotted as a function of time for different temperatures. The green triangles denote the points where we expect the
crossover from SER to power law. (b) Q(t) is shown as a function of time for a specific temperature, T = 0.0033. Magenta lines show a stretched exponential fit, whereas
the blue line corresponds to a power law fit. (c) Q(t) is shown against time scaled with a time tp. In the inset, the green line shows the value of tp. This corresponds to the
Fig. 2(c) in the main text, but shown for a system in 4d here. (d) MSD as a function of time. The green triangle marks the crossover point. (e) 1−slope of MSD vs time.
The plot demonstrates how to extract the time scale for diffusion [corresponding to Fig. 2(e) in the main text]. (f) χ4(t) is shown against time for the same temperatures as
indicated in the legend in (a). It shows that at long times, χ4(t) follows a power law with an exponent d/2.

of a, thus τ = τ(a). How are these two definitions related? We
show τα(k) as a function of 1/k and Q(t) as a function of a in
Fig. 10(a). We see that they have similar behavior. As we show in
Fig. 10(b), the data can be collapsed into a single curve when we
scale 1/k by 4/7. Thus, the two definitions of relaxation time are
equivalent.

8. Diffusion constant vs relaxation time
As mentioned in Sec. III D of the main that D ∼ τ−ζ and in the

Fig. 4(d), ζ is plotted with k, here we specify the parameters we used
for Fig. 4(d). As shown in Fig. 11, we fit the data of D as a function

FIG. 14. α2(t) is plotted against time for dimension d = 4, showing that it decays
to zero at long time.

of τ with a power law to obtain ζ. Figure 11(a) shows the fits when
we define τ as Fs(k, τ) = 0.01 and Fig. 11(b) shows the fits when we
define τ as Fs(k, τ) = 1/e. We have used different T range to have
various τ shown in the figure (Fig. 11).

9. Analysis of Q (t ) form 2d simulation
Q(t) shows a power law decay with power law exponent equal

1.0 in 2d. This is consistent with the expression that Q(t) goes as a
power law, t−d/2 (Fig. 12). The crossover times obtained via a similar
analysis outlined in the main text are also indicated.

10. Results in 4d : Q (t ), MSD, and α2(t )
We now show the simulation results in other dimensions.

Figures 13 and 14 show the results for the system in spatial
dimension four.

11. Power law dependence of Q (t ) in higher
dimensions

We finally show the power law dependence of Q(t) at vari-
ous dimensions d = 3–6. Figure 15 shows that the power-law nature
of the long-time decay of Q(t) is quite prominent in all these
dimensions.
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FIG. 15. Q(t) is plotted as a function of time for a fixed temperature in different dimensions, d = 3–6. The red line corresponds to a power law fit with an exponent −d/2.
These plots demonstrate the validity of the power law in different dimensions and confirm the value of the exponent.
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