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Overcoming power-efficiency tradeoff in a
micro heat engine by engineered system-
bath interactions

Sudeesh Krishnamurthy 1, Rajesh Ganapathy 2,3 & A. K. Sood1,2

All real heat engines, be it conventional macro engines or colloidal and atomic
micro engines, inevitably tradeoff efficiency in their pursuit to maximize
power. This basic postulate of finite-time thermodynamics has been the bane
of all engine design for over two centuries and all optimal protocols imple-
mented hitherto could at best minimize only the loss in the efficiency. The
absence of a protocol that allows engines to overcome this limitation has
prompted theoretical studies to suggest universality of the postulate in both
passive and active engines. Here, we experimentally overcome the power-
efficiency tradeoff in a colloidal Stirling engine by selectively reducing
relaxation times over only the isochoric processes using system bath inter-
actions generated by electrophoretic noise. Our approach opens a window of
cycle times where the tradeoff is reversed and enables the engine to surpass
even their quasistatic efficiency. Our strategies finally cut loose engine design
from fundamental restrictions and pave way for the development of more
efficient and powerful engines and devices.

According to the second lawof thermodynamics, reversible cyclic heat
engines operating between two reservoirs at different temperatures
attain the Carnot limit, ηC—the absolute maximum theoretical effi-
ciency for a cyclic heat engine1. However, thermodynamic processes
are reversible only when performed infinitesimally slowly, and hence
the power delivered by such an engine is negligible. On the other hand,
while finite engine cycle times allow extraction of useful work, irre-
versibility creeps into engine performance and decreases efficiency2,3.
Thus, irrespective of the length scale over which they are designed to
operate, all heat engines trade-off efficiency, η, in their quest to max-
imize power, P, and vice versa4,5. i.e., P and η cannot be simultaneously
maximized and P ismaximal only for η < ηq, the quasi-static efficiency

6.
This fundamental postulate of finite-time thermodynamics has been
the most basic challenge in engine design for over two centuries from
thermal and nuclear reactors7, petroleum fractionation8, internal
combustion engines, thermoelectric materials9,10 to microscopic
colloidal11,12, and atomic13 engines. While the performance in each of
these individual scenarios are typically optimized based on empirical

tradeoff relations, theoretical studies have been able to derive a tra-
deoff relation only for systems where the engine bath interactions are
Markovian2,3. Yet, power-efficiency tradeoff has been observed in all
heat engines designed hitherto, irrespective of whether a functional
form can even be derived, and strategies to overcome this remain
unknown.

The indomitable challenge in overcoming such a trade-off lies
in the mechanisms of heat transfer between the system and the
reservoirs, which occurs through real thermal conductors with
finite conductivity. Heat transfer through such conductors reaches
the final value asymptotically over infinite time with a rate constant
given by the inverse of the relaxation time, τR. In the quasistatic limit
where the cycle time, τcycle >> τR, this is inconsequential, as heat
supply matches demand, and the engine performs reversibly as
expected. But at any finite τcycle, demand exceeds supply, and irre-
versibility creeps into the engine operation, and it fails to perform
the intended cycle. This basic limitation persists even in the
fluctuation-dominated regime of colloidal engines11,12,14,15, where τR
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is reduced to the fundamental minimum time required for heat
transfer using thermal fluctuations as dictated by the fluctuation-
dissipation theorem. Unlike macro engines however, although such
engines could now allow manipulating the reservoir using bacterial
active noise14, squeezed thermal reservoirs16 and, engineered
fluctuations15, such strategies have also failed to overcome the P − η
tradeoff even if they can perform at η > ηC

15,17. Nevertheless, over the
last few years, theoretical proposals have explored extreme limits
such as infinitely fast processes18, exploiting a working substance
near a critical point19, infinite precision20, diverging currents21, and
suggested that breaking the tradeoff might still be asymptotically
possible. But realizing these limits in experiments is practically
impossible. While reducing τR over the entire cycle might be an
unrealizable demand, theoretical studies22 on atomic systems have
suggested that even decreasing it over select individual processes
of a cycle bymanipulating system-bath interactionsmight still allow
the engine to overcome the P − η tradeoff. Nevertheless, whether
such interactions can be realized in experiments remains to be seen.

Here, we demonstrate that the P − η tradeoff can be overcome in a
colloidal Stirling engine at finite times by electrophoretically inducing
system-bath interactions to reduce τR during the isochoric processes.
Unlike their macroscopic counterparts explored hitherto, such col-
loidal engines are known to be capable of extracting heat from noise
correlations in the reservoir14,15,23, albeit under specific design con-
siderations. We begin by recognizing the spatio-temporal scales of
operation in which the effective noise experienced by the engine are
correlated and non-Markovian. We demonstrate that the system-bath
interactions are dependent on the Hamiltonian of the system under
such conditions and allow us to engineer τR during isochoric pro-
cesses. Driving the heat engine by utilizing the engineered τR, we
design and execute a protocol that overcomes the P − η tradeoff.
Finally, we trace the trajectory of system in the k − Teff plane at key τcycle
and provide an intuitive explanation of the mechanism of overcoming
the tradeoff.

Results
Non-Markovian characteristics of engineered noise
We first discuss the mechanisms by which our engine exploits noise
correlations to generate system bath interactions that are used to

tune τR. Our engines were constructed with a charged colloidal
microsphere in an optical trap set between the plates of a capacitor
(Fig. 1a). Since the suspending medium is a polar solvent—de-ionized
water, the charges on the microsphere are screened by a cloud of
counterions. A potential difference, Vin (such as in Fig. 1b) applied
across the plates of the capacitor results in electrokinetic flows that
drag the trapped colloidal particle. The relaxation times of such flows
are highly dependent on the underlying mechanisms and can span a
large range of timescales from ≈ 1μs to 10ms24–30 (see Supplementary
Note 1 and Supplementary Fig. 1 on possible mechanisms). In Fig. 1b,
we trace the average displacement of the trapped particle from its
meanpositionon applicationof a constantVin. The electrokineticflows
generated by the applied electric field displace the particle in a fixed
direction and saturates over a timescale ≈5–10ms. We utilize this drag
force in our experiments to apply engineered noise on the trapped
colloidal particle.

Designing an engine protocol using the system in Fig. 1 requires
definition of an effective temperature—possible only if the engineered
noise used in our experiment is equivalent to fluctuations in an equi-
librium system at timescales of operation. To mimic thermal fluctua-
tions required to define such an effective temperature, we applied a
Gaussian voltage noise to the plates of the capacitor. At timescales
larger than the sampling time of such a noise (2 kHz noise and 500Hz
position sampling in Fig. 2a), the probability distribution of displace-
ments of the colloidal particle along the electric field, P(Δy) remains to
be Gaussian (Fig. 2a). Further, we observed that the corner frequency
of the power spectral density remained the same as that at zero field
(Fig. 2b) at 2.22 ± 4Hz and the particle dynamics was thus similar to a
thermal reservoir at an elevated temperature (see Supplementary
Note 1 and Supplementary Fig. 2). Physically, the energy transferred
from the electrophoretic noise is essentially work. But, since the input
energy fluctuations are similar to our engineered reservoir, we
follow12,15,31 and consider this as heat transferred from an effective
reservoir. However, these fluctuations are temporally different from
thermal noisewhichhave velocity autocorrelations of themicrosphere
lasting only up to τb ≈ 10μs32. In Fig. 1b, the dotted line marks the time
period (0.5ms) after whichVin is changed to a freshly sampled random
value in our system and during this interval, unlike thermal noise,
electrophoretic forces drive the particle ballistically along a set
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Fig. 1 | Trapped colloid in an electric field. a is a schematic diagram of our
experimental setup, where a colloidal particle (blue sphere) suspended in an ionic
solvent is trapped at the focus of a converging laser (red) that creates a harmonic
potential (dotted line). Electricfield,E, generated by applying a potential difference
(DC bias) to the copper electrodes (brown), polarizes the counterion cloud around
the colloid and results in electroosmotic flows depicted in inset of (b). Such flows
drag the particle from the trap center, and the mean displacement, 〈y〉 on applying
a potential difference, Vin = 0.5V (red triangles) and 1.2V (black squares) from the

time of switching the field is plotted in (b). Also since the flows occur along
E, displacements in the perpendicular direction 〈x〉 (red and black circles corre-
sponding to Vin = 0.5V and 1.2V) are within the limits of experimental error. The
error bars correspond to standard error of mean over ≈7000 experiments. In our
experiments, electrophoretic noise is generated by replacing Vin by a freshly sam-
pled randomvoltage every0.5msmarkedby the dotted line.Within this time range
(shaded blue), the particle is dragged in the direction set by the electric field and is
the source of the non-Markovian behavior of electrophoretic noise.
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direction. As a consequence, the velocity correlations of particle
motiondue to the engineered electrophoretic noise is non-zero during
the sampling time 0.5ms (Fig. 2c). The applied noise, thus, has a
memory below the sampling time and is non-Markovian. To quantify
the memory in the applied noise, we calculated the memory function,
M(t2 − t1)33 (see Supplementary Note 1 for detailed derivations). A non-
zero value of the memory function implies the timescale at which the
noise is non-Markovian. In our experiments,M(t2 − t1) was observed to
be high and non-zero in timescales less than the sampling time
(Fig. 2d). Leveraging over this fundamental difference in timescales, we
reduce τR during isochoric processes by utilizing these forces to nudge
the system toward equilibrium.

Engineering noise to reduce relaxation time
While τs is a parameter characteristic to the input noise, τR also
depends on dissipation and optical potential, which are specific to
engine protocols. We first designed a Stirling engine and tuned these
parameters to allow us to take advantage of the separation of time-
scales τb and τs. A quintessential colloidal engine11,12 utilizes the
microsphere in Fig. 1a as a working substance and the harmonic
optical potential as a piston. Synchronized variation of stiffness of
the potential, k, and temperature, Teff as shown in Fig. 3a will then
correspond to a mesoscopic equivalent to the conventional Stirling
cycle11. In our experiment, these are controlled by input laser inten-
sity and magnitude of the voltage noise applied to the capacitor,
〈∣Vin∣〉 respectively. Intuitively, performing the k (volume) protocol at
constant Teff is equivalent to an isotherm, and the change in Teff at

k = kmax and kmin (constant volume) to isochoric processes. Despite
the separation of ballistic timescales τb and τs, for τR to be different
across these processes, engine-bath interactions should depend on
the engineHamiltonian22 i.e., response of colloidal particle to electric
field noise should depend on trap stiffness, k. We enumerated this
response by the resultant effective temperature, Teff = k〈y2〉/kB where
kB is the Boltzmann constant, caused by a fixed 〈∣Vin∣〉 at various k
(black squares in Fig. 3b). As τR = γ/k for thermal fluctuations31,34

vanishes as k→∞, relaxations due to themoutpace othermechanisms
beyond a threshold kth. Engine-bath interactions are independent of
engine Hamiltonian for such a noise and Teff = constant for k > kth.
Such a saturation occurs in our system at kth ≈ 4 pN μm−1 where
γ/kth = 10ms ≈ τs. For k < kth, however, electrophoretic forces start
influencing the relaxations and Teff ∼α log k. Intuitively, since the
electrophoretic noise is freshly sampled every 0.5ms << τs = 10ms,
Vin is changed even before the particle explores the full extent of the
system corresponding to the applied random voltage. As k→0, while
the available extent to the system increases due to reduced con-
finement, the restriction on particle motion due to finite sampling
remains the same and contribution of electrophoretic noise to Teff
decreases. The exponent, α was tuned in our experiment by varying
〈∣Vin∣〉 (red squares in Fig. 3b) and τs. Following Gouy-Chapman
theory27, τs and in turn α can be set using particle diameter (blue
circles in Fig. 3b) and ion concentration (see Supplementary Note 2
and Supplementary Fig. 3). By reducingα using ion concentration, we
can show that all results for thermal reservoirs can be retrieved (see
Supplementary Note 2 and Supplementary Fig. 3). Our experiments

ba

c d

Fig. 2 | Non-Markovian behavior of electrophoretic noise. a is a plot of prob-
ability distribution of displacement of the particle, P(Δy) with (red circles) and
without (black squares) the appliedvoltage noise of 〈∣Vin∣〉 = 2.3V. Thedistribution is
calculated from ≈150,000 measurements of P(Δy). The P(Δy) were Gaussian (solid
lines denote the Gaussian fits). b shows power spectral density of y displacements
before (blue line) and after (red line) applying the electric field. The solid lines
represent Lorentzianfits for the data. a,b suggest that aneffective temperature can
be defined for our system. c shows velocity autocorrelation function, VACF before

(blue circles) and after applying the 2 kHz (red squares) and 500Hz (green trian-
gles) voltage noise. While the force is delta correlated before applying the noise, it
is correlated over the red shaded region for 2 kHz noise and red and green regions
for the 500Hz noise. d is plot of M(t2 − t1) for constant t3 and t2 with
Ω1 =Ω2 = [−0.1, 0.15] before (blue circles) and after applying the 2 kHz (red squares)
and 500Hz (green triangles).M(t2 − t1) is non-zero within the switching time of the
applied noise. c, d suggest that the applied noise is non-Markovian. The analysis in
(b–d) were performed on the data presented in (a).
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were performed in the shaded region in Fig. 3b marked by
ðkmax, kminÞ= ð0:862±0:04, 0:322±0:07ÞpNμm−1 for 〈∣Vin∣〉 such that
TeffðkminÞ=427K, where the response of the system is influenced by
electrophoretic forces.

To assess the effects of the electrophoretic forces on engine
operation in the range of k set in Fig. 3b, we determined τR along
individual processes of the Stirling cycle. Along the isothermal pro-
cesses, only the protocol in k (Fig. 3a) is to be executed at constant Teff.
However, due to the dependence between k and Teff noted in Fig. 3b,
such a process cannot be performedwith a constant 〈∣Vin∣〉. To execute
the isothermal process, particularly the hot isotherm at Teff = 427K, we
modulated 〈∣Vin∣〉 to match the protocol in Fig. 3a (see Supplementary
Note 3 and Supplementary Fig. 4). But, this modulation would then
correspond to a series of relaxations and result in a larger τR. In Fig. 3c,
we plot

ffiffiffiffiffiffiffiffi

hy2i
p

, the equivalent of volume in our experiments along the
rescaled time co-ordinate t/τcycle on performing the k protocol at
Teff = 435K. Rescaling the time co-ordinate and averaging overmultiple
cycles gives a glimpse of Teff on continuous operation of the engine
and allows us to represent experiments over different τcycle in the same
scale (see Supplementary Note 4 and Supplementary Figs. 5 and 6 for
details). At large τcycle = 5 s, the system is close to the quasistatic limit
and explores ≈95% of the available volume (difference between the
green lines in Fig. 3c). As τcycle is reduced to 500ms, the particle fails to
equilibrate at kmin and falls short of the maximum

ffiffiffiffiffiffiffiffi

hy2i
p

at the end of
expansion. In the compression cycle,

ffiffiffiffiffiffiffiffi

hy2i
p

fails to decrease even as k
increases, and the maximum in

ffiffiffiffiffiffiffiffi

hy2i
p

shifts away from k = kmin. At
small τcycle = 100ms, this occurs at both kmax and kmin and the particle

explores only about 25% of the volume (difference between the brown
lines in Fig. 3c) at τcycle = 5 s. This, however, is the same τR as thermal
noise and the response observed for a similar protocol performed for
T = 300K in the absence of electrophoretic forces closely matched
Fig. 3c (see Supplementary Note 5 and Supplementary Fig. 7). Fol-
lowing the intuition used in Fig. 3b, modulation of 〈∣Vin∣〉 would com-
pensate for the loss in volume explored by the particle due to fast
sampling by adjusting the drive voltage appropriately, and volume
relaxation would occur similar to thermal noise. Thus, utilizing the
electrophoretic noise did not affect τR during isothermal processes. To
observe the relaxations during isochoric processes, Teff protocol was
performed at k = kmax in Fig. 3d. If such a protocol was otherwise
executed using only thermal noise, relaxation to 90% of the final Teff
occurs over a timescale τl = 2:3γ=kmin = 270ms34 during both heating
and cooling. Under the action of electrophoretic noise, however,
fluctuations are no longer limited by dissipation in the system, and we
observed τR = 12ms for heating and τR = 17ms for cooling, over which
90% of the relaxation occurred. A similar protocol performed at
k = kmax yielded τR = 9ms during both isochoric heating and cooling
(see Supplementary Note 5 and Supplementary Fig. 8), while it would
have relaxed to 90%ofTeff in τh = 2:3γ=kmax = 99mswith thermal noise.
Effectively, the addition of electrophoretic forces resulted in actively
dragging the system closer to the final equilibrium states and reduced
τR for isochoric processes. For comparison, in allmacroscopic engines,
τR is larger during the isochoric than isothermal processes35,36 and in
mesoscopic thermal engines11, they are equal. By constructing a Stir-
ling cycle using electrophoretically engineered engine-bath

kmax

Tmax

kmin

Tmin

k

T

t

Teff = 435K k = kmin

Tmax

Tmin

Heating Cooling

a

dcb

�

kth

cycle cycle

Fig. 3 | Engineering relaxation times by utilizing system-bath interactions.
a shows the time sequenceof protocols in k and Teff which correspond to executing
a mesoscopic equivalent of Stirling cycle. b is a plot of Teff over 1.5 decades in k,
where the Teff decreases as k→0 below a threshold kth. The experiment for black
and red squares were performed for microsphere of diameter 5μm with different
〈∣Vin∣〉 such that Teff ðkminÞ=427K (black squares) and 500K (red squares). Blue
circles correspond to similar measurements for a 2μm particle such that
Teff ðkminÞ= 427K. The exponent α at low k, which corresponds to the slope in the
semilog plot and the threshold kth beyond which it saturates for the black squares
are marked. Our engine was designed to operate in the green region where elec-
trophoretic forces strongly influence the relaxations. c is a plot of

ffiffiffiffiffiffiffiffiffi

hy2i
p

, the
equivalent of volume in our engine along rescaled time t/τcycle during the

isothermal processes, where only the k protocol is performed at Teff = 435K for
τcycle = 5 s (open circles), 500ms (triangles) and 100ms (filled squares). On faster
cycling, the volume explored by the particle drops from a maximum at τcycle = 5 s
(green line) to 25% of it at τcycle = 100ms (brown line) denoting a failure of equili-
bration. The relaxations in (c) are similar to those due to thermal noise plotted in
Supplementary Fig. S8. d is a plot ofTeff along t/τcycle along the isochoric processes,
where only the Teff protocol is performed at k = kmin for τcycle = 50 s (open squares)
and 50ms (closed squares). The particle equilibrates to the final value in τR = 12ms
for heating and τR = 17ms for cooling (as seen from data for 50ms) and is sig-
nificantly lower than 117ms due to thermal noise. The averaging methods and
estimation of error are discussed in Supplementary Note 4.
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interactions and tuning the range of operation, we could engineer an
inversion of relaxation times.

Overcoming the power-efficiency tradeoff
After setting the experimental parameters and assessing their effects
on τR, we performed the Stirling cycle—which involves synchronously
executing both the k and the Teff protocols of Fig. 3a. The state of the
system is described by the position and velocity of the trapped

microsphere obtained by tracking the particle through video micro-
scopy. Work, W, and heat, Q during the Stirling protocol are then
calculated using the framework of stochastic thermodynamics37 (see
Supplementary Note 6 for detailed derivations). In the sign convention
used in our experiment, work done by(on) the engine on(by) the
reservoir is negative(positive) andheat transferred to(from) the engine
from(to) the reservoir is negative(positive). Efficiency, η =WC/QH,
whereWC is the mean work done per cycle and QH is the average heat
transferred from the hot reservoir. In Fig. 4, we plot WC, η, and P at
various τcycle, where the values are averaged over 30,000 cycles for
τcycle < 100ms. At the large cycle timeof τcycle = 50 s,WC and η are close
to Wq and ηq, predicted from equilibrium thermodynamics11,14. On
decreasing τcycle however, as in the case of thermal engines,WC and η
decrease due to incomplete heat transfer. We anticipate deviations
from this only as we approach, τcycle<τl = 2:3γ=kmin, above which 90%
of equilibration occurs even with thermal noise at k = kmin. Strikingly,
for τcycle < 100ms,WC increases and saturates at a fixed value (Fig. 4a).
More importantly, η continues to steadily rise and attain Carnot effi-
ciency, ηC within the limits of experimental error at τcycle = 12ms
(Fig. 4b), the lowest τcycle used in our experiment (see Supplementary
Note 4 for discussion on limitations). Also, 〈η〉 was 95% of ηC at this
τcycle. SinceWC saturates for τcycle < 100ms, P continues to increase and
has a finite value at τcycle = 12ms. Effectively, attaining higher power
does not require us to trade-off efficiency in the range
12ms < τcycle < 100ms. To compare this with existing theoretical for-
mulations of finite time thermodynamics, we measured the efficiency
at maximum power, η* for the region τcycle > τl. From Fig. 4c, maximum
power is attained by the engine in this range at τcycle ≈ 1 s and the
measured efficiency is η* = 0.17 ± 0.03 (Fig. 4b). The observed η* mat-
ches well with the prediction of Curzon-Ahlborn efficiency,
ηCA = 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

TC=TH

p

=0:16238 and with estimates of micro heat engine
efficiency proposed by Schmeidl and Seifert η* = ηC

2�ηC=2
= 0:16139 (see

Supplementary Note 7 and Supplementary Fig. 9 for detailed discus-
sions). It is to be noted that these theoretical formulations are derived
for Markovian systems and do not capture the underlying phenom-
enon in our experiments. Yet, it is interesting that our results conform
with the predictions in the regionwhere τcycle > τl belowwhichwe have
engineered the relaxation times in our experiment.

Origins of reversal of power-efficiency tradeoff
To elucidate the origins of the reversal of power-efficiency trade-off,
we trace the path of the system in its state space, k − Teff plane for the
Stirling cycle in Fig. 5.Wedivided the trajectory into 24 equal segments
in each cycle and generated particle probability distributions, P(Δy) by
grouping corresponding Δy over multiple cycles. Such P(Δy) were
observed to be Gaussian even at low τcycle = 15ms (see Supplementary
Note 4 and Supplementary Fig. 6) and allowed us to define a Teff for all
τcycle. At large τcycle, the state of the system should trace a rectangular
path in the k − Teff plane for a Stirling cycle, and this was indeed

a

�cycle(s)

c

�cycle(s)

b

Reversal 
of P-� 
tradeoff

Reversal 
of P-� 
tradeoff

�cycle(s)

Fig. 4 | Overcoming the power efficiency tradeoff atfinite times.Work done,WC

(Squares), efficiency, η (Circles) and power, P (Diamonds) are shown for τcycle
spanning over two decades above and below the relaxation times τh (black dash
dotted line) and τl (red dash dot dot line) in (a–c) respectively. For τcycle > τl, η
decreases as τcycle is reduced while P increases from its quasistatic value, as pos-
tulated by finite time thermodynamics and the region ismarked blue. For τcycle < τh,
both η and P increase simultaneously, thus overcoming the power efficiency tra-
deoff and the region is marked red. The data points in this region were averaged
over an excess of 80,000 cycles. The averaging performed to obtain each data
point and estimation of error are discussed in detail in Supplementary Note 4. The
quasi-static limits Wq and ηq defined by equilibrium thermodynamics are repre-
sented as blue solid lines in (a, b). The short dotted line in (b) denotes the Carnot
limit. The intersection of green lines in (b, c) represent efficiency at maximum
power, η* and maximum in engine power for τ < τh.
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observed at τcycle = 50 s in our experiments (Fig. 5a). To investigate the
cause for reversal in power-efficiency trade-off, we examined similar
plots for τcycle = 300ms which is close to τl = 2:3γ=kmin = 270ms
(Fig. 5b) and τcycle = 100ms which is close to τh = 2:3γ=kmax = 99ms
(Fig. 5c). At τcycle = 300ms, the isotherms fail to equilibrate only atkmin.
Quick compression(expansion) and failure of heat transfer from(to)
the system is equivalent to adiabatic Joule heating(cooling) and Teff
increases(decreases) at kmin (Fig. 5b). Along the cold isotherm, as
k ! kmax, the system recovers from such a failure, and Teff decreases.
However, even at the endof the cold isotherm, Teff ðkmaxÞ>Tmin = 300K,
and isochoric heating now leads to a higher Teff at the beginning of the
hot isotherm. At τcycle = 100ms≈ τh, the isotherms fail at both kmax and
kmin (Fig. 5c). As volumeexploredby the systemdecreases significantly
for τcycle < τh (Fig. 5d), 〈y2〉 is almost constant and Teff∝ k along the
isotherms (Fig. 5d). Nevertheless, the nature of system-bath interac-
tions reduces τR along the isochores and ensures that the isothermal
expansion (red line in Fig. 5d) has a higher Teff than the compression
(blue line in Fig. 5d). However, this would not be the case if τR was
higher due to additional ions in the solution (see Supplementary
Note 2 and Supplementary Fig. 3). For engines where the isochores are
otherwise performed using thermal baths, τR is even higher and ≈ τh,
change in Teff across the isochores would then be negligible and Teff
along isothermal compression is higher than expansion (see Supple-
mentary Note 8 and Supplementary Fig. 10). For τ < 12ms (not acces-
sible in our system), where even the isochores fail to equilibrate, this
would also be the ultimate fate of our system. In fact, a critical exam-
ination of this fate of the thermal engine served as the motivation in
engineering the right regime of operation for our engine (see Sup-
plementary Note 8). Nonetheless, the reversal of the power-efficiency
trade-off allowed us to attain ηC at finite P.

An obvious corollary to the mechanism of overcoming the P − η
tradeoff is that the effect is limited to only a range of Tmax for a given
Tmin. A typical Stirling cycle driven by only two reservoirs is always less
efficient than the Carnot cycle as the heat drawn from the hot bath

during the isochoric process is irreversible. In the case of the engine
cycle in Fig. 5d, this heat is no longer required as fast compression
during the cold isotherm would result in Teff>Tmax and η > ηq at this
τcycle. Intuitively, a total absence of heat transfer during cold isotherm
noted in Fig. 5b–d would result in a constant P(Δy) during the process.
The corresponding maximum temperature at kmax would be
ðkmax=kminÞTmin≈ 800K in our experiments. If Tmax were to be greater
than this temperature, the engine cycle would require heat transfer
during the isochoric process during low τcycle and would eventually be
less efficient thanηq. Theupturn inηdemonstrated in Fig. 4would thus
reduce at a higher Tmax. We verified this corollary in our experiments
by operating heat engines with a higher Tmax = 935 K (see Supple-
mentary Note 9 and Supplementary Figs. 11–14).

Discussion
In conclusion, we have designed a colloidal Stirling engine that over-
comes the power-efficiency tradeoff by utilizing electrophoretic noise
to induce system-bath interactions that depend on the engine Hamil-
tonian. We tuned the range of engine operation to exploit such inter-
actions and reduced τR during the isochoric processes, which resulted
in the reversal of the P − η trade-off. At the lowest τcycle = 12ms, our
engine surpassed its quasistatic efficiency and even achieved ηC at a
finite Pwithin the limits of experimental error. The key requirement to
our strategy to overcome such a basic limitation is the longer ballistic
time of the driving noise, which could alternately be accomplished
using optical15,31, magnetic40 and for that matter any chemical process
that burns a fuel41,42. Despite this, reversal of the tradeoff can be
achieved with such driving only by following the methods described
above and setting the systemparameters to enable assisted relaxation.
Unlike our engineered reservoir, where additional work is required to
maintain the state of the reservoir, suchmethodsmight not necessarily
require a work input and might even be derived from any passive
reservoir with a long correlation time such as viscoelastic baths43. In
fact, recent theoretical studies on viscoelastic baths43 have also

Fig. 5 | Origins of the engineered reversal in power-efficiency tradeoff.
a–d represent the state of the system on the k − Teff plane for τcycle = 50 s, 300ms,
100ms, 15ms respectively, where, the red circles are state points in contact with
hot reservoir (Tmax) and blue squares with cold reservoir (Tmin). τcycle = 50 s,
plotted in (a), corresponds to the quasistatic Stirling cycle. τcycle = 300ms and
τcycle = 100ms, plotted in (b, c), represent the state of the system at τl (just before
the reversal) and τh (just after the reversal of the tradeoff). τcycle = 15ms, plotted in

(d), represents the system at very low τcycle, where η is close to ηC. The dotted lines
are a guide to the eyewith the arrowsdenoting the directionof progress of Stirling
cycle. The trajectory for τcycle = 50 s was averaged over 200 cycles, τcycle = 300ms
over 27,000, τcycle = 100ms over 81,000, and τcycle = 15ms over 540,000 cycles
respectively. The averaging methods and estimation of error are discussed in
Supplementary Note 4.
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pointed to such reversals in tradeoff. Further, recent studies44 have
noted that a key feature of such active baths is that they contribute
informational excess entropy to the engine, which in our case is zero
(see Supplementary Note 6 for discussions). Thus, our effective
reservoir might not transfer the input work required to maintain it to
the heat engine. Since the system is driven out of equilibrium during
the isochoric processes, our results do not contradict the universal
trade-off relations derived under different conditions usingMarkovian
dynamics2,3. Nevertheless, our results compare well with the observa-
tions of efficiency at maximum power38,39 in the range of τcycle > τh (see
Supplementary Note 7 and Supplementary Fig. 9). But extending this
similarity beyond this range to τcycle < τh is not possible. As such, our
experiments show that the P − η tradeoff can be reversed for periodic
heat engines by tailoring system-bath couplings. Reversing the P − η
tradeoff finally breaks free engine design from the fundamental
restrictions postulated by finite-time thermodynamics. Our study now
paves the way for extending this strategy to design better and more
efficient thermoelectric devices9,10 and NEMS heat engines45.

Methods
Laser trapping and particle position determination
The micrometer-sized Stirling engine was realized using cross-linked
poly(styrene/di-vinyl benzene) (P[S/DVB]) colloidal particles of 5μm,
whichwere obtained fromBangslabs, USA. The harmonic potential used
to trap these particles was generated by focusing an IR laser beam of
wavelength 1064nmwith a 100XCarl Zeiss objective (1.4 N.A.)mounted
on a Carl Zeiss Axiovert microscope. The laser beamwas generated by a
Spectra Physics NdYVO4 laser head. The particles were suspended in
deionized water at extremely low concentrations of a few particles per
microliter. The trapped particle was imaged using a Basler Ace 180 kc
color camera at a frame rate of 500 frame s−1 for cycles with τ> 300ms.
To generate sufficient statistics at low τ, τ = 100ms, 50ms, 24ms were
imaged at 1000 frame s−1, τ= 20ms at 1200 frame s−1, τ = 18ms at 1333
frame s−1, τ= 16ms at 1500 frame s−1, τ= 15ms at 1600 frame s−1 and
τ= 12ms at 2000 frame s−1. The particle was tracked from the resulting
images to sub-pixel resolution using custom made Matlab codes to an
accuracy of 10nm.WC and ηwere calculated from the particle positions
using the framework of stochastic thermodynamics14,37.

Temperature and volume control protocol
The Teff protocol was realized in our experiment by applying a Gaus-
sian voltage noise sampled at 2 kHz generated using an Agilent 33521A
waveform generator to custom made copper electrodes. The electro-
des were made using copper wires of diameter 60μm and were
separated by a distance of ≈200μm. During our experiment, we
observed that the Tmax experienced by the particle was constant over
span of 50μm between the electrodes and the colloidal particle was
trapped at the center of this region. Calculation of η required that the
changes in k are performed slower than the timescale in which the
particle experiences thermal noise and the additional electrical noise
in our case. To this extent, we ensured that at the most 1/24th of the
cycle was completed before a particle position was measured and a
noise signal was generated afresh, less than previous realizations in
literature12 (see Supplementary Note 4).

The k protocol in our experiment was realized by modulating the
intensity of the trapping laser beam by an Intra-Action Corp acousto-
optic modulator. The acousto-optic modulator was driven by an
40MHz crystal oscillator, whose power in turn was modulated by a
Ramp signal generated from a Tektronix AFG3021C waveform gen-
erator. The response time for changes in laser power was 200ns.

Data availability
All data are available in the manuscript or the Supplementary
Materials.
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