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Non-Hermitian topological systems are the newest additions to the growing field of topological matter. In this
work, we report the light-driven exceptional physics in a multi-Weyl semimetal. The driving is not only a key
ingredient to control the position of the exceptional contours (ECs); light also has the ability to generate new ECs.
Interestingly, we also demonstrate topological charge distribution and Lifshitz transition, which are controllable
by the driving field in such generated ECs. Our findings present a promising platform for the manipulation and
control over exceptional physics in non-Hermitian topological matter.
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Topology plays a pivotal role in the study of condensed
matter systems, with wide focus on topological insulators and
superconductors in the last decade [1–3]. The new feather in
the cap is the study of topological semimetals (TSMs) [4],
among which Weyl semimetals (WSMs) [5] have attracted
a great recent interest. In contrast to a topological insulator,
WSMs are gapless in the bulk and break either or both time
reversal and inversion symmetries. The WSM spectra is lin-
ear near Weyl points, which usually come in pairs and act
as sources and sinks of the Berry curvature with monopole
charge ±1. Furthermore, WSMs with quadratic, cubic, or
even higher order dispersion have also been proposed [6–10].
These are coined as double, triple, or, in general, multi-
WSMs. Besides having a nonlinear dispersion relation, these
WSMs are unique in the sense that they are protected by
rotation symmetries of different point groups [11], specifically
the n-fold rotation symmetry Cn [6–11] and they have integer
topological charges greater than unity.

In the last few years, the analysis of non-Hermitian (NH)
gain and loss terms on different topological properties have
captivated the research community [12–22]. Many experi-
mental efforts have strengthened the theoretical predictions in
systems such as ultracold atoms [23,24] and optics [25,26].
An unconventional feature that makes these systems special is
their defectiveness, i.e., merging of eigenstates at some partic-
ular points, where the eigenenergies also coalesce [27]. These
special degenerate points are called exceptional points (EPs)
[27–30]. In addition to having a single EP, there may also
arise exceptional surfaces with a collection of EPs, termed
exceptional contours (ECs) in a multidimensional parameter
space [13,29,31].

Tuning properties of quantum systems with light has been
a promising new frontier in recent years [32–48]. Interaction
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with topology has led to unveiling of numerous exciting phe-
nomena; for instance, in conventional TSMs the light induces
new phases [33] and can cause profound changes in the Fermi
surface topology, which is coined as the Lifshitz transition
[49–53]. On the other hand, in linear WSMs circularly polar-
ized light (CPL) can cause a tuning of the distance between the
two Weyl points resulting in an anomalous Hall effect [54,55].

In this Letter, we have analyzed the ECs that appear in
NH multi-WSMs in the presence of CPL. We show that the
driving can be used as a facile tool to generate ECs [56–60].
In addition, besides controlling the position of the exceptional
rings one can also generate new ECs. Furthermore, we study
the charge division of the newly created ECs by means of
NH generalization of the Berry curvature, and the concomitant
Lifshitz transitions. In Fig. 1, we present a schematic for the
Lifshitz transition of a double Weyl semimetal and the gener-
ation of new ECs in the presence of both CPL and gain or loss
parameters. Importantly, one can notice that the exceptional
ring, which appears due to the gain or loss term in the absence
of light (left panel in Fig. 1), divides into two exceptional rings
when light is switched on.

We start with the analysis of effects of driving on the band
structure of NH multi-WSMs. The low energy Hamiltonian of
an n-th order multi-WSM in the presence of the NH loss or
gain term is [29]

Hη,n(q) = 1

2m
(qn

−σ+ + qn
+σ−) + (ηvzqz + iζ )σz, (1)

where ζ is the gain or loss parameter. Here q± = qx ± iqy and
σ± = σx ± iσy, with σi and qi (i = x, y, z) denoting the com-
ponents of Pauli matrices and quasimomentum, respectively.
Here, m is the quasiparticle mass, η = ±1, and vz is the z
component of the Fermi velocity. The corresponding energy
eigenvalues are in general complex. This complex spectra of
the system causes some accidental degeneracies, where not
only the eigenenergies coalesce, but also eigenvectors merge;
these degeneracy points are coined as EPs. Our aim is to find
out the exact positions of these EPs and the effect of these
degeneracies on different physical properties. In the case of a
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FIG. 1. Schematic of proposal for light-induced Lifshitz transi-
tion in a double Weyl semimetal. A combination of NH terms and
driving converts a single exceptional ring into two exceptional rings.

usual WSM, it is shown in the previous work [28] that adding
a NH term to the Hamiltonian can convert the Weyl point into
an exceptional ring, which carries the same charge as that of
the original Weyl point [29]. Furthermore, depending on the
strength of the gain or loss term, it is also possible to merge
two ECs of opposite charge and in the process of this merging,
they annihilate and form a single contour [29].

In order to investigate the physical properties of such a NH
system under driving, let us include an optical field polarized
in the x-z plane of the form E (t ) = E0(cos �t, 0,− sin �t ),
where E0 and � are the amplitude and frequency of the driving
optical field. The minimal substitution leads to h̄qi → h̄qi +
eAi, where e is the electronic charge, A is the vector potential
with �A(t + T ) = �A(t ), and T = 2π/� is the periodicity. Flo-
quet theory is an elegant method to incorporate the periodic
driving effects on the band structure. In Floquet formalism we
consider a time dependent periodic Hamiltonian H (t + T ) =
H (t ) that exhibits quasiperiodic eigenspectra. Interestingly,
non-Hermitian Floquet systems admit complex quasienergies
with some periodicity leading to a point gap topology with
nontrivial winding associated with quantized charge transport,
which has no analog in conventional Hermitian physics [61].
Although Floquet theory is valid for all frequency regimes
of the driving field, here we restrict ourselves to the high
frequency (HF) regime, where the frequency of the optical
field is much larger than the bandwidth of the system. This HF
approximation has similarities with the rotating wave approx-
imation. This eventually breaks the time reversal symmetry
(TRS), and as a result a gap opening can be observed in several
systems. Importantly, in charge ±1 WSMs the gap opening at
the Weyl point is not possible with this HF laser light. Rather
the optical field leads to a shift of the Weyl points of the TRS
broken WSMs. For multi-WSMs, we find a rather interesting
role of light in the presence of loss or gain terms. In the HF
approximation, it is possible to easily calculate the effective
time independent Hamiltonian using the Floquet-Magnus ex-
pansion [19,32,33,37]. Thus we have [11]

Hn,η

eff (q) = 1

2m

[(
qn

− + i�qn−1
−

)
σ+

+ (
qn

+ − i�qn−1
+

)
σ−

] + (ηvzqz + iζ )σz, (2)

where � = nA2
0vzη

2h̄�
, where A0 and � are the amplitude and

frequency of the driving field, respectively.

The corresponding energy eigenvalues are

Em,± = ±
√(

q2
x + q2

y

)(n−1)[
q2

x + (qy − �)2
]

m2
− (ζ − iqzvzη)2.

(3)

The band diagrams with topological charge n = 2 and
n = 3 are shown in Fig. 2. In general, from Eq. (3), we find
the nth-order polynomial, f (q), governing the locations of the
EPs as

f (q) = q2n
EPn

− 2�q2n−1
EPn

+ �2q2n−2
EPn

− m2ζ 2 = 0. (4)

Using Descartes’s sign rule, we find a maximum of three
positive real roots and one negative real root. All other roots
are imaginary. Thus by tuning the relative strength of the light
intensity and the gain and loss parameters, the positions of
these four roots can be manipulated. Two or three EPs can be
superimposed by adjusting the two parameters. Notably, the
condition to achieve the superimposition of l number of EPs is
f i(qEP) = 0 for i = 0, 1, . . . , l . Thus, for n = 2, one observes
that the two EPs sit together for � = 2

√
ζ . The general crite-

rion for finding the ECs in NH systems is Em,+ = Em,−, which
is equivalent to

Re det[Hη,n(q)] = 0,

Im det[Hη,n(q)] = 0. (5)

These two constraint equations (in three-dimensional sys-
tems) allow higher-dimensional surfaces to form but are
restricted to exhibit only one-dimensional ECs [29]. Along
these one-dimensional contours, the eigenvalues coalesce and
the eigenvectors also merge.

Let us now discuss the specific cases of double (n = 2)
and triple (n = 3) WSMs in more detail. In the case of the
double WSM the Floquet effective Hamiltonian can be written
as Hη

eff (q) = d(q) · σ, where d = dR + idI with dR, dI ∈ R3

and σ the vector of standard Pauli matrices. Using Eq. (5) one
obtains the locations of EPs as follows:

qEP = �/2 ±
√

�2/4 ± ζ , (6)

where we have chosen φ = π/2.
As a consequence of the quadratic dependence of mo-

mentum in Eq. (3) for n = 2, in general we get four EPs
in the qz = 0 plane. The position of the EPs can be further
tuned by varying the light intensity as we present in Fig. 3.
Depending upon the strength of the light field and the NH
term, one obtains two EPs when the momentum coordinates
of the other two EPs become imaginary, and three EPs when
two EPs coincide with each other for a particular value of light
intensity, i.e., � = 2

√
ζ .

We present the fate of ECs in the presence of light in
Fig. 4 and interestingly, we find that light accomplishes
topological charge division by splitting the parent contour
symmetrically or asymmetrically, as we will discuss next.
For double WSMs, one observes that the single contour is
divided into two symmetric contours with the increase of
the driving amplitude [Figs. 4(a)–4(c)]. In Fig. 4(d), we
show a similar analysis for a triple WSM. Unlike the double
WSM case, where the parent contour is divided into two
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FIG. 2. Band diagrams showing Lifshitz transitions for multi-WSM. The real and imaginary parts of the dispersion for double WSM
(n = 2) [(a) and (d)] in the absence of light, and [(b) and (e)] with A0 = 0.77 and ζ = 0.08. (c) and (f) The real and imaginary parts of the
dispersion for triple WSM (n = 3) in the presence of light with A0 = 0.7 and ζ = 0.04. In the absence of light one has a single exceptional
ring (ER) for n = 2 and n = 3. With increasing light intensity the single ring turns into two ERs resulting in Lifshitz transitions. Here we set
� = 1.0, qz = 0.0, η = 1.0, and vz = 1.0.

symmetric contours, in triple WSMs the division is asym-
metric. This is due to the fact that driving divides the ECs
into those corresponding to a double Weyl and a linear
Weyl.

An important question next arises: how does the value of
the topological charge in the newly generated ECs depend
on the driving field? To answer this question, we consider
the non-Hermitian generalization of the Berry charge [62]
as N = ∫

C �LR(k) · dS, where �LR(k) is the Berry curvature
which can be obtained as ∇ × ALR(k), with ALR(k) being
the Berry gauge field [11]. ALR is obtained from the left and
right eigenvectors (ψL/R) of the Hamiltonian as ALR(k) =
i〈ψL(k)|∇|ψR(k)〉.

We note that it is shown in Ref. [28] that after integrating
the Berry curvature on a closed surface, which encloses the
ECs, the Berry charge is real and quantized. Here we have

shown that in the presence of the driving field, the charge
solely depends on the driving amplitude and when the am-
plitude crosses a limiting value the charge division occurs.
In Fig. 5, the plot of Berry curvature density for the double
WSM is presented. One observes that when light amplitude
is less than 0.8, we obtain only one divergence in the Berry
curvature density distribution; this is the region where the
topological charge accumulates. An increase of the driving
amplitude causes the �LR(k) to show discontinuity at two
different places, which in turn denotes the accumulation of
charges at two different places and results in the division of
the ECs. A similar argument can be drawn for the multi-WSM
case as well [11].

We map out the topological phase diagram next, by com-
puting the vorticity of constitutive bands. One can define the
vorticity, νmn, for any pair of bands (Em and En) with complex

FIG. 3. Locations of exceptional points and analysis of vorticity. The locations of (a)–(c) four exceptional points for n = 2 and (d) eight
exceptional points for n = 3 for different light intensities. Corresponding vorticity plots are shown in the lower panel. (e) The vorticity of two
bands encircling two exceptional points sitting together with the same winding number for A0 = 0.447 [corresponding to (a)]. Vorticity plots
for (f) A0 = 0.32 and (g) A0 = 0.7 encircling the leftmost EP and third EP corresponding to (b) and (c), respectively. (h) The vorticity plot for
n = 3 with A0 = 0.9 encircling two EPs with the same position and opposite winding numbers showing the absence of swapping. Here we set
ζ = 0.01.
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FIG. 4. Light-tunable exceptional contours for non-Hermitian
multi-Weyl semimetals. The real (blue) and imaginary (orange) ex-
ceptional surfaces are shown, and their intersection defines the ECs.
ECs for double WSMs (n = 2) (a) in the absence of light, (b) at crit-
ical light intensity with A0 = 0.66, and (c) at a higher light intensity
A0 = 0.68. (d) EC for n = 3 is shown for light amplitude A0 = 0.68.
We clearly see the evolution of contours with increasing light in-
tensity, showing topological charge division arising from Lifshitz
transitions. Here we set ζ = 0.05.

energy dispersion as [63]

νmn(�) = − 1

2π

∮
�

∇karg[Em(k) − En(k)] dk, (7)

where � is a closed loop encircling the EP in the momentum
space. The energy eigenvalue for a single complex band of NH
Hamiltonian in general can be written as E (k) = |E (k)|eiθL (k),
where θL = tan−1(ImE/ReE ). Fractional vorticity is an inher-
ent property of the EPs and is well defined in the absence of
any symmetry [63]. We present the vorticity and its tuning
by light for our WSM systems in Figs. 3(e)–3(h). When the
chosen contour encircles an odd number of EPs, the two bands
swap with each other in the complex plane owing to the square

FIG. 5. Berry curvature density tuning with light. Normalized
Berry curvature density as a function of the radial momentum with-
out light (red solid) and with A0 = 0.8 and ζ = 0.05 (blue dashed).
The divergences signal the presence of band degeneracy where the
topological charge accumulates. In the absence of light we obtain a
single peak, while beyond the critical light intensity the two peaks
confirm the charge division. Here qx = qρ cos φ and qy = qρ sin φ.
We further choose φ = π/2.

root singularity, and the vorticity takes a half-integer value. On
the other hand, when an even number of EPs are enclosed, the
vorticity becomes an integer [64].

A complementary diagnostic of the NH topological bands
is the winding number, WN . By considering qx, qy, and qz as
parameters one can define it as [14,65]

WN = 1

2π

∫ ∞

−∞
dkz∂kzφxz, (8)

where φxz = arctan ( hx
hz

). Here hx and hz are the components
of the Hamiltonian and can be found by comparing Eq. (2)
(for n = 2) with H = hxσx + hzσz. We find the general expres-
sions for the winding number for multi-WSMs. Depending
on whether n is even or odd, different values of the winding
number are obtained. The winding number in the kx = 0 plane
is obtained as [11]

WN = Sgn(Bn + mζ ) + Sgn(Bn − mζ )

4
, (9)

where

Bn = −�kn−1
y + kn

y , n = 1, 2, 3 . . . . (10)

We find a clear dependence of the winding number on the
light-induced term. For n = 1, 3, 5 . . . the winding number
has values as ±1/2 for contours enclosing EPs and zero
otherwise. On the contrary, for n = 2, 4, 6 . . . the values are
1/2 for contours which enclose the EP and 0 otherwise. This
further confirms the control over EPs with driving.

Finally, let us discuss the experimental feasibility of our
work. During the last few years, experimental efforts to inves-
tigate the role of NH loss and gain on different topological
properties in systems such as dissipative waveguides and
cold-atom platforms [24,28,66–68] were initiated, where the
generation of EPs has been analyzed [67,69]. In Ref. [28], the
creation of ECs was experimentally demonstrated in helical
waveguides, where the existence of Weyl points was observed.
The inclusion of some cuts in the waveguides gives rise to
the NH term, which in turn produces the ECs, and their real
and quantized topological charge has also been measured [28].
To observe these ECs, in [29], the authors use metallic chiral
woodpile photonic crystals, where Weyl points with topolog-
ical charges 1 and 2 can be found by introducing complex
on-site energy [70]. On the other hand, in cold-atom systems
[23] the NH and driving aspects are incorporated through
atomic population control [71] and shaking of an optical
lattice [72]. Another important direction to experimentally re-
alize our results is to consider a topoelectrical circuit [73–75]
for multi-WSMs. We have presented a circuit diagram of such
a circuit for realization of double WSMs [11]. In this setup
it is possible to realize the circuit parameters in terms of the
Hamiltonian of the double WSMs. The experimental detection
of nodal band structures is possible by capturing the complex
admittance spectra for each fixed qy, and striking changes
can be observed in complex admittance spectra at qEP, which
enables the detection of the ERs and changes in the Fermi
surface. Here the Floquet term could easily be incorporated
by switching on and off the circuit abruptly. It is important to
note that the circuit elements can be reliably time modulated
through the use of metal-oxide-semiconductor field-effect
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transistors that allow component parameters, i.e., inductance,
to be switched via external control voltages.

In summary, we have explored the role of driving with
light in NH multi-WSMs. We have illustrated our proposal
of how driving allows control over existing ECs, as well as
enables spawning new ECs. This is one of the main highlights
of our work. We have further pointed out that light allows
tuning of distribution of topological charge as well as Lifshitz
transitions. The charge division is demonstrated through the
analysis of the NH generalization of the Berry curvature,
which shows a single discontinuity when the light amplitude is
less than a critical value. Upon increasing the light amplitude,
one comes across a discontinuity of the Berry curvature at two

different values of the momentum: this signals a splitting of
the EC and a division of the topological charge. Furthermore,
we have diagnosed the exceptional physics by means of vor-
ticity and winding number computations. We hope our results
motivate future theoretical and experimental investigations of
the interplay between driving and non-Hermiticity.
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