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Sub-Newtonian coalescence in polymeric fluids†

Abhineet Singh Rajput, Sarath Chandra Varma and Aloke Kumar *

We present a theoretical framework for capturing the coalescence of a pendant drop with a sessile drop

in polymeric fluids. The framework is based on the unification of various constitutive laws under a high

Weissenberg creeping flow limit. Our results suggest that the phenomenon comes under a new regime,

namely, the sub-Newtonian regime followed by the limiting case of arrested coalescence with the arrest

angle yarrest p Ec�1/2
�1 , where Ec�1 is the inverse of Elasto-capillary number. Furthermore, we propose

a new time scale T* integrating the continuum variable Ec�1 and the macromolecular parameter Ne,

the entanglement density to describe the liquid neck evolution. Finally, we validate the framework

with high-speed imaging experiments performed across different molecular weights of poly(ethylene

oxide) (PEO).

1. Introduction

Coalescence is an energy minimization phenomenon in which
two drops merge to form a thermodynamically stable daughter
drop.1 Coalescence of droplets of Newtonian fluids plays a key
role in raindrop condensation,2,3 combustion,4 and atomiza-
tion of metal droplets;5 while non-Newtonian fluid droplet
coalescence finds applications in the food industry,6 spray
coating and paintings,7,8 and even processes linked to life like
those in the growth and development of tumors.9 Despite the
varied and versatile application of non-Newtonian fluids, coa-
lescence dynamics of such fluids remain a sparsely studied
area. The vastness of the domain of non-Newtonian fluids –
they can range from macromolecular fluids to various colloids –
makes a unified understanding even more elusive. Each subclass
has a different micro-structure composition leading to distinct
behaviors. However, there are few recent studies on a special class
of non-Newtonian fluids i.e., macromolecular fluids10–14 that have
highlighted the deviation from proposed Newtonian behaviour.
But a generalized theoretical framework unifying various consti-
tutive laws to probe the phenomenon in viscoelastic droplets
remains an open question.

A recent study by Chen et al.14 on polymers and gels showed
that at later time scales, coalescence is slower than in Newtonian
droplets. This conclusion was drawn based on stress relaxation
behaviour observed in polymers using molecular dynamics
simulation. Similarly, Xu et al.15 also reported slower growth of
the neck during the coalescence of two immiscible Newtonian

droplets. Another study, which employed numerical experiments
on sessile–sessile drop coalescence of power-law fluids, showed
a deviation from Newtonian behaviour as a function of the
power-law exponent.16 Our previous study on polymeric droplet
coalescence12 highlighted the relevance of macromolecular
relaxation time on the neck radius evolution R. Instead of
viscous versus inertial regime delineation in Newtonian fluids,
aqueous solutions of macromolecules showed three different
regimes namely, inertio-elastic, viscoelastic, and elasticity domi-
nated regimes. The non-dimensional parameter concentration
ratio, c/c*, governed the appearance of the various regimes. It has
also been shown that the temporal evolution of the bridge
follows a universal behaviour in inertio-elastic and viscoelastic
regimes i.e., R B tb (where b is the power-law exponent) with
b = 0.37 along with continuously decreasing b in the elasticity
dominated regime. Based on scaling analysis using linear
Phan–Thein–Tanner (PTT)17,18 constitutive equation the study

proposed a time scale t� ¼
ffiffiffiffiffiffiffiffiffiffi
Z0l
rR0

2

r
where Z0, r, R0 and l are the

viscosity, density, length scale of the polymeric droplet and
relaxation time of the polymeric solution, respectively. Whether
these deviations from Newtonian behaviour in macromolecular
fluids is purely due to viscoelasticity or there exists contribu-
tion from shear rate dependent viscosity remains unresolved.
Recently, Fardin et al.19 showed the similarity between spread-
ing, pinching and coalescence for Newtonian fluids using
Ohensorge units. But, for macromolecular fluids like polymer
solutions, even the slight addition of the polymer to solvent
alters the breakup dynamics drastically compared to its Newtonian
counterpart. It is also worthwhile to note that the experimental
methodology can play a key role in determining the coalescence
kinetics. For example, one method to trigger coalescence can
be to pump fluid into a droplet, thereby increasing its volume,
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till coalescence with a nearby droplet is achieved. Dekker et al.20

used this method to demonstrate that coalescence of a polymeric
fluid results in bridge evolution dynamics similar to Newtonian
fluids. However, Varma et al.13 later showed that coalescence
signatures are affected by the experimental methodology chosen.
Specifically, they demonstrated that for the sessile–sessile
configuration the coalescence triggered via the volume filling
method (VFM) results in Newtonian-like bridge evolution
dynamics, whereas in the droplet spreading method (DSM), it
deviates from the Newtonian behavior for the same concentra-
tions of polymers. It is likely that as this field of work evolves,
a coherence and standardization of experimental methodo-
logies will occur.

In the current study, we have developed a theoretical model
to capture the neck radius evolution across different regimes.
The theoretical framework is developed based on the unifica-
tion of Oldroyd-B, linear PTT, Gesikus constitutive equations21

under high Weissenberg number Wi creeping flow limit. How-
ever, for simplicity we use the Giesekus constitutive equation22

to explain the model. The proposed model is validated with the
experiments performed with poly(ethylene oxide) (PEO) for a
range of molecular weights Mw. Apart from the theoretical
model, we have also demonstrated the effect of entanglement
density Ne on the coalescence to propose a new time scale T*
that intertwines continuum and molecular approaches to
macromolecular fluid. Using the analogy of sub-diffusive beha-
vior in Brownian dynamics, we name this broader class of
sluggish merging of two droplets as sub-Newtonian coales-
cence. For the sessile-pendant droplet configuration, the
regime of sub-Newtonian coalescence is marked by a power-
law exponent b such that 0 o b o 0.5. The right-hand limit
corresponds to a purely viscous Newtonian fluid, whereas the
left-hand limit corresponds to arrested-coalescence. Macromo-
lecular fluids coalescence is an example of sub-Newtonian
coalescence where the presence of an additional resistance by
elastic force slows down the coalescence resulting in an expo-
nent b lesser than the universal b = 0.5 for Newtonian fluids.
Even in Newtonian droplet coalescence, if the drops are immis-
cible one may see a sub-Newtonian coalescence.15 Furthermore
we also propose a theoretical limit for an arrested coalescence
(b - 0). A regime map delineating the Newtonian (b = 0.5)
represented as black dashed line, sub-Newtonian (b o 0.5) and
the arrested coalescence (b - 0) is shown in Fig. 1 with the blue
dashed line representing the universality proposed for the poly-
meric fluids in our previous study10 and the solid red line
signifying the arrested limit. It can be observed from Fig. 1 that
the neck evolution slows down as one moves from a Newtonian
to a sub-Newtonian regime with the limiting case being the
arrested coalescence. A detailed discussion on arrested coales-
cence is presented in the later sections.

2. Theory

To obtain the theoretical solution for the coalescence pheno-
menon, we utilize the symmetry of the problem and formulate

our analysis in cylindrical coordinates as shown in Fig. 2. The
kinematics of the flow (ur, uz) := (u,v) is assumed to be quasi-
radial at the neck region z = 0 implying that u a 0 and v = 0.
For a small region of width d on either side of the z = 0 line the
flow field is such that u+ = u� a 0 and v+ = �v� a 0,
respectively. Using mirror symmetry and quasi-radial assump-
tions, the flow field at the z = 0 line has the constraints of
@u

@z
¼ 0 and

@v

@r
¼ 0.

The dynamics of the coalescence phenomenon is governed
by conservation of mass and momentum equations along the
z = 0 line as shown in eqn (1) and (2). To get components of
stress tensor t in eqn (2) we employ the Giesekus constitutive
equation represented in eqn (3).

@u

@r
þ @v
@z
þ u

r
¼ 0 (1)

r u
@u

@r

� �
¼ �@p

@r
þ @trr

@r
þ trr

r
þ @trz

@z
(2)

Fig. 1 Regime map showing the classification of coalescence based on
power-law exponent b.

Fig. 2 Schematic of velocity distribution at the neck region for sessile-
pendant coalescence.
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sþ l s
rþal

Z0
tt ¼ 2Z0D (3)

where, s
r ¼ @s

@t
þ v:rs� ðrvÞs� sðrvÞT is the upper convected

derivative, D is the rate of deformation tensor, a is the model
parameter, and Z0 and l are the zero shear viscosity and fluid
relaxation time respectively.

By introducing the non-dimensional variables: v* = v/Uc,
r* = r/L, z* = z/L, t* = t/T, s* = s/sc, where v, T := L/Uc, Uc, L, sc are
the velocity vector, characteristic time, characteristic velocity,
characteristic length, and characteristic stress respectively into
eqn (1)–(3) we obtain their dimensionless forms. The dimen-
sionless form of the Giesekus constitutive equation is repre-
sented in eqn (4).

tcs� þ
tclUc

L

@s�

@t�
þ s
r � þ atcL

Z0Uc
s�s�

� �
¼ 2

Z0Uc

L
D� (4)

Linear PTT equivalent of eqn (4) is reduced to different forms
as proposed in the literature.10,12 Based on the dominant scale
of sc the constitutive law can be reduced into three distinct
regimes when Uc = U (U is neck velocity), namely the viscous

dominant regime sc ¼
Z0U
L

� �
and viscoelastic regime

sc ¼Wi
Z0U
L

� �
where, Wi ¼ lU

L
is the Weissenberg number

and in the elasticity dominant regime sc ¼
Z0
l

� �
. Recently

Varma et al.12 used the scale sc ¼
Z0
l

� �
in the elasticity domi-

nated regime to predict the behaviour of b during coalescence.
For inertio-elastic and viscoelastic regimes a semi-analytical
model is proposed by Varma et al.10 in which the upper
convected derivative in eqn (4) was dropped under the limit
of High Re low Wi with the approximations of lWi2 { 1.
However, that approximation is not valid in the elasticity

dominated regime as the Reynolds number Re ¼ rUL

Z0
is O

(10�5) and Weissenberg number Wi is O (103) as shown in our
previous study12 indicating that the flow has low Re and high
Wi. A detailed discussion on the Re and Wi for the present
study is given in the Results and discussion section. For low Re
and high Wi flows, the upper convective derivative of stress in
the constitutive equation is the dominant term in eqn (4) (see
the ESI† for the detailed derivation). Similarly, Renardy23

showed that the upper convected derivative in the various
constitutive equations21 like Maxwell, Oldroyd-B, Linear PTT,
and exponential PTT model is the dominant term under quasi-
steady assumption at high Wi and low Re. As the upper
convective derivative is the predominant term, the present
theory unifies these continuum based constitutive equations
to eqn (5). However, for the coalescence of two sessile polymeric
drops,13 a theoretical model which is independent of charac-
teristic stresses has been proposed for viscoelastic and elasticity
dominated regimes using thin film lubrication approximation.

s
r � ¼ 2D� (5)

As the coalescence phenomenon is predominately exten-
sional,24 both the upper and lower convected derivative
can be used to model the physics.25 In the present analysis,

we have used the lower convected derivative s
D � ¼ @s

@t
þ v � rs þ

ðrvÞsþ sðrvÞT . For capturing the neck evolution dynamics, the
stress tensor in eqn (5) is simplified for the spatial region z = 0
under the quasi-steady and quasi-radial assumptions by intro-
ducing the dimensionless variables (u* = u/Uc, r* = r/L,
z* = z/Zc, t* = t/Tc, t�rr ¼ trr=trc and t�rz ¼ trz=tzc, where Tc :=
L/Uc, Uc, L = R0, Zc = L2/2R0, trc and tzc are the characteristic
time, velocity, lengths and stresses respectively and R0 is the

droplet radius. Here Uc :¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Z0=rl

p
is the shear wave velocity,

trc = Z0/l is the shear modulus, Zc = R0/2, tzc := trc/Wic with Wic =
lUc/R0 as the characteristic Weissenberg number, and Pc = s/R0

is the characteristic pressure) to eqn (6a) and (6b). The indivi-
dual dimensionless components of stress tensor as represented
in eqn (7a) and (7b) are obtained by integrating eqn (6a) and
(6b) along the z = 0 line.

u�
@t�rr
@r�
þ 2t�rr

@u�

@r�
¼ 2

@u�

@r�
(6a)

u�
@t�rz
@r�
� u�

t�rz
r�
¼ 0 (6b)

t�rr ¼ 1þ K1=ðu�Þ2 (7a)

t�rz ¼ K2r
� (7b)

Here, K1 and K2 are dimensionless integrating constants which
in general are functions of z locally. Furthermore, the radial
momentum equation is simplified to obtain:

rUc
2

R0

� �
u�
@u�

@r�
¼ �Pc

R0

@p�

@r�
þ trc
R0

@t�rr
@r�
þ t�rr

r�

� �
þ tzc

Zc

@t�rz
@z�

(8)

To get the semi-analytical solution for the neck evolution, the
dimensionless momentum eqn (8) is further simplified to
eqn (9) by introducing the scaling arguments r* B R* = R/R0,
z* B Z* = (R/R0)2, u* B U* = U/Uc (Note: R and U are the
temporal neck radius and neck evolution speed respectively)

along with the terms from the stress tensor as
@t�rr
@r�
� t�rr

R�
,

and
@p�

@r�
� p�

R� with p� ¼ 1

R�
þ 2

ðR�Þ2

� �
.12 Here, eqn (9) is

a bi-quadratic equation of the form given in eqn (10) with M1,
M2 and M3 as scaling constants. Eqn (10) has 4 solutions
in which two are negative and two are positive. However,
the negative solutions are physically irrelevant as they suggest
the neck collapses with time. Among the two acceptable

solutions

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

4
þQ

rs
captures the physical scenario.

Therefore, the acceptable solution of eqn (10) is of the form

eqn (11) where U� ¼ dR�

dt�
and PðM1;M2;M3;R

�;WicÞ :¼

M1
1

R�
þ 2

ðR�Þ2

� �
þM2 þ

2M3

Wic

� �
(see the ESI† for the detailed
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derivation).

ðU�Þ4 � M1
1

R�
þ 2

ðR�Þ2

� �
þM2 þ

2M3

Wic

� �
ðU�Þ2 �M2 ¼ 0

(9)

(U*)4 � P(M1,M2,M3,R*,Wic)(U*)2 � M2 = 0 (10)

dR�

dt�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

4
þM2

svuut
(11)

Eqn (11) is solved using a first order finite difference scheme, in
which time step Dt is taken to be sufficiently small to ensure
numerical stability. The solution of eqn (11) is validated with
experiments. The details of the experiments are provided in the
next section.

3. Materials and methods

Poly(ethylene oxide) (PEO) of molecular weight Mw = 6 � 105

and 1 � 105 g mol�1, solutions of various concentrations c are
prepared by adding the sufficient quantity of polymer to DI

Water. All the solutions are agitated at 300 rpm to ensure
homogeneous dispersion. Concentrations are chosen such that
the solutions are in a semi-dilute entangled regime (c 4 ce,
where ce = 6c*26 is an entanglement concentration and c* is the
critical concentration). The critical concentration is obtained
using the Mark–Houwink–Sakurada relationship27 for PEO

and Flory relationship c� ¼ 1

0:072M0:65
w

. For Mw = 4 � 106 and

5 � 106 g mol�1 the data is taken from our previous study.12

The concentrations and corresponding concentration ratios c/
c* of the solutions are given in Table 1 along with the Ohne-

sorge number Oho ¼
Z0ffiffiffiffiffiffiffiffiffiffiffi
rsR0

p and scaled relaxation time12

t� ¼
ffiffiffiffiffiffiffiffiffiffi
Z0l
rR0

2

r
and the rheology data in Fig. 3. The details of the

relaxation time calculations are given in the ESI.†
Experiments are performed on a glass substrate coated with

Polydimethylsiloxane (PDMS). Before coating the PDMS, sub-
strates are cleansed with detergent followed by sonication with
DI water and acetone for 20 min each and later allowing them
to dry in a hot air oven at 95 1C for 30 min. PDMS and
the curing agent (Syl Gard 184 Silicone Elastomer Kit, Dow
Corning) are mixed in 1 : 10 ratio through agitation. This
mixture is desiccated for 30 min to remove the visible bubbles

Table 1 Rheological properties of the solutions and power law index b and btheo for neck evolution R = atb across different concentration ratios across
molecular weights g mol�1

Mw (g mol�1) c (% w/v) c/c* b btheo Z0 (Pa s) l (ms) G ¼ Z0
l

Pað Þ Oho ta m1

1 � 105 20.0 25.61 0.31 0.31 0.82 1.7 474 3.3 1.2 450
22.5 28.81 0.27 0.28 1.42 2.2 643 5.7 1.8 290
25.0 32.01 0.24 0.25 1.88 2.8 684 7.6 2.3 160
27.5 35.21 0.22 0.23 3.00 3.4 896 12 3.2 180
30.0 38.41 0.19 0.19 3.92 4.0 978 16 4 110
35.0 44.81 0.17 0.17 7.96 5.6 1432 32 6.7 120

6 � 105 1.5 6.16 0.41 0.42 0.035 1.7 21 0.14 0.24 1600
3.0 12.31 0.40 0.41 0.23 7.3 32 0.9 1.3 1290
4.5 18.47 0.32 0.33 1.20 16.9 71 4.8 4.5 520
6.0 24.62 0.23 0.24 3.00 30.7 98 12 9.6 180
7.5 30.78 0.22 0.23 13.00 48.7 267 52 25 240
9.0 36.93 0.16 0.17 30.30 71.1 426 122 46 120

4 � 106a 0.5 7.04 0.39 0.40 0.038 58 0.66 0.14 1.2 100
1.0 14.08 0.39 0.40 0.6 250 2.4 2.2 10 250
1.5 21.13 0.38 0.39 2 570 3.5 7.3 28 280
2.0 28.17 0.35 0.37 10 1040 9.6 37 85 195
2.5 35.21 0.31 0.32 16 1650 9.7 59 135 88
3.0 42.25 0.24 0.25 75 2400 31 275 354 100

5 � 106a 0.1 1.64 0.39 0.40 0.006 1.7 3.5 0.02 0.08 290
0.2 3.28 0.39 0.40 0.018 2.5 7.2 0.07 0.18 590
0.4 6.56 0.38 0.40 0.06 42 1.4 0.22 1.3 70
0.75 12.29 0.36 0.37 0.8 165 4.8 2.9 9.6 230
1 16.39 0.37 0.39 4.5 500 9 16 40 700
1.5 24.59 0.31 0.32 20 670 30 73 96 450
1.75 28.68 0.28 0.29 40 1325 30 147 192 450
2.25 36.88 0.24 0.24 72 1430 50 264 267 210
2.5 40.98 0.22 0.23 85 1590 53 312 306 145
2.75 45.08 0.20 0.20 190 2000 95 697 514 210
3 49.18 0.17 0.17 210 2250 93 770 573 95
3.25 53.28 0.16 0.16 230 2500 92 843 632 68

a Represents data obtained from Varma et al.12

Paper Soft Matter

Pu
bl

is
he

d 
on

 3
0 

M
ay

 2
02

3.
 D

ow
nl

oa
de

d 
by

 I
nd

ia
n 

In
st

itu
te

 o
f 

Sc
ie

nc
e 

on
 7

/2
1/

20
23

 8
:3

5:
34

 P
M

. 
View Article Online

https://doi.org/10.1039/d3sm00069a


This journal is © The Royal Society of Chemistry 2023 Soft Matter, 2023, 19, 4847–4858 |  4851

in the solution. Finally, the PDMS substrates are obtained by
dripping the mixture on a glass substrate and spin coating at
5000 rpm for 60 s. A sessile drop is obtained by dispensing a
drop of volume 7.5 mL on a substrate. Coalescence is achieved by
bringing a sessile drop of the same volume towards the pendant
drop at an approach velocity of 10�4 m s�1. A schematic of the
experimental setup is shown in Fig. 4(a). A high speed camera
(Photron Fastcam mini) with a Navitar lens attachment is used
to capture the coalescence phenomenon at 170 000 fps. Image
processing is performed on MATLAB using the custom algo-
rithms. Validation of the experimental setup was achieved with
DI Water, as represented in Fig. S1 (ESI†).

4. Results and discussion

Once the droplets touch each other, the neck begins to grow to
attain the thermodynamic equilibrium state of a single daughter
droplet. This neck growth is characterised by the temporal

evolution of neck radius R and semi-bridge height H as represented
in Fig. 4(a). These evolutions of neck radius at different time
instants for DI water, c/c* = 16.39 of PEO Mw = 5 � 106 g mol�1,
c/c* = 12.31 and c/c* = 24.62 of PEO Mw = 6� 105 g mol�1 are shown
in Fig. 4(b) respectively. The neck radius evolution for various
concentration ratios of Mw = 1� 105 and 6� 105 g mol�1 is shown
in Fig. 5(a). The data represented for all the concentration ratios is
of an average of 5 trials. It can be observed from Fig. 5(a) that the
neck radius evolution follows a power-law behaviour10 R = atb in
the region of interest (ROI) along with a decrease in power-law
exponent b with c/c* which is consistent with our previous study.12

The error in measurement of b is less than �5%. The accuracy of
the fit for c/c* = 18.47, 25.61 for three experimental trials is shown
in Fig. S2 (ESI†) as a representation.

Region of interest (ROI)

The region of interest (ROI) in the present study corresponds to
the linear portion of the initial neck growth. At the onset of

Fig. 3 Rheological behavior of PEO Mw = 1 � 105 g mol�1 and Mw = 6 � 105 g mol�1. (a) Variation of viscosity with shear rate for different concentra-
tion ratios. (b) Variation of the storage modulus G0 and the loss modulus G00 with shear strain from amplitude sweep experiments for various c/c*
(standard deviation of the data is less than 2% for all the concentrations).

Fig. 4 (a) Schematic of the experimental setup showing the geometric parameters neck radius R and semi-bridge height H. (b) Snapshots showing the
neck at different time instants for (i) DI water, (ii) c/c* = 12.31 of PEO Mw = 6 � 105 g mol�1 and (iii) c/c* = 16.39 of PEO Mw = 5 � 106 g mol�1, and
(iv) c/c* = 24.62 of PEO Mw = 6 � 105 g mol�1 (note: snapshots for arrested coalescence are given in a later section).
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coalescence, the neck growth is driven by the influx of fluid
towards the bridge from the nearby neighborhood region.
Experimentally, the neck at the instant of the point of contact
is less than the camera spatial resolution. So, a flat line is
observed until a certain time instant, after which the growth of
the neck begins. For a higher concentration ratio c/c* solution
this flat line is observed until 0.4 ms as observed in Fig. 5(a).
Hence, we considered the lower limit of ROI as 0.5 ms.
However, for lower c/c* the neck growth starts at 0.1 ms.
If the ROI for lower c/c* is considered to start from less than
0.5 ms, there is no significant change in b value as shown
in Fig. S3 (ESI†). The upper limit of ROI is determined on

the basis of the characteristic time Tc ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
R0

2lr
Z0

s
which is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l� tN
p

tN ¼
t2i
tv

�
in the Newtonian time scale, where ti is the

inertial time scale and tv is the viscous time scale). The
variation of Tc with c/c* across molecular weights Mw is given
in Fig. S4 (ESI†). It can be inferred from Fig. S4 (ESI†) that
for lower c/c*, Tc B O (10 ms), but at this time scale the
coalescence process has already ended. Similarly, for higher
c/c*, TcB O (1 ms). For consistency across various c/c* of
different Mw, we have chosen 3 ms as the upper limit for
ROI. It should be noted that beyond 3 ms, for low c/c*, the
neck evolution is described by the significant vertical flow
derived via gravity. For higher c/c*, the shift in ROI beyond
3 ms (i.e. t 4 Tc) leads to a change in b, due to a decrease in

Wii ¼
lU
L

, instantaneous Weissenberg number and increase

in Rei ¼
rUL

Z0
, and instantaneous Reynolds number (U B qR/qt

and L B R2/2R0 are the characteristic scales associated with
the flow) leading to transition from the elasticity dominated
regime12 to the viscoelastic regime12 as shown in Fig. S5
(ESI†). However, the pure inertial dominant regime does

not exist even for Wii B O (10�3–10�4) as observed by Varma
et al.10 The change in ROI results in b tending toward the
previously reported universal value10,12 of 0.37.

Non-dimensional numbers

To interpret the neck evolution during coalescence of poly-
meric droplets it is essential to outline the underlying forces.
These are elastic force Fe, viscous force Fv, inertial force Fi and
capillary force Fc, where Fc drives the phenomenon while the
other three resist it. The relative magnitudes of these resistive
forces are captured by time averaged Reynolds number Re =
hReii and time averaged Weissenberg number Wi = hWiii.
A regime map delineating coalescence regimes based on Re
and Wi for a particular c/c* is shown in Fig. 5(b). Four regimes
are proposed on the basis of Re, Wi 4 100 and Re, Wi o 100.
It can be inferred from Fig. 5(b) that the solutions with c/c* 4 20
are in a low Re and high Wi regime. This regime is similar to
the elasticity dominated regime (c/c* 4 20) proposed in our
previous study.12 Solutions in high Re, high/low Wi regimes are
similar to the inertio-elastic regime.12

Scaling constants

In order to determine the closure to the analytical solution it is
essential to study the physical behaviour of scaling parameters
M1, M2 and M3 represented in eqn (9). Here, M1 is the coeffi-
cient of capillary force that drives the coalescence dynamics
while M2 and M3 are the coefficients of axial stress trr and shear
stress trz respectively that oppose neck growth. Owing to this
nature, the coefficients M2 and M3 will have negative values
while M1 will have a positive value. The values of M1, M2 and M3

are obtained by an iterative algorithm based on experimental
data. The details of the algorithm are shown in Fig. S6 (ESI†).
The obtained values of M1 with c/c* with delineation based on
the regimes proposed in our previous study12 (inertio-elastic
(IE), viscoelastic (VE) and elasticity dominated (ED) regimes) is

Fig. 5 (a) Growth in neck radius for various concentration ratios c/c* of PEO solutions showing the decrease in slope b for Mw = 1 � 105 g mol�1 and
Mw = 6 � 105 g mol�1. (b) Regime map delineating coalescence regimes based on Re and Wi for a particular c/c* across different molecular weights with
( ) low Re/high Wi, ( ) high Re/high Wi, ( ) low Re/low Wi, and ( ) high Re/low Wi regions (note: the data for Mw = 4 � 106 and Mw = 5 � 106 g mol�1

was obtained from our previous study12).
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represented in Fig. 6(a). It is constant in IE and VE followed by a
monotonic decrease in ED.

Once the value of M1 is obtained, the values of M2 and M3

are determined by repeating the same algorithm chrono-
logically by keeping M1 constant. It is observed that the
theoretical solution determined from eqn (11) has a strong
dependence on M1 which is intuitive as it corresponds to the
relative magnitude of capillary and elastic forces. The values of
M2 and M3 are of the same order O(102) and have a weak effect
on the theoretical solution and therefore in the present study
they have been assumed constant as M2 = M3 = �100. Even
though M2 is the scaling constant for elastic force, this weakly
influences the theoretical solution as the effect of elastic
stresses are absorbed by M1. Similarly, the effect of M3 is
negligible as it is the scaling constant of viscous force.

The neck evolution represented in the ROI of Fig. 5(a) is non-
dimensionalized with drop radius R0 and time with Tc.
This dimensionless neck radius R* = R/R0 with dimensionless

time T* = t/Tc is represented in Fig. 6(b) along with the
numerical solution proposed by eqn (11) using the values of
M1 given in Fig. 6(a). Fig. 6(b) shows the good agreement
between the experiments and the proposed theory for Mw =
1 � 105 g mol�1, Mw = 6 � 105 g mol�1, Mw = 5 � 106 g mol�1

(obtained from Varma et al.12), and Mw = 4 � 106 g mol�1

(obtained from Varma et al.12) respectively. The power-law
exponent b obtained by fitting the experimental and the
numerical data are given in Table 1 as b and btheo respectively
where btheo is the power-law exponent obtained from the fitting
of theoretical data.

The scaling constant M1 has a strong dependence on the

inverse of Elasto-capillary number Ec�1 ¼
Elastic Force

Capillary Force
¼

Z0R0

sl
as shown in Fig. S7(a) (ESI†). Based on this dependence

c/c*1.2 is added empirically to unify the functional form over
different molecular weights as represented in Fig. 6(c). It is

Fig. 6 (a) Dependence of scaling constant M1 on c/c* for various molecular weights across various regimes, namely, inertio-elastic, visco-elastic and
elasticity dominated regimes. (b) Agreement between the experiments and solution of eqn (10) for various c/c* of (i) Mw = 1 � 105 g mol�1, (ii) Mw =
6 � 105 g mol�1, (iii) Mw = 5 � 106 g mol�1, and (iv) Mw = 4 � 106 g mol�1 (data for (iii) and (iv) was obtained from Varma et al.12). (c) Collapse of data for M1

across molecular weights representing the dependence on Ec�1 in which c/c* is added empirically.
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observed numerically that btheo has strong dependence on M1.
This is expected as M1 in eqn (9) corresponds to the relative
contributions of capillary forces during the neck growth. It has
been observed from of our previous experiments12 that, as the
elasticity of droplets increases, the curvature of the neck
formed during coalescence changes, leading to an increase in
capillary forces. Therefore, the term corresponding to M1 in
eqn (9) increases in magnitude. In order to maintain an overall
balance in eqn (9), the coefficient M1 decreases. As M1 needs to
account for the relative magnitude of capillary and elastic
forces, it has a strong functional dependence on Ec�1 which
can be observed in Fig. 6(c). It can be noted from Fig. 6(c) that
M1 has a nearly constant value until Ec�1(c/c*)1.2BO(101) and
then it decreases as the elastic forces increase. This is also the
signature of the presence of three different regimes in coales-
cence where the exponent b is constant in the IE/VE regime and
a function of relaxation time l in the ED regime.12

In order to use the theory for unknown fluids, first the
scaling constant M1 needs to be determined. M1 is obtained by
first determining Ec�1(c/c*)1.2 and then interpolating based on
the nearest values from Fig. 6(c). To check this, the theoretical
solution for various c/c* of Polyacrylamide (PAM) (data acquired
from our previous study10) is obtained. This theoretical
solution is in good agreement with the experimental data and
the same is shown in Fig. S8 (ESI†). It is important to note that
the theory holds good for Wic 4 1. However, the theory can be
extended to the boundary region of Wic B O(10�1) with a
saturation value of M1 = 8000 as observed from Fig. 6(c).

Sub-Newtonian coalescence

The power-law exponent b is the signature of the dominant
governing force in coalescence dynamics. Apart from the early
time scale where the exponent value is unity, it has a regime-
dependent value for later time scales. For Newtonian, it has a
universal value of b = 0.5,28–30 while for polymeric droplets, it is
b r 0.38.10 This reduction in evolution exponent results from
the sluggish merging of the two polymeric droplets. The idea of
sub-Newtonian is defined on the basis of power law exponent b
which is less than 0.5 (inertial regime of Newtonian droplet
coalescence) in analogy to the slowed diffusion of Brownian
particles in viscoelastic media where the diffusive exponent a
less than unity in hDr2ip ta marks the sub-diffusive regime.31

The force balance in the coalescence phenomenon is Fc B Fv +
Fi + Fo, where Fv and Fi are viscous and inertial forces
respectively while Fo is an additional opposing force caused
due to various mechanisms. One such mechanism is fluid
elasticity caused by macromolecular chains which causes the
elastic force Fo = Fe to slow down the neck growth. This elastic
force resulting from solid-like behaviour can also originate
from rearrangement of magnetic and conductive particles
under the influence of magnetic and electric fields respectively,
in Magento rheological fluids (MRFs) and Electro rheological
fluids (ERFs). Another mechanism which can hinder the neck
growth is the difference in surface tensions between two
immiscible droplets leading to Fo = f (spendant � ssessile,k) (k is
curvature) as shown by Xu et al.15 Recently, Kulkarni et al.32

showed the existence of an intermediate regime between partial
and complete coalescence in immiscible oil–water systems. For
Newtonian miscible droplets coalescence, Fo = 0 leads to b = 1
or 0.5. In summary, sub-Newtonian coalescence is due to the
result of non-zero Fo which can happen in both Newtonian and
non-Newtonian droplet coalescence.

The scaling based mathematical representation of the coa-
lescence behaviour is given as follows:

U2 B f(w,R,R0) + d(w,R,R0,Un) (12)

Here, U2 is the scale of inertia potential, f is the capillary
potential, and d is the material potential with w, a function
of material properties and n is the coalescence index. For
Newtonian fluids, n = 1 and w = a(Z,s,r) leads to an equation
proposed by Xia et al.30 However, for polymer solutions which
we classify as an example of sub-Newtonian coalescence, n = �2
and w = a(Z,l,s,r) resulting in a bi-quadratic equation as
eqn (10). For other classes of materials which can potentially
give sub-Newtonian behaviour, w and n need to be defined in
eqn (12) according to the material. For instance w for immisci-
ble Newtonian droplet coalescence includes the surface tension
difference i.e. spendant � ssessile.

Macromolecular description

Our previous study on sub-Newtonian type coalescence12

showed power-law exponent b depends on t� ¼
ffiffiffiffiffiffiffiffiffiffi
Z0l
rR0

2

r
(ratio

of relaxation time and the Newtonian time scale). The corres-
ponding dependence of b for Mw = 6 � 105 and Mw = 1 �
105 g mol�1 along with the data obtained from our previous
study12 for Mw = 5 � 106 g mol�1 and Mw = 4 � 106 g mol�1 is
shown in Fig. 7(a). It is observed that there is a significant
deviation in b vs. t* for Mw = 6 � 105 and Mw = 1 � 105 g mol�1

compared to the other two molecular weights. This deviation is
related to the macromolecular dynamics of the chains rather
than the continuum behaviour. This dependence can be
explained using the entanglement density i.e. entanglement

junctions per chain, Ne ¼
Mw

Me

� �
c

c�

� �
,33 where Me is the entan-

glement molecular weight, which is 2000 g mol�1 for PEO.34

The Ne values for different c/c* and Mw are given in Fig. 7(c).
It can be observed from Fig. 7(c) that the entanglement den-
sities for the same c/c* across the molecular weights differ by
an order between Mw = 1 � 105, 6 � 105 g mol�1 and 5 �
106 g mol�1. Whereas, for molecular weights of 4 � 106 g mol�1

and 5 � 106 g mol�1, Ne is of the same order. As Ne for Mw =
1 � 105 and Mw = 6 � 105 g mol�1 is less than the other two
molecular weights, the chains have lesser topological con-
straints owing to the small chain lengths resulting in much
lower relaxation times. The corresponding entanglement con-
straints for two different chain lengths is represented in
Fig. 7(b) as a schematic. This difference in relaxation times is
reflected in the continuum approach through the shear modulus
G = Z0/l. The G values corresponding to various c/c* and Mw are
given in Table 1. The difference in G for the same c/c* across the
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molecular weights suggests a stronger approach to solid-like
behaviour leading to a faster decrease in exponent b for Mw =
1 � 105 and Mw = 6 � 105 g mol�1. This is further understood by
the scale of total entanglement density TNe = Ne � Nd where Nd is
the scale of the number of chains per unit volume. Fig. 7(c) shows
that for the same c/c*, TNe increases as the Mw decreases indicat-
ing a higher density of entanglement junctions per unit volume
for lower Mw resulting in higher G at the same c/c*. As the
coalescence process is an energy minimization phenomenon,
the increase in G leads to an increase in elastic energy per unit

volume35 e ¼ 3

2
Ge2. Once this elastic energy predominates the

surface energy, the coalescence is arrested. This approach to
arrested coalescence leads to a faster decrease in b.

To account for the deviation of b with t* (and b with Ec�1

shown in Fig. S7(b), ESI†) across molecular weights as
represented in Fig. 7(a), we redefine the non-dimensional

characteristic time as T� ¼ tv
l
ðNeÞ0:65 ¼ Ec�1ðNeÞ0:65 (where,

tv ¼
Z0R0

s
). Here, Ne

0.65 is added empirically to obtain a collapse

in data across molecular weights. This term accounts for the
entanglement density which is the fingerprint of entanglement
junctions in the continuum. Therefore, T* = Ec�1(Ne)0.65 is the
corrected time scale to represent the behaviour of power-law
exponent b. This behaviour is represented in Fig. 7(d). Incor-
porating Ne in T* suggests that the continuum approach is not
complete until the molecular description of chain dynamics via
entanglement densities are empirically added to the continuum
description. Similarly, c/c* was empirically added in the func-
tional dependence of the scaling constant M1 with Ec�1 to
account for the entanglement densities. The collapse of data
shown in Fig. 7(d) follows an exponential decay function
similar to that in our previous study.12

Fig. 7 (a) Variation of b with the dimensionless time t* proposed in our previous study12 across different molecular weights. (b) Schematic of the chain
entanglements for two different chain lengths. (c) Dependence of entanglement density Ne and total entanglement density TNe = Ne� Nd (Nd is the order
of number of chains) on c/c* across molecular weights and (d) dependence of the power-law exponent b on T* (ratio of tv and relaxation time l) for
various molecular weights. The dashed line represents the exponential fit of 94% confidence interval with A = 0.1653 � 0.01532, B = 0.22545 � 0.01508,
and C = 0.00076 � 0.00017.
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Arrested coalescence

Finally, we look at one of the limiting cases of eqn (11). For
getting a physically acceptable solution, it is important to have
a non-negative sum under square-root. One such case that
violates the condition is when P = 0 as the term M2 is always
negative. On substituting P = 0, we obtain eqn (13) that can be
further simplified to obtain a cut-off radius in terms of material
properties at which the coalescence is arrested.36 As observed

from Table 1, the value of the term j �M1

M2
j is bounded by O(10)/

Ec�1. Under small angle limit R* = y as represented in Fig. S9
(ESI†), eqn (13) is further simplified to obtain the yarrest (angle
subtended by the neck when coalescence is arrested) as repre-
sented in eqn (14) (see the ESI† for the intermediate steps).

�M1 ¼
M2 1þ 2

Wic

� �
1

R�
þ 2

ðR�Þ2
(13)

yarrest ¼
4:47ffiffiffiffiffiffiffiffiffiffi
Ec�1
p (14)

The proposed value for yarrest is in good agreement with the
value proposed in the literature for high elasticity droplets.37

To further validate yarrest given in eqn (14), experiments are
performed on c/c* = 70 of Mw = 1 � 105 g mol�1 having the
properties Z0 = 54 Pa s and l = 14 ms. The snapshots showing
the neck at t = 0 s and t = 1 s are shown in Fig. 8(a) and (b)
respectively. In the current study, we have considered coales-
cence as arrested if _garrest o 0.5%( _gDIwater), where _g is the
shear rate (see the ESI† for shear rate calculations). The value
of yarrest obtained from the experiments is 0.56 radians which
is in agreement with the value obtained from eqn (14) i.e.
0.52 radians. This experimentally obtained yarrest is closer to the
value obtained from eqn (14) than to the value obtained from
the relationship proposed by Ongenae et al.37 for the arrested
coalescence. However, it is important to note that in the sessile-
pendant configuration, gravity becomes an important para-
meter at higher time scales owing to which coalescence is no
longer arrested.

Triggering mechanisms for coalescence

The neck evolution dynamics, as discussed in previous subsec-
tions, is the signature of dominant forces. These dominant
forces depend on the method by which coalescence is triggered.
In the present study and our previous studies,10,12 we fix the
volume of the drops and bring one drop towards the other drop
with negligible approach velocity (Weber number We B 0).
Dekker et al.20 use the volume-filling approach, where the fluid
is pumped continuously until the drops touch each other,
resulting in an additional inertial effect. This inertial effect is
particularly predominant at the early time scales. A schematic
of the two methods is shown in Fig. 9. The effect of different
triggering mechanisms is explained by Varma et al.13 for the
case of two sessile drops coalescence. However, a detailed study
needs to be carried out on the sessile-pendant configuration.
Dekker et al.20 have reported the value b = 0.5 for polymeric
solutions, which contrasts the sub-Newtonian value b o 0.5.
This discrepancy is attributed to polymer relaxations. In order
to stretch the polymer chains, it is not only essential to have
high strain rates but also accumulations of strains.38,39 This
indicates that polymeric fluids may behave as Newtonian fluids
if the strains are smaller at early time scales. For coalescence,
such observations are reported by Chen et al.,14 which is also
reported by Dekker et al.20 However, our discussion is for a later
timescale where the elasticity effects are predominant.

Coalescence vs. pinch off of polymer solutions

Singular events like pinch-off and coalescence have two important
properties: scale invariance and universality.40 Scale invariance

Fig. 8 Snapshots showing the neck at (a) t = 0 s and (b) t = 1 s representing
the arrested coalescence for c/c* = 70 of Mw = 1 � 105 g mol�1.

Fig. 9 Schematic of different methods for achieving coalescence in
sessile pendant geometry. (a) Approaching drops: one drop approaches
the other at negligible velocity. (b) Filling drops: the volume of one drop is
increased to eventually coalesce with the other drop.
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implies that the change of scale in the neck radius R can be
absorbed into the change of time scale, leading to the same
power law. A universality property implies the structure is
insensitive to initial conditions or other aspects of the large-
scale structures of the solution. In a sense, the two events are an
inverse of each other, i.e., in pinch-off, the capillary thinning of
neck radius R precedes the singularity, while in coalescence, the
singularity precedes the bridge evolution that later evolves in
time. Owing to this, unlike pinch-off, coalescence always has a
power law behaviour. Pinch-off in polymers is known to show a
capillary thinning regime which is the signature of fluid elasti-
city under extensional flows. It has exponential41 characteristics
in the Elastocapillary (EC) regime and power-law behaviour42 in
the Terminal viscoelastocapillary (TVEC) regime. In unentangled
polymer solutions, EC is pronounced compared to TVEC; for
entangled polymer solutions, TVEC is predominant. The thin-
ning is more distinct42 for fluids with a higher relaxation time l
than those for smaller relaxation time fluids. This thinning
which is of the form41 R B exp(�t/3l) for unentangled polymers,
is sluggish for fluids with higher relaxation times. Our study for
the power law exponent b shows a similar trend. For a fixed
molecular weight Mw, the fluids with higher l have smaller b,
i.e., the neck radius R B tb evolves sluggishly and vice versa.
However, across different molecular weights, l alone is not a
sufficient parameter, and microscopic parameters like the entan-
glement density Ne are required to understand the overall trend.

5. Summary

In the current work, we have developed a theoretical framework
to model polymeric droplet coalescence. We have unified the
various constitutive laws under a high Weissenberg creep flow
limit to obtain a scaling-based neck evolution equation. The
theoretical framework is validated across different molecular
weights of poly(ethylene oxide) (PEO) with experiments. Our
experiments and theoretical models have both highlighted the
importance of macromolecular parameters for understanding
the coalescence dynamics. The study also reports an empiri-
cally corrected T* over our previous study to account for
entanglement densities across different molecular weights.
The theoretical framework is further validated by looking at a
limiting case of arrested coalescence under a small angle limit.
The value we obtain for yarrest is found to be inversely propor-
tional to Ec�1

1/2 and is validated with experiments along with
the value proposed in the literature. Finally, we name the
coalescence as sub-Newtonian if b o 0.5 with limiting case
b - 0 as arrested. However, the current framework implicitly
assumes Weber Number We = (rUapproach

2R0)/s - 0 (where
Uapproach is the relative approach velocity between the two
drops) and neglects the effect of surrounding fluids by assuming
a low approach velocity and air as the outer fluid, respectively.
Further studies on different complex fluids are required to
broaden the class of sub-Newtonian coalescence along with the
effect of higher approach velocities and different surrounding
fluids to explore the extremes of three other regimes proposed

by Fig. 5(b). It also poses an open question about the existence
of Super-Newtonian coalescence b 4 0.5 where the merging
dynamics will be driven by an additional force other than
capillary and therefore will hasten the coalescence dynamics.
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