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Abstract

In this note, we establish a new Carleman estimate with singular weights for the sub-
Laplacian on a Carnot group G for functions satisfying the discrepancy assumption in
(2.16) below. We use such an estimate to derive a sharp vanishing order estimate for
solutions to stationary Schrodinger equations.
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1 Introduction

In this note, we give an elementary proof of an L?> — L? type Carleman estimate with
singular weights for the sub-Laplacian on Carnot groups. Using such an estimate, we
present a new application to an upper bound on the maximal order of vanishing for
solutions to stationary Schrodinger equations (2.19). Such a result as in Theorem 2.2

B Vedansh Arya
vedansh.v.arya@jyu.fi

Dharmendra Kumar
dharmendrak @iisc.ac.in

Department of Mathematics and Statistics, University of Jyviskyld, Jyviskyld, Finland

Department of Mathematics, Indian Institute of Science, Bangalore, India

Published online: 06 June 2023 ) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s13324-023-00818-6&domain=pdf

55 Page2of17 V. Arya, D. Kumar

below constitutes a quantitative version of the strong unique continuation property and
can be thought of as a subelliptic generalization of a similar quantitative uniqueness
result due to Bourgain and Kenig in [11] (see Proposition 2.4).

Concerning the question of interest in this note, the unique continuation property,
we mention that for general uniformly elliptic equations there are essentially two
known methods for proving it. The former is based on Carleman inequalities, which
are appropriate weighted versions of Sobolev—Poincaré inequalities. This method was
first introduced by T. Carleman in his fundamental work [12] in which he showed
that strong unique continuation holds for equations of the type —Au + Vu = 0, with

Velp. (R?). Subsequently, his estimates were generalised in [2] and [3] to uniformly
2,a

elliptic operators with C;,; ” and Cloo’ Cl principal part respectively in all dimensions. We
recall that unique continuation fails in general when the coefficients of the principal
part are only Holder continuous, see [26]. The second approach came up in the works
of Lin and Garofalo, see [20, 21]. Their method is based on the almost monotonicity
of a generalisation of the frequency function, first introduced by Almgren in [1] for
harmonic functions. Using this approach, they were able to obtain new quantitative
information for the solutions to divergence form elliptic equations with Lipschitz
coefficients which in particular encompass and improve on those in [3].

The unique continuation in subelliptic setting of a Carnot group is however much
subtler in the sense that strong unique continuation property is in general not true
for solutions to (2.19). This follows from some interesting work of Bahouri ([4])
where the author showed that unique continuation is not true for even smooth and
compactly supported perturbations of the sub-Laplacian. Subsequently in the setting
of the Heseinberg group H", it is shown by Garofalo and Lanconelli in [19] that if the
solutions to (2.19) additionally satisfy the discrepancy assumption of the type (2.20),
then the strong unique continuation holds. Such a result has been generalized to Carnot
groups of arbitrary step in [22]. We also refer to the recent work [18] where it is shown
that in general, the Almgren type monotonicity fails even when G = H". It is to be
noted that the discrepancy condition (2.20) trivially holds in the Euclidean case. See
Sect. 2 below.

The purpose of this note is to establish a new Carleman estimate in the framework
of [22] where the strong unique continuation is known so far using which we prove
the vanishing order estimate in Theorem 2.2 below. Our main results Theorem 2.1 and
Theorem 2.2 can be regarded as subelliptic generalizations of the ones in [3] and [11].

We mention that the proof of our Carleman estimate in Theorem 2.1 is based
on elementary arguments using integration by parts and an appropriate Rellich type
identity and is inspired by the recent work [9] where a similar Carleman estimate has
been established for Baouendi—Grushin operators. Our proof however additionally
exploits the discrepancy condition in (2.16) below in a very crucial way. The reader
will see that proof of our Carleman estimate relies on some non-trivial geometric facts
in the subelliptic setting that beautifully combine.

The paper is organized as follows. In Sect. 2, we introduce some basic notations,
state our main results and also gather some known results that are relevant to our work.
In Sect. 3, we prove our main results.
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2 Notations, preliminaries and statements of the main results

In this section we introduce the relevant notation, state our main results and gather
some auxiliary results that will be useful in the rest of the paper. We will follow the
same notations as in [22] and [7]. For detail, we refer the reader to the book [10]. We
now recall that a Carnot group of step % is a simply connected Lie group G whose
Lie algebra g admits a stratification g = V| @ --- @ V}, which is & nilpotent, i.e.,
[Vi,Vil = Vigifori =1,...,h —land [V;, V] = O0fori = 1,...,h. We will
denote an arbitrary element of G by g and e will denote the identity of the group G.
For any open subset 2 of G, We indicate with C’é (£2) the set of compactly supported
C* functions in €. We will assume that g is equipped with an inner product (-, g
such that V;’s are mutually orthogonal.

By the assumptions on the Lie algebra g, any basis of horizontal layer V| generates
the whole g. Let {e1, ..., e} be an orthonormal basis of the first layer V; of the Lie
algebra. We then define the corresponding left invariant smooth vector fields by

Xi(g)=dLg(e)), i=1,...,m 2.1

where L, denotes the left-translation operator given by L,(g’) = gg" and d L, denote
its differential. Further, we assume that G is equipped with a left invariant Riemannian

metric with respect to which {X1, ..., X,,} is an orthonormal set of vector fields. The
sub-Laplacian corresponding to the basis {e1, ..., e, } is given by the formula
m
Agu =Y Xu. (2.2)
i=1

We note that by Hormander’s theorem, A g is hypoelliptic. We will denote the hori-
zontal gradient of u by

m
Vyu = ZX,‘MX,‘ (2.3)
i=1

and we let

m
IVaul? =) (Xiu)*. (24)
i=1
We now define the non-isotropic dilations §; on G by
8,.(g) = expody o exp_lg, 2.5)

where the exponential mapping exp : g — G defines an analytic diffeomorphism
onto Gand for& =& + & +--- + &, where § € V;, we define

5,6 = A& +--- A, (2.6)

where we have assigned the formal degree i to the each element of the layer V;. We
will denote the infinitesimal generator of the non-isotropic dilations (2.5) by Z, note
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that such smooth vector fields is characterized by the following property

d 1
77 10r(8)) = ~Zu(é:(8))- 2.7)
r r

Hence, u € C'(G)isa homogeneous function of degree k with respect to (2.5), i.e.,
u(8,(g)) = rfu(g) if and only if

Zu = ku.

We will denote the bi-invariant Haar measure on G, which is obtained by lifting
via the exponential map exp the Lebesgue measure on g by dg. Let m; denote the
dimension of V;. We then have

(d 0 8,)(g) = 12%dg, (2.8)
where Q = Z?:l im; is referred as the homogeneous dimension of G.

LetI'(g, g) = I'(g/, g) be the positive unique fundamental solution of —A . We

have that I' is left-translation invariant, i.e.,

[(g,g)=T(g ' og) 2.9)

for some I' € C*(G\({e}). For every r > 0, we define
1
B, :=3geG|TI'(g,e) > o (- (2.10)

In [17], Folland has proved that I'(g) is homogeneous function of degree 2 — Q with
respect to the non-isotropic dilations (2.5). Therefore, if we define

p(g) =(g)T, @2.11)
then p is homogeneous of degree 1. Hence B, can be equivalently defined as
B, ={g:p(g) <r} (2.12)
We now let
v L VP, 2.13)

Since p is a homogeneous function of degree 1, Vg p is a homogeneous function of
degree 0. Hence we have

Zy =0. (2.14)
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Like in [22], for a function f, we define the discrepancy E r at e by
d Zf
Ep < Vil Vup > ==Vl (2.15)
We now state our main results.

2.1 Statement of the main results

Our first result is the subelliptic analogue of the well known Carleman estimate in
[11]. See also [5, 16].

Theorem 2.1 Let w € C3(Bg \ {e}) satisfy (Agw + Vw)? < C1 for some C1 > 0
and the following discrepancy assumption

Ck
|Ewl < anvﬁmz (2.16)

for some 6 € (0, 1), where p is as in (2.11) and E,, denotes the discrepancy of w
as defined in (2.15) above. Also assume that the function V : G — R satisfies the
following growth condition

VI < Ky, (2.17)

where K is a non-negative constant and  is as in (2.13) above. Then there exist
universal constants C, Ry > 0 depending on §, Cg and Q such that for all R < Ry
and « > CK?3 + Q, the following estimate holds

o’ / pRamte 200"y 2y de < C / 0 20l (Agw + Vw)>yldg,  (2.18)

for e = 8/2 and where dg is the bi-invariant Haar measure on G.

Using the Carleman estimate in Theorem 2.1 above, we derive the following quan-
titative uniqueness result for solutions to

— Apu=Vu in Bg,, (2.19)

where Ry is as in the Theorem 2.1 and V satisfies the growth condition as in (2.17)
above.

Since the regularity issues are not our main concern, we will assume apriori that
u, Xju, XX ju, Zu are in Lz(Bl) with respect to the Haar measure dg.

Theorem 2.2 Let u be a non-trivial solution to (2.19) where V satisfies (2.17). Fur-
thermore assume that for some § € (0, 1)

Ce
1=

|Ey| < ul[Vipl*. (2.20)



55 Page6of17 V. Arya, D. Kumar

Then there exists a constant C = C(Q, Cg,8) > 0 such that for all r < Ry/8, we
have

w2125, > Crh, 2.21)

4/3
where A = CK*34+C+C ((1 + ||u¢1/2||L2(BR0)) /||M1/f1/2||L2(BR0/4)> and Ro
is as in the Theorem 2.1.

We first make a remark regarding the dependence of maximal vanishing order on the
solution u.

Remark 2.3 If we consider u = Re(zk) in R? then Au = O1i.e., u satisfies the equation
Au 4+ Vu = 0 for V = 0 and has vanishing order k£ which corresponds to its homo-
geneity. Since k € Ncan be arbitrarily large, this suggests that the maximal vanishing
order has to depend on u as well.

It is worth emphasizing that, when nilpotency step of the group is 1, i.e., h = 1,
from (2.13) we have ¢ = 1. In this case the constant K in (2.17) can be taken to be
[|V]| L and the discrepancy condition (2.20) trivially holds, and therefore Theorem
2.2 reduces to the following Euclidean result in [24], which is a consequence of [11,
Lemma 3.15]:

Proposition 2.4 Let u be a solution of Au = Vu in B(0, 10) C R". Then, there exist
constants ay, ap depending u, n such that

2/3
max |u(x)| > alra2(||V||L°°+l)
lx|=<r

forall v > 0 small enough.

Note that Proposition 2.4 is sharp in view of Meshov’s counterexample in [25]. We
also note that when V satisfies the additional hypothesis

|ZV] = K,

then, using a variant of the frequency function approach, the following sharper estimate
was established in [7] for solutions to (2.19),

’ Co(VKA+1)
) . (2.22)

Ul >C —_
[l (B, = 1<R0

We now make a remark regarding the discrepancy condition (2.20).

Remark 2.5 We would like to mention over here that there is a fairly detailed discussion
on the validity of the discrepancy assumption (2.20) in [22, Section 6] under various
symmetry assumptions. For instance, if G is a group of Heisenberg type and u has a
cylindrical symmetry, then E,, = 0. See for instance [22, Proposition 6.11] for a proof
of this fact. Moreover in the case of Heisenberg group H”, it turns out that polyradial
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functions have zero discrepancy. Furthermore for a general Carnot group, it is easily
seen that any radial function has zero discrepancy. Therefore in such settings, if we
take 2 = Bj and consider potentials V as well boundary values g which satisfy similar
symmetry conditions, then by energy methods ( when the norm of V' is small enough)
or Fredholm alternative ( in the general case), one can obtain solutions to the following
Dirichlet problem

Agu = Vuin By,

(2.23)
u = gondBy,

which satisfy similar symmetry conditions ( by uniqueness) and consequently (2.20).
The existence of such symmetric solutions appear in the work of Garofalo and Vassilev
in [23, Section 6]. See also [28].

The reader should note that for Laplacian on a compact manifold the counterpart
of (2.22) was first obtained using Carleman estimates by Bakri in [5]. This generalises
the sharp vanishing order estimate of Donnelly and Fefferman in [14, 15] for eigen-
functions of the Laplacian. We also mention that, for the standard Laplacian, the result
of Bakri was subsequently obtained by Zhu [29], using a variant of the frequency func-
tion approach in [20, 21]. This was extended in [8] to more general elliptic equations
with Lipschitz principal part where the authors also established a certain boundary
version of the vanishing order estimate.

We now gather some known results that will be needed in the present work. The fol-
lowing proposition below concerns the action of the sub-Laplacian on radial functions
(see [22]). This will be needed in the proof of Theorem 2.1.

Proposition 2.6 Let f : (0, 00) — R be a C? function, and define w(g) = f(p(g)).
Then, one has

—1
¢ f’<p>}, in G\ fe].

Apgw = |Vypl? {f”(m =

We then collect the following elementary facts from [13] and [23].

Lemma 2.7 In a Carnot group G, the infinitesimal generator of group dilations Z
enjoys the following properties:

(i) One has [X;,Z]=X;, i=1,...,m.
(i) divg(p~'2) = (Q —Dp~'.

We also need the following Rellich type identity in the proof of Theorem 2.1, which
corresponds to Theorem 3.1 in [23]. This can be seen as the sub-elliptic analogue of
Rellich type identity in [27].

Lemma 2.8 For a C' vector field F and v € C*(G), the following holds

m
/div(g,F|VHv|2—ZZ/ Xiv[Xi,F]v—Z/ FuvAqv
By i=1 7B Br
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m
=/ |VHv|2<F,v>—ZZ/ FvXjv< X;,v>. (2.24)
a8, i=1 a8,

We now state a Caccioppoli type energy inequality which will be used in the proof
of Theorem 2.2. The proof of such an energy inequality is identical to that of [9,
Lemma 4.1] and we therefore skip the details.

Lemma 2.9 Let u be a solution to (2.19) with V satisfying (2.17). Then, there exists a
universal constant C = C(Q) > 0 such that for any 0 < a < 1, we have

C
/ \Vyul®dg < ﬁ/ (1+ K)u*ydg. (2.25)
Bi-a)r a“R Bg

3 Proof of Theorem 2.1 and 2.2
Proof of Theorem 2.1 For R < Ry, let w € Cg(BR \ {e}) be as in Theorem 2.1. We

now set v = pFe® W, where ¢ and B will be chosen later depending on § and &
respectively. Then w = pfe~* "y and it is easy to see that

Agw = vAp(pPe ") + 2 < Vy(pPe ), Vv > + pPe= Ayv.

3.1
Now we use Proposition 2.6 and recall |Vy ,0|2 = 1/ to obtain
AH(pﬁ efozpe) — (,3(/3 +0- 2)10/372 + 01282,0/3+2872
—ae @B +e+ Q-2 )y (32

Also, it is easy to check that

2 < VH(,oﬁe_“ps), Vyv > = (2,3,0’3_1 — 2£oz,oﬁ+8_l) < Vyp,Vyv > e’
(3.3)

Now we use (3.2) and (3.3) in (3.1) to get

Apw=v (BB+0Q—-2)pP 2 +ate?pf 22
—ae(2B+e+ 0 —2) pﬁ+572) ey
+ (2lg F~1_ o /3+s—1) Voo ¥ apf 5 —apt
0 eap <Vgp,Vhgv>e + ple Ayv.
(3.4)
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From definition (2.15) for E,, it is easy to see that (3.4) can be equivalently written as
Agw+ Vw = (,3(,3 + 0 —2)pP 72 4 a2e?pP T2
s 2B +e+0—2) pﬁ+8_2> e Yy

& Z &
+ (2;‘},0’371 —280lp/3+871) e % <7vw + Ev) + pPe™ Agv

+ pPe vy, (3.5)

We now use the inequality (a + b)?> > a® + 2ab, with a = 2BpP 2= "y Zv and
b = Agw + Vw — a, where the expression for Agw + Vw is given by (3.5), to find

/p—ZaEZQpE(AHw + Vw)21//‘1
> 4p° f P2ty (Zv)? + 47 (B+ Q - 2) / PPty zy
+4a2ﬂ82[p25’2""4+25¢v2v —4aBe(2B+e+ Q — 2)/’02;‘;72%4%1’01}21}
— 8ape / pzﬁ—za—4+sw(zv)2 + Sﬂ/ (6[)2;;—2&—3 _ 8ap2ﬂ—2a—3+8) E,Zv

+4ﬂ/p2ﬂ_2“_2AHv Zv+4,3/,02’3_2°‘_2Vva

=h+Lh+L+1L+1Is+ 1+ 17+ Ig. 3.6)

We now estimate each of the integrals individually. In order to estimate the />, I3 and
14, first note that (2.14) and (ii) in Lemma 2.7 gives

div(p~'yv?Z) = yo? div(p ' 2) + p ' Z(Yv?) = (Q — Dp Y + p Y Z(vP),

(3.7
Also, supp(u) C (Bg \ {e}) Hence, (3.7) gives

/p—lwzoﬂ) — —l>/p—lwv2.

Thus using 2vZv = Zv?) and (3.8), I» becomes

(3.8)

4%+ 0 —-2) / p* P2 vz = 282(B + Q — 2) f p* P24y 7 (v?)
=282+ Q0 —2)(Q+28 20 —4) / p* P2y,

(3.9)

Observe that in order to equate /5 to zero, we need the following relation between «
and g

28 — 20— 4+ 0 =0. (3.10)
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Hence
I, =0. (3.11D)

Again using 2vZv = Z(v?), (3.8) and (3.10) we get

I+ Iy = — 40?86’ / p 22?4 2aBe? (28 + e+ Q —2) f p~ Lty
(3.12)

We now estimate the integral Ig. First note that using the relation (3.10) and p® <
RG < 1, we find

Is] = 88 ‘f <ﬂp2ﬁ—2a—3 _ Sap2ﬂ—2a—3+s) E,Zv

- 8,3(,3+8a)/,0_Q+1|Zv||Ev|~ (3.13)

In order to simplify (3.13) we make use of the assumption (2.16) on discrepency. Now
since E r(p) = 0, we get

E, = p Pe* E,. (3.14)

Consequently, using (3.14), (2.16) and recalling v = p‘ﬁe"‘psw, we deduce from
(3.13)

e 8/3(/3+ea>cE/p‘Q+5|Zv||v|w. (3.15)

From (3.10), itis easy to see that forov > Q —4, wehave 28 > «. Also,wehavee < 1.
Therefore we get 88(8 + ca) < 2482. Subsequently, we apply Young’s equality in
(3.15) to find

I < 24ﬂzcE/p*Q+5|Zv||v|w < 12ﬂzcgfp*9+8|2v|2w
+1287Ce / P~y
Thus, we obtain
I > —126°Cy f =0 Zo 2y — 1267C f PRy (316)
Next, we simplify 77. Note that from (3.10), we have

I; =48 / p* P27y Ayv = 4,3/,0_Q+2Zv Agv. (3.17)
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We now apply the Rellich type identity (2.24) to the vector field F = p~2%2Z. Also,
note that since v is compactly supported in (Bg \ {e}), the boundary terms become
zero. Therefore, (3.17) becomes

4ﬂ/p_Q+2Zv Agv =2,3/div(p—Q+2Z)|vHv|2

—48 Z/Xiv[X,-, 0 2270, (3.18)
i=1

To simplify integrals in right-hand side of (3.18), recall that from (ii) of Lemma 2.7
we have

div(p~212Z7) = 2p= 922 (3.19)
and using (i) of Lemma 2.7, it is easy to obtain

[Xi. p~ %72 Z]v = p~CP2[X;, Zv + Xi (0~ 9 Zv
=p 2P Xiv+ 2 - Q)p ' Xip Zv. (3.20)

Consequently, using (3.19) and (3.20) in (3.18) we find

4ﬁ/p‘Q+22v A =4ﬂfp—Q+2|vHv|2 —4ﬁ/p—9+2|xiv|2

+48(0 -2) / o X, pXiv Zv. (3.21)

Since |Vgv|? = Yo |X;v|? and {X1, X2, ..., X,»} is an orthonormal set, we can
rewrite (3.21) as follows

4,3/,0_Q+2Zv Agv =4B8(0 —2)/,0_Q+1(VHU, Vup)Zv. (3.22)

Now, we use the definition (2.15) for E,, in (3.22) to get

48 / 0 227y Ayv =48(0 —2) / p Ot (E + %w) Zv

—4B(0 - ) / PO E, Zu +48(0 - 2) / 0y (Zv)2.
(3.23)

We now use (3.14) and (2.16) in first integral of right-hand side of (3.23) to obtain
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4/3/p’Q”Zv Agv > —48(Q — 2>cE/p*Q+5|v||Zv|w

1480 —2)/p—Qw<2v)2.

Subsequently we apply Young’s inequality to get

4ﬂfp_Q+2Zv Apgv
> —28(Q —2)Cg / p~ Py v> —28(Q —2)Ck / p~ 0y (Zv)?

+4B(0 — 2)/,0*%(21))2. (3.24)

We now choose Ry small enough such that Cg Rg < 1, consequently, Cg ,o‘s < 1.
Hence (3.24) becomes

48 f p=0*27y Ay > —2B(0 — 2C / POty _2p(0 —2)
/p—Qw(Zv>2+4ﬂ<Q —2)fp—Qw(Zv>2
> _28(0 - 2)Ck / POy 120 —2) / =0y (Zv)?

> _2B(0 —2)C / P2, (3.25)

where the last inequality is a consequence of the fact that Q > 2.
We now simplify Ig. We use the assumption (2.17) followed by Young’s inequality
(2AB < A% + B®>) with A = Kv and B = BZv to get

15| §4ﬁ/p2’5‘2“‘2IVIIUIIZv| §4ﬂK/p2’5‘2"“2wlvllZv| <2K2

/102/3—201—21#1)2 + 2/32 / p2ﬁ—20{—2wlzv|2. (326)
Subsequently, we use the (3.10) to find
Iy > —2K2/p_Q+21pv2 —2,32/,0_Q+2l/f|Zv|2. (3.27)

Therefore using (3.11), (3.12), (3.16), (3.25), (3.27), (3.10) and (3.6), for « > Q and
Rp small enough we have we obtain
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/ pe (Agw + Vw)ly !
> 4p? [ 50\ zoPu —dape? [ O YR 4 20pPp e+ 0 -0
/p—QHWz
— 8ape / p~ T (Zv) Yy — 128°CE f p~ O\ Zv)*y — 1287Ce / p~ PPy

~28(0 —2)cE/p—Q+5wv2 —2K2/p—9+2wv2 —ZﬁZ/p—Q“wzwz. (3.28)

Now we use ¢ < 1, 2o > B, 28 > «, which are consequences of (3.10) and « > Q
respectively, and rearrange the terms in right-hand side of (3.28) to get

/p—zaezapE(AHwJ’_Vw)Zw—l
> 4p? f p=C(Zvy — 1687 / O (ZvPy — 1262C / =0\ ZuPy
_252/10—Q+2¢|ZU|2+2‘3382‘/p—Q+51//U2_16‘33/10—Q+28¢v2

- lzﬁzcEfp*Q“wa—4ﬂzcEfp*Q+“wv2 —2I<2/p*Q+2wv2 (3.29)

At this point we would like to make the crucial observation that —1682Cp f p~@t3y?
can be absorbed in the term 2832 i 0~ 2+ yv? provided that & < § and Ry is chosen
small enough. Thus we now choose ¢ = % and Rp small enough such that
(18 +12CE)RY* < 1 and (16 + 16CE)R)* < &> (3.30)
therefore we find
4> / p~2(Zv)*y — (16 + 12C¢ + 2) Ry / p=C(Zv)*y = 37

/ p~C(zv)?y (3.31)

and
2532 f o=+ (16 4 12Ck +4CE)ﬂ3Rg/2/,O_Q+8¢v2 > g3e2

/ P aatVies (3.32)

Hence using (3.31) and (3.32) in (3.29), we obtain
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/p—zaezaps(AHw_i_ Vgl > 3,82/,0‘Q(Zv)2w+ﬂ382

/p_Q+6¢v2—2K2/p_Q+2wvz. (3.33)

Subsequently, if we choose

2 2
= K23
O(>82/3K + Q0

then from (3.10), we get ﬂ382 > 8K 2. Hence (3.33) becomes

3.2

/P_Z“ezapg(AHw +Vw)ry ! > alz

/ p~ ey, (3.34)
We now substitute v = p#¢*"w and use (3.10) to get the desired estimate (2.18).
This completes the proof of Theorem 2.1. O

Proof of Theorem 2.2 We adapt arguments from [6, 9]. For a given R; < R, AR, R,
will denote the annulus B, \ Bg,. We will denote an all purpose constant by letter C
which might vary from line to line, and will depend only on Cg, Q and §. Let Ry be
as in the Theorem 2.1 and let 0 < Ry < 2R; < Ry = Rp/4. Also, we take a radial
function ¢ € C§°(Bag,), i.e., ¢(g) = f(p(g)) for some f, such that

¢p=0if p < Ryand p > 2R,

. (3.35)
¢ =1in Ag, g,

and in the region Ag, 2, U AR, .2Rr,, the following bounds hold,

cyl/? Cy
IVae(g)l < ) [Apd(g)| < 5 (3.36)

p(g) p(g)

Note that we can assume that
1/2

a2l 2y ) # O (3.37)

Otherwise by the arguments that follow we could conclude u = 0 in Bg,, which is
a contradiction to the assumption that u is a non-trivial solution to (2.19). Since u
satisfies —Agu = Vu, w = u¢ satisfies

Agw+Vw =ulAgo +2(Vygop, Vyu). (3.38)
As p(g) > Ry, we use (3.36) to obtain

(Agw + Vw)? < 2uAr¢)* +8|Vuo|*|Vaul* < C1y
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for some C; > 0. Since ¢ is radial, we have Ey = 0 and consequently we get
Ey = ¢E,. Also since 0 < ¢ < 1, using (2.20) we find that E,, satisfies (2.16) and
moreover by a standard limiting argument via approximation with smooth functions,
we can apply the Carleman estimate in (2.18) to w. We thus obtain

« / prTirE 2ty < C f p R A+ 2AVad. Viu) Y
(3.39)

Now we use the inequality (a + b)*> < 2a” + 2b? and Cauchy-Schwarz inequality in
the right-hand side of (3.39) to obtain

a3 / p72d74+862(¥p€u2¢2¢ S 2C / p7201620(p£ (u2(AH¢)2w71
+Vaul Va9 . (3.40)
For convenience, we will denote L? norm of f in Bg and A Ri,R, bY Il fllr and
[ f1|r,.r, respectively. Note that from (3.35), the functions Vg ¢ and Ag¢ are sup-

ported in Ag, 2, U AR, 2r,. Further using (3.35) and (3.36) in (3.40), there exists a
universal constant C such that

3/2 ,—0—2 2 é 1/2
o3| pTA T2 Uy 2 oy
—o—2 é 1/2 —a—2 ‘ 1/2
= C (1072 w21, 2, + 10~ 2w Pl gy 2, )

+C (Rillp ™2 |Vaulllr, 2r, + Rallo™ 2 [Vygulllps.2n, ) . (3:41)

We observe that the functions

—a— & g &
o 2+e/26ar , o Zear

r—r r—>r

are decreasing in (0, 1), therefore (3.41) gives

3/2 p—a—2+¢/2 aR% 1/2
o PRy TS g P g,y
—a—2 aR? 1/2 —a—2 aRS 1/2
= C (R 2 uy 2, o, + Ry 255 w2, 28,

—a—2 aR¢ —a—2 aRj
+C (R R 281V gul |, 20, + RaRT“ 25|Vl gy 2, ) -

(3.42)
From the Caccioppoli estimate in Lemma 2.9, we have
RillIVaulllg, 2k, < CA+ KY2) |luy'/?||4g,, (3.43)
RollIVyulllgy 2k, < C(1+ KV2)[[uy /2| g,
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We now use (3.43) in (3.42) and with possibly some large universal constant C, get

3/2 p—o—2+¢e/2 oRE 1/2
o2 R; PR w2 g, gy
—o—2 aR¢ 1/2 —o—2 aRE 1/2
< C(Ry“ 2 i luy ' lr 2r, + Ry e R |luyr ' 2 &, 28,

+ R7OTZERI 4 K Y Juy P g, + RT3 R (1 + K2 | [uy 12|y ).
(3.44)

At this point, we can repeat the arguments as in the proof of Theorem 1.3 in [9] to get
to the desired conclusion. O
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