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1. Introduction

This section sets up notations and tools that will be used throughout this note. Results
start from Section 2.

1.1. Unitarily invariant kernels

A unitarily invariant kernel on the open Euclidean unit ball

def
Ba={z=(21,...20) € C%: 2| = (|of* + -+ [zal) /> < 1}

is a reproducing kernel k of the form

k(z,w) =Y an(z,w)" (z,w € By) (1.1)
n=0

for some sequence of strictly positive coefficients {ay, }n>0 with ag = 1. The corresponding
reproducing kernel Hilbert space, to be denoted by Hy, is called a unitarily invariant
space. The generalized Bergman kernels

o (2, w) = (%)m; m=1,2,..., (1.2)

1—(z,w

are examples of unitarily invariant kernels. For m = 1, k,, is called the Drury-Arveson
kernel. The Dirichlet kernel

o0
1
k(z,w) = Z " 1z"w” (z,w € D)
n=0

is a unitarily invariant kernel and a motivating example in this note.
Since ag = 1, there exists a sequence of real numbers {b,,}5° ; and an € > 0 such that
the equality

1

- (1.3)
2. an(z,w)"
n=0

an<z,w>" =1-
n=1
holds for all z,w € By satisfying ||z|| < 1 and ||w]|| < e. Moreover, if k is non-vanishing
then this equality holds for all z,w € By. For any € > 0,
span{k,, : w € By, |lw]|| < €}

of the set of kernel functions defined as
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kw(z) = k(z,w) for z,w € By

is dense in Hy.
Let Z, denote the set of all non-negative integers. Given a € fo_ and z € C?, we use
the usual multi-index notations:

a=(ay,...,aq), lal=a1++ag, aol=al.. . a4

and

|Oé| _ |Oé|! o g [e %'}
<a —m, zZ =2z a2

We set

let] d
a(3), a€Zf d (al) d
Ao = « for « € Z%, and b, = b}, for a € Z5\{0}. (1.4
“ {0, and\Zi “ I\ o w0y (1)

With the help of notations in (1.4), a unitarily invariant kernel k&, defined in (1.1) can
be written as

k(z,w) = Z AT

d
a€Zy

It is clear that the monomials {2%} ¢ z¢ form an orthogonal basis for a unitarily invariant
space Hj and that

P 2 _
21, =

for all a € 4.
For a Hilbert space &, let O(B, £) be the class of all holomorphic £-valued functions
on B,. Then the vector valued Hilbert space Hy(€) is defined as

Hy (&) = {f €OBa,&): f(2)= Y caz®ca €&

aeZd

and [f]? = 3 ||ca||2|z“||2<oo}.

a€Zd

As a Hilbert space, Hy(€) is the same as Hy, ® &, the identification being
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1.2. 1/k-contractions

We shall denote a commuting d-tuple of bounded operators (71, ...,Ty) by T. For
a €74 we set

Ta:{Tf‘l...Tjd, aezi
d\ 7d
1, RV AAVA

The following definition, motivated by (1.3) in the context of a unitarily invariant
kernel on B, is from [9] and is of crucial use to us.

Definition 1.1. Let k be a unitarily invariant kernel on B; and T be a commuting d-tuple
of bounded operators such that the series

> b TH(TY)

acZ4\{0}
converges in strong operator topology. The d-tuple T is called a 1/k-contraction if

I— Z bo T*(T*)* > 0.

aezd\{0}

In this case, we shall denote the unique positive square root of the positive operator
I— > b,T*(T")* by Ar.
a€Z4\{0}

While we shall be content with the definition above, a vast generalization of this
definition, applicable to other domains, appeared in [6]. A contraction T and a commuting
contractive tuple (or a d-contraction in Arveson’s terminology, see page 175 of [7] for
example) T = (T1,...,Ty) are 1/k-contractions when k is the Szegd kernel (on D) and
the Drury Arveson kernel (on B,) respectively.

Definition 1.2. A 1/k-contraction T = (T4, ...,Ty) is called pure if the series

> an T AT

acZd
converges strongly to I.

If k is the Drury-Arveson kernel and T is a d-contraction, then the series above
converges strongly to I if and only if T is pure in the sense of Definition 3.1 of [8].
The compression of a pure 1/k-contraction to a co-invariant subspace is a pure 1/k-
contraction. Theorem 2.2 will imply that any pure 1/k-contraction is, in fact, the
compression to a co-invariant subspace of a special 1/k-contraction.
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1.8. Admissible kernels

Let £ and F be two Hilbert spaces. For a reproducing kernel Hilbert space Hj of
holomorphic functions on By, a multiplier from Hy ® £ to Hx @ F is a B(E, F)-valued
function ¢ on B, with the property that if f is in Hx ® &, then ¢f is in Hy ® F. For
such a ¢, we shall let M, denote the operator of multiplication by . An application of
the Closed Graph Theorem proves M, to be a bounded operator. The set of all such
functions is denoted by Mult(Hy, ® £, Hi, ® F). Since the multiplication operators by
coordinate functions will serve as the model operators, we need to restrict the class of
kernels we work with.

Definition 1.3. A unitarily invariant kernel k is called admissible if the operators of
multiplication by the co-ordinate functions M,, are bounded operators on Hj for ¢ =
1,...,d and the d-tuple M, = (M,,,...,M,,) is a 1/k-contraction.

The M,, will sometimes be referred to as the shift operators. The name is self-
explanatory. The generalized Bergman kernels k,, defined in (1.2) are examples of
admissible kernels, see [15]. In this paper, k will always denote an admissible kernel.

1.4. Complete Nevanlinna-Pick kernels

Complete Nevanlinna-Pick kernels arose out of a question of Quiggin. In [19], he asked
for a characterization of reproducing kernel Hilbert spaces on which Pick’s theorem
was true. The answer came a year later when McCullough showed in [13] that there
is a characterization if one considers Nevanlinna-Pick interpolation problem for matrix-
valued functions, viz., that the inverse of the kernel has only one positive square. Starting
with [1] by Agler and McCarthy, the complete Nevanlinna-Pick kernels have been of
constant interest over the last two decades - [3], [4], [10], [12] and [14] are representative
publications. This list is by no means exhaustive and is growing. We shall see a new
characterization of irreducible unitarily invariant complete Nevanlinna-Pick kernels on
the Euclidean unit ball in Section 3.

Definition 1.4. A reproducing kernel s is said to have the M,,«, Nevanlinna-Pick prop-

erty if, whenever A1,..., Ay are points in B; and W1, ..., Wy are m-by-n matrices such
that

(I — VVZVV;‘)S()\27 )\]) Z 0,
then there exists a multiplier ¢ in the closed unit ball of

Mult(H; @ C",H; @ C™)



6 T. Bhattacharyya, A. Jindal / Advances in Mathematics 426 (2023) 109089

such that ¢(A;) = W;,i =1,..., N. The kernel s is said to have the complete Nevanlinna-
Pick property (CNPP) if it has the M,,«, Nevanlinna-Pick property for all positive
integers m and n and the corresponding reproducing kernel Hilbert space H is called a
complete Nevanlinna-Pick space.

Definition 1.5. A reproducing kernel Hilbert space Hj is irreducible if s(z, w) # 0 for all
z,w € By, and s, and s, are linearly independent if v # w.

One of the main tools for us is the following well-known result. See Lemma 2.3 of [11]
for a proof. For one variable, the result is in Lemma 7.33 of [2].

Lemma 1.6. Let Hg be a unitarily invariant space on By with reproducing kernel

[ee]
s(z,w) = Zan<z,w)".
n=0
Then the following are equivalent:

(1) Hs is an irreducible complete Nevanlinna-Pick space.
(2) The sequence {b,}22 defined by (1.3) is a sequence of non-negative real numbers.

Definition 1.7. A reproducing kernel s is called a unitarily invariant complete Nevanlinna-
Pick (CNP) kernel if

(1) it is of the form

s(z,w) = i an(z,w)" (z,w € By)
n=0

for a sequence of strictly positive coefficients {a, }»>0 with ag = 1, and
(2) Hj is an irreducible complete Nevanlinna-Pick space.

Unitarily invariant CNP kernels are admissible. See, [[9], Lemma 5.2]. In this paper,
s will always denote a unitarily invariant CNP kernel.

In general, the generalized Bergman kernels k,,, defined in (1.2) are not always unitarily
invariant CNP. Some basic examples of unitarily invariant CNP kernels are the Drury-
Arveson kernel and the Dirichlet kernel.

Definition 1.8. For any ¢ > 0, we define a weighted Dirichlet space, to be denoted by D,
in the following way

D; = {f e O(D,C): f(z) = chz” and || f[|p, = Z(n—i— Dfen|? < oo}.
n=0

= n=0
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Note that D; is the same as the Dirichlet space. The space D; is a reproducing kernel
Hilbert space and the corresponding reproducing kernel is unitarily invariant CNP (see,
[[2], Corollary 7.41]).

There are complete Nevanlinna-Pick kernels on B; which are not unitarily invariant.
For example, Dirichlet-type spaces of functions analytic in the unit disc whose derivatives
are square area integrable with superharmonic weights have complete Nevanlinna—Pick
reproducing kernels, see [18], but in general, they are not always unitarily invariant.

2. Existence of the characteristic function

The characteristic function introduced by Sz.-Nagy and Foias has a long history of
generating beautiful mathematics, see [16] and many references therein for the classical
theory.

It was created in search of a complete unitary invariant for a contraction T and is
defined as

Or(2) = (=T + 2Dy (I, — 2T*) ' Dr)|p,,

on D. The defect operators Dy = (Iy — T*T)Y/? and Dp. = (I — TT*)Y/? satisty
TDr = Dp.T. Hence, the defect space Dy = RanDy is mapped by the characteristic
function into the other defect space Dy~ = RanDyp~. The B(Dr, Dr+) valued contractive
holomorphic function 8 is a complete unitary invariant for any completely non-unitary
(c.n.u.) contraction T', i.e., a c.n.u. contraction 7T is unitarily equivalent to another c.n.u.
contraction R if and only if the following diagram commutes for some unitary operators
01 : Dy — Dgr and oy : Dy« — Dg+ and for all z € D:

Dr —>0T(Z) D+

.| |7

DR —_— DR*
Or(2)

At this point, it is important to explain the interplay between a contraction 7" and the
1
1—zw
I —TT* is a positive operator. It is a natural question whether a characteristic function

Szegd kernel S(z,w) =

on D. Clearly, T is a contraction if and only if é(T, ) =

can always be associated with a 1/k-contraction for an admissible kernel k. Although,
the answer is yes in case of the Drury-Arveson kernel, we shall see that the answer is no
for a general admissible k. Hence, this section will culminate in finding a necessary and
sufficient condition for a 1/k-contraction to have a characteristic function.
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2.1. Factoring a positive operator

The main result of this subsection is Proposition 2.4. Let Fy be the projection onto
the one dimensional subspace of constant functions in Hy.

Lemma 2.1. For an admissible kernel k, we have Ay, = Ey. Moreover, the operator
d-tuple M, = (M,,,...,M,,) is pure in the sense of Definition 1.2.

Proof. The fact that Ay, is Ey can be seen by applying Ajpr, on the linear combinations
of kernel functions which form a dense set. The pureness of M, follows by observing that
with respect to the orthonormal basis

a d
e(a) = aqz" for a € Z,

the operator Y. a,MjEo(Mg)* is the projection onto the finite dimensional space
lo| <N

spanned by {e(a) : a € Z%,|a] < N}. Thus, > aoMZEo(M3)* is an increasing
la|<N
sequence of projections converging to I in strong operator topology. O

Our next tool is a construction by Arazy and Englis in [6], the roots of which go back
to [5]. For a proof of the following theorem, see [[6], Theorem 1.3].

Theorem 2.2. Let T = (T1,...,Ty) be a pure 1/k contraction acting on a Hilbert space
H. Then the linear map Vr: H — Hj ® RanAr given by

his Y aaz® ® Ap(T*)*h

a€Zd

is an isometry which satisfies

Vi (p(Mz) ® Iggia,) = p(T)Vp
for all polynomials p in d complex variables.

Let

def
M. ® Iggnn, = (May @ Iggings - - s My @ Iggan,)-

We shall suppress the suffix RanAr when it is obvious. An important consequence of
this theorem about an admissible kernel is that every pure 1/k-contraction is unitarily
equivalent to the compression of M, ® I to a co-invariant subspace, viz., the range of
the isometry V.
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Definition 2.3. Let k£ be an admissible kernel on B,. Let T = (71, ...,T4) be a commuting
d— tuple of bounded operators acting on a Hilbert space H. A positive operator X in
B(H) with closed range is called (k, T)-factorable if there is a Hilbert space £ and a
bounded linear transformation © : H, ® € — H such that X = ©0* and O(M,, ® I¢) =
T;0 for all 1.

See [7] for a discussion on factorable operators when k is the Drury-Arveson kernel
and T = (T1,...,Ty) is a d-contraction.

Proposition 2.4. Assume the setup of Definition 2.3. Let ¢; = || M,,||?. Then, X is (k, T)-
factorable if and only if

(1) X =T, XTF >0, for all i,

(2) the series Pr(X):= >, b T*X(T)* converges strongly such that X —Pr(X) >
aeZI\{0}
0, and
(3) the series Y. aoT*(X — Pr(X))(T)* converges strongly to X.
VA

Proof. Since X is a positive operator with closed range, we have
RanX = RanX'/?

where X1/2 is the unique positive square root of the operator X. If the conditions (1),
(2) and (3) are satisfied, define for each i, a linear transformation A; : RanX — RanX
by

A XY2h = XY2Trh o for all h € H.
Each A; is a bounded operator as
|As XY 2h||? = (T, X T h, h) < || X 2R)2.
Let S; = A}. The operator S; : RanX — RanX is a bounded operator which satisfies
T;X'Y? = X128,

In fact, the d-tuple § = (Si,...,54) on RanX is a 1/k-contraction. To see that, we
observe that for any h € H we have

<X1/2h,X1/2h>

Y

< > baT‘lX(T‘*)*h,h> (by condition (2))

a€Z4\{0}

= > bo(T*X(T*)*h,h)
acZd\{0}
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_ Z ba<X1/25a(Sa)*X1/2h,h>
a€Z4\{0}

< > basa(s*)axl/Qh,X1/2h>.

a€Z$\{0}

More is true, viz., S is pure because

< > aaSaAg(S“)*Xl/Zh,X1/2h> = ) aa(S*AF(SY)* X/2h, X1/?D)

acZd VA

< aaTa(X—PT(X))(Ta)*h,h>
a€Zl

= (Xh,h) (by condition (3)).
Let £ = RanAg. By Theorem 2.2 we have an isometry
Vs:RanX — H, ® &£
such that
Vs (M, @ Ig) = S; Vs
Defining © : Hy, ® & — H by © = X2V, we have
00* = X2V vsx/2 = X
and
OM,, ® Ig) = X2V§(M,, ® Ig) = XV28,Vg = T,XY/?V§ = T;0.
Conversely, if there is a Hilbert space £ and a bounded linear transformation
O H. Q& - H
such that X = ©0* and ©(M,, ® I¢) = T;0, then to prove (1), we note that

X —T;XT! =¢,00% - T,00"T;
= 00" — O(M., ® Is) (M @ I¢)O"
= @(Cil — (Mzi ® Ig)(M;i ® Ig))e)* > 0.

To prove (2) and (3), we fix an N € N. Then, we note that
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X= ) bTX(T*)=00"— > b,T"00"(T%)*

1<]al<N 1<]al<N

=0 |I- > bu(Mel) (M) @) | O

1<[a|<N

and

4 T*(X — Pp(X))(T*)* = 4, T* (06" — Pp(00"))(T*)*

la|<N la|<N

=0 3 0 © 1) Apnen (M) 0 1) | ©°.

|| <N

Now, letting N go to oo completes the proof. O
2.2. An invariant subspace, and an associated tuple

The special case of an operator X which is (k, T)-factorable when the Hilbert space
‘H is of the form Hj @ £ for the same kernel k£ and the operators T; are M,, ® I¢ is of
particular interest because it is straightforward then that the factor © is a multiplication
operator.

Definition 2.5. A pure 1/k-contraction T = (11, ...,Ty) is said to admit a characteristic
function if there exist a Hilbert space £ and a B(€, RanAr)-valued analytic function Or
on B, such that Mp, is a multiplication operator from Hj, ® £ to Hy ® RanAr satisfying

I —VpVy = Mg, My, .

The following proposition follows from the fact that if an operator © : Hy®E — HiQF
satisfies O(M,, ®I¢) = (M,,®Ir)O foralli = 1,...,d, then there exists a B(E, F)-valued
analytic function 6 on B, such that © = My.

Proposition 2.6. A pure 1/k-contraction T = (11, ...,Tq) admits a characteristic func-
tion if and only if the projection I — VyVi is (k, M, ® I)— factorable.

By virtue of Theorem 2.2, we observe that the kernel of V7, i.e., the range of projection
I — VrV7 is an invariant subspace of the tuple M, ® I.

Definition 2.7. Let T = (T1,...,T,) be a pure 1/k-contraction. The associated d-tuple
of commuting operators By is defined on KerVy as

Br = (M., ® I)|Kervy, - -+ » (M2 @ I)|kervy)-
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We have reached the main theorem of this section which gives a neat equivalent
condition for existence of a characteristic function. This is a crucial result because the
proof of the characterization of unitarily invariant CNP kernels obtained in the next
section requires this result.

Theorem 2.8. A pure 1/k-contraction T = (T1,...,Ty) acting on a Hilbert space H ad-
mits a characteristic function if and only if the associated tuple Br is a 1/k-contraction.

Proof. Tt is trivial to note that B is a 1/k-contraction if and only if the series

o ba(MZ @) - VaVE)(M2)" @ 1)
aezd\{0}

converges strongly such that
(T=ViVi) = > ba(Mg @ I)(I - ViVi)(M3)* @ 1) > 0.
acZi\{0}

We prove the easy side first. Let T admit a characteristic function. This means that there
is a Hilbert space £ and a B(€, RanAr)-valued bounded analytic function 67 on B, such
that

I —VypVy = M, My, .
Thus, for any N > 1, we get

(I=ViVi) = Y ba(MZ @) - VeVi)(M3)* ® 1)
1<|a|<N

=Mp, My, — > ba(Mg @ I) Mg, My, (M3)* ® )
1<]al<N

=Mo, (1~ > ba(MZOI)((M2)" ®I) | M,

1<|a|<N

and that completes the proof of this direction.

Conversely, let ¢; = || M., ||?. Since Vr is an isometry, I — VrVy is the projection onto

KerVy which is invariant under M., ® I for each 7. Let PKerVT* be the projection of
Hj, ® RanAr onto KerVy. Now for each ¢, define a linear operator R; : KerVi — KerVy
by R; = (M., ® I)|kerv;. Note that [|R;||> < ¢;. So we have

¢i(l = VrVp) = (M., @ I)(I = VeVp) (M7, ® I)
=¢; Pervy — (M, ® I) Prervy (M2, ® I)
=¢iPkervy — (Mz, @ I) Pkervy (M7, @ I) Pkervy
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>0 (since cilkervy — RiR} > 0).

Since the operator I —V7Vj acts on the Hilbert space Hi@RanAr, we can consider the
map Py g1 as in Proposition 2.4 with T replaced by M, ® I. For the sake of notational
brevity, we shall denote it by P for the rest of this proof. Then the given condition is

(I —VgVi)—P(I—ViV3) >0
Next we shall show that the series

Y aaMZI)((I - VeVy) — P(I = VeVi)(M2)* © 1)

d
a€Zq

converges strongly to I — VpV. Note that if we define

Sn= > aa(Mg @ I)((I = VaVy) — P(I = VaVi))(M3)* ® 1),

la|<N

then Sy is an increasing sequence of positive operators. So if we can show that {Sx} is
bounded above then it will converge strongly.

Claim. Sy < I — VgVj for every N € N.

Proof of the claim. Fix an e > 0 so that (1.3) is satisfied and consider the dense subspace

i=1

!
{Z(/{w ®&): 1> 1Lw,...w €By, w1l <e...,|lwl <e€&1,...86 € RanAT}

of Hi ® RanAr. It is enough to verify that

l l l l
<SNZ(kwi ®&), Y (kw, @ &) > < (I =VaVE) D (hw, ® ). Y (huw, ® &) >
=1 =1 =1 =1

(2.1)
The left hand side after a simplification is

1
D aa Yo wmws (1 Y b w] | (L= VeVi) (kw, © &), (ks @ 65))-
lo|l<N - i5=1 BeZi\{0}
This is no bigger than

Yooaa Yy witwh (1 Y bpww] | (1= VaVi) (kw, @ &), (e, © &)

acZd 1,j=1 Bezd\{0}
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which is the same as

l

Z <(I - VTV;)(kwi ® fi)v (kwj ® fj»

ij=1
and that is the right hand side of (2.1). This proves the claim.

So Sy converges strongly. From the calculations above it is also clear that Sy increases
to I —VgVr.

By Proposition 2.4, the operator I —VpVy is (k, M, ® I)-factorable. Finally, by Propo-
sition 2.6, the pure 1/k-contraction T admits a characteristic function. O

Remark 2.9. The proof shows that the d-tuple By is a pure 1/k-contraction whenever it
is a 1/k-contraction, i.e., whenever T admits a characteristic function.

3. A characterization of unitarily invariant CNP kernels

This section contains the major result Theorem 3.4. The proof crucially uses Theo-
rem 2.8.

Definition 3.1. An admissible kernel £ is said to admit a characteristic function if every
pure 1/k-contraction admits a characteristic function.

3.1. Sufficiency of the complete Nevanlinna-Pick property

Note that (1.3) can also be written as

Z anzw* =1+ Z boz%w™ Z anz%w®

aczd a€Zd\{0} acZd

This leads us to the following relation:

Ao = Z bﬂaa—ﬂ (31)

BeZ4\{0}

for all & € Z4\{0}. In the series in (3.1), only finitely many summands are non-zero.
Also, if the kernel is a unitarily invariant CNP kernel, then all the summands are positive.

Recall from [9] that if s is a unitarily invariant CNP kernel then M, = (M,,,..., M,,)
on H; is a 1/s-contraction and so is M, ® I¢ for any Hilbert space &.

Theorem 3.2. If s is a unitarily invariant CNP kernel, then s admits a characteristic
function, i.e., every pure 1/s-contraction admits a characteristic function.
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Proof. By Theorem 2.8, it is enough to show that the restriction of M, ® I¢ to a closed
invariant subspace M of H, ® £ is a 1/s-contraction for any Hilbert space £. Let Py be
the projection of Hs® & onto the subspace M. Let T; = (M., ® I¢)|pm foralli =1,...,d.
For any N > 1,

S baTHTY) = > baPm(M @ Ie) Pr((M3)" @ Ie) |

1<[a|<N 1<[a|<N
< > baPm(ME @ Ie)(M2)* ® Ie)|am  (since by > 0)
1<]a|<N
< > baPu(ME @ Ie)((M3)" @ Ie)|pm  (since by > 0)
acZd\{0}

< Iy (since M, ® I¢ is a 1/s— contraction).

Since this holds for all N > 1, the d-tuple T = (T1,...,Ty) is a 1/s-contraction. This
completes the proof. O

Interestingly, the Bergman kernel does not admit a characteristic function in the sense
of Definition 3.1 as is shown below.

Proposition 3.3. The generalized Bergman kernels k,,, defined in (1.2) do not admit char-
acteristic functions for m > 2.

Proof. For z,w € B, the expression for the generalized Bergman kernel k,, is

km(z,w)= Y. op(a)z*w® where
a€Zl

(m+ |a| —1)!

il 1) (a € Z%). (3.2)

om(a) =

We shall denote the Hilbert space corresponding to the kernel k,, by H,,. Recall that
{em(a) = \/om(a)z® : a € Z%} is an orthonormal basis for the Hilbert space Hy,.

For N > 0, define the subspace Hy = span{z® : |a] < N} and define an operator

tuple acting on Hy by Tn = Py M. |w,, where Py, is the projection of H,,, onto H .
It is easy to check that the d-tuple Ty is a pure 1/ky,-contraction, Ar, = Ey and

My € KerVi =span{z®: [a| > N +1}.

Let Py, be the projection from H,,, onto M. Let n denote the multi-index (n, 0, ..., 0).

We shall show that the pure 1/k,,-contraction Tx does not admit a characteristic
function for any N > 0. To that end, we consider the associated operator d-tuple of
Definition 2.7. Note that
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< Tay — Z baMzPMN(MZ)* Bm(N+2),6m(N+2)>

acZd\{o}
= (I = by M., Pagy M2 )em(N +2), e (N +2))
B om(IN 4+ 1) B .
=1- Um(l)m (b1 = om(1) by (3.1)).

By putting values of the coefficients from (3.2) we get

" (l)am(N+1)7 m! (m+|N4+1]—1)! (N4 2)(m—1)
"on(N+2) (m—-D! (N+D!(m—1)! (m+|N+2]-1)!
(m+N)! (N +2)!

(N+1)! (m+ N +1)!

—m NE2
m+N+1

1 (for m > 2).

So the associated tuple in not a 1/k,,-contraction. By Theorem 2.8, the d-tuple Ty does
not admit a characteristic function for any N > 0. This completes the proof. O

3.2. Necessity of the complete Nevanlinna-Pick property

The above raises the natural question of characterizing all admissible kernels which
admit a characteristic function. We shall answer this question completely. Note that
the d-tuple (0,...,0) of identically zero operators on any Hilbert space H is a pure
1/k-contraction for any admissible kernel k on Bg.

Theorem 3.4. Let k be an admissible kernel on By. Then the following are equivalent.

(1) The d-tuple (0,...,0) of identically zero operators admits a characteristic function.
(2) The kernel k is unitarily invariant CNP.

(3) Any pure 1/k-contraction admits a characteristic function.

Proof. (1) = (2): Let H be the space of all constant functions in Hy. Let T = (0,...,0)
be the d-tuple of identically zero operators on H. Then Ar = I3. Recall that Ej is the
projection of Hj onto the space of constant functions. If Vi is the isometry obtained
in Theorem 2.2, then VpVi = Ey. Let e(a) = (/aa2® and n = (n,0,...,0). Since
T admits a characteristic function, the associated operator tuple in Definition 2.7 is a
1/k-contraction, see Theorem 2.8. This means that for all n > 1 we have

< Py — Z ba My Py (M2)* | e(n+1),e(n+ 1)> > 0.
a€Z4\{0}



T. Bhattacharyya, A. Jindal / Advances in Mathematics 426 (2023) 109089 17

In other words,

mg<GaLﬁimMyaLm@r>qn+1%dn+1O

=1

<<P’HJ_ — Zb L Py (ML) ) e(n+1),e(n+ 1)>
:le:bMWI’

An41

n+1

= Zb An41—1i

An41

(by (3.1))

_bntr o (by (1.4)).
Gn41 Ap41

This implies b,41 > 0 for all n > 1. Since b; = a1, we get b, > 0 for all n > 1. Now by
Lemma 1.6, k is a unitarily invariant CNP kernel. The implication (2) = (3) has already
been proved and for (3) = (1), there is nothing to prove. 0O

4. Explicit construction of the characteristic function

Recall that a unitarily invariant CNP kernel s is a reproducing kernel of the form

w) = Zan<z,w>" (4.1)

having the following properties:

(1) ap=1and a, >0 for all n > 1, and
(2) Hy is an irreducible complete Nevanlinna-Pick space.

By Lemma 1.6, for a unitarily invariant CNP kernel, (1.3) holds for all z,w € B4 and
the sequence {b,, }2° ; defined by (1.3) is a sequence of non-negative real numbers.

4.1. 1/s-contractions

We shall give an explicit construction of the characteristic function for any 1/s-
contraction (not necessarily pure). The next lemma plays an important role in extending
the notion of characteristic function beyond pure 1/s-contractions and also clarifies the
motivation for definition of a pure 1/s-contraction.
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Lemma 4.1. If T= (T4, ...,Ty) is a 1/s-contraction, then the series

D a T AY(TY)

d
acZq

converges in the strong operator topology and the limiting operator is a positive contrac-
tion.

Proof. The positivity is clear if we can show the convergence. We shall show that the
partial sums form an increasing sequence of positive operators bounded above by the
identity operator. Hence the sequence will converge in strong operator topology with the
limiting operator bounded above by the identity operator. To that end, consider h € H.
Then for any N > 1,

A (T*AL(T*) h, h) = ao ( T | 1 - by T (T)* | (T*)*h, h
> IEACITEDS )

lo|<N lo|<N pezd\{o}
< D aall(T) P = Y Y aa-pbs(T)h|?
lo|<N 1<|e|<N geZi\{0}
= > al(T)RP = > aal (TR (by (3.1)).
la|<N 1<]al<N

The last quantity is |||/ and that completes the proof. O
As a direct consequence of this Lemma, we get the following Corollary.

Corollary 4.2. Let T = (T1,...,Ty) be a 1/s-contraction acting on a Hilbert space H.
Define an operator Vp: H — Hy ® RanAq by

h Z 2% @ Ap(T*)*h.

d
a€ZG

Then Vr is a contraction which satisfies
Vi (p(Mz) ® Iggia,) = p(T)Vp
for all polynomials p in d complex variables.

Note that for a pure 1/s-contraction T, the operator Vr defined here is the same as the
one defined in Theorem 2.2. Here it is defined for a bigger class of operator tuples, albeit
for a smaller class of kernels. By virtue of Corollary 4.2, we can generalize Definition 3.1
for unitarily invariant CNP kernels.
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Definition 4.3. A 1/s-contraction T = (77, ...,Ty) is said to admit a characteristic func-
tion if there exists a Hilbert space £ and a B(&, RanAr)-valued analytic function 7 on
B, such that My, is a multiplication operator from H; ® £ to Hy ® RanAr satisfying

I —VpVy = Mg, My, .
4.2. Taylor spectrum

Let 7B, be the open ball in C? centered at origin of radius r. For 7 = 1, the following
lemma is due to Hartz. The proof for any r > 1 is similar to the proof of [[11], Lemma
2.3].

Lemma 4.4. Let s be a unitarily invariant CNP kernel defined in (4.1). If the power series
Yoo o ant™ has radius of convergence r > 1, then s(z,w) # 0 for all z,w € \/TBg.

Corollary 4.5. Let s be a unitarily invariant CNP kernel defined in (4.1). If the power
series Yoo ant™ has radius of convergence r > 1, then the power series Y .. b,t" has
radius of convergence greater than or equal to r.

We denote by o(T) € C¢ the Taylor spectrum of a commuting d-tuple of bounded
operators T = (T1,...,T;) on a Hilbert space. For r = 1, the following lemma can be
found in [[9], Lemma 5.3]. For any r > 1, it can be proved using the same techniques.

Lemma 4.6. Let s be a unitarily invariant CNP kernel defined in (4.1) and the power se-
ries Y oo ant™ has radius of convergence r > 1. If T = (T4, ..., Ty) is a 1/s-contraction,
then o(T) C /rTBg.

4.3. Functional calculus

Note that for fixed w € By, the series Zaezi aqwz® defines an analytic func-
tion in a ball centered at origin of radius +/r/||w| > +/r. By Corollary 4.5, the
series Zaezi\{o} bow®z® also defines an analytic function in (y/r/||w|)Bs. Now by
[[20], Theorem IIL.9.9], we get that the two operator series Zaezi aew®T* and
Zaezi\{o} bow™T* converge in norm operator topology. By virtue of (1.3), we get

ZaaWTa I-— Z boweT* | = 1I.

a€Zl acZi\{0}

For w € B;, we set the notation:

S (T) = Z anwT*.

d
acZs
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Since the map A — A* is continuous in norm operator topology, we get

(52(T)" = Y aaz(T%)"

acZd
and
S aaz(T) | [T= Y baz™(T) | =1
acZd acZi\{0}

for all z € By. This implies

-1

I— > 02T | = Y aaz®(T)" | = (s=(T))" (4.2)

acZd\{0} acZd
4.4. Construction of the characteristic function

Let T= (T1,...,T4) be a 1/s-contraction acting on a Hilbert space H. We denote by

def

H = Doeczi\(oy 1o

the infinite direct sum of the Hilbert space H. For each multi-index o € Z4\{0}, consider
the polynomial ¢, : B4 — C given by

Ya(z) = (ba)l/Zza
and define the infinite operator tuple
Z = (Ya(2)I3) aezi \ (0} -
We shall also denote by Z the operator from H to H which maps (ha)aezi\{o} to

S (ba)'/?2%h,. The operator Z is a strict contraction because
a€Zd\{0}

1Z)> = > balzP=1-

acZi\{0} 5(2,2)

Define by T the infinite operator tuple

T = (Ya(D)aeza\ (0>
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as well as the operator from # to H which maps (hoz)aezi\{o} to 3 (0a)Y?The.
a€Z4\{0}

It is easy to check that T is a contraction if and only if T is a 1 /s-contraction. Also,

TT = > baT(T") =1y — A}
acZd\{0}

and hence A2T = Iy — TT" . Let D3 be the unique positive square root of the positive
operator Iy — T'T, and let Ds = RanDj3. By equation (1.3.4) of [17] we obtain the
identity

TD7 = ArT. (4.3)

Note that the operator ZT" is a strict contraction. So, Iy — ZT" is invertible.

Definition 4.7. The characteristic function of a 1/s-contraction T = (T1,...,Ty) is the
analytic operator valued function 07 : By — B(D7, RanAq) given by

Or(z) = (- T+ Ar(Iy — ZT ) ZD3)|p,. (4.4)
The characteristic function Oy takes values in B(Dz, RanAr) by virtue of (4.3). Since

o~k

I-ZT =1- > baz™(T")",
acZ4\{0}

we get by (4.2) that
(1= 2T") " = (s2(T))".

Lemma 4.8. The identity

I - QT(Z)QT(’LU)* =

5(z,w) Ar(52(T))" s (T)Ar

holds for any z,w € By.

We omit the proof because it is a straightforward computation. In what follows, Vp
is as in Theorem 2.2.

Lemma 4.9. The identity
Vi (sw ® &) = sw(T)Ar

holds for any w € By and & € RanAr.



22 T. Bhattacharyya, A. Jindal / Advances in Mathematics 426 (2023) 109089

Proof. Let h be any element of H. Then

(Vi (sw ® &), h) = (50 @&, Vrh)
= (sw®& Y aaz® ® Ag(T%)*h)

aeZd
= j{: aa gaZXT ) >
a€Zd
= Y aaw™(T*AgE, h)
aEZi
= (Y aaw T Aré, h) = (su(T)ALE, h).
a€Zd

Since h is arbitrary, we have the desired identity. O

Using Lemma 4.8 and Lemma 4.9, it is straightforward to see the following.

Corollary 4.10. The identity
(Vi (5w ®&),Vr(sz ®n)) = s(z,w) (I = 0(z)0r(w)")&,n)
holds for any z,w € By and £&,n € RanAr.

The main result of this section is the next theorem which shows that for a 1/s-
contraction T, the characteristic function 61 works as the multiplier required in Defini-
tion 4.3.

Theorem 4.11. Given a 1/s-contraction T = (T4,...,Tq), its characteristic function Or
(defined in (4.4)) is a multiplier from Hy ® Dy to Hs @ RanAq with || Mpy,|| < 1. Moreover
the identity

VoVy + My, M, =1 (4.5)
holds.

Proof. Define a linear map

A :span{s,, ® { : w € By, € RanAq} — Hy ® Dx

A8 @ &) = 54 @ Op(w)"E.
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For z,w € B, and £,n € £ we get

(A(sw © ), A(sz @ 1)) = (s @ Op(w)"¢, 52 © O1(2)"n)
= s(z, w){0r(z)01(w)" ¢, n)
= (I = VoVp)(s5w ® ), 52 @) (4.6)
by Corollary 4.10. This implies that

[Az]| < ]

for all z € span{s,, ® £ : w € By, & € RanAr}. Thus, A extends to be a bounded
linear operator from H, ® RanAr to Hy; ® D7. Now we shall prove that A* = My,. For
f € H,® Dy, & € RanAr and z € By, we have

(A" f)(2),€) = (A" f, 5, @ &) = (f, A(s: ® €)) = ([, 52 @ On(2)"E) = (01(2) f(2),£).
So we get (A*f)(z) = 61(2) f(z). This implies that A* = My,. The identity
Mo, M, + VaVi = I, ee
follows from (4.6). O

Corollary 4.12. Given a 1/s-contraction T, its characteristic function Ot is a bounded

analytic function on By with sup ||0r(z)] < 1.
zeby

Epilogue

In this note, we have proved the existence of characteristic function for a certain
class, but did not show any utility. This will be the theme of a future paper. However,
the principal utility of the characteristic function in the pure case is a straightforward
consequence of what we have developed so far.

Definition. Given two 1/s-contractions T and R on Hilbert spaces H and K respectively,
the characteristic functions of T and R are said to coincide if there exist unitary operators
7 : D3 — Dy and 7, : RanAr — RanAg such that the following diagram commutes for
all z € By:

D GT—(Z)> RanAr

| |-

DR Eu— RanAR
Or(2)
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The characteristic functions of two unitarily equivalent 1/s-contractions clearly co-
incide. It is somewhat of a surprise that the converse is true for at least pure 1/s-
contractions. This is achieved through the construction of a functional model. Using
the isometry Vr as well as the identity (4.5), we get that every pure 1/s-contraction
T = (T1,...,T4) acting on a Hilbert space H is unitarily equivalent to the commuting
tuple T = (Ty,...,T4) on the functional space

Hy = (Hs ® RanAr) & My, (Hs @ Dy)

defined by T; = Pu, (M., ® Ip,. )|, for 1 <i < d. This functional model produces the
following theorem whose proof is along the lines of the contents of [8].

Theorem. Two pure 1/s-contractions are unitarily equivalent if and only if their charac-
teristic functions coincide.
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