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We study the Heckman-Opdam hypergeometric functions associated with a root system
of type BC and a multiplicity function that is allowed to assume some nonpositive values
(a standard multiplicity function). For such functions, we obtain positivity properties
and sharp estimates that imply a characterization of the bounded hypergeometric
functions. As an application, our results extend the known properties of Harish-
Chandra’s spherical functions on Riemannian symmetric spaces of the non-compact
type G/K to spherical functions over homogeneous vector bundles on G/K, which are

associated with certain small K-types.

1 Introduction

Let G be a connected non-compact real semisimple Lie group with finite center, K, a
maximal compact subgroup of G, and X = G/K, the corresponding Riemannian sym-
metric space of the non-compact type. Harish-Chandra's theory of spherical functions
on X has been extended into two different directions.

The 1st direction is Heckman-Opdam's theory of hypergeometric functions
on root systems. It originated from the fact that, by restriction to a maximally flat

subspace of X, the K-invariant functions on X become Weyl group-invariant functions
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on the corresponding Cartan subspace a. The analogues of Harish-Chandra’s spherical
functions are the hypergeometric functions associated with root systems, also known
as the Heckman-Opdam's hypergeometric functions. Heckman and Opdam introduced
them in the late 1980s and, in the middle 1990s, Cherednik contributed in simplifying
their original definition; see [11, 21], as well as [1], for a recent overview of the theory.
In the context of special functions associated with root systems, the symmetric space
X is replaced by a triple (a, ¥, m), where a is a Euclidean real vector space (playing the
role of the Cartan subspace of X), ¥ is a root system in the real dual space a* of q,
and m : ¥ — C is a multiplicity function, that is, a function on X that is invariant
with respect to the Weyl group W of X. If a is a Cartan subspace of the symmetric
space X, X is the corresponding system of (restricted) roots and the multiplicity
function m is given by the dimensions of the root spaces, then Heckman-Opdam'’s
hypergeometric functions associated with (a, ¥, m) are precisely the restrictions to
a of Harish-Chandra’s spherical functions. Here and in the following, we adopt the
convention of identifying the Cartan subspace a with its diffeomorphic image A = exp(a)
inside G.

Notice that, even if the multiplicity function in a triple (a, ¥, m) might be
generally complex-valued, most of the properties of Heckman-Opdam's hypergeometric
functions, and also the harmonic analysis associated with them, are known assuming
that the multiplicity functions have values in [0, +00). This is of course the most nat-
ural setting to include Harish-Chandra’s spherical harmonic analysis on Riemannian
symmetric spaces.

The 2nd direction extending Harish-Chandra’s theory of spherical functions
concerns the so-called r-spherical functions, where t is a unitary irreducible repre-
sentation of K. These functions already appeared in the work of Godement [7] and
Harish-Chandra [8, 9], and they agree with Harish-Chandra’s spherical functions on
X when 7 is the trivial representation. They have been studied either in the context of
the representation theory of G or in relation to the harmonic analysis on homogeneous
vector bundles over X. Among the references related to the present paper, we mention [3,
6,10, 11, 15,18, 19, 23, 24, 29, 30]. Several new features appear when t is nontrivial. For
instance, the algebra D(G/K; t) of invariant differential operators acting on the sections
of the homogeneous vector bundle might not be commutative. Let V7, be the space of 7,
and let L' (G//K; t) denote the convolution algebra of End(V,)-valued functions f on G
satisfying f(k,gk,) = t(kfl)f(g)t(kgl) forall g € Gand k;,k, € K. It is a classical result
that D(G/K; 1) is commutative if and only if L'(G//K; r) is commutative. In this case,

(G, K, 1) is said to be a Gelfand triple. A convenient criterion to check whether (G, K, 7)
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is a Gelfand triple is due to Deitmar [5]. Namely, D(G/K; 7) is commutative if and only
if the restriction of = to M, the centralizer in K of the Cartan subspace a, is multiplicity
free. This happens for instance when 7|y, is irreducible, that is, v is a small K-type. For
example, a one-dimensional representation t is necessarily a small K-type. For Gelfand
triples, the theory of t-spherical functions can be set up exactly as in the case of 7
trivial. For instance, the r-spherical functions can be equivalently defined either as
joint eigenfunctions of ID(G/K; 1) or as characters of L'(G//K; r). Nevertheless, they are
much more difficult to handle than in the trivial case and many of their properties are
still not known.

The present paper is situated at a crossing of the two directions of extensions
of Harish-Chandra’s theory of spherical functions on X mentioned above. It finds
its motivations in Shimeno's [29] paper, in Heckman’s chapter [11, Chapter 5], and,
more generally, in the recent paper by Oda and Shimeno [18] on r-spherical functions
corresponding to small K-types. When t is a small K-type, a t-spherical function is
uniquely determined by its restriction to a Cartan subspace a of G. By Schur’'s lemma,
this restriction is of the form ¢ - id where id is the identity on V, and ¢ is function
on a, which is Weyl group invariant. The main theorem of [18] proves that, up to
multiplication by an explicit nonvanishing smooth cosh-like factor, the function ¢ is
a Heckman-Opdam's hypergeometric function. It corresponds to a triple (a, £(z), m(r))
in which ¥(r) is possibly not the root system associated with the symmetric space X
and m(t) need not be positive. This motivates a systematic study of Heckman-Opdam's
hypergeometric functions corresponding to multiplicity functions that may assume
negative values.

In this paper, we take up this line of investigations in the case of the so-called
standard multiplicities. More precisely, let X be a root system in a* of type BC,, where r

is the dimension of a, and let m = (mg, m_, m;) be a multiplicity function on X. Set

M ={mg,my,m) e M:my >0mg >0,mg+2m; > 0}.

In [11, Definition 5.5.1], the elements of M; were called the standard multiplicities.
Standard multiplicities have been introduced by Heckman and their definition is linked
to the regularity of Harish-Chandra’s c-function; see [11, Lemma 5.5.2] and (26) below.
All positive multiplicity functions are standard, but standard multiplicities
also allow negative values for the long roots. Because of this, the arguments leading
to the known properties of the hypergeometric functions corresponding to positive

multiplicity functions do not apply to this case. By suitable modifications of their
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proofs, we show in this paper that various results, including positivity properties
and estimates for hypergeometric functions, extend to standard multiplicities (see
Proposition 3.5 and Theorems 3.10 and 3.11).

Let af, denote the complex dual vector space of a, and consider the Heckman-—
Opdam'’s (symmetric and nonsymmetric) hypergeometric functions F, (m, x) and G, (m, x)
with A € af; see Subsection 2.2 for the definitions. Under the condition that m € M,, we

prove the following:

(1) F, and G, are real and strictly positive on a for all » € a*;

(2) |F;| < Fge; and |G,| < Gge, on aforall A € af;

(3) max{|F;(x)],|G, )|} < [W]emaXwew WM& for all ) € af. and x € q;

(4 F, 0 < FM(X)emaxweW(W’\)(X) and G, ,(x) < GM(X)emaxweW(W”(X) for all A €
a*, u € (a*)t, and x € q;

(5) asymptotics on a for F; when A € af. is fixed but not necessarily regular;

(6) sharp estimates on a for F, when X € a* is fixed but not necessarily regular.

The estimates (but not the asymptotics) pass by continuity to the boundary of
M, as well. The above properties extend to M the corresponding properties proved for
nonnegative multiplicities by Opdam [21], Ho and Olafsson [14], Schapira [26], R&sler
et al. [25], and the authors and Pusti [16].

The set of real-valued multiplicities on which both functions F, and G, are

naturally defined is
My ={mg,my, m) e M:my, >0,mg +my > 0}.

Clearly, M; C M. In Section 3, we introduce and discuss other subsets of M. For
instance, the estimates (3) hold in fact for a larger set of multiplicities than M,; see
Lemma 3.4.

Let p(m) € a* be the half-sum of the positive roots in X, counted with their
multiplicities; see (2). Moreover, let C(p(m)) denote the convex hull of the finite set
{wp(m) : w € W}. Suppose first that the triple (a, X, m) is associated with a symmetric
space X, and consider Harish-Chandra’s parametrization of the spherical functions
by the elements of af.. Let ¢, denote the spherical function corresponding to A € ag.
The spherical functions that are bounded can be identified with the elements of the
spectrum of the (commutative) convolution algebra of L' K-invariant functions on X.
They have been determined by the celebrated theorem of Helgason and Johnson [13].
It states that the spherical function ¢, on X is bounded if and only if A belongs to the
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tube domain in af, over C(p). It is a fundamental result in the L! spherical harmonic
analysis on X. For instance, it implies that the spherical transform of a K-invariant L'
function on X is holomorphic in the interior of the tube domain over C(p). In particular,
the spherical transform of an L! function cannot have compact support, unlike what
happens for the classical Fourier transform.

The theorem of Helgason and Johnson has been recently extended to Heckman—
Opdam'’s hypergeometric functions in [16] under the assumption that the multiplicity
function m is positive. On the boundary of M,, there are nonzero multiplicities m for
which p(m) = 0. However, p(m) # 0 for m € M. It is therefore natural to ask if
Helgason-Johnson's characterization of boundedness by means of the tube domain over
C(p) holds for Heckman—-Opdam's hypergeometric functions associated with arbitrary
standard multiplicity functions m € M, and not only to the positive ones. The answer
to this question is positive and is given by Theorem 3.11.

Let M, denote the set of nonnegative multiplicity functions on a fixed root
system of type BC. In Section 4, we consider the two-parameter deformations of m =

(mg, my, my) € M_ of the form
m(, 0) = (mg + 20, m, + 20, m; — 20),

where ¢, ¢ € R. The corresponding nonsymmetric and symmetric (¢, £)-hypergeometric

functions are respectively defined for A € af and x € a by

G mix) = u® v G, mE, Dix),

Formix) = u) v 'F, me, 0;x),

where u(x) and v(x) are suitable products of hyperbolic cosine functions depending on
the roots; see (35) and (36). Given m = (mg, m,,, m)) € M, then m(E,Z) € M, if and only
if -2 < ¢ < % +m;and > —Tm. For these values, the results proved in Section 3 for
Gk(m(ﬂ,i”v)) and Fk(m(ﬁ,Z)) extend to corresponding results for the (Z,Z)-hypergeometric
functions, but some care is needed to take the factors u—¢ and v—' into account. In
particular, Theorem 4.7 characterizes the Fy 7,8 that are bounded. This theorem as well
as other properties extends to all ¢s for which |£ —(m;— 1)/2| < (mg+my+1)/2, thanks
to the symmetry relation F, 7, =F_,,,, 7, proved in (44).

The final section of this paper, Section 5, is devoted to geometric examples
based on [11, 29] and [18]. Namely, we prove that the r-spherical functions on G/K

associated with a small K-type t and for which the root system of G/K is of type BC
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can be described as symmetric (¢, £)-hypergeometric functions on the root system ()
of [18] and specific choices of a multiplicity function m € M, and of the deformation

parameters (¢, ¢). Our general results from Section 4 apply therefore to these cases.

2 Notation and Preliminaries

In this section, we collect the basic notation and some preliminary results. We refer to
[11] and [16] for a more extended exposition.

If F(m) is a function on a space X that depends on a parameter m, we will denote
its value at x € X by F(m; x) rather than F(m)(x). Given two nonnegative functions f and
g on a same domain D, we write f x g if there exist positive constants C; and C, so that
C, =< % < C,forallx e D.

2.1 Root systems

Let a be an r-dimensional real Euclidean vector space with inner product (-, -), and let
a* be the dual space of a. For A € a*, let x;, € a be determined by the condition that
Ax) = (x,x,) for all x € a. The assignment (A, u) := (x,,x,) defines an inner product in
a*. Let ac and af. respectively denote the complexifications of a and a*. The C-bilinear

extension to ac and af. of the inner products on a* and a will also be indicated by (-, -).

We denote by | - | = (-, -)1/? the associated norm. We shall often employ the notation
(A, a)
A, = 1
R (%) W

for elements A, @ € af, with |a| # 0.
Let ¥ be a root system in a* with set of positive roots of the form £+ = I 1
T4 u s, where
+ B ; +
sf={7:1=<j=r}, zIH={

N 2 m

B; £ B;
2

l<i<js<r}, If={f:1<j=<r}.

The positive Weyl chamber a* consists of the elements x € a for which «a(x) > 0 for all
af={xeca:ax) >0foralla € =*}. Dually, the positive Weyl chamber (a*)* consists of
the elements A € a* for which (A, a) > 0 for all « € £. Its closure is denoted (a*)*.

We assume that the elements of Ef“ form an orthogonal basis of a* and that they
all have the same norm p. We denote by W the Weyl group of . It acts on the roots by
permutations and sign changes. For a € {s,m,1}, set £, = =1 u (—X}). A multiplicity

function on ¥ is a W-invariant function on X. It is therefore given by a triple m =

£20z AelN 6z uo Josn nunjeBuag ‘eousiog Jo ajnysul Uelpu| ‘AJeiqiT [BLUOWSIA BB L "A"Y 1 Ad €07F0E9/L L LS L/6L/Z20Z/3I0Ie/uiwl/woo°dnoolwapese)/:sd)y Woly papeojumod



Hypergeometric Functions of Type 15117

(mg, my, my) of complex numbers so that m, is the (constant) value of m on X, for
a € {s,m,l}.

It will be convenient to refer to a root system X as above as of type BC, even if
some values of m are zero. This means that root systems of type C, will be considered
as being of type BC, with m, = 0 and m, # 0. Likewise, the direct products of rank-one
root systems (BC;)" and (A4,)" will be considered of type BC, with m_ = 0 and with
m,, = mg = 0, respectively.

The dimension r of a is called the (real) rank of the triple (a, ¥, m). Finally, we

set

~

p(m)=%zmaa=%Z(%+m1+(j—1)mm)ﬁj€ﬂ*- (2)
aext j=1

Example 2.1 (Geometric multiplicities). For special values of the multiplicities m =
(mg, my, my), triples (a, X, m) as above appear as restricted root systems of a large
family of irreducible symmetric spaces G/K of the non-compact type. Among these
spaces, a remarkable class consists of the non-compact Hermitian symmetric spaces;
see [12] or [29]. For these spaces m; = 1. Their root systems and multiplicity functions
are listed in Table 1. The literature on Hermitian symmetric spaces refers to the
situations where ¥ = C, and X = BC, as to Cases I and II, respectively.

In the following, the triples m = (m;, my, m,) appearing as root multiplicities
of Riemannian symmetric spaces of the non-compact type and root system of type BC
will be called geometric multiplicities. Other examples of geometric multiplicities will
be considered in Section 5.

Notice that in this paper, we adopt the notation commonly used in the theory of
symmetric spaces. It differs from the notation in the work of Heckman and Opdam in
the following ways. The root system R and the multiplicity function k used by Heckman
and Opdam are related to our ¥ and m by the relations R = {20 : « € £} and k,, = m,/2

fora € .

2.2 Cherednik operators and hypergeometric functions

In this subsection, we review some basic notions on the hypergeometric functions
associated with root systems. This theory has been developed by Heckman, Opdam,
and Cherednik. We refer the reader to [11], [21], and [22] for more details and further

references.
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TaBLE 1 Root multiplicities of irreducible non-compact Hermitian symmetric spaces

G K z (mg, mm, my)
SU(p, q) S(U() x U(g) p=q:Cp p=q:(0,21)

P <q:BCp p<q:(2(@q@—p)21)
SO0 (p, 2) SO(p) x SO(2) Cy ©0,p—21)
SO*(2n) U(n) neven: Cp, neven: (0,4, 1)

n odd: BCp, n odd: (4,4,1)
Sp(n,R) Un) Cn 0,1,1)
¢6(_14) Spin(10) x U(1) BC, (8,6,1)
€7(—25) ad(eg) x U(1) C3 0,8,1)

Let S(ac) denote the symmetric algebra over ac considered as the space of
polynomial functions on af, and let S(aC)W be the subalgebra of W-invariant elements.
Every p € S(ap) defines a constant-coefficient differential operators p(d) on A and on
ac such that £(9) = 9 is the directional derivative in the direction of & for all & € a. The
algebra of the differential operators p(d) with p € S(ac) will also be indicated by S(a¢).

Set a,g = {x € a: a(x) # 0forall« € X}. Let R denote the algebra of functions

on a., generated by 1 and
g, = (1 —e 271 (@exh). (3)
Notice that for £ e aand « € £ T, we have

9.9, = 20(£)(9%—9g,)

9y = 1—g,. (4)

Hence, R is stable under the actions of S(ac) and of the Weyl group. Let D = R ® S(ag)

be the algebra of differential operators on a_.,, with coefficients in R. The Weyl group

reg

W acts on Dy, according to

w(p ® p(d)) := we ® (Wp)(9).

We indicate by DY the subalgebra of W-invariant elements of Dy,. The space D ® C[W]

can be naturally endowed with the structure of an associative algebra.
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The differential component of a differential-reflection operator P € Dy ® C[W]
is the differential operator 8(P) € Dy such that

Pf = B®f (5)

forall f € CIACIW. IfP=3" ,cw P ® w with P, € Dy, then B(P) = > e Pov-
For £ € a the Cherednik operator (or Dunkl-Cherednik operator) T:(m) € D ®
C[W] is defined by

T (m) =0 — p(M)(E) + D muaE)(1 —e )7 (1 —r,). (6)

aext

The Cherednik operators commute with each other (cf. [21, Section 2]). Therefore, the
map § — T;(m)ona extends uniquely to an algebra homomorphism p — T,(m) of S(ac)
into D ® C[W]. If p € S(ac)"W, then D,(m) := B(T,(m)) turns out to be in DY.

Let p; € S(ap)" be defined by p,(A) = (A, 1) for A € a}. Then, Ty, (m) =
25:1 ng(m)z, where {§; J’.:l is any orthonormal basis of g, is called the Heckman-Opdam

Laplacian. Explicitly,

(o, )

Ty, (m) = L(m) + (p(m), p(m)) —a§+ My % ® (1 —r,), (7)
where
L(m):=L,+ »_ m, cothad, ; 8)
acxt

L, is the Laplace operator on a and 9, is the directional derivative in the direction of
the element x, € a corresponding to « in the identification of a and a* under (., -), as at
the beginning of Subsection 2.1. See [26, (1)] and [27, Section 2.6] for the computation of
(7). In (7) and (8), we have set

e¥ — e« e

: _ - _ , 2
sinhae = — 2(1 e "), (9)

1+e 2 2
cotha = e i i 1. (10)

Moreover,

Dy, (m) = L(m) + (p(m), p(m)).

£20z AelN 6z uo Josn nunjeBuag ‘eousiog Jo ajnysul Uelpu| ‘AJeiqiT [BLUOWSIA BB L "A"Y 1 Ad €07F0E9/L L LS L/6L/Z20Z/3I0Ie/uiwl/woo°dnoolwapese)/:sd)y Woly papeojumod



15120 E. K. Narayanan and A. Pasquale

Set D(m) := {D,(m) :p € S(ac)"}. The map y (m) : D(m) — S(ac)" defined by
y (m)(D,(m)) (1) == p(1) (11)

is called the Harish-Chandra homomorphism. It defines an algebra isomorphism of
D(m) onto S(aC)W (see [11, Theorem 1.3.12 and Remark 1.3.14]). From Chevalley’'s
theorem, it therefore follows that D(m) is generated by r(= dim a) elements. The next

lemma will play a decisive role for us.

Lemma 2.2. For every multiplicity function m, the algebra D(m) is the centralizer of
L(m) in D¥.

Proof. This is [11, Theorem 1.3.12]. See also [11, Remark 1.3.14] for its extension to

complex-valued multiplicities. u

Let A € af be fixed. The Heckman-Opdam hypergeometric function with
spectral parameter A is the unique W-invariant analytic solution F, (m) of the system

of differential equations

Dy(m)f =pM)f  (p € Sap)™), (12)

which satisfies f(0) = 1. The nonsymmetric hypergeometric function with spectral

parameter A is the unique analytic solution G, (m) of the system of differential equations

T.(mg=x1(§)g (§€a), (13)

which satisfies g(0) = 1. These functions are linked by the relation

F,(m; x) = I%I Z G,mwlx) (xea), (14)
weWw
where || denotes the cardinality of W. The existence of the hypergeometric functions
requires suitable assumptions on m. We refer the reader to Appendix A for additional
information.

For geometric multiplicities, D(m) coincides with the algebra of radial compo-
nents of the G-invariant differential operators on G/K. Moreover, F, (m) agrees with

the restriction to A = a of Harish-Chandra’s spherical function on G/K with spectral
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parameter A. A geometric interpretation of the functions G,(m) has been recently

given in [17].

3 Hypergeometric Functions Associated with Standard Multiplicities

In this section, we look at the hypergeometric functions associated with standard
multiplicities. Basic estimates and a characterization of the bounded hypergeometric
functions (for these sets of multiplicity functions) are established.

Let M denote the set of real-valued multiplicity functions m = (mg, my, m;) on

a root system X of type BC,. We will consider the following subsets of M:

M, = {meM: m,>0foreveryac X} (15)
My = {imgmy,m)eM:my >0mg+m >0}, (16)
M, = {mgmy,m)eM:my >0mg>0mg+2m; > 0}, (17)
My, = {(mgmy, m)eM:my>0,m; >0 mg+m >0}, (18)
My = {(mg,my m)eM:my>0m <0,mg+2m; > 0}. (19)

So M, consists of the nonnegative multiplicity functions and M; = (M, U M,)?, the
interior of M, U M,. For real-valued multiplicities, M, is the natural set for which
both hypergeometric functions G, (m) and F, (m) are defined for all A € af;; see Appendix
A. Recall that the elements of M, are called standard multiplicity functions (see [11,

Definition 5.5.1]). These sets of multiplicities are represented in Figure 1.

3.1 Basic estimates

Under the assumption that m € M, the positivity properties of F,(m) and G, (m) for
A € a* as well as their basic estimates have been proved by Schapira [26, Section 3.1],
by refining some ideas from [21, Section 6]. Under the same assumption, Schapira’s
estimates for F, (m) and G, (m) have been sharpened by Résler et al. [25, Section 3]. The

following proposition collects their results.

Proposition 3.1. Let m € M. Then, the following properties hold.

(a) For all A € a*, the functions G, (m) and F, (m) are real and strictly positive.
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m
A

My

Y
3

mg+2m; =0

mg+m; =0

Fig. 1. Sets of BC multiplicities.

(b) Forall A € af,
|G, (M)| < Gge (M), |F; (M)| =< Fgg, (M). (20)
(c) Forall L € a*andall x € q,
G, (m; x) < Go(m; x)e"FXwWHIE (m: x) < Fy(m; x)emdxwWhH&) (21)
More generally, for all » € a*, 1 € (a*)*, and all x € a,
Gy (M;X) < G, (m; x)e™@WHOF, - (m;x) < F, (m;x)e™wWH®  (22)

(In the above estimates, max,, denotes the maximum over all w € W)

Proposition 3.1 lists the sharpest estimates known so far for Heckman-Opdam's
hypergeometric functions. The following lemma, even if quite elementary, is the key
result allowing us to modify their proofs and to extend these estimates to multiplicities
m € M. It will play a similar role also for extending the asymptotics and the

boundedness characterization.
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Lemma 3.2. Letm = (mg, my, m)) € Mgyand g € El+. Then, the following inequalities
hold for all x € a:

(a) %+mlm>01fm€/\/{ U/\/l3and

2B(x)
(b) 7+ my ey = 0if m e My UMs,.

Proof. If m € M U M;,, then mg > 0 and m; > —zm Hence, for every 0 < C < 1,

we have ¢ + Cm; > (1 — C)"5¢ > 0. We therefore obtain both (a) and (b) for these ms by

observmg that for every t = —8(x) € R, we have

1 1+e*
<1 and 0§+—§
1+et (1+eh)?

Suppose now that m € M,. Since m; > 0, m, + m; > 0, and ‘1::22 > % for all
z € C, we immediately obtain that for all t = —8(x) € R, we have
my 1+ e%
— mg +my) > 0.
5 +m (1 t)2 > 2( +my) >
This proves the lemma. |

Remark 3.3. Since

lim (ms+m )_ms
t=>+oo \ 2 Hiret)] ™ 2

it is clear that the inequality (a) of Lemma 3.2 cannot extend to m € M, \ (J\/lJr U M3)
and (b) cannot extend to m € Mg \ (M, U Msy).

To use the methods from [25, Section 3], we will also need an extension of the
real case of Opdam's [21, Proposition 6.1 (1)] estimates. We will do this for m € M,UMa,.
Notice that the complex variable version of Opdam'’s [21, Proposition 6.1 (2)] estimates
has been recently extended by Ho and Olafsson [14, Appendix A] to m € M, and to a
domain in ag, which is much larger than the original one considered by Opdam. For
m € M,, the inequality (b) of Lemma 3.2 was noticed in the proof of [14, Proposition 5.A
and p. 25].
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Lemma 3.4. Suppose that m € M, U M;. Then, forall 2 € af, and x € q,
|G,.(m; x)| < /[W|em@xwReWH® B (m; x)| < /|W|en¥w ReWh), (23)

Proof. Regrouping the terms corresponding to 8 and /2 and setting z = x € a, we can
rewrite the 1st term on the right-hand side of the 1st displayed equation in [21, p. 101]

as

a 1— e—4a(x)
Z m, (E)( ) |¢ -9 |ze—2u(x)
(1 _ e—Za(X))Z w ToW
weW,aesh

Py (m L)1 — e ) B(E)(1 — e 4PW)
B/2

_ 2 5,—211(X)
(1 _ e*ﬁ(X))z mﬂ |1 _ eizﬁ(x))z )|¢W (pr/gw| e

weW,pex;

in which a(£)(1 — e 4*™) is positive for all « € £+ when & € a is chosen in the same
Weyl chamber of x. (In [21, p. 101], there is an additional multiplicative constant —%.
Our argument takes into account this sign change.) The coefficient of |¢,, — <prﬂw|ze_2“(x)

for B € X is then clearly positive. For g € Efr, this coefficient is equal to

BE)A — e 2P®) my 1+ e 20
(1 —eP)2 (7 mlm)'

which is positive by Lemma 3.2(b). Therefore, the same proof as in [21, Proposition 6.1]

allows us to obtain the required inequalities. |

The following proposition extends the positivity properties and basic estimates

from [26, Section 3.1] and [25, Section 3] to the multiplicity functions in M.
Proposition 3.5. Proposition 3.1 holds for m € M,.

Proof. Proofs of (a) and (b) and (21) follow the same steps as the proofs of [26, Lemma
3.1 and Proposition 3.1]. So we shall just indicate what has to be modified in the proofs
when considering m € M, instead of m € M.

Suppose G, (m) is not positive, and let x € a be a zero of G, (m) of minimal norm.
As in [26, Lemma 3.1], one has to distinguish whether x is regular or singular. If x is

regular, take £ in the same chamber of x. Evaluation at x of the equation

T.(m)G, (m) = A(§)G,(m) (24)
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yields

%G, (m;x) = > ma%[%(m; %) — G (m; 0] + (p(m) + 1)(¢)G; (m;x)

aext

in which G, (m; x) vanishes. In the sum over 7, the coefficient of G, (m;r,x) — G, (m; x)
is always nonnegative for o € I} . Moreover, grouping together those corresponding to

B/2 and B € =7, we obtain as coefficient of G, (m;rgx) — G, (m; x)

NN (G Y 1C N ) [ sy ]
BI2] _ =B Bl _e=28) — 1 _eB®[ 2 Il e B

which is positive by Lemma 3.2(a).
If x is singular, let I = {& € 7 : a(x) = 0}, and let £ be in the same face of x so

that «(¢§) = 0 for all @ € I. In this case, (24) evaluated at x gives

3§Gk(m;X) Zm ()

a0 GOm0

ael

+ > my @) ———[G, (M, x) — G, (m; )]

72a(X)
aeTHh\

B
5(&) B&)
+ Z I:mﬂ/z ze—ﬂ(X) + mﬂ 1_ e_zﬁ(x):I[G)L(m; rﬂX) - G)»(m; X)]
ﬂeZ

+ (p(m) + 1) (§)G, (m; x),

in which the 1st sum and G, (m;x) vanish and the sum over Efr \ I has coefficient
as in (25).

In both cases, one can argue as in [26, Lemma 3.1] by replacing the multiplicities
k, > 0 in that proof with ¢ + m, m and using Lemma 3.2(a).

Having that Gg,,(m) is real and positive, to prove (b) for G, (m), one can make
the same grouping and substitution of multiplicities, as done above for 9;G, (m;x),
inside the formula for 8$|OA|2(X) appearing in the proof of [26, Proposition 3.1 (a)]. A
3rd application of the same grouping in the formula of 9;R;(x) in the proof of [26,
Proposition 3.1 (b)] yields (21).

Finally, (22) has been proven for multiplicities m, > 0 in [25, Theorem 3.3]
using the original versions of (a)-(c) and (21) together with a clever application of the

Phragmén-Lindelof principle that does not involve the root multiplicities. With Opdam’s
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estimate for m € Mj, as in Lemma 3.4, the original proof from [25] extends to the case
of m € M and yields (22). |

3.2 Asymptotics

We now investigate the asymptotic behavior of the hypergeometric functions F, (m) for
m € M,. For this, we follow [16]. Before we state our results, it is useful to recall the
methods adopted in [16]. Let m be an arbitrary nonnegative multiplicity function. One
of the main results in [16] is Theorem 2.11, where a series expansion away from the
walls was obtained for F;(m) for all A € af (even when 1 is nongeneric). Recall from
[11, Section 4.2] (or from [16, Section 1.2] in symmetric space notation) that, for generic
%, the function F, (m) is given on a* by >

wew C(m; wA) @, (m), where c(m; ) is Harish-

Chandra'’s c-function (see (A1) in the appendix) and ®, (m; x) admits the series expansion

®, (m; x) = e*=PIM® Z r,m; e H® (x € a™).
HE2A

The coefficients I' .(m,2) are determined from the recursion relations

(,p =20, m) =2 > m, D> T, 5, (mA{u+p(m)—2na—ia),

aext neN,u—2naeA

with the initial condition that I'j(m, A) = 1. The above defines I, (m;2) as meromorphic
functions on ag.

For a nongeneric point A = A, a series expansion for F, (m) was obtained in [16]
following the steps given below.

Step I. List the possible singularities of the c-function and the coefficients
I‘u(m; A) at A = Ag.

Step II. Identify a polynomial p so that

b= p)( 3 ctm;waet O 3 i)
weW LE2A

is holomorphic in a neighborhood of .
Step III. Write F, (m) = a 3(m)(pF,(m))|,_;, where 9(rw) is the differential
operator corresponding to the highest degree homogenous term in p and a, is a nonzero

constant. This gives the series expansion of F;,(m).
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A careful examination shows that the same proofs go through even with the
assumption that the multiplicity function belongs to M. Indeed, the possible singular-
ities of the c-function and the I', (m) are contained in the same set of hyperplanes as
listed in [16, Lemma 2.3]. Hence, the same polynomials and differential operators can
be used in Steps II and IIT above. The crucial detail to be checked is the computation of
the constant by(m; A,) appearing in [16, Lemma 2.6]. The explicit expression in terms of
Harish-Chandra’s c-function shows that, for root systems of type BC, \ C,, the function

by(m; i) is nonzero if and only if

[T (%5 o (g B ) T (g T (- 7)

ae}:;r aeE;ﬁ

(26)

(where the 2nd factor in the product does not appear if the rank r is one) is nonsingular.
It is clear that the expression in (26) is nonsingular for A, € af with Relq € (a%)
if m € M,. Notice that the nonvanishing of b,(m; ;) identifies the main term in the
expansion of F, (m; x) as %no(x)e(ko_p(m))("), where py(m) is defined as in [16, (58)].
Notice also that c(m; i), and hence by(m; (), can vanish for m € M\ M;.

It follows from the above that [16, Theorem 2.11] and, as a consequence, [16,
Theorem 3.1] continue to hold true for a multiplicity function m € M,;. We state it

below and refer to [16] for any unexplained notation.

Theorem 3.6. Suppose m € M,. Let A, € af. with Rely € (a*)*, and let x; € a* be
fixed. Then, there are constants C; > 0,C, > 0 and b > 0 (depending on m, A, and x;) so

that forall x € xy +a™ :

F,, (m; x)e~Rero—p(m)(x) ( by (m; 1)

M Ao(x) | Z by, (M; o)y, 5, (X) eiwlmxo(x)))
7o (X) 7o (0g(m))

CoTTn (X
WEWRe 1o \Wig 0o (%)

< C,(1+ X))+ Cy(1 + B(x)) Trole b, 27)

where B(x) is the minimum of «(x) over the simple roots « € £t and the term C,(1 +
B(x))~! on the right-hand side of (27) does not occur if (&, 1y) # 0 for all « € X.

Notice that, for fixed x, € a*, we have B(x) =< |x| as x — oo in x, + at, where |x]|

is the Euclidean norm on a.
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Likewise, one can extend to m € M, the following corollary, which restates

Theorem 3.6 in the special case where 1, € (a*)*.

Corollary 3.7. Suppose m € M,. Let A, € (a*)T, and let x;, € a™ be fixed. Then, there
are constants C; > 0, C, > 0, and b > 0 (depending on m, 1, and x,) so that for all

X exy+at,

bo(m? Ag)

o (X)e()»O*,O(m))(X) <
7o(Mm; pg)

Fy,(m; x) —
< [C1(1+ B! + (1 + Bx)) Pl e DPW ] (g0 (2)

The term C; (1 + B(x))~! on the right-hand side of (28) does not occur if («, Ag) # 0 for all
o€ X.

It might be useful to observe that for m € M, the only obstruction to (27) is that
by(m; i) # 0. For arbitrary values of 1, € af, with Reiy € (a*)*, by (26), this happens if
and only if

mg > —2, mg+2m; >0 and, ifr>1 my>0.

S

Corollary 3.8. Let m € M,. Then, Theorem 3.6 holds for every A, € ai, with Rei, €

(a*)* such that (26) is nonsingular.

3.3 Sharp estimates

In this subsection, we assume that m € Mj. Let MJ denote the interior of M,. Since
Mg C M, the results of both Subsections 3.1 and 3.2 are available on Mg.

Let A € a*. Using the nonsymmetric hypergeometric functions G, (m), their
relation to the hypergeometric function and the system of differential-reflection equa-
tions they satisfy, Schapira [26] proved the following local Harnack principle for the

hypergeometric function F, (m): for all x € at,

VF,(m;x) = _|1W| Z w Y p(m) — MG, (m; wx), (29)

weWw

the gradient being taken with respect to the space variable x € a. It holds for every

multiplicity function m for which both G, (m) and F, (m) are defined. See [26, Lemma
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3.4]. Since 0:F = (VF,§) and since G, (m) and F, (m) are real and nonnegative for m € M,

one obtains as in loc. cit. that for all £ € q,
K, )
o (e P, (m; ) = 0,

where K; = maxy,.y(p(m) — 1)(wé). See Appendix B for a proof. This in turn yields the
following subadditivity property, which is implicit in [26] for m € M and in fact holds
also form e Mg and, by continuity, on M.

Lemma 3.9. Suppose m € Mj. Let A € a*. Then, for all x, x; € a, we have
F,(m; x + x,)e@inwew 0 M=DWX) < & (m: x) < F, (m; x + x;)eP8Xwew(p(m=1wx1) = (30)
In particular, if A € W and x; € at, then
F,(m;x+ Xl)e_("(m)_”(xl) <F,(m;x) <F,(m;x + Xl)e(p(m)_”(xl) (81)

forall x € a.

Together with Corollary 3.7, the above lemma yields the following global esti-

mates of F, (m; x).

Theorem 3.10. Letm € /\/lg C M, and Ay € (a*)T. Then, forall x € at, we have

Fymix) <[ ] (1 +ax)]eorm®), (32)

aGESO
where I = {a € 5 US] : (@, 4o) =0}
Proof. Same as in [16, Theorem 3.4]. [ |

We end this section with the following characterization of the bounded hyper-

geometric functions corresponding to multiplicity functions m € M.

Theorem 3.11. Let m € M. Then, F, (m) is bounded if and only if » € C(p(m)) + ia*,
where C(p(m)) is the convex hull of the set {wp(m): w € W}.
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Proof. The same arguments as in [16, Theorem 4.2] work using the results in this

section. [ |

4 Applications and Developments

In this section, we consider two-parameter deformations of the multiplicities in M,
and study a class of hypergeometric functions associated with them. As we shall see
in Section 5, for specific values of m € M_ and of the deformation parameters (Z,Z),
these hypergeometric functions turn out to agree with the t-spherical functions on the
homogeneous vector bundles over G/K, when 7 is a small K-type and G/K has root
system of type BC. The general properties proved in this section will provide for most of
the BC cases in [18] symmetry properties, estimates, aymptotics, and a characterization

of the r-spherical functions that are bounded.

4.1 A two-parameter deformation of a multiplicity function

Let (a,X,m) be a triple as in Subsection 2.1, with m = (mg, my, m;). For any two

parameters ¢, ¢ we define a deformation m(¢, Z) of m as follows:

mg+2¢ ifaeX
m,,0)={m, +20 ifaex, (33)

m1—2€ ifa e 21.

We shall suppose in the following that m € M,, ¢,f cRand ¢ > —m,,/2. When this does
not cause any confusion, we shall shorten the notations m(¢,0) and m(0, ¢) and write
m(¢) and m(?), respectively. Since m (¢, 0) + ml(ﬁ,Z) = mg + m,, the above assumptions
ensure that m(Z,Z) € M,. The two deformations, in ¢ and ¢, are independent. So,
m,0) = m) (@) = m) (). Since we are assuming that 7> —my,/2, the additional
parameter ¢ does not increase the range of possible multiplicities of the middle roots.
Its relevance will appear in the definitions the of (¢, £)-hypergeometric functions in (48)
and (49).

The following theorem shows that every element of M, UM, is of the form m(¢)

for some m € M, . For a fixed m = (mg, m,, m;), we shall use the notation

m m
Cpin(M) = —75 and  {..(m) = 75 + my. (34)
We simply write £,;, and £, when this does not cause any ambiguity.
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Lemma 4.1. Let m® = (m2, m%, m?) € M,. Then, m® € M, U Mj if and only if there
are m = (mg, my, m)) € M, and £ € R so that m® = m(¢) and ¢ € [€;,(m), €., (M)].
Moreover, m® € M; = (M, U M3)? if and only if m = (mg, my, m;) € M, is as above

and ¢ € [, (M), £y (M.
Proof. If m®e M, UMj,, then m® = m(¢) for

m?
= (mg, my, mp) = (m? —|—m1,mm,0)ej\/lJr and E——Tl.

0 0 0 0
sl mg+m mg+m
Observe that ¢ satisfies -5 = ——>—1 < ¢ < —=—1

= 7= + my because m{ > 0 and
mQ + 2m{ > 0. The inequalities for ¢ are strict if m® € M, since in this case m > 0.

Conversely, suppose that m® = m(¢) form € M, and ¢ as in the statement. Then,
—mg < 20 < mg + 2my and mg + m; = mQ + mY. Hence,

mg = mg +20 < 2(mg +my) =2(ml +mf)), thatis, m+2m > 0.

Moreover, mQ = mg + 2¢ > mg — mg = 0. Thus, m® € M U M. All the inequalities are

strict if € € [€,;, (M), £, (M)[. Hence, in this case, m® € M. [ |

Lemma 4.1 is pictured in Figure 2 below. Recall that in this paper, we consider
the root system C, as a root system BC, with m, = 0. The diagonal segments belong to
lines mg + m; = constant. If m® € M_ U M, belongs to such a line, the corresponding
element m € M in the 1st part of the proof, is the intersection of this line with the m-
axis. The specific segments drawn are those passing through geometric multiplicities
(mg, my, my = 1): the segments contain the values of (m (£), m(¢)) = (mg + 2¢,1 — 2¢)
with € € [£y,, ¢

min’ max]'

4.2 (¢,¢)-Cherednik operators

We keep the notation of Subsection 4.1. Let u and v be the W-invariant functions on a
defined by

u(x) = H cosh ('BJ (X)) (35)

v(x) = H cosh (—'Bj(X) ; ﬁi(X)) cosh (—ﬁj(X) :ﬂi(X)). (36)

1<i<j<r
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G mg Emin gmax
with & = C, 0 0 1
e ™ &% SO*2@2n+1))| 4 = 3
/\@ % A "o €6(—14) 8 —4 5
. € e, . SU(p,¢) ¢>p |2(¢—p) |p—q|qg—p+]1

Fig. 2. (ms(¢), mj(¥)) for geometric (ms, m; = 1) and £ € [{yin, ¢max]-

For & e aand ¢, lec R, we define the Cherednik operator T“flg by

Ty7e(m) = u™'v o T, (m(e, D) o u'v', @7)

A simple computation (using that u and v commute with 1 —r, for « € X) shows that

T, 7:(m) = To(m(¢, 0) + £u™" 0, (u) + v 19, (v),

£20z AelN 6z uo Josn nunjeBuag ‘eousiog Jo ajnysul Uelpu| ‘AJeiqiT [BLUOWSIA BB L "A"Y 1 Ad €07F0E9/L L LS L/6L/Z20Z/3I0Ie/uiwl/woo°dnoolwapese)/:sd)y Woly papeojumod



Hypergeometric Functions of Type 15133
where
1 - B;
o w = > > ,(6) tanh (E]) (38)
j=1

and

vlaewm=2 3 [#© - sy tanh (& > %) + (8y6) + i) tamh (#)] (39)
1<i<j<r

Let R be the algebra of functions on a,,, generated by 1 and (1 £+ e )~ ! witha € =7;
see [10, pp. 63 and 64]. So R is a subalgebra of R,. In general, TZI,& €Dgr,® C[w], where
Dgr, = Ry ® S(ag). However, if ¢ = 0, then T, = T;o, € Dr ® C[W]. By construction,
{T,7¢(m) : § € a} is a commutative family of differential-reflection operators. So, the
map § — T,7,(m) extends uniquely to an algebra homomorphism p — Ty 7p(m) from
S(ac) to Dg, ® CIW] such that T, 7,(m) = utvto Tp(m(E,Z)) o vtu’. In particular, one

can define the (¢, )-Heckman-Opdam Laplacian

r
Ty, (M) = D Ty7e,(m)? = u™'v™" o T, (m(0)) 0 u'v", (40)
j=1

where {§ ;:1 is any orthonormal basis of a and p; is defined by p; (1) := (A, A) for A € ag.

Next, we compute the differential part of the (¢, £)-Heckman-Opdam Laplacian
in a closed form, allowing us to deduce some symmetry properties that will be useful in
later sections. For an arbitrary root system X on a* and a multiplicity function m, let us

set

2 — -2 ,
aeTt

We start by recalling the following lemma.

Lemma 4.2. Let X be an arbitrary root system on a* and m a multiplicity function. If

8E(m)% = [lyes+ (€ — e“")%, then
85(m)? o (Ly (M) + (ps (M), ps(M))) 0 85 (M)~ 2 = L, + fy,(m),

where Ly (m) is the Heckman-Opdam Laplacian associated with (X, m) and py,(m) is the

half sum of positive roots.
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15134 E. K. Narayanan and A. Pasquale

Proof. See[ll, Theorem 2.1.1].

From now onwards, ¥ will denote a root system of type BC, as in Section 2. Recall

the operator g from (5). The same definition extends g to an operator from Dy ® C[W] to
Dg,- If p € S(ag), then B(T, 7 ,(m)) = u=‘v=to ﬂ(Tp(m(e,Z))) ou'vt € Dy,. Set D, 7,(m) =

,B(ijp(m)) for p € S(ag)". Furthermore, set

D, 7(m) ={D,7,(m) : p € S(ac)"}.

(42)

Lemma 4.3. Consider the root system ¥ = 2% and the multiplicity function m =

(mg+my,my + 20, 0). Then, we have the identity

mm ms mm
u 2v 2 oD”ij(m)ouZV2 =

Ls () + (o5 (M), p5 (M) + f5 (ML, 0) — f5 (7).

Proof. We start with

55 (M€, )7 o (Lg (ML, D) + (p(Z, m(L, D), p(S, m(L, D)) o 85 (m(t, £)) 2.

The above, by Lemma 4.2, equals

My (0,0) (2 — my (£, 0) — 2my, (£, 0)) {a, &)
(ea _ e*(){)z

=L, +fs(m(,0)).

La+z

a>0

Replacing L, with
55 ()2 o (Lg (1) + (pg (M), p5 (7)) 0 85 ()¢ — f (),
we get the result as
8 (ML, 0) 285 () "2 = 2My (8 +0y= (240,

where M is a constant depending on m and r.

(43)
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Corollary 4.4. In the above notation, for alll € R and ‘> —%,

Dy p, (M) =D_pm-1,7py - (44)
Proof. A simple computation shows that

~ ~ p2 4 1
mE,0)=fsxm¥)+—LL+1—my) _
fZ fE 4 1 ]zl: COShZ%

The stated equality follows then from Lemma 4.3. |

Proposition 4.5. In the above notation, D,z(m) = utvt o D(m(, 7)) o ulvl is a
commutative subalgebra of IDD;/'{O of rank r. It is the centralizer of D, 7, in ]DD;/'{O. As a
consequence, D, 7(m) =D_, ., , 7(m). In particular, D, 7(m) =D_, 7(m) if m; = 1.

If ¢ = 0, then R, can be replaced by R. Furthermore, if m = (m,, m , m; =1) is
geometric and £ € Z, ¢ =0, then Dy g(m) = §,(D(G/K; 7))).

Proof. Because of (38), (39) and since u and v are W-invariant, one can easily check that
the conjugation by u‘v‘ maps D into itself and D into itself if ¢ = 0. Now, the proof
follows from the more general result in [18, Lemma 5.2], showing that the centralizers
of D, (m(¢, ¢)) in D%VO and DY agree, together with (44). Here, §,(D(G/K, 7,) denotes the

7,-radial components of the commutative algebra D(G/K; t,) (see Subsection 5.1). |

4.3 (¢, ¢)-Hypergeometric functions

Let A € af. be fixed. The (¢, ¢)-Heckman—Opdam hypergeometric function with spectral
parameter ) is the unique W-invariant analytic solution F,7,(m) of the system of

differential equations

D,7,(m)f =pMf  (€Shap)”), (45)

which satisfies f(0) = 1.
The nonsymmetric (¢, {)-hypergeometric function with spectral parameter  is

the unique analytic solution G, 7, (m) of the system of differential equations

Ty7e(mg=21&g (¢ €a), (46)

which satisfies g(0) = 1.
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The symmetric and nonsymmetric (¢, £)-Heckman-Opdam hypergeometric func-
tions are therefore (suitably normalized) joint eigenfunctions of the commutative
algebras D, 7(m) and {T, 7, : p € S(ac)}, respectively. Notice that the equality for D, 7(m)

in Proposition 4.5 yields
Fop(m)=F_, 0 17,(m)  (€ab). (47)

On the other hand, an analogous symmetry relation is generally not true for G, 7, (m) as
can be seen from rank one examples. We omit the details.

By definition, F,;, (m;x) is W-invariant in x € a and in A € af. Furthermore,

since u'v' o Dy p(m) o utvt = Dp(m(E,Z)) and u‘v’ o T,7:(m)o u vt =T, (m(¢, ?)),
one obtains for all A € azé,
Fipum) = u ‘v 'F,(m(, D), (48)
Goram) = u'v7'G,(m(, D). (49)
As in the case £ = ¢ = 0,
1 _
Fo,(mix) = o > Grnmwly) (xea). (50)
weW

As a consequence of (48) and of the corresponding properties of the Heckman—-Opdam
hypergeometric functions (see, e.g., [11, Theorem 4.4.2] and [21, Theorem 3.15]), the
F,7,(m;x) and G, 7, (m; x) are entire functions of A € af, analytic functions in x € a
and meromorphic functions of m = (mg, my, m)) € C3. Let M¢ o = {m = (mg, my, m) €
C3 : Re(mg + my) > 0}. Observe that m € Mg if and only if m(€) € M 4. One can show
(see Appendix A below) that for fixed (4, x) € af; x a, the functions F, (m; x) and G, (m; x)
are holomorphic in a neighborhood of M ;. It follows that F, 7, (m; x) and G, 7, (m; x)

are holomorphic near each m = (mg, m,, m;) € M,.

4.4 Estimates and asymptotics for the (¢, {)-hypergeometric functions

Let m = (mg,my,,m) € M,. Using (48) and (49), we can obtain from the results

of Section 3 some estimates and asymptotic properties for the (¢, ¢)-hypergeometric

functions. The factors u~* and v—* require some additional care for the asymptotics.
By Lemma 4.1, we have m(@,?) € M, UMz for m € M, and ¢ €

[Zmin(m),émax(m)],z > —Tm. This implies that Proposition 3.5, Theorem 3.6, and

£20z AelN 6z uo Josn nunjeBuag ‘eousiog Jo ajnysul Uelpu| ‘AJeiqiT [BLUOWSIA BB L "A"Y 1 Ad €07F0E9/L L LS L/6L/Z20Z/3I0Ie/uiwl/woo°dnoolwapese)/:sd)y Woly papeojumod



Hypergeometric Functions of Type 15137

m (lmin)

m(=l+m;—1)

m = m(0)
m-ly

(77 m; =1

min —

max ~

m;—1

Fig. 3. Symmetries of m(¢) around m(—5—) if m; > 1.

Corollary 3.7 hold true for F,(m(¢,¢)) for all m € M, and ¢ € |€;,(m), €. (m)[. In
turn, (48) yields analogous statements for the (¢, ¢)-hypergeometric functions. Recall
that ¢;, = —%¢ and £, = ¢ +m,. (We are omitting from the notation the dependence
onm of £ and ¢ .So ¢ <0</¢

Recalling also that F, 7, = F_,,; , 7,, we see that we can extend the inequalities

min max) min max"*

for F, 7, to £ €] — % —1,%s + mylorto ¢ € [—% -1, % + my] where the extension by

continuity in the multiplicity parameter is possible; see Theorem A.1 in the appendix).

For a fixed multiplicity m = (mg, m,, m), the symmetries of F, 7, in the ¢-parameter

can be pictured as symmetries of the deformations m(¢) around the point m(mlz_l), as

in Figure 3.
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15138 E. K. Narayanan and A. Pasquale

Similarly, the inequalities of Lemma 3.4 extend to any ¢ € R because either the
condition ¢ < ¢, or —¢ +m; — 1 < €. is always satisfied. In the 1st case, m(¢, () €
M, U Ms; in the other, m(—¢ +m; +1,€) € My U M,.

We leave to the reader the simple task of modifying the statements of
Theorem 3.6 and Corollary 3.7 in this case, and we collect the estimates obtained for

Gy 7, (m) and F, 7, (m) in the corollary below.

Corollary 4.6. Let m = (mg, my, m;) € M, be a nonnegative multiplicity function on a

root system of type BC,., and let ¢, (eR, (> —%. Then, the following properties hold.

(@) Forall € <£y,,(m), A €aiandx € q,
Gy 7, (m; 0| < VW u™ (v ()@@ R, (51)
and forall £ e R, A € af and x € a,
IFy 7 (M 0| = 1F_ g1 5, (M 0] < VW] u™ v ()™ VD™ - (52)

(b) Suppose ¢ € [£ 1. For all A € a*, the function F, ;, (m) is real and

min ’ max

strictly positive. For all A € ag,
|F, 7,,(M)| < F; 7Re;(M). (53)
Moreover, for all A € a* and all x € qa,
F,7;(m; %) < F,7,(m; x)emwWh@®, (54)
More generally, for all A € a*, u € W, andall x € qa,
Fy 7y, (mix) <F, 7 (m;x)em@wWhe, (55)

The same properties hold for G, 7, (m) provided ¢ € [¢

min’ max] :

(c) Suppose € € [¢ ,€> 0,1 € (a*)F, and x; € a*. Further, assume

min ’ max

that m; > 1. Then, for all x € a, we have

F, 7, (m;x +x,)e”-HPmENe) < o (m:x) < F, 7, (m; x + x,)e-tpm@O)e)

(56)
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[ {> Oifmmzo,Zzoifmm>O,andke(a*)+.Then,

for all x € at, we have

(d) Supposet €]t

min’ Emax

Formix) = [ [] @ +a@)]etrmemm, (57)

0
aeX;

where 20 = {@ € TF U I} ¢ (¢,A) = 0}. The asymptotics (57) extend to

Lellpin — Ll lif mg+my > 1.

Proof. We prove (c) and (d). For (c), first, assume that £ € [¢

min+ {maxl)- Since Foiy =

mp—1
2

F_y\m,—17 Wemay assume that ¢ > > 0. To keep track of the exponents appearing

in our formulas, it will be convenient to introduce the following notation:

DB = D Bi+B)+ D, Bi—B)=D.2(G— 1B (58)

1<i<j<r 1<i<j<r 1<i<j<r j=1

Fora>0andb >0,
coshacoshb < cosh(a + b) < cosha eb.
Hence, if ¢ > 0, ZZ 0, and x, x, are as above,

4 r .
wulx)) < ul(x +x;) < ut(x)e? 2=t HD,

o ) - (59)
vV xvi(x) < vix +xp) < VZ(X)Q% isicjerBEPI 1)
Notice that
. ~ U ¢
pm2D) = p(mE. D) + 5 > B+ D, (Bi£p). (60)
j=1 1<i<j<r

By (31), which applies since m(¢, ?) € Mg,

F,(m(, D x + x)e” CH0 OO0 <y (me, B;3) < F, (me, 0 x + xp e e,
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Multiplying each term of the inequality by u(X)_KV(X)_Z and using the definition of F, 7,,

we obtain

ul(x +X1)VZ(X +x7)

ul(x)vl(x)

Fy 7, (m; x + xp)e~ G+ m D))

ul(x + Xl)VZ(X +x7)
ul (vl (x)

< FZ,ZA(m; x) < FZ,Z,X (m; x + Xl)e(KJrP(m(Zy@)))(Xl)_

The right-hand side inequality in (c) follows from the 2nd inequalities in (59) and (60).
Again, using (60) (and (58)), the expression on the left-hand side inequality of (d) becomes

¢ Z . 7 _
W XA XDV X+ X)) L5 i) s Sacicjer B x) Fy 7, (m; x + xp)e o m@Dnea),
ue(Xl)VZ(Xl)

This implies (c) as

u (X+X1)V (X+X1) ez Z] 1/3](X1)ez Zl<L<]<r(ﬂ]:tﬂl)(Xl) > 1.
ue(Xl)Ve(Xl)

For ¢ € [«

equality F, 7, =F_,.,, _;7,- Next, we prove (d). For a > 0, we have cosha = e®. Hence,

min — 1/ €minl, notice that £, < —f£+m; —1 < £,.. as m; > 1, and use the

ut (x) < e_% i ﬁj(X)sz(X) - e%z Di<icjer BRI 61)
Since m(¢, ) € MY, we have by Theorem 3.10,

F,m(¢,0;0 = [ [] (1 +a(x)]e?rmene,

0
aex;

Then, (57) follows by multiplying both sides of this asymptotics by u_e(X)V_Z(X),
together with (61) and (60).
If ¢ €le

bound satisfies —€;, + m; — 1 > ¢

[, then —¢ 4+ my — 1 €] — £, + My — 1,4,..[. The lower

min — L, m1n ' *max

min if and only if mg + m; > 1. In this case, the

above asymptotics hold for —I + m; — 1 as well. They lead to (57) using F,7,(m) =

F_ppm-1,0,(M)- -
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4.5 Bounded (¢, Z)—hypergeometric functions

In this section, we address the problem of characterizing the (¢,¢)-hypergeometric
functions that are bounded. Recall that we are considering a multiplicity function m =
(mg, my, m)) € M, and its deformation m(¢,¢) as in (33). To apply the estimates from

Subsection 4.4, we will assume that ¢ € [¢ ]. The asymptotics from Theorem 3.6

min’ Zmax

hold under the stronger assumption that ¢ €]¢ 14

Recall also that

min’ max['

-1 - < ¢
pIME D) = = > My (6, Do = p(m) — 5 ];ﬂj%- 2 2 BiEh),

aext 1<i<j<r

where >, _;_;.,(B; £ B;) is given by (58), and so,

- ~ ‘
p(m(20)) = p(m(¢, 1)) + Eg,ﬂj +5 2 BiEh.

1<i<j<r

maxl £ > =2, then m(¢,{) € M, U M, by Lemma 4.1.
Hence, p(m(Z,Z)) € (a*)*. Notice also that ,o(m(ZZ)) > p(m) if¢>0.

Notice that, if we suppose ¢ € [0, ¢

Theorem 4.7. Assume that m; > 1 and > 0if my, > 0, > 0if my, =0.Fix¢ eR
with € €l — 1,8«
if and only if A € C(p(m(2¢))) + ia*, where C(p(m(20))) is the convex hull of the set
(wp(m(20)) : w e W}.

[. Then, the (E,Z)—hypergeometric function F, 7, (m) is bounded

Proof. First, note that m(¢,£) € M,. Since Fy7n = F_y4m1,7,, We may assume that
0 < mlT_l < £ < Lpax- We show that F, 7, is bounded if A € C(p(m(20))) + ia*. Let & €
C(p(m(2¢))) + ia*, and consider the holomorphic function » — F,75(m; x) (for a fixed x).

Since
|y 75, (m; 0| < F, pre; (i X) = u” (v () Fge, (ML, 0); X),

we can argue as in the proof of [16, Theorem 4.2] to obtain that the maximum of
|F, 7,(m; x)| is attained at {(wp(m(20)) : w € W}. That is,

IFy , (M 0] < U™ v BOF g, (ML, D; ).
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As noticed before, p(m(¢, £)) € (a*)F. Applying (22), we obtain

Fm(atyy (M€, £); %) = (m(€, ); x)

Fomeby+s ST Bt Scicier (BB
7 omaxw wl§ 3T B0+ e (BB (0
< ey (1, D 0™ L5 o B0 Bt B )]
Now, Fp(m(e]))(m(ﬁ,Z);X) = 1; see, for example, [16, Lemma 4.1] (the proof extends to
every multiplicity function for which the symmetric and nonsymmetric hypergeometric

functions are defined). Choose x; in the W-orbit of x so that

¢ — ¢ { — ¢
max w Egﬁj(xwi > BiEBY) =5jzzlﬂj(X°)+5 > (B B xp).

1<i<j<r 1<i<j<r

Since u and v are W-invariant, from the above, we get
IF, 7, (mi 0] < u (eg)v " (xg)e? i A0 Zisicjsr Brpo o) < oM,

where M is a constant depending on ¢, ¢ and r.
To prove the other way, we proceed as in [16] (see pages 251 and 252). Let 1, be
such that Re i, € (a%)* \ C(p(m(2£))). Let x, € at be such that (Re iy — p(m(2£)))(x;) > O.

If FE,Z,Ao(m) is bounded, we have

; _ . —t(Re Lo—p(m(20)))(x1) 4—d _
tlirgoFé,Mo(m' tx))e 7% =0.

Since, F,p, (m;x) = u*Z(X)V*Z(X)FAO(m(e,Z);X) and cosha behaves like e? for large

positive a, we have
FA (m(g g) tXl)e_t<ReM)_p(m(e’g)))(xl)t_d >0 t — 0o
0 e :

So, by Theorem 3.6 (which is applicable as m(¢, ¢) € M,), the proof can be completed as
in [16, Theorem 4.2]. [ |

Remark 4.8. The proof of Theorem 4.7 shows that the (¢, £)-hypergeometric function
F, 7,(m) is bounded for A € Clp(m(28))) + ia*, provided ¢ € [¢ ] and ¢ > 0. For
general root systems of type BC,, we cannot prove that when ¢ = ¢,_ ., the function
F,7,(m) is not bounded for A ¢ C(p(m(2¢))) + ia*. This is because the function by

min — 1, gmax

appearing in Theorem 3.6 might vanish. However, the above theorem continues to hold
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for ¢ = £, ,, provided r = 1. Indeed, for £ = ¢ we have mg(¢) +2m,(¢) = 0 and, by (26),

the function by(m(£y,,,); L) vanishes for Ay € af. with Rely € (a*)*, if and only if there

max’

isj e {1,...,r} such that (Ao)ﬂj = 0. Outside these A, the asymptotics from Theorem 3.6
still hold. In the rank-one case, there is only one A, for which the asymptotics do not
hold, namely A, = 0, which is not outside C(p(m)) + ia*. So the above result holds under

the assumption ¢ € [¢ ], in the rank-one case.

min’ Emax

Remark 4.9. Itisnatural to expect that F, 7, is bounded by one if A € C(,o(m(ZZ))) +ia*;
though we are not able to prove this. However, this holds true for the geometric case as
can be seen from Corollary 5.2 and from the integral formula (66) together with the

case-by-case computation that PeiK = p(m(2¢)); see Subsection 5.2.

5 Some Geometric Cases
5.1 Spherical functions on line bundles over Hermitian symmetric spaces

In this subsection, we shall assume that £ = 0 and consequently suppress the index ¢
from the notation.

Let m = (mg, my, m; = 1) be a geometric multiplicity function corresponding
to a non-compact Hermitian symmetric space G/K, as in Example 2.1. Let 7, be a fixed
one-dimensional unitary representations of K. So £ € Z (or £ € R by passing to universal
covering spaces). Let E, denote the homogeneous line bundle on G/K associated with z,.
The smooth 7,-spherical sections of E, can be identified with the space C*°(G//K; t,)
of functions on G satisfying f(k,gk,) = 1_,(k,k;)f(g) for all g € G and k;,k, € K.
Recall our convention of identifying the Cartan subspace a with its diffeomorphic
image A = exp(a) C G. So every element ¢ € C*(G//K;t,) is uniquely determined by
its Weyl group-invariant restriction ¢|, to A = a. Recall also the notation D(G/K; t,)
for the (commutative) algebra of the G-invariant differential operators on E,. Then,
the 7,-spherical functions on G/K are the (suitably normalized) joint eigenfunctions
of D(G/K; t;) belonging to C*(G//K; t,). For a fixed ¢, they are parametrized by 1 €
a¢ (modulo the Weyl group). We denote by ¢, , the 7,-spherical function of spectral
parameter A.

Many authors have studied the t,-spherical functions by relating them to
hypergeometric functions on root systems. See, for example, [11, Sections 5.2-5.5], [28,
Section 6], [29, Sections 3 and 5], and [14]. Indeed, D,(m) = §,(D,(G/K)), where §, denotes

the r,-radial component in the sense of Harish-Chandra [10]; see [18, Section 3.6]. More
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specifically,
DZ,PL =6,(R2) — 1_, (), (62)

where © and —Q,,, are the Casimir operator on g and mg, respectively. See [29, Lemma
2.4] and [18, Section 3.5]. Hence,

9iala = Fy,(m) = u™"F, (m(0)). (63)

Since m; = 1, the classical symmetry ¢,, = ¢_,; is a special case of the symmetry
Fy5 =F_y4m—1, from (47).

In the usual parametrization, the trivial representation of K corresponds to £ =
0. In this case, C*°(G//K; 1y) is the space of the smooth K-invariant functions on G/K,
Dy(G/K) coincides with the algebra D(G/K) of G-invariant differential operators on G/K,
and the ry-spherical functions ¢, ; are precisely Harish-Chandra’s spherical functions
¢, on G/K.

The following proposition summarizes the basic properties of the t,-spherical
functions. As in the K-biinvariant case, they can be explicitly given by an integral
formula, which extends to arbitrary real ¢s the classical integral formula by Harish-

Chandra's for the spherical function ¢, = ¢, on G/K.

Proposition 5.1. For ¢ € R and A € ag, set
90 (9) = / et=PHG ¢ (ki (gk)~ 1) dk, g€ G. (64)
K/Z(G)

Then, the set of functions ¢,,, A € af. exhausts the class of (elementary) 7,-spherical
functions on G. Two such functions ¢, , and ¢, , are equal if and only if 4 = w for some

w € W. Moreover, for a fixed g € G, ®0.(9) is holomorphic in (&, £) € ag. x C. Furthermore,

Pop = P—p,n
Proof. See [28, Proposition 6.1]. [ |

The integral formula together with the properties of Harish-Chandra's spherical
functions ¢, (¢ = 0 case) automatically implies several of the properties of the 7,-
spherical functions we are studying in this paper. Nevertheless, others, such as their

positivity or the full characterization of the bounded spherical functions, do not seem
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to follow from (64). We collect all properties in the following corollary. Recall that

Crax = 5 + 1 because m; = 1.

max

Corollary 5.2. Let ¢ € R, then we have the following:

(1) P is real valued for A € a*;

(2)  ¢y;1, is positive for A € a* and [£] < £y ,y;

(3) gl < ¢pey for & € ag;

(4) g ;(m)| < 1 for A € C(p(m)) + ia*, where C(p(m)) is the convex hull of the
set {wp(m) : w € W};

(5) let |£| < ¢

only if A € C(p(m)) +ia*, where C(p(m)) is the convex hull of the set {wp(m) :

max- Ihe 7,-spherical function ¢,,(m) on G/K is bounded if and

w € W}. Moreover, |¢, ,(m;x)| < 1 for all A € C(p(m)) + ia* and x € a.

Proof. The 1st property follows from the equality ¢, , = ¢_,, because 7, + 7_, is real
valued. For part (2), by the symmetry in ¢, we can suppose that £ > 0. So m({) € M,. The
positivity of ¢, ; |, follows then from Propositions 3.1(a) and 3.5. Part (3) is a consequence
of the integral formula, and the fact that 7, is a unitary character. Part (4) follows from
(3) and the theorem by Helgason and Johnson characterizing the parameters A for which
Harish-Chandra’s spherical functions ¢, are bounded; see [13]. Finally, for (5), we can
suppose that £ > 0 so that m(¢) € M. Then, (5) is an immediate consequence of (3)
together with the 2nd part of Theorem 4.7. |

5.2 t-Spherical functions for other small K-types

We start by briefly recalling the main result from [18], which expresses spherical
functions associated with small K-types as hypergeometric functions multiplied with
an explicit function involving hyperbolic sines and cosines. We refer to [18] for the
proofs of the properties mentioned here and for further information.

Let G be a non-compact connected real semisimple Lie group with finite center.
Let G = KAN be an Iwasawa decomposition, and let M be the centralizer of A in K.
Recall that a K-type (r,V,) (i.e., an irreducible representation of K) is called small if
it is irreducible as an M-module. We denote by ¢; the r-spherical function on G with
spectral parameter A € a*. Moreover, with a slight abuse of notation, we denote by ¢; |,

the W-invariant scalar function such that the restriction of ¢; to A = ais ¢;|,id, where

id denotes the identity operator on V..
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Theorem 5.3. (See[18, Theorem 1.6].) Suppose (t, V) is a small K-type of a non-compact
real simple Lie group G with finite center. If G is a simply connected split Lie group G,
of type G,, we further suppose that t is not the small type 7, specified in [18, Theorem
2.2]. Then, there exists a root system X(7) in a* and a multiplicity function m(r) on X (1)
such that

~1 ~ 1
9ila =dg/x ~ S5 (M(1)Z ~ F, (X(r), m(7))

for all A € af.

In the above, F,(2(r), m(r)) stands for the Heckman-Opdam hypergeometric
function associated with the triple (a, X (), m(r)). Here, we recall that we use the
symmetric space notation, and hence, our X(r) and m(r) are related to X° and k* of
[18] by =7 = 2%(7) and k3, = m“T(T) For any root system (X, m), the function gz(m) is

defined as

sinh o | ™

(65)

symy=[]

aext e

and gG/K corresponds to the root system for G/K.

The classification of the small K-types t and the concrete choices (which are
one or two) of pairs (2(r), m(r)) occurring in Theorem 5.3 can be found in [18, Section
2]. Clearly, the trivial K-type is always small. If G/K is Hermitian, a K-type t is small if
and only if it is a one-dimensional unitary character t,, as in Subsection 5.1. All other
small K-types have dimension bigger than one.

As in the scalar and the Hermitian cases, the 7-spherical functions correspond-

ing to a small K-type can be represented by the integral formula
01(9) = [ eI e gl d, (66)
K

see [18, (3.7)], where pg g is computed from the root system for G/K. Formula (66) is a
special instance of [31, 9.1.5 and p. 300] and [3, (3.9)].

Based on the case-by-case analysis of [18, Section 2], we now show that every
t-spherical function for a symmetric space G/K with restricted root system of type BC
and for which dimt > 2 is a (E,Z)-hypergeometric function for suitable choices of a

multiplicity function m = (mg, m,, m;) € M_, defined on a root subsystem of X(z), and
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of values ¢ and /. Tt follows, in particular, that m is in general different from both the
original root multiplicity function of G/K and m(z).

This identification, together with (66), allows us to prove an analogue of
Corollary 5.2, in which one has to replace ¢, , with ¢f|, and the condition [¢| < £},
by the conditions £,,;,(m) — 1 < £,,.(m) and ¢ > — ™. Notice that the condition on £ is
equivalent to the more symmetric condition |E —(my— 1)/2| < (mg+m;+1)/2. The precise
statement depends on the specific values of ¢ ; (m) = —my/2 and ¢, (m) = my /2 +m,
determined below. We leave to the reader the task of writing down the precise statement

in each case. In fact, the symmetry (47) shows the multiplicity functions m(¢,¢) and

m(—€+my — 1,¢) are different if ¢ # m12—1 but yield to the same r-spherical function.

As remarked in [18, Section 2], the classification of K-types can be given at the
level of Lie algebras of non-compact type since a small K-type of G always lifts to that
of a finite cover of G. We keep the convention that a root multiplicity 0 is equivalent to

the fact that the corresponding root does not belong to the fixed root system.

5.2.1 Thecaseofg=sp(p,1),p> 2

Let G = Sp(p, 1) (which is simply connected) and K = Sp(p) xSp(1). The small K-types are
precisely the representations of the form r, = 1 ® 7;,, the tensor product of the trivial
representation of Sp(p) and the n-dimensional irreducible representation of Sp(1) =
SU(2) with n € N. The original root system is given by ¥ = {+«, £2«} (of type BC,), with
multiplicities m,, = 4(p — 1) and m_,, = 3. For the small type 7,, we have X(r,)) = X
and m(z,), = (4p—2+2n,1F2n); see [18, Section 2.3]. The associated spherical function

is given by
@i, = (cosha) T F, (2, m(z,) ). (67)

Notice that m(z,), = m((,) for m = (4(p —1),3) € M, and ¢, = n + 1. Moreover,
lhin = —2(p — 1) and £, = 2p + 1. So m(t,), € M, U M; provided n < 2p and
m(t,), € M, if n < 2p. Notice that p(m) = pex = (2p + Da.

Since m(t,)_ = m(—¢ + m; — 1), where —¢ + m; — 1 = —n + 1, the fact that the
two multiplicity functions lead to the same t,,-spherical function is a special instance

of the symmetry (47).

5.2.2 The case of g =so(2r,1), r> 2
Let G = Spin(2r, 1) be the double cover of SO(2r, 1) and K = Spin(2r). Then, G is simply

connected. The nontrivial small K-types are the irreducible representations % with
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highest weight (s/2,...,s/2,4s/2) in standard notation, where s € N. The case s = 1
corresponds to the positive and negative spin representations and the corresponding
t-spherical analysis was studied in [4].

The root system of G/K, say {ta}, is of type A; and m, = 2r — 1. According to
[18, Section 2.4], (tF) = {£a/2, +a}, m(zE) = (—2s,2r + 2s — 1) and

= o
(pxs |u — cosh® (E) FA(E(TSi), m(fgi))

Then, m(zj) = m(¢,) form = (0,2r—1) € M on =(rj°) and ¢; = —s. Notice that ¢
and £g oy
s = 1, the symmetric of £, = —1 is 2r — 1 and m(2r — 1) € M, (but ¢ M,). Observe also
that p(m) = pgix = (r—1/2)a.

=0
= 2r — 1. The symmetry (47) gives (with £ = 0) F_g,(m) = Fg,y. ,,;(m). For

s,min

5.2.3 Thecaseofg=so(p,q,p>q=>3

Let G be the double cover of Spin(p, g) (which is simply connected) and K = Spin(p) x
Spin(g). The root systems of G/K is {£8;1 <j < gt U{xf; £ ;1 <1 < j = g}, with
root multiplicities mg =p—q and Mp.ip = 1. According to [18, Section 2.5], the small

K-types are of two forms:

(i) 7 =1®o,where o is the spin representation of Spin(g) if q is odd, and either
of the two spin representations of Spin(g) if g is even;

(i) 7 =0 ®1, where o is either of the two spin representations of Spin(p) if p is
even and q is odd.

:i:ﬁjzi:ﬂz

iﬂjiﬂz

In Case (i), (7)) = {:I:/S],l <j=<quU{
In Case (ii), X(7) = {:I: 1 <j<qu{

i1 <i<j<q withm() = (0,1,p— q).

1 =i <j=<quU{xp;l =Jj =< g} with
m(r) = 2(p — q),1,—(p — q)). Furthermore, ¢;|, equals

I (cosh(%) sh(@))_l/sz(Z(t),m(r)), in case (i),

1<i<j<q

and

q _ . . B . —
H(cosh ) 0 H (cosh(@)cosh(@)) 1/ZFA(E(r),m(r)),

j=1 1<i<j<q

in case (ii).

The two cases come from the multiplicity on X(r) equal to m = (0,0,p — q) € M_ and
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(i) (¢,€) = (0,1/2) in case (i), so that m(¢,¢) = (0,1,p — q);
(¢, 0) = (p — q,1/2) in case (ii), so that m(¢, 0) = 2(p — ), 1, —(p — q)).

Notice that £,;,(m) = 0 and €,,,,(m) = m; = p — q > 1. Hence, in both cases, m((, ) €
M, UM, and m(,0) ¢ M. The symmetry (47) with ¢ +m; — 1= —{+p —q— 1 yields

the equalities

FO,I/Z,k(m) == Fp—q—l,l/z,k(m)' in CaSe (i),
Fp_gi22(M) =F_y1/,(m), in Case (ii).

Since m; = p—q > 1, we see for instance that Theorem 4.7 applies to case (i). Notice also
that pg/x = p(m(20)) = ]‘?:1 (B2 + G - D)e;.
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A The Heckman-Opdam Hypergeometric Functions as Functions of Their Parameters

Let a be an r-dimensional Euclidian real vector space, with an inner product (-, -), and
let ¥ be a root system X in a* of Weyl group W. Let M denote the set of complex-valued
multiplicity functions m = {m,} on X. (Hence, My = C% where d is the number of Weyl
group orbits in X.)

In this appendix, we collect the regularity properties of the (symmetric and non-
symmetric) hypergeometric functions F, (m; x) and G, (m;x) as functions of (m,x,1) €
M x ac x ag.. Most of the results are known but scattered in the literature.

Recall the Gindikin—Karpelevich formula for Harish-Chandra’s c-function:

c(m; ))

clmin) = c(m; p(m))

(A € ag), (A1)

where ¢(m; 1) is given in terms of the positive indivisible roots « € E;“ by

cmin =[] 277« T (4y) (A.2)
weny D( o+ )P (3 + %+ 7)
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and I is the classical gamma function. Set (see [20, p. 196])

1

Mprreg = tm e Me: =0 o)

is not singular}.

For an irreducible representation § € W and m € Mg, let g5(m) = >, 5+ m,(1 —
x5 () / xs(id)), where r, is the reflection across ker(«) and x; is the character of §. Let dj

be the lowest embedding degree of § in Clacl, and set (see [21, Definition 3.13])
Mg reg = {m € M : Re(gs(m)) + ds > 0forall§ e W\ {triv}}.
Finally, let
Q={xeca: |a(x)| <nforalla € =T}.

The regularity properties of the (symmetric and nonsymmetric) functions are summa-

rized in the following theorem.

Theorem A.1. The hypergeometric function F,(m;x) is holomorphic in (m,x,1) €

Mg reg X (a+1Q) x ag and satisfies
F,(m; wx) = F,(m; x) = F,,, (m; x) (M € Mpreq W €W, x €a+i,1 € ag).

The (nonsymmetric) hypergeometric function G, (m;x) is a holomorphic function of

(m,x,A) € MG'reg X (a+ 1) x ag.

Proof. For a+ iQ2 replaced by a W-invariant tubular domain V of a in a¢, these results
are due to Opdam; see [20, Theorem 2.8] and [21, Theorem 3.15]. See also [11, Theorem
4.4.2]. The remark that the maximal tubular domain V is a + iQ2 was made by Jacques
Faraut; see [2, Remark 3.17]. [ |

Proposition A.2. Set

Me, = {meMc: Re(m,) >0 forevery o € &%} (A.3)

Mco = {me Mc:Re(m, +my,) >0 for every o € E;r}. (A.4)
Then,
M(C,+ - M(C,O C MF,reg N MG,reg'

Moreover, M  is stable under deformations by ¢ € C as in (33): m € M if and only if
m({) € M¢ .
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Proof. The inclusion Mo C Mg, Was observed in [11, Remark 4.4.3] and follows
from the properties of the gamma function. Notice that Re(p(m),) > Re(% + m,,) for
o € Z;r, with simplifications in the factor of c(m; p(m)) corresponding to « in case of
equality with %* + m,, real. For the inclusion M¢ o C Mg g, Observe that es(m) =
Zaegr (Mg + My ) (1 — x5(ry)/ x5(id)), with x5 (r,)/xs(1d)) € [-1,1]. u

B Some Computations

In this appendix, we prove two inequalities stated in Subsection 3.3. We begin showing

that for every A € a* and & € q,
K, &2
0, (e “l2 F, (m; -)) > 0. (B.1)
Firstly, as in the proof of [27,Lemma 3.4], for every x € at, & €a,and A € a*, we have

1
0Fy () = o > (o= p(m)(WE) G, (wx)

weWw
(where £ is fixed and acts on the x-variable). Here, G, (wx) > 0 for m € M (as in [27] for

m e M,). Set Ky = max,, .y (p(m) — ) (w§). So K, = —min, (A — p(M))(W&) and

1
3. F, (x) = —Kgm > Gy(wx) = —K,F, (x).

weW
Since x > F,(x) and & — K, are W-invariant, the last inequality extends to all x € a.

Hence, for every x, & € a and every A € a*, we have
K &) K &2
0 (e P F (mi ) = K (9, + KEFA) > 0.

The previous argument is essentially the one leading to (8) in [27, Lemma 3.3].

We pass from (B.1) to the inequality (30) in Lemma 3.9 by using the following
arguments, which are repeatedly used in [27]. This is why we say that Lemma 3.9 is
implicit in [27].

Let A € a* and x € a be fixed. Set

K, Ext1e)
f®)=e" E* F,(m;x+t§).

By [27, Lemma 3.2], and since

t\of(t) = 85 (eKSETIXF)L(m; )) (x)=0,

o d
fa@® = ai

we conclude that f(¢) is increasing on [0, +o0l, and hence,

&.x) &.x)
7 eKEUE, (myx + tE) = f(£) > £(0) = € * B F, (m; ),
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that is,

eXetE, (m; x 4 t&) > F, (m; x) (B.2)

for all ¢ > 0. Choose first § = x; € a and t = 1. Then, (B.2) gives

max(p(m)—i)(wx)
ewew

F,(m; x4+ x;) < F,(m; x). (B.3)

Replace x by x + x;, and choose £ = —x; and ¢t = 1. Then, (B.2) gives

— min (p(m)—21)(wxy)
e wew

F,(m;x) = F,(m; x + Xx,), (B.4)

as required.
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