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Funnel-based Reachability Control of Unknown Nonlinear Systems

using Gaussian Processes

Sandeep Gorantla't, Jeel Chatrolalf, Jay Bhagiya'!, Adnane Saoud?, and Pushpak Jagtap'

Abstract— This paper aims to synthesize a reachability
controller for an unknown dynamical system. We first learn
the unknown system using Gaussian processes and the (prob-
abilistic) guarantee on the learned model. Then we use
the funnel-based controller synthesis approach using this
approximated dynamical system to design the controller for a
reachability specification. Finally, the merits of the proposed
method are shown using a numerical example.

I. INTRODUCTION

Existing controller synthesis approaches generally rely
on a mathematical model of the system, such as physics-
based first principal models. The formal guarantees
provided by the synthesized controller are valid as long
as the considered dynamical model is accurate. When
dealing with complex dynamical systems, describing the
system in a closed-form model is often complicated. In
this case, a common practice is to resort to data-driven
techniques.

The Gaussian process is a non-parametric learning-
based approach that provides probabilistic approach to
approximate and to synthesize controllers for unknown
systems [1]. There are several works that utilize GPs
for providing MPC scheme [2], adaptive control [3],
tracking control[4], backstepping control [5], feedback
linearization [6], safe optimization of controller [7], rein-
forcement learning [8], and control barrier functions for
safety specification [9].

This work will consider the controller synthesis prob-
lem for reachability specification for unknown dynamical
systems. In the past few decades, there have been several
works in the literature addressing reachability problem
(see [10], [11], [12], [13], [14]) for known dynamical
systems. To solve this problem, we leverage the funnel-
based control approaches [15] that have been extensively
used for controlling systems with prescribed performance
constraints (see [16] and references therein for examples).
We first employ the Gaussian process learning to approxi-
mate the system dynamics using the noisy measurements
along a probabilistic bound on approximation. Then, the
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synthesis of a closed-form funnel-based control law that
ensures the satisfaction of the reachability specification,
with a given confidence, using the learned dynamics
from the GP model, is presented. Finally, we show the
validness of our approach using a numerical example.

The organization of the paper is as follows. Section II
introduces some notations and present the main prob-
lem addressed in the paper. Section III explains how
Gaussian processes make it possible to learn unknown
dynamical systems along with statistical guarantees.
Section IV presents a solution to the reachability problem
by combining learned Gaussian processes with funnel-
based control techniques. Finally, Section V presents
numerical results validating the merits of the proposed
approach.

II. PROBLEM FORMULATION

A. Notations

The set of real, positive real, nonnegative real,
and positive integer numbers are represented using
R, R*, RJ, and N, respectively. RP denotes p-
dimensional Euclidean space and RP*? denotes a
space of real matrices with p rows and ¢ columns.
A diagonal matrix in RP*P with diagonal entries
dy,...,d, is denoted by diag{ds,...,dp}. Given a
matrix M € RPX?, M7T represents transpose of

matrix M. For a vector x = [xq,...,2,]7 € R7,

we denote sign(z) = [sign(xy),...,sign(x,)]T, where

. -1 ifz; <0

sign(z;) = 1 if > We use lz]| and ||z|co
[

to denote Euclidean norm and infinity norm of a
vector, respectively. We denote the empty set by 0.
We use I, to represent the identity matrix in RP*P.
For a,b € R and a < b, we use (a,b) and [a,b] to
represent open and close intervals in R, respectively. For
a function f: RP - RP, f; : RP - R, i € {1,2,...,p}
denotes the i-th component of f. Consider a set
X, C RP| its projection on ith dimension, where
i € {l,...,p}, is given by an interval [X,., X.i] C R,
where X, = min{z; € R | [r1,22,...,2p] € Xa},
Xoi = max{z; € R|[21,29,...,2,] € X,}, and Int(X,)
denotes interior of set X,. N'(m,C') denotes multivariate
Gaussian distribution, where m € RP and C € RP*P
are mean and covariance matrices of appropriate sizes,
respectively. For events Bi,..., By, ﬂle B; represents
inner product of events.



B. Problem Formulation

Consider nonlinear control-affine system S:

(1)

where z € X C R” is a state vector and u is a control
input. In this work, we assume that the map f : X — R"
is unknown, the map ¢ : X — R™ ™ is known, and
g(x)g™ () is positive definite for all z € X.
Assumption imposing a restriction on the complexity
of the map f through reproducing kernel Hilbert space
(RKHS) norm is described below.

Assumption 2.1: For map f: X — R in S, || fix <

oo for all ¢ € {1,...,n} (ie., the RKHS norm w.r.t.
kernel k is bounded).
Note that all continuous functions defined over compact
state-space satisfy the above assumption for most of the
commonly used kernels [17]. For more details on RKHS
norm, we refer interested reader to [18].

Assumption 2.2: [19] We have access to measurements
x € X and y = f(x) + w, where w ~ J\/'(OmpfcIn) is an
additive noise with p; € R7.

Next we formally define the controller synthesis prob-
lem for reachability specification.

Problem 2.3: Given the system S with Assumptions
2.1-2.2, sets X4, Xp € X goal, design a closed-form
controller that provides a lower bound on the probability
of the trajectory x4,,(t) for any zo € X, to reach Xp.
We use a funnel-based controller synthesis approach [15]
for designing the controller for the above problem using
the learned dynamics through Gaussian processes.

i = f(z)+ g(x)u,

ITI. GAUSSIAN PROCESS APPROXIMATION

Gaussian processes (GPs) [20] is a non-parametric
learning approach to approximate an unknown nonlinear
function f : X — R"™ using samples. The data we obtain
for each component of f can be viewed as a collection of
random variables having a joint multivariate Gaussian
filz) ~ GP(m;,K;), i € {1,...,n} where m; is the
mean function which is set to 0 in practice, K; gives the
covariance between f;(x) and f;(z') and is a function
of corresponding x,2’ : K; = k(z,z’) known as kernel
function. The kernel function can be any kind, provided
that it generates a positive definite covariance matrix
K, and is chosen according to problem. Some frequently
used kernels include linear, squared exponential and
Matern kernels [20]. Complete approximation of f with
n independent GPs is therefore given by,

fl (1‘) ~ g’P(O7 13} (.CE, CE/)),

f(x)

fn(x) ~ GP(0, kp(z,2")).

Now the posterior distribution of f;(x), conditioned
on a given set of N measurements {z() ... 2V}
and {y®,...,yM}, with y0) = f(z0)) + w0, j €
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...

, N}, is Gaussian with mean and covariance
—-T _
pi(z) = k; (K; + 0t )" ys, (2)
o2(x) = ki(w,2) = by (Ki+ 03 In) ki, (3)

where k; = [k;i(zM z),--  ki(z™) 2)]T € RN, y; =

[yz(l), e ,yZ(N)]T € RY, and

Bi(a 2 0) k(a2 )

K; € RVXN,

k(2 ), (1) k(2™ (V)

We consider 57 = maxex 02(z). One can readily see

that such a bound exists as the set X is compact and
the kernels are continuous. The approximation of overall
f is as follows:

T
)

p(@) = [ (@), pn(@)] (4)
o*(z) := loi(x),...,on(@)]". (5)

) Un
In following proposition, we provide a probabilistic
bound on the difference between the inferred mean p; ()
and the true value of f;(x).

Proposition 3.1: Consider a system S with Assump-
tions 2.1 and 2.2, and GP approximation with mean u
in (4) and variance o2 in (5) obtained using N measure-
ments. Then, the approximation error is bounded by

P{u(x)-Bo(x) < f(z) < p(x)+Bo(x). VreX | > (1—2)",
(6)
with e € (0,1) and B8 = diag{Bi,...,5n}, where
Bs \/2||f2\|£1 + 300~; log3(%), where ; denotes
information gain (c.f. Remark 3.2).
Proof: The proof can be found in [9]. [ ]
Remark 3.2: The information gains 7y; represents the
maximum mutual information between data samples and
unknown map f;. Obtaining v; is hard. However, there
are techniques to over-approximate the value, see [21] for
example.
Moreover, computing bound on RKHS norm || f;||5, < B;
is also in general hard. However, considering Lipschitz-
like assumption, one can compute B; as discussed below.
Lemma 3.3: [22, Lemma 1] Consider a kernel function
k; and we assume that f;(z) satisfies |f;(z) — fi(y)| <
L
9| 2k

Li/||x — y|lo for all 2,y € X, then B; =
Bz

Now by utilizing the upper bound on RKHS norm B;
in Lemma 3.3, one can provide a deterministic bound
(i.e. with probability 1) for unknown dynamics f;(-) as
discussed in the following result.

Lemma 3.4: Consider a system S with Assumption
2.1 and 2.2 and GP approximation with mean p and
standard deviation o as given in (4) and (5), respectively.
Then Vx € X, it follows that

pi(e) + Bioi(z) < filx) < pi(2) + fios(z),  (7)

with 5; \/Bf -yl (K; + O'J%IN)_lyi + N, where B;
is an upper bound on RKHS norm || f;||x, as defined

Iloo
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in Lemma 3.3; y; and K; are defined in (2) and (3),
respectively and NV is a number of data samples.

Proof: The proof is similar to that of [22, Lemma
2] and is omitted here. [ |
Note that the bound obtained in (7) are very conserva-
tive. For more discussion, please refer to the case study
in Section V.

IV. REACHABILITY USING FUNNEL-BASED
CONTROL

In this section, we propose the use of funnel-based
control approach [15] to solve Problem 2.3. Consider a
funnel representing time-varying bounds for the trajec-
tory x;,1 € {1,...,n} given as follows

—cipi(t) < zi(t) —ni < dipi(t) (8)

for all ¢t € R}, where p; : Rf — R*, i € {1,...,n}
are positive, smooth, and strictly decreasing funnel
functions, ¢;,d; € Rar and n; € R are some constants.
In this work, we consider the following form of funnel
function

pi(t) = pioe” " + pice, 9)

where p;o, piso, €; € RT are positive constants and p;o, =
lim;_ 00 pi(t). Now, by normalizing x;(t) —n; with respect
to the performance function p;(t), the modulating error
is defined as #;(t) := w’gt)(t_)m and the corresponding
performance region D; := {&; | &; € (—c¢;,d;)}. Then,
we transform the modulated error through a strictly
increasing transformation function 7; : 751 — R such
that 7;(0) = 0 and is chosen as

N di(ci + 2;)
The transformed error is then defined as
&i(zi(t),pi(t)) = Ti(Z;). It can be verified that if

the transformed error is bounded, then the modulated
error &; is constrained within the region D;. This also
implies that x;(t) — 7; evolves within the bounds given
in (8). Differentiating &; with respect to time, we obtain
transformed error dynamics for ith dimension as

& = bil @i, t)[d: + i) (wi — i),

(11)
where ¢;(2;,t) = p%t) M(;; D) 5 0 for all Z; € (—¢,dy)
and a;(t) 1= g’ 8; > 0 for all t € R are the normalized
Jacobian of the transformation functlon T; and the
normalized derivative of the performance function p;,
respectively. Now, by stacking all the transformed error
dynamics, one gets

€= @4 + oz — 1)), (12)
where £ = [€1,..., &7, Dy =
diag{p1(Z1,t),...,on(En,t)}, o = diag{aa(t),...,
a,(t)}, and n = [n1,...,m,]7. The following theorem

provides the result for enforcing reachability specification
by utilizing the funnel approach.

Theorem 4.1: Consider the system S, the learned GP
approximation with mean 4 (4) and standard deviation o
(5), sets Xo, Xp C X, Z; = [X o, Xai] N[ Xy, Xi), X, =

ai) T

min{X ;, X;,}, X; = max{Xm, Xy}, an arbitrarily
chosen state 7 = [11,72,...,1,]7 € Int(X}) satisfying
= if EZ 7é (Z)
i € ~ g
g {[Xbi,Xbi} if 2; =0,
i €{1,...,n}, and funnel function (9) with ¢; € R™,
pi0 = {maxﬂﬁi - Kai|7 |77i - Xai'} if Ei 7& @
max{|n; — X[, |m: — Xy} if E; =0,
constants ¢;, d; as follows:
X . i — X i
¢ = ‘771 —(Lz|7di — ‘Th a ‘7 lf E'L 75 @7
Pio Pio
i — X i — X R
Cl:‘/r] —1|7d1:‘77 " lf :41:@3
Pio Pio
and pioo issuch that [ mi+[—cipico, dipics] T X'

i€{l,...,n}
Then under time-varying control law:

u(z, p) = — g(x)" (g(z)g(x)") " (=)
+ (sign(z — )" Bo(x) + &(z, p) + €(x — 1)),
(13)
where
&(z,p) = [51(1‘17/)1)7-~-7§n($%7pn)]T =

. <d1 (C1+f1p:1f1)> o (dn (c7l+f"p;"’l)) i«
ex (-2 ) n (dn— 2270
a  transformation discussed  above,
maxic(r, a6, Sgn(@ — n) — [sign(e: —
nl)v"'aSign(l'n - nn)]Tvﬁ = diag{ﬁh...,ﬂn},
can ensure that 3t € Ry such that x,,,(t) N X, # 0 for
all g € X, with probability (1 — €)™. In other words,
the trajectory starting from any initial point in X, will
reach X in a finite time under the control law (13)
with a minimum probability of (1 — €)™.
Proof: To improve readability, we will drop the
arguments x and p of the map £. Consider Lyapunov
like function V = %ng and

V ="04(f(x) + g(@)u+ ar(z —n))

error as
€ =

=" ®(f(2) — g(x)g(2)" (9(x)g(2)") " (u(z)
+ (sign(z — )" Bo(x) + € + &z —n)) + ar(z —1n))
= — €7 ®(u(x) + (sign(z —n))" Bo(z) — f(x))

— TP — e P (x — ) + T Doy (z — 7).

Considering the construction of transformed error ¢ and
(6), one can obtain that the first term of last equality
is always non-positive with a probability greater than
(1 — e)™. To elaborate more, for an i € {1,...,n}, we
consider the following two cases:

(14)

1One can choose p;oo arbitrary small in order to satisfy this
condition
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Case I: & < 0 implies that (x; — ;) < 0 (this is due to
&i(&;) is strictly increasing and &;(0) = 0). It follows that

—&i¢i(Zi, ) (pi(z) + sign(z; — n;)Bioi(x) — fi(z))
= —&idi(2i, 1) (pi(x) — Bioi(x) — fi(z)) < 0.

The last inequality is due to & < 0, ¢;(&;,t) > 0, and

wi(x) — Bioi(x) — fi(z) < 0.
Case II: & > 0 implies that (2z; —n;) > 0. It follows that

—&i¢i(24,t) (pi(z) + sign(x; — ni)Bioi(x) — fi(z))
= —&¢i(%i, 1) (pi(z) + Bioi(x) — fi(w)) < 0.

The last inequality is due to & > 0, ¢;(&;,t) > 0, and
wi(x) + Bioi(z) — fi(x) > 0. This implies that the first
term of (14) is non-positive with probability of at least
(I—e)m™

Next, following the facts that ®; and «y are positive
definite matrices, a; < € 1= maxX;c(1,... n} €, &M (x—n) >
0 (this is due to &;(&;) is strictly increasing and &;(0) =
0), one obtains V < —£7®,¢. This implies that £(t) is
bounded for all ¢+ € R} and hence we guarantee (8) that
is —cipi(t) +mi < x4(t) < d;pi(t) + n; with probability of
at least (1 —¢€)™. From the choice of 1 and constants p;g,
Picos Ciy diy m; for all i € {1,...,n}, one can readily ensure
that X, € [[ [—cipi(0) +n:, —dipi(0) 4+ 7;] and as
ie{l,...,n}

[—cipi(t) +nis —dipi(t) +m:] = 1
i€{l,...,n} i€{l,...,n}
[—CiPico, dipico] € Xp. This implies that there exist t €
Ry such that @,,,(t) N Xy # 0 for all 2y € X, with
probability of at least (1 —¢)™. This concludes the proof.

|

i+

V. CASE STUDY

Here, we demonstrates the efficacy of the proposed
result using a numerical example adapted from [19].

=[] = [ S = [ )

where s(z1) = m — 0.5 is the shifted sigmoid
function. We consider a compact state-space X =
[—5,5] x[—5, 5], initial state-set X, = [-2, —3]x[-2, —3],
and the goal set X}, = [1,3] x [1,3]. The functions fi(-)
and fa(-) are continuous, has therefore a finite RKHS
norm under the squared exponential kernel on a compact
set and complies to Assumption 2.1.

For solving Problem 2.3, we first approximated the
unknown dynamics using GPs with 50 collected mea-
surments of x and corresponding y’s, y = f(z) + w,
where w ~ N(O,O’?IQ), or = 0.01, by running the
simulated system with different start states. We used
exponential quadratic kernel [20] defined as k;(x,2’) =

—x")? .
o, eXp(Z§:1 (migl?J.) ),2 € {1,2}, where or, = 316
and o, = 25.3 are signal variances and l;; = 2.9,

lig = 177, lo; = 1.67, and I3 = 50.5 are length scales.
We use Limited Memory Broyden—Fletcher—Goldfarb—
Shanno (L-BFGS-B) algorithm [23], [24] to obtain these
parameters. The inferred mean and variance are as in
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(4) and (5) with Tmax = max{ci,72} = 0.0616,57 =
0.022,52 = 0.0616. Figure 1 depicts the original and the
approximated map f(x).

Computing || f;||x, and ~;, i € {1,2}, is intractable in
general. Thus, we used Monte-Carlo method to get the
probability bound for the confidence interval given in
Proposition 3.1.

For a fixed value of B;5; = 0.04, ¢ = 1,2, we
get a probability interval for the probability in (6)

as P{{u(x) — Bo(z) < f(@) < p(z) + Bo(@)},ve €
X} € [0.9894,0.9907] with confidence 1 — 10~ using

10° realizations. Thus, one can choose the lower bound
(1 —€)? as 0.9894. )

We also computed the value of 5 = 7.0878 and
Bg = 7.0710 as shown in Lemma 3.4. To compare the
conservativeness of the bounds, we compare the value of
B;5; with Monte-Carlo approach to obtain probability
of 1 with confidence of 1 — 10710, Using Monte-Carlo
approach, the obtained values are ;7 = 0.016 and
BQEQ = 0.0442 and the values obtained using results
of Lemma 3.4 are 3151 = 0.1559 and 5262 = 0.4366,
respectively. One can readily see the conservatism in the
bounds obtained using results of Lemma 3.4.

2+ \Xn
1+

Fig. 2. Simulation of the proposed funnel-based controller using
the learned GPs, X, and X, are initial and goal sets, respectively.
blue line indicates the state trajectory.

With the help of learned mean and variance, we
simulate the results using the proposed control law (13).
The parameters of the controllers and construction of
corresponding funnel functions are as per the Theorem
4.1.

The trajectory of the system reaching X from X, is
shown in Figure 2. One can readily see from Figure 3,
the trajectories z1 and xo satisfy the constructed funnel
bounds.

VI. CONCLUSION AND FUTURE WORK

The work proposed a scheme for designing closed-form
controller for unknown nonlinear control systems en-
forcing reachability specifications. We provide a control
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(a) The original f(z)

€2
o

7l
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7& K

(b) GP approximation of f(x)

Fig. 1. The GP approximation for considered example. the color-map shows maximum of standard deviations.

4
5 | | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Time
(a)

o
1

4t

26

4
5 | | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Time
(b)

Fig. 3. Illustration of trajectories ;1 and z2. The green solid lines represent trajectories, black solid and dashed lines represent upper

and lower bounds of funnels, respectively.

policy using a funnel-based approach by approximating [4]
unknown system dynamics using Gaussian processes. We
verified the proposed method using a numerical example. 5]
Future research includes incorporating constraints on
the input space and extending the results to more
complex specifications like linear/signal temporal logic
specifications.
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