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IMPROVED FRACTIONAL HARDY
INEQUALITIES FOR DUNKL GRADIENT

V. P. ANOOP*™ AND SANJAY PARUI

(Communicated by I. Peric)

Abstract. We prove an improved fractional Hardy inequality in the Dunkl setting for the weighted
space LP (RN duy(x)). Also we prove a similar inequality for half-space.

1. Introduction and main theorems

A classical Hardy inequality is of the form

_ p P
/ Vulrax > (N =Pl / [
RN p RN |_x|P

for u € C3(RY) or u € C5 (R \ {0}) respectively with respectto 1 < p <N or p > N.
It is known that the constant (‘Np;p')p is sharp and never attained in the corresponding

spaces Wpl (RN) or Wp1 (RV\ {0}) respectively. In a remarkable paper [7], Frank and
Seiringer have proven the sharp Hardy inequality with a remainder term. Their result is
as follows: for p > 2 and 0 < s < 1 and for some positive constants Cy s , and c),

I ju(x)]”
/éN /]RN |x y|N+pS d dy_Cstvp /]RN |x|pS dx

S e / / ()P dx dy 0
p RN JRN |x y|N—|—ps |X|N ps)/2 |y|N ps)/2’

where v := |x|(¥"P%)/Py. The result is true for all u € C5*(RY) if ps < N and for all
u € Cy(R¥\ {0}) if ps > N. The same authors proved a similar fractional Hardy
inequality on half-space in [8], which states that: for p >2, 0<s <1 and ps # 1

O D Gl
RY JRY |x y|N+pS YN RY Xk

c// )P dx dy )
p RN JRN |x y‘N—i—ps 1(\}—ps)/2y](vl—ps)/27
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130 V. P. ANOOP AND S. PARUI
where Dy, and ¢, are positive constants and v := xl(\,l_p /Py More generalized
version of (1) and (2) in the Dunkl setting are studied in [4]. Combining the results due
to Abdellaoui et al. in [1, 2, 3] we can get an improved fractional Hardy inequality for
1 < p < o which is stated below.

Let0<s<1,ps<N,1<g<p<o and Q CR" be a bounded domain. Then

we have
u(y)| ju(x) [P
/RN /RN = y|N+ps dxdy—CN7p7s/ ]x\l’s dx

C// ju(x |x y|N+qs  dxdy 3)

for all functions u € Ci(€2). The constant Cy s is the sharp constant in the fractional
Hardy inequality obtained by Frank et al. in [7] and the constant C is positive and
depends on N,q,s and the domain €. Unlike in [7] the result is true forall 1 < p < o
and the remainder term here is a p-norm of a fractional gradient.

In the proof of fractional Hardy inequalities mentioned in (1), (2) and (3), various
properties of the kernel of the form |x —y| ~(N+9) with § > —N play an important role.
When it comes to the Dunkl case we use a generalized kernel @5, 6 > —d; which
is defined in (13). The kernel @4 is defined through the Dunkl translation operator
defined in Section 3. The kernel ®g5, 6 > —d; was introduced by Gorbachev et al.
in [9] to study Riesz potential and maximal function for Dunkl transform. Authors of
the article [4] proved certain generalized optimal fractional Hardy inequalities for RY
half-space and for the cone. Our main aims of this paper is to prove a generalized
version of (3) in the Dunkl setting. Our first main result is recorded in the following
theorem.

THEOREM 1. Let Q C RN be a bounded G -invariant domain. Let 1 < g < p < oo,
ps < di and 0 < s < 1. Then for all u € C;(L2)

u)[”

] 1)~ )0 5 )b (i)~ Ao | i),
RN xRN
> C [[ ) w0y (e i), @)
QxQ
where 1
Nagsp =2 [ 1 1= AP (s (5)
0
with
sink %0
-dO for N>2
D(r) = \/—F(dk ! fO (1- 2rc099+r2)dJ2rp

@ww%m+amw@mynme:1

and C is a positive constant depending on ,dy,q and s.
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We have adopted the ideas introduced in [1, 2, 3] and in [7] to prove Theorem
1. A slight modification of the techniques of the proof of Theorem 1 will lead to the

following improved fractional Hardy inequality for half-space.

THEOREM 2. Let Q C RIX be a bounded G -invariant domain. Let 1 < g < p < oo
with ps <1 and 0 < s < 1. Then for all u € Cj (L)

J[ 1) )@y ) () - A [

RY X

RY xRY N

> € [[ )~ u() Py () i), (6)
QxQ
where Ag sp is given as

oy D +p9)/2) [N m
A0l / 1—7r 7 |P . 7
dy, ¢ 1F((dk+ps)/2) 0 | ri | (1_r)1+ps ( )

and C = C(Q,dy,q,s) is a positive constant.

By choosing the multiplicity function £ =0 in Theorem 2 we obtain the following
corollary. As far as we know, this inequality is not known in the Euclidean setting.

COROLLARY 1. Let 0 < s <1 and ps < 1. Also let  be a bounded domain
of RN. Then for all 1 < q < p < e and for all functions u € Cy(Q) the following

inequality holds:
SN Iu(x)|”
>C / / julx o y|N+yqq dxdy. (8)

The constant Dy p s is sharp and is given by

r(es) ps—1 dr
D — v 2 / l—r 7 |P—— 9

. N-3 112 . o
with cy—1 =22 [pnv1e WI/2dqx' . The constant C is positive and depends on N,q,s

and the domain Q.

The paper is organized as follows. In Section 2 we give a brief introduction to
the Dunkl theory. In Section 3 we prove Picone’s inequality and some lemmas on
weighted Sobolev spaces. Section 4 is devoted to the proof of improved fractional
Hardy inequality on L”(R",du(x)). We use a slight modification of this idea to prove
a similar Hardy inequality on the half-space in Section 5.
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2. Basics of the Dunkl theory

In this section we give some basics on Dunkl theory which we will be using in the
coming sections. The preliminaries of the Dunkl analysis can be foundin [5, 11, 12, 13].
Let (-,-) denote the standard inner product on RY and |-|:= \/(-,-). For a non-zero
element o in RY the reflection in the hyperplane (&)~ is defined as

(o, %)

Ga(X) :X—ZW

o.

DEFINITION 1. Let R C R¥\{0} be a finite set. Then R is called a root system,
if

() RNRo ={£a} forall o € R

(2) 0a(R) =R forall o € R.

A root system can be written as the disjoint union Ry U (—R,) and this R, and
(—Ry) is separated by a hyper plane passing through the origin. Here R is the set
of positive roots of the root system R. The subgroup G = G(R) C O(N,R) which
is generated by reflections {0y, : o € R} is called reflection group (or Coxeter-group)
associated with R. For the convenience of the calculations we assume that R is normal-
ized, thatis (o, ) =2 for all o € R. A G-invariant function k defined on R, that is
k(ga) = k(o) forall g € G, is called a multiplicity function. An example of a root sys-
temon RY is Ay = {=£e;}, where {e;: 1 <i < N} is the standard basis for R" . In this
case O, send ¢; to —e; leaving other vectors e; fixed and the corresponding Coxeter
group is lev . Given any function k' defined on R we can always define a G-invariant
function k by k(x) = > k'(0gx).

aER

For j € {1,2,...,N} the differential-difference operators 7 (the Dunkl operators)
defined by

Tif(x) = d,f(x) + E;f(x), feC'(RV),

where E;f(x) = k(a)ajw and o = (04, 0,...,0n). The Dunkl opera-
oER ’

tors Tj’s are a generaﬂzation of the partial differential operators in the classical analysis.
As in the classical case we can define the Dunkl gradient V; = (T}, T3,...,Ty) and the
Dunkl Laplacian A as Ay = ley: 1 sz.

One of the important properties of the Dunkl operators is that they commute, that
is T;T; = T;T;. Also for every f,g € C! (RN) and for every 1 < j < N, one can see that
Ti(fe) =T;(f)g+ fTj(g) when at least one of the functions is G-invariant.

Fix a reflection group G and a multiplicity function k. We can define the G-inva-

riant homogeneous weight function h?(x) = TI |(x,a)*(*) of degree 2y, where
OER
%= % k(o).
acER
Throughout the paper we denote the weighted measure h7(x)dx as dpy(x). Fur-

ther we use the notations d; := N + 2y, and Ay := % .
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If for g € Z(RY), the space of Schwartz class functions, and a bounded f €
CH(RM), then

/Tf x)d g (x /f Tg(x)dux(x).

For a fixed y € RV, it is known that there exists a unique real analytic solution f(x) =
Ei(x,y) for the system T;f =y;f, 1 <i<N, satisfying f(0) = 1. The kernel Ei(x,y)
is called the Dunkl kernel and it is clearly a generalization of the exponential functions
¢}y Dunkl kernel enjoys many properties similar to classical exponential function.
We refer [11] and the references there in for further reading on Dunkl kernel.

Dunkl transform is defined as a generalization of Fourier transform. For u €
L'(RN du (x)), its Dunkl transform is defined by

Fil&) = ;" [ ulo)B(~i8 ) dpe(x),
RN

where ¢! := [y e IHI*/2g Ui (x). Dunkl translation operator is defined through the
Dunkl transform. The Dunkl translation T)]f f is defined by ﬁk(fy" NE)=E(iv,&)Zrf(E)

and it makes sense for all f € L>(RY,du;(x)) as Ex(iy, &) is abounded function. Dunkl
translation has the property ’L'f fx) =1 f(—y).

3. Fractional Sobolev spaces and some auxiliary lemmas

We begin the section by stating three algebraic lemmas which we will use later to
prove the main theorems.

LEMMA 1. [7, Frank, Seiringer] Let p > 1. Then for all 0 <t <1 and a € C
one has

la—1|P > (1—1)"""(|a]’ —1). (10)

For p > 1 this inequality is strict unless a =1 or t = 0. Moreover, if p > 2 then for
all 0 <t <1 andall a € C one has

a—1[P = (1—0)P"Y(|a]? —1) +cpt?*la—1]P, (11)
with 0 < c, <1 and cp is given by

= mi 1—1)P — 1 +ptPh). 12
P o i (=D e .

For p =2, (11) is an equality with ¢y = 1. For p > 2, (11) is a strict equality unless
a=1ort=0.
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LEMMA 2. [10, P. Lindqvist] Forany 1 < p < 2 there exist a positive constant ¢
depending on p such thar for all a,b € RN we have:

2
P~ |blP — plplP2(bra—b) > 1970
(la| + |b[)*>—P
and for p > 2
2
P _|p|P_ p—2 M
P = [bl? = plblP~2(b,a—b) > S5

LEMMA 3. [2, B. Abdellaoui, F. Mahmoudi] Let 1 < p <2 and 0 <t <1 and
a € R. Then for some positive constant ¢ depending only on p we have the following
inequality:

la— 1%

a—tlP— (1= alP—t)>c
o=t = (1= 1) > et

3.1. Weighted Sobolev spaces
Define the kernel ®5 with 6 > —d;

Ds(x,y) = ! /Mswlrk(e”'z)(x)ds (x,y) # (0,0).  (13)
VTR @9/ b : -

The kernel ®g(-,-) was first considered by Gorbachev et al. [9] in connection with the
study of Riesz potential and maximal function for Dunkl transform. If the multiplicity
function is identically zero, thatis k =0, then dy = N and ’L';‘ reduces to the Euclidean
translation operator and hence from the integral formula

1 /oo (d—o)/2—1 —s|y|>
— e ds
yle T T~ a/zo

the kernel @ (x,y) becomes the kernel |x—y| V=9 . From this understanding we define
fractional Sobolev space in the Dunkl setting by using ®g(x,y).

Let Q be an open subset of RY containing origin. Let s € (0,1) and 1 < p < oo,
Then we define the fractional Sobolev space W,'”(Q) with the kernel @, as

W, P(Q) = {MEU’(Q d iy (x / |(x) = u(y) [P Pps (x, y) e i (x) d b (¥ )<°°}
QxQ

and the norm is given by

el = ( [ o)) QJ/W ~uly r¢muywm<ywu>)

Let C7(€2) be the set of compactly supported smooth functions on Q. We define the
Sobolev space W, ' (Q) as the completion of Cg(€2) with the norm ||. lwsr )
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PROPOSITION 1. Let Q C RN be open and G-invariant. Let u € W, (Q) and
let A C Q such that A is compact and u is supported in A. Define an extension ii on
RN as ii(x) = u(x) when x € Q and ii(x) = 0 when x € RN\ Q. Then i belongs to
WP (RY) and

||IZ||Wks’p(]RN) < C(QvA7dk7pas)||u||WkS’p(Q)

Proof. By the definition of 7 it is clear that & € LP(RY,du;(x)). Since @, is
symmetric on x and y, we can write

Lo L1760 = 70) ()b () pe )
-/ / () = ()| @y . )t () )
w2 ( /R N\Q|u<x>|f’<1>ps<x,y>duk<y>)duk<x>. 19

Since u € W, (Q)

L) = )1, ()b () <
Also u is supported in A and hence for any y € RV \ Q

() [PDps (x,y) = [u(x) [ x4 (x)Pps (x, ).
Now by [9, Lemma 2.3]

_ korps

Oplen) = [ (WP+BE=200m) 7 du()

where ;i is a probability Borel measure whose support is contained in Co(G), the
convex hull of G-orbit of x in RY (see also [11]). It is easy to see that for any 1 €
Co(G)

1

2 :
(b + 1y = 2(5,m))* > min|oy —x].
oeG
Using this and the fact that ; is a probability measure we get

) —(dg+ps)
D(x,y) < (m1n|6y—x|> )
oeG

Since Q is G-invariant we find that y € RV \ Q implies oy € RV \ Q for any
o € G. Using the fact that A is compact and and € is bounded we have dist(cy,dA) >
dist(0Q,0A) >0 forall 6 € G and y € RV \ Q.

But mingeg |0y — x| > mingeg(dist(oy,dA)) and hence we can write

/Q < /RN\Q ‘”(x)|pq’ps(x,y)duk(y)>duk(x)

LP QX)) Jgny\q dist (0, JA)H+Ps’
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Since dist(dQ,0dA) > 0 and dj + ps > d the integral

J ()

rM\Q dist(9Q, dA)d+Ps Hiely

is finite. Finiteness of the above integral together with (14) we find that
||ﬁHW]‘:’p(]RN) < C(dkapasaAag)HMHWIS-,P(Q)

Forl <p<eand 0 < fB < @ we define the kernel Kg as

D (x,y)

Kp (x,y) = 5=
! el P[y1P

We also define the weighted fractional Sobolev space W), PP (Q), with 0 € Q, as

wr8() = fue o L) // ) )1 K ) 0 ) < |

endowed with the norm
1

lilygooigy = ( [, oo 283 )
(ﬂ// ) )1 )i ()i () )

Forl<g<pand 0<f < d" % we define the space W, ’pQB(Q) as follows:

wrt(@) = fue o, b //| O)PRE (5B (i) < =

where the norm is given by

il a8 g = (/| "’d(;ﬁfzﬁ )
é}// () — u(y)|"Kf (3, ) dpae (x )duk(y))%. (15)

Let us denote W, ’é”q’ﬁ () as the completion C;(€2) with respect to the norm of

5,0:4:P
W, (Q).
Let Q C RY be a bounded G-invariant domain with 0 € Q. Using similar ar-
guments used in Proposition 1 we can say that, if u € C;(€2), with a compact sup-
port A C €, then there exists a function i, which is an extension of u, belongs to

le ’g’q’ﬁ (RM) such that

||ﬁ||W,f7p’q’B (RN) < CH u ||Wks$p7q~,l3 Q) (16)
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where C = C(Q,A,d, p,q,s) is a positive constant.

REMARK 1. If Q is abounded G-invariantdomain of R", we can attach W}’ (Q)
with an equivalent norm |||. |||y,
q -

g (Q// o) 0@, ). a)

To prove the equivalence of the norms ||. ||Ws.p (@) and [[. |||Ws.,p (@)» We need to prove
a Poincaré type inequality, ||u||? @) S € |||u|||Wsp for u € Cy(Q) and some

positive constant C. We denote the extension i of u to RN as u itself.
Let B, C RV\ Q and let &(B,) be the G-orbit of B,. Since Q is G-invariant and
bounded we have &'(B,) C R¥\ Q. For x € Q and y € O(B,), write |u(x)|? = |u(x) —
u(y )\pcbpg(x,y)(l);s1 (x,y). Since Q is G-invariant and ®,4(x,y) > (maxeeg|Oy —
x|)~(tps) we can write

H(O(B,))|u(x)|” < sup q’;sl(x,y)/ u(x) = u(y)|P@ps(x,y)d i ()
xeQ.ye0'(By) 0(Br)

dy+ps
< swp(maxfoy—al)" " [ w0 ()i ()
xeQ, yeO(By) oeG O(Br)

< sup ey ) — ()P
x€Q, yeO'(By) O(Br)

<diam(@UO(B)) [ ulx) —u0) @) ).

Now by integrating both sides over  with respect to x, we get the desired Poincaré
type inequality.

3.2. Picone’s inequality

Picone’s inequality (Lemma 2.3) for the Sobolev space on RY was proved in
[2]. We need to prove Picone’s Inequality for the Sobolev space W, pa:P (Q) defined

through the fynction ®@,. Now for w € W} P (RM), we define
) =PV [ ) w72 w() = w() KD (53 (9 )
and for v,w € W,f’g’q’ﬁ (RY), we have

/]RN /RN WP (w(x) = w(3)) (v(x) —v()KE (x,y)d g (x)d e (v).
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THEOREM 3. Let Q = RN x RN\ (¢Q x €Q) and w be a positive function in

W,:’g’q’ﬁ () with L(w)(x) > 0 for all x in Q. Then for all u € Cy(Q) the following
Picone’s inequality holds:

5 [ 1) =0 ) PG = (1), ),

|u()|”

Proof. Let v(x) = )P T
v /R ) = w17 200(6) = w3 ) () )

— [ L o) =01 2000) < )R ()b i),

(L(w),v) =

K[3 (y,x), we can write

1= ] (R~ mowe)

w(x) = w() P2 (w(x) = w(y)KP (x,y)d e (x)d e (y).

Since Kﬁ (x,y) =

Define the function g = u/w and obtain

(Ig@)[Pw(x) =g Pw(y))

(L(w),v) =
w(x) = w() [P (w(x) = w(y))KE (x,y)dpx(x)dp (y)

N — X l\.)lr—

Shay

(o) = u)[” = 0, ) | KL (x, ) dpaa (x)dpia (v),

where

0 (x,y) = lu(x) —u(y)|” -

It is enough to prove ¢ > 0 to get the desired inequality

(L00)o0) < 5 [ )~ u)PRE (e 3) it x) ().

(Ig(0)[Pw(x) = [g)Pw())w(x) = wm)P 2 (w(x) = w(y)).

Since ¢ is symmetric we can assume that w(x) > w(y). Putting t = w(y)/w(x)
u(x)/u(y) and applying the inequality (10) we see that ¢ > 0.

LEMMA 4. LelO<ﬁ<dk L 1l<g<p<o, 0<s<landlet 0 <o <
di—as_2B  py w(x) = |x|~%* we have the following equality for a.e. non zero x in RY

p—1
wP~1

L(w) = A(a)WTZB’

where A(a) is a positive constant.
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Proof. For w given in the statement, we have

Lw)(x) =PV. | | Iwx) —w)[” “(w(x) = w)K] (6, y)d ().

Let = |x| and p = |y|. Also let x =rx’ and y = py’ with x’,y’ € S¥~!. With this
setting, we can write

% —pYP 2( p~%)D, (rx' —py’) 22
/ /SN 1 rﬁpﬁ p~* T do(y')dp.

Let t = p/r. Using [9, Lemma 2.3] we have the following properties for @

D5(rx', py') = r~ 405 (1Y) (18)
and
(%) m sin®—2 @
P(r):= [ @ 1y)dor(y) = T / Wde.
S VAL (=) 70 (1 - 2tcos 0 +12) 72

With these properties, we can write

—1
—ap— 2 —o\ 20 +1— _ wP™ (x)
L(w)(x) = rzmqs / 11— P21 — %) Pl = N(@) i

where A(a) = [ @(t)dt with @(t) = |1 —¢=%|P72(1 — = *)?4F1=PP(r). Now we

need to check the convergence of the integral [;” ¢@(7)dr. With the change of variable
t — 1 and using the fact that P(%) = 1%+a5P(¢) we can write

7
/01 o(t)dt = — /lw(z“ — P PP dr
and with this, A(o) becomes
Alar) = /lm(toC — 1)P7LP(e) (e P melp =) gBras=Ty gy, (19)

Observe that P(t) is similar to tdk;ﬂzs

constant multiple of W as t tends to 1. Together with this understanding and

as t tends to e and P(¢) is dominated by a

using the assumption on o and f, as t — o we have

1
t1+B+gs

(ta B l)pflp(t) (tdkflfﬁfa( 1) tﬁJrqs 1) (20)

and as t — 1 we have

(% = )PP () (11 Pmedp= ) _yPras=ly o (p )P loes, (21)
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One can easily see that the similar function written on the right-hand side of (20) and
(21) are integrable on the intervals (2,e0) and (1,2) respectively. This gives A(a) is
finite. Now since 0 < a(p — 1) < dy — gs — 23,

(tdkflfﬁ*a(l’*l) _ [ﬁﬂlsfl) >0

and hence from the expression of A(o) in (19) we conclude A(car) > 0.
We have just proved above that under the given assumptions

—1

Wp

Now Picone’s inequality proved in Theorem 3 for this w gives that

27(@) [, 0 o) = (1w, )
< ] Wl - u@IKE D). @2)

RN xRN

REMARK 2. Now choose € to be a bounded G-invariant domain containing ori-
gin and let u € C;'(Q2). Then as we described earlier we have an extension function i

of ue w,”* 4P (Q). Using (22) for i together with the equations (15) and (16) we find

(@) [ <[] 1) - a0 KB (xy)di )i )

|x|qs+2[3
RN xRN

< ||”||Wks,p,q7l3(RN) < C”””Wksm,ﬁ(g)'

4. Hardy inequality on R"

In this section we give the proof of Theorem 1. The following lemma is needed
for proving Theorem 1.

2
define v(x) = u(x)/w(x). Then forall 1 < g < p < e and for a given positive constant
C the following inequality holds:

LEMMA 5. Fix o0 = d";ps,ﬁ U5 and let w(x) = |x|~%. Let u e C3(RN) and

J] b0 =0 )i

RN xRN

>C [ 1) = )P . y) it () dpe ().
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Proof. Let

filey) = v(x) —v(y)IPK} (x,)

_ |W(y)u(x) B W(X)[b)t(y) ‘p (Dqs(x;y)

[ (22) ot

w(x)

Observing the symmetry of f(x,y) we define f>(x,y) in the following way

f2(x7y) =

Now the integral

) =[] 1) =) PKE (o) dpe () ()

can be written as

) =5 [ )+ ) du) ).

RN xRN

Also let

P

01n) = ) ans sy (20) "+ (200

It is clear that Q(x,y) < C and Q(x,y)D(x,y) =1 forall x and y. So for p > 2 we can
apply the Lemma 2 to obtain the following inequality

fi(e) >CQ<x,y>(%)7 [|u<x> () [Py(x.)

~ plu®) — u P2y ) () — u(3), 2L () — i)

uly
el 00 w0 PRy 3)
and for 1 < p < 2, again by using Lemma 2, we can write

fi(ry) > CO(x,y) (%) : [|u<x> () [Pye(x,)
u(y)

+ plu(x) — u(y) [P 0qs (x,y) (ux) — u(y), w0 W) —w)|. (@24

~—
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Now combining equations (23) and (24), we can write for 1 < p < o,

filry) > [CQ<x,y> (%) () — u<y>|pd>qs<x,y>]
—pCO(x.y) (%) ) — ()P s () % \\ ) —w<y>|}
Similarly, we can calculate
) > [cgoc,y) (%) () u<y>|P<I>qs<x,y>]
— X @ %ux —u(y)|P! X u(x) X)—w
p0) (53 ) )~ a0 e) [ ) <)
Now by using the estimates of f| and f, we obtain
) > // () — u(y) [P Dys (x,y) d ity () d ity ()
RN xRN
—q / (1 (5,) + ha(x, ) ) g () d e (), (25)
RN xRN
where
() = 0(x.) (%) () — u(y) P s () %‘rwu) W)
and
ha(r3) = 00) (51 ) o) — )P e 205 )~ w)
Since hy(x,y) = ha(y,x) we have
/ i (x,y)d iy (x)d () / i (x,y) ity (x)d (5). (26)

RN xRN RN xRN

Therefore, it is sufficient to estimate one of the integral. Now by Young’s inequality we
can write

// h2 X,y duk duk < £ // | ’pq)qs X y)d.uk( )d“k(y)
RN xRN RN xRN
ce) | / Glx,y)d e (V)i ). 7

RN xRN



HARDY TYPE INEQUALITIES FOR DUNKL LAPLACIAN 143

where
P

1) 150 — ()P ().

w(x)

ot =it (367)’

The proof will be completed if we can establish

|| Senamxdmm <c [[ v -y KE (dm i) @8)

RN xRN RN xRN

Let us calculate

/| ety)au )

RN xRN
( Diw(x) —w
// pz;+|w( l) (y)IPq)qs(x,y)duk(x)duk(y)
RN xRN

= u(x)p/ [ = [y *[P Ly Pt (%, ) b (v) d L (x)
RN RN (|x|06p_|_|y|(xp)p gs\X; Y kY K(X).

Let [x| =r and |y| = p with x = rx’ and y = py’. Also write t = p/r and do;(y') =
hi(y')do(y') with do(y') as the Eulidean surface measure on the sphere S¥~!. Then
we have

|| Gt )
RN xRN
) oo|ra_pa|ppap(p—1)+2)tk—|—l / ) )
= [ [ [ @2 )don (s

B u(x)? =1 _toc|ptocp(p—1)+2/1k+1 o /
N /RN |95 / (14r2P)P -1 Dys(x',1y")doy(y)dtdx

u(x)”

=1 d(x),

RN |x|q5

with

o |1 — p&|Pror(p—1)+224+1
= / | | P(t)dt.
0

(1 4zoP)P
Here we set

PO = [ @l o)

and used the property of the kernel @, (rx’, py’) = r % 45®,(x',1y’) (see [9, Lemma

2.3] for a proof). By proceeding with the similar steps used in Lemma 4 we get [ is
_ dps
finite. Since we chose w(x) = |x| 7 and u = vw we have

)P
G(x,y)d e (x)d i (y) = o T o) d i (x).

RN xRN
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Set By = dk;p Y < M and apply (22) for v, to get

// G(x,y)d g (x)dux(y)

RN xRN
<c [ v oIk wdudmG). @9

RN xRN

Thus we proved our claim in (28). Now by considering the inequalities (25), (26), (27)
and (29) we get the desired inequality

[ 1) = ) Py () e () ()
RN xRN
<C ] 1) = v )RS () dpa () dyu ).
RN xRN
Let Q be a bounded G-invariant domain on RY containing origin. Also let u €

Cg(Q) and ii be its extension to RY as explained earlier (see Proposition 1). As u =vw
we let the extension of v as v and # = Vw. Now using (16) and Lemma 5 together, we

get

J] ) = 0P R (e () dpe ()

QxQ
>C // [9(x) — 5(3)|PKP (x, y)d g (x)d i ()
RN xRN
>C // [i(x) — () [P Dys (x, )ty (x) d it ()
RN xRN
> € [ 1ux) = )Py, y) it () dpe (). (30)
QxQ

4.1. Proof of Theorem 1

The main idea of the proof is to show that

] 16 = P05 e i) = Ay [ T i)

RN xRN

> [[1v0) - 0IPKE ey am @), GD

QxQ

for some positive constant C. Then by using Lemma 5 we reach the desired inequality.
In order to prove (31) we need to consider two different cases p > 2 and 1 < p < 2.
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Case l: p>2
From [4], we have

s (x, ) i (%) d i () — LGl
o ]RN WP Dps (x,y)d g (x)d e (v) — Cap5.p v x]P? i (x)
dp(x) — di(y)
P
> CP/RN /]RN V)P ®ps(x,y )|_x|(dk_l75)/2 |y| (k—ps)/2”

But for Q C RY bounded, we have @(x,y) > C(Q)®D4(x,y) on Q. Using this we
can write

" dn(x)  d()
/RN /]RN D) sl y) 2 |(dkkl75)/2 |yy(dkkps)/2
Q) [[ 1v0x) = v P (5, )de () dpe ()
QxQ

and it gives the claim given in (31) for p > 2.

Case2: 1<p<?2

We define f; and f> same as described in the proof of Lemma 5. We split the
domain Q x Q in accordance with the values of w(x) and w(y) as

Dy ={(x,y) € QxQ:w(y) <w(x)}and Dy = {(x,y) e Qx Q:w(x) <w(y)}. (32)

Now

C@Ha() = [[ @) —vOIPKE ()i )
QxQ

_ / / £ (o) d g (x)d g (v)

QxQ

://fl(x,y)d‘uk(x)d,uk(y)+//f2(xay)d.uk(x)d.uk()’)

=1L +D5.

We will first estimate the integral in /;. We can write

) = () =) = 2% (i) =) (22 )
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Now applying Holder’s inequality, we obtain
L <L <Ly

Here we denote

2

wi(x)

and

L= <Z/}((u(y) —u(x)) - Z((y (w(x) = w(y)

From (30), we get

)70, (o)l e )l <y>)

1 <€ [ 10(0) = u(3) Py () e 3) e 3)

QxQ
ﬁ )P @y (5, )t () d i ()
/ v(x) = V() PKE (3. ) it () ) = C(@)Ha (v).
QxQ

Thus we arrive at

2—p

1172 < C(Q)H(Qz (V)

)
w(y) v(x)

An application of Lemma 3 with ¢ = w0 CT )
[(0) —u(x) = 585 (v —w)* )
|u(x) —u(y)|+ ‘% (w(x) —w(y)) ‘(2—17) w(x)

_ w)Pv(y)[Pla— 1P
(la—t|+[1=1[>7)
<w@)P )P (Ja =1 = (1= (la]” —1))

<

v(y)  w(x) w(x)

T (s e R (e (1

we find for (x,y) € D,

2

[((u — 28 (wx) —wO)|” w(y)
o (// | + | ) o w0

4

(33)

[S/aS]

p

(34)

(35)
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Further using (34) and (36) the first integral /; 1 in (33) becomes

C(Q)I; 2/17
< [ 1) a0 s
RN xRN
- ( = s ) WO 2(0(0) — () @y 6 )
RN xRN y)F
=[] b)) P 0) < Ay [ D) @
RN xRN
This gives that
h= [ Aleydudu)
<@y v
% g@/élvht(x) —u(y)|P®ps (x,y)dy (x)d i (y) — Mg, s.p /RN |L|t)(j|2‘§|pduk(x)) °
(38)

The same arguments allow us to write

L= //fz(xyy)dﬂk(x)dﬂk()’)
Dy

<CQH® (v)
p 5
(] 100 = a0 @) 3) - Ao [ D )
RN xRN
(39)
Now put (38) and (39) together with the fact C(Q)Hq(v) =1, + I to get
Ha(v) < C@)HL™ (v
p 5
(] 100~ a0 P ) ies) e [ 50 )
RN xRN

and hence

Ha(v) Q) [[ lu(x) = uly) @y (x.)d e (e )
RN xRN

ju(x)]?
_Adk7s7p/RN P d i (x).
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Now the case 1 and case 2 together provide the claim

] 160 = )P 5 i )i 0) = Aup [ T i)

RN xRN

Q) [[ ) = vOIPKE () () dma(s). - 40)

QxQ

for all 1 < g < p <. Hence the desired inequality (1.4) stated in the Theorem 1
follows from (40) together with Lemma 5.

5. Fractional Hardy inequality on half-space

Let R be aroot system on RV~! and k be a multiplicity function from R to (0, o).
Define the root system R; on RY as Ry := R x {0}. We use the same notation G for
the corresponding Coxeter group. Also extend the multiplicity function k£ to k; by
defining & (x,0) = k(x) where x € R. With the root system R; and the multiplicity
function k; on Ri\[ we can write the kernel @4 on Rﬁ with 1 <g<eand 0 <s <1
as

1 P S ev— w2 )
o)) = ) Sv=yN 1= 2k (=17 (Vs
qs(-x7y) F((dkl +qs)/2) /0 S e v (e )(-x) )

For an element x € RY we write x = (x',xy) where X' € RV~ and xy > 0. Using

the properties of Dunkl translation and gamma function we can perform the following
calculations

/
Loy @l
1 ° AT P P
- I'((dk, +g5)/2) /]RN—I/ sr et T;(’(e g )(+)ds du(y')
1

1 = ) sl P )
_ s(lx ds d
T e 4)
dug(y')

X, — N[>+ [ —'|?)
= 1

RN-1
(

d,  +qs

2
=|ISM? |k

B 1 ©  h2
= 18"l / dr

lxy — yn| T4 (1 +t2)dk12+qs
_ieN-2 1 I((d, —1)/2)T((1 +45)/2)
— HS HklxN_yN|1+qs F((dkl —|—C]S)/2) (41)

The constant ||[S¥=2||; in (41) is given as

_ C
ISY2 (k= /SN_2 d(x) = ————.
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Let Q C RY be an open G-invariant subset and let wy € Wks ’(‘)D’q’ﬂ (Q). Define

Lo(wo)(x) := P.V. /RN [wo(x) —wo ()72 (wo () —Wo(y))K,ﬁo(xa)’)dﬂk(x)dﬂk()’),

where

Dy (x,)
Kqﬁ,o(X,Y) = qﬁ—ﬁ-

ANYN
Also let Q C RY be bounded and we denote Qp = RY x RY \ (4Q x €Q). Then by
the same arguments as in the proof of Theorem 3 we can conclude a Picone’s inequality
for half-space, that is

\%

1 d d p
] 1)~ ) g e ) R <Lo<wO>, ’;‘,1>, @)
0o *NYN "o

for all functions u € Cj(Q) and for all positive function w € W, ’Op’q’B (Q).

1—

Let 0<B <58, 0<a< qS:lzB and wo(x) = xy*. Then for almost every

p
non zero x € RY we have 1
.
w
Lo(W()) = Ao(OC) 0 (43)
xlquJrZB

for a positive constant Ag(ct). The proof of this can be done with similar steps of the
proof of the Lemma 4. Denoting r = xy, p = yy and using the calculations in (41), we
get

di, —1)/2)T((1+gs)/2)
T((di, +45)/2)

Lo(wo)(x) = [18% 2, -

[Tl = p )P py)
BoBlr—p|ltas p-
0 rPpPlr—pl
Sett=r/p,
oy Tk, = 1)/2)T((1 +g5)/2) r= =D g |1 =4~ *P2(1 =1~
L — SN 2 1 /
) =S T N e b
wP~ 1 (x
— (@)
AN

where the constant

- I
Ao(a) = [|S" 2|1k dt.

((dr, —1)/2)I((1 +g5)/2) /°° -2 (1—1%)
T((d, +45)/2) 0 Pl —z|tas

It remains to show that Ag(o) is positive. Splitting the integral in to two domains;
(0,1) and (1,e0) and use the change of variable t — 1/¢ on (0,1) we can write Ag(c)
as

oo (la—l)p_l e B -
Ao(oc):/1 m(r pralp=l) _ptas—lygy,

dt
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A repetition of same arguments in the proof of Lemma 4 will show that Ag(o) is

positive.
Use the identity (43) and the Picone’s inequality for half-space given in (42) to-

gether to see that

2/\0(05)/RN |L;Ei)2|;dﬂk(x) = <L0(W0), ?pl>
+ 'xN G
<] ) = w0 ) () dpa ().

N N
RY xRY

LEMMA 6. Fix o0 = 8 = 1= and let wo(x) =xy%. Let u € C3(RY) and define
v(x) :=u(x)/w(x). Then forall 1 < q < p < e and for a given positive constant C the
following inequality holds
J] ) = IRk ) dpe ()
RY xRY

>C ] lu) = ur) Py (5, ) (5 ).

Proof. We will prove the lemma by following the proof of Lemma 5. Replacing
K and w by Ky and wy we can define the functions f; and f, as:

A(x,y) = v(x) = v()IPKE o (x,5)

Do) vl g
(Wo (x)wo ()’)) :
_ e HO) RN A1) : .
=00 = ) = 22 ()= o) | (222} )
= ux)—u — M(X) W — WolX ’ WO(X) g X
o) = | () =09) = 22 ()=o) | (220 ) ),

Proceeding with similar steps of the proof of Lemma 5 we arrive at

// G(x,y)du (x)dug (y)

N N
R+XR+

pWO PP lwo(x) — wo ()]
// 0P+ wo(y)?) Dys (x,y)d i () d i ()

-1
\x,%—ympyﬁ”p )

— [ o [
RYTRE O N

Dy (x,y)d i (y)dug(x),  (44)
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where

(S 3S]

" o) = wo(0) [Py (1,3).

o =ae (15)

By the definition of the root system we can write

1 ©  di+gs
yslxy) = =g [ 57T e (I (s,
r(%5e) Jo

Using this and the properties of Dunkl translation(see [ 1 3, Proposition 2.4]), the integral
become

(p—1)

[ — yir 1Py
[ 0y (1,3) e )
+

(xy” +yy")P

-1
L B e
) Jo

r(deras (xn” + a7 )P

 dy+qs
></ / 3 —Lg=shv—yn[* £k1 (e_SHZ)(x/)dellkl O )dyn
RN-1 Jo '

—1
1 /oo X% _y%|pygp(l? )
o o

©  dip+gs ,
% / / s k2q —le—s‘xN_yN|2+|y |2de‘LLkl (y/)dyN. (45)
RN-1J0

Using the polar coordinates and integrating, we have

—d i (y')
/R ey — 3w P+ 1y P) 27"
e 1 )
— ||SN 2||k/0 : - Mrdk Zdr
(Jen —yw[*+7*) "2
1 S
— ||SNV2 / dt
| Hk|xN—yN\l+qs 0 (1+12)dk§‘”
Xy —yw| 19 I'((dx+gs)/2)

Here the quantity ||SY 2| is the volume of the unit sphere in RY~! with respect to the
weighted measure d,; restricted to the sphere. Also by using the gamma function we
obtain

1 /°° ditas —s(ln—yn P+ =Y 2
SITE 1 sl P Y ) g
I'((dr+gs)/2) Jo

= ! . 47)

di+qs

(ley =y [? + ¥ =) 2
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Substitute the equations (45), (46) and (47) in (44) we get the integral

[ Geanam ) = s+ 2 AT AN,

N N
IR+><IR+

= |x@ —y@ [Py gyndiy(x)
X u(x) op _ 1+gs
RY 0o ()P v — |t

Set t = yny/xyn, then

J[ 6t y)an i) = g2 W I a)/2)

I'((dc+4s)/2)

RY xRY
= g =Py dywdpy ()
< [ ulr [T :
RN I e s L b VR YN Rl
u(x)”
:I/ —du(x),
]RIX X% .uk()
where
= o2 DU VT g9/2) =i iepror i,
I N (¢ ) B R N TR
Following the similar steps used in proving Lemma 4 we get
v()|”
|| Geydmdm» =1 o
RY xRY
e // () = VO (6,9t (3) b (3)
RN xRN

and the inequality (see the proof of Lemma 4 and the beginning of Section 5 for more
understanding)

J] ) a0 e y)amdis) <€ [[ Ky xduy).

RN xRN RN xRN

5.1. Proof of Theorem 2

We follow the similar steps of the proof of Theorem 1. As in that case we have
twocases p > 2 and p < 2.

Case 1: p>2
From [4], we have
ju(x)[”
/RN /RN W)I” CDPV(X y)d i (x )d.uk(y>_cdk,s,p /Rﬁ\f x—]I\,]sd,LLk(x)

du(x) du(y)
)P
+Cp/RN /RN ’ (I)ps( )xz(\;_ps)/zyl(\;_ps)/z.
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But since Q C RY bounded, we have ®,5(x,y) > C(Q)®(x,y) on Q, and

/ / () [P (. )d.uk() d(y)

RY JRY ps (dk ps)/2 y(dk ps)/2
// (x) = V) KD (. ¥) bt () e ().
QxQ

The proof of Theorem 2 for p > 2 will be completed by applying Lemma 6.

Case2: 1 <p<?2

Let f1 and f, be as in the proof of Lemma 6 and define D; and D, as in (32) just
by replacing w by wy. Now we have

J[ eyt + [[ st y)dux)dun)

_ (@) / v(x) = v()IPKP (x,y)d g (x)d e (v)
QxQ
= C(Q)HQ’O(V).

A similar calculations from (33) to (37) yield

J[ 1))

2—p

<C(QHgj (v)

(] =Pt v - [ )

RN Xy
N N
RY xRY

(48)

Similarly for f;
//fz x )it (<) ()

<CQH (v)

[ Jf 1) -t ), [ )
RY xRY

(49)
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Combining (48) and (49) we arrive at

Hoo(v) < CQ) [[ ) = u(r)P@ps(x,)dpe (x)dpa ()

N N
RY xRY

0 u()[”
X _Adk,s,p/RN 75 d.uk(x)'

+ N

Putting both cases together we can write

J] 1) = )Py i) = A [ ()
RY xRY o
>C(Q) [[ ) = vOIPKE i O d(s). - (50)
QxQ

A direct application of Lemma 6 and (50) we get the desired improved farctional Hardy
inequality

J 1) =) P (e ()~ A [ e

X
N
N N
RY xRY

> C [ 1u(x) = () P4 . y) s () dpe ().

QxQ
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