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1. Introduction

One of the main motivations to study closed subsets of a given finite crystallographic
root system is that they are closely related to the regular subalgebras of the corresponding
semi-simple Lie algebra (see [14,11]). They also appear in various other contexts. For
example, they appear in
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 the classification of maximal closed connected subgroups of maximal rank of a con-
nected compact Lie group [2]

o the theory of abelian/ad-nilpotent ideals of Borel subalgebras [22,8]

o the theory Chevalley groups [17]

o the classification of reflection subgroups of finite and affine Weyl groups [12].

Various special classes of closed subsets of a finite root system were classified by many
authors. For example,

e A. Borel and J. De Siebenthal classified maximal closed subroot systems of finite
root systems in [2]

o E. B. Dynkin came up with an algorithm to classify all subroot systems (upto the
Weyl group conjugacy) of a finite root system in [14]

o Z. 1. Borevi¢ used topological methods in [3] to determine all closed subsets of root
systems of type A,,1 < n < 8, and this work was subsequently taken forward by
others, see for e.g. [5]

o the invertible closed subsets were classified in [10]

o recently, A. Douglas and W.A. de Graaf have given an algorithm for classifying all
closed subsets of a finite root system, up to conjugation by the associated Weyl
group, in [11].

But the problem of classifying closed subsets of (real) affine root systems is wide
open. Again some very particular classes were studied in this setting. The invertible
closed subsets of affine root systems were classified in [9] and the parabolic subsets were
classified in [16]. Anna Felikson et al. started the classification of regular subalgebras
of affine Kac-Moody algebras (which are related to the closed subroot systems of real
affine root systems) in [15] and it was completed in [21], see also [20]. The classification
of the reflection subgroups of finite and affine Weyl groups has been achieved in [12] by
classifying subroot systems of finite and real affine root systems. It is well-known that
the classification of all subroot systems may be deduced from that of the closed subroot
systems in the finite setting, see [6]. A combinatorial description of biclosed sets of real
affine root systems has been given very recently in [1].

In this paper, we are mainly interested in the closed subsets of real affine root systems,
as they are closely related to the Cartan invariant subalgebras of the corresponding affine
Kac-Moody algebras and this will be discussed elsewhere. Suppose ¥ is a closed subset
of a real affine root system @, i.e., a, 8 € ¥ and a+ 8 € ® implies that o+ 8 € ¥, then
it is easy to see that ¥ can be written as a union of its symmetric part " = & N —¥
and special part U® = W\WU". Both symmetric and special parts of ¥ are closed in ®.
So the classification of closed subsets of ® reduces to the classification of symmetric and
special closed subsets of ®. In general the problem of classifying special closed subsets
is very hard, even in the finite case, and it will be discussed elsewhere. We only focus on
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symmetric closed subsets of real affine root systems here. The main motivation for this
work comes from the following two assertions about the finite root system:

¢ each symmetric closed subset of a finite root system must be a closed subroot system
and

o there is a one to one correspondence between closed subsets of a finite root system
and the Cartan invariant subalgebras of corresponding semi-simple Lie algebra (see
[11, Proposition 4.1] for the precise statement).

Both of these statements are not true in general for real affine root systems and this
naturally motivates us to ask the following questions:

(1) When a given symmetric closed subset of a real affine root system is a closed subroot
system?

(2) Is it possible to classify all symmetric closed subsets of a real affine root system?

(3) Consider the map ¥ — g(¥) where ¥ is a symmetric closed subset of a real affine root
system and g(¥) is the subalgebra generated by g,, o € ¥. This map is not injective
for any affine Kac-Moody algebras (see Section 6). Is it possible to determine the
preimage of g(¥)?

We will address all these questions in this paper. The paper is organized as follows:
we recall the definitions and set up all the notations in Section 2. The symmetric closed
subsets of real affine root systems whose gradient is closed are studied in Section 3, and
the symmetric closed subsets of real affine root systems whose gradient is semi-closed are
studied in Section 4. The correspondence between symmetric closed subsets of real affine
root systems and regular subalgebras of corresponding affine Lie algebras is discussed in
Section 6. We summarize all our results at the end, in Section 7.

2. Preliminaries

Throughout this paper, we denote by C (resp. R), the field of complex numbers (resp.
real numbers) and by Z (resp. Z ), the set of integers (resp. non-negative integers).

2.1. Let E be an Euclidean space over R endowed with a positive definite symmetric
bilinear form (-,-). A finite (crystallographic) root system @ is a finite subset of E
satisfying the following properties (see [4, Chapter VI] or [18, Section 9.2]):

0¢®, Spang® =E, s.(®) =%, Vaed, (8,0")eZ, Va,B e d,

where oV = 2a/(a,a) and s, is the reflection acting on E defined by s,(z) = z —
(z,a¥)a, = € E. For the rest of this paper, let ® be a finite root system in E. In
addition, if ® satisfies Rae N ® = {xa} for a € @, then we call ¢ reduced. Moreover,
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we call any subset U C ¢ irreducible whenever ¥ = ¥’ U U” with (P, 9”) = 0 implies
U =0 or ¥ = (). A subset ¥ C & is said to be a subroot system of & if s,(3) €
U for all o, € ¥. Any root system can be written as a direct sum of irreducible
subroot systems (see [4, Chapter VI]) and the reduced irreducible root systems were
classified in terms of their Dynkin diagrams (see [18, Theorem 11.4]). They are the
classical types A, (n > 1),B,(n > 2),C,(n > 3),D,(n > 4) and the exceptional
types Eg 7,8, F4 and Go. For a direct construction of these root systems we refer to [18,
Section 12.1]. Moreover, there is only one non-reduced irreducible root system of rank
n, namely

BC, =B,UC, ={%¢:1<i<n}U{tete :1<i#j<n}U{*2¢:1<i<n},

where €1, ..., €, denotes an orthonormal basis of E with respect to (-,-). Recall that a
subset ¥ of @ is said to be symmetric if = ,\i;’ and it is called closed in & if a,f e ]
and a + (3 € ® implies a + 3 € . We record the following simple and important fact
on finite root systems, and we include a proof for the reader’s convenience.

Lemma 1. Let ¥ be a symmetric closed subset of <i>, then U is a closed subroot system
of d.

Proof. Let «,3 € . Suppose (B,aY) = 0, then s,(B8) = B € ¥. So assume that
(B,a¥) £ 0.If (3,a¥) <0, then 8,8+, ..., B+ (—=(3,a¥))a are clements of & by [18,
Proposition 8.4, Page 89]. Since W is closed, we have 8,8+ a,..., 3+ (—(8,a"))a € ¥
which implies so(3) = 8 — (8,a")a € ¥. Since ¥ is symmetric, the case (8, a") > 0 can
be done similarly. O

2.2.  The Weyl group W of a finite root system ® is defined to be the subgroup
of GL(E) generated by s,,a € d. At most two root lengths occur in any reduced
irreducible finite root system @ and all roots of a given length are conjugate under the
Weyl group W of & (see for example [18, Section 10.4]). We denote the set of short roots
(resp. long roots) by @, (resp. ®;) and if there is only one root length then we say that
every root is short by convention. If & is non-reduced irreducible finite root system, we
define:

b, ={+e, 1<i<n}, dy={te+e:1<i#j<n}, &;={+2, 1<i<n}.

Note that &4 = {a € & : /2 € ®} is the set of divisible roots in BC, and define the
non—divisible roots of BC, by i)nd = <I>\<I>d Further, set by II a base of ® and set

1, ® is of type An, D, or E,
mg = < 2, ® is of type By, Cp, or Fy
3, & isof type Go
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We often use m instead of mg if the underlying ® is understood. We end with the
following fact (see [7, Proposition 8.17]).

Lemma 2. Let ® be a finite irreducible root system. Let 5 € @ and write 8 = > it Facr-
Then (3 is a long root if and only if m divides ko for each short root o € II. o

2.3.  Let ® be an irreducible reduced finite root system. Let g be a finite—dimensional
semi-simple Lie algebra over C and h a Cartan subalgebra of § such that the root system
corresponding to the pair (g, b) is ®. Let o be a Dynkin diagram automorphism of b
with respect to & and denote m by the order of o. We know that m € {1,2,3}. Let £ be
a primitive m—th root of unity. We have

@ g, gj={re€g:o(x)=¢Ex}

jeZ/mZ

It is known that g¢ is again a finite-dimensional simple Lie algebra over C with a Cartan
subalgebra by = h N go. Moreover, g; is a go—module and we denote the set of non-—zero
weights of g; with respect to ho by ®;. Then we have

(ilz(i)()U"'U(i)m_l.

The types of $,dg,...,P,,_1 can be extracted from [19, Section 7.8, 7.9, 8.3]. The
corresponding affine Kac—Moody algebra g = £(§, o) is defined by

g=L(§.0)®CcaCd, L(§,0)= P g5&CH™H,
JEZ/mZ

where £(§,0) is called the loop algebra, £(§,0) @ Cc is the universal central extension
of the loop algebra and d = t% is the degree derivation. For more details we refer the
reader to [19, Section 7,8]. The set of roots of g with respect to the Cartan subalgebra
h=bhy® Ccd Cd is exactly A\{0}, where

A:={a+rd:aecd;U{0}, rej+mZ 0<j<m}.
Denote ® (resp. ™) by the set of real (resp. imaginary) roots of g. Then we have

o= (a+A), @™ =173,
acd

where A, = Ag if @ and  have same length and common Ay, Az, Ag can be found in the
following table for each case.
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(g,m) | b ol B,y ) Ay | Ar | Ag
(a(®),1) | @ / / o |z |zl
(A24,2) | Bn | ®oU{x2¢;:1<i<n}| / |BC,|i+2Z|7Z |22

(A2n—1,2) | C), (Ch)s / C, Z 27, | /
(Dny1,2) | Bn (Bn)s / B, zZ |22z] )

(Es,2) | Fu (F4)s / Fy zZ |2z] /

(D1,3) | G2 (Ga)s (Ga)s | G2 | z |32 )

We end this section with the following definitions.

Definition 1. Let ¥ be a subset of A (resp. ®). Set ¥y := VN ® and Uy, :={r € Z :
rd € ¥} U{0}.

(1) We say VU is symmetric if ¥ = —¥, where -0 = {—a:a € U}.
(2) We say W is real closed or closed in ® if

(a) U is a non-empty subset of ®
(b) if @, 8 € U such that a + 8 € @, then we have o + § € .

(3) We say U is a subroot system if for any a € Uy, 8 € ¥ we have s,(8) € V.

2.4. Let ® be a real irreducible affine root system as in Section 2.3 and let ¥ be a
closed subset of ®. The symmetric part of ¥ defined to be ¥" := {a € U | —a € U}
and the special part of ¥ defined to be U® := {a € ¥ | —a ¢ P}. It is clear that ¥” is a
symmetric closed subset of ® and ¥* is a closed subset of ®, and we have

U=y v,

The gradient of ¥ is Gr(¥) = {a € & | a+ kd € ¥ for some k € Z}. For given
a € Gr(¥), we define Z, (V) :={k € Z | a+ kd € U}. We will simply use Z, for Z,(¥)
if the dependence of the underlying ¥ is understood. Clearly we have

V= |J {a+ké|keZ.}.
aeGr(W)

For a given (pa)acar(v), Where po € Zq, define Z}, := Z, — po for a € Gr(¥). We often
make specific choices of (pa)aeqr(w) and make sure that the map a +— p, gives us a
Z-linear function from p : Gr(¥) — Z. For example, we have (see [13, Lemma 13] and
[21, Lemma 2.1.1]):

Lemma 3. Let U be a symmetric closed subset of ®. Suppose Gr(V) is a closed, reduced
subroot system with a base B and assume that we have



218 D. Biswas et al. / Journal of Algebra 628 (2023) 212—240

Zo+ 25 C Zarp forall (o,B,a+B) € Gr(¥)<3, (2.1)

Choose po, € Zy arbitrarily for o € B and extend the map o — po, € B to Gr(¥)
Z-linearly. Then we have py € Zy, for all o € Gr(¥).

Proof. Define a Z-linear function p : Gr(¥) — Z extending o — p,,« € B. We claim
that p, € Z, for all « € Gr(¥). Since p_, = —p, and Z_, = —Z,, it is enough to
prove that p, € Z, for all positive roots a € Gr(¥). Let o« € Gr(¥) be a positive
root, then we can write o = a3 + - - - + «,- with each partial sum a; + --- + 4 is again
a root in Gr(¥) for 1 < ¢ < r. Since VU is closed and using the condition (2.1), we
have ag + -+ + @; + (Do, + -+ + Pa;)0 € U for 1 < ¢ < r. In particular, we have
Do = Doy + -+ + Do, € Zo. This completes the proof. O

2.5. We collect here some basic facts in this subsection. Let ¥ be a subset of ® and
let

=9, J---U0, (2.2)
be the decomposition of ¥ into irreducible subsets. Then we have
Gr(0) =Gr(¥y)U---UGr(¥,) (2.3)
is the decomposition of Gr(¥) into irreducible subsets.

Proposition 1. Let U be a subset of ®.

(1) Suppose U is symmetric, then each ¥; in (2.2) and each Gr(¥;) in (2.3) are sym-
metric.

(2) Suppose ¥ is closed in ®, then each ¥; in (2.2) is closed in ®. In addition if Gr(¥)
is closed in ®, then each Gr(V;) in (2.3) is closed in ®.

(8) Suppose ¥ is symmetric closed in ®. Then o+ ¢ ® if o € V; and B € V; for
i A7 G

(4) Assume that Gr(¥) is closed in ®. Then

(a) U is symmetric closed in ® if and only if each V; is symmetric closed in P.
(b) ¥ is a closed subroot system of ® if and only if each V; is a closed subroot
system of ®.

Proof. We only prove the statement 4(a) as all other statements are easy to check.
The forward direction follows from (3). For the converse part, we assume that each ¥,
is symmetric closed in ®. Since Gr(¥) is symmetric closed in @, it must be a closed
subroot system. Hence each Gr(¥;) is a closed subroot system of & and it has a base say
B;. Then B :=U;B; is a base for Gr(¥). Let a4+ 76 € ¥; and §+ s§ € U; with 7 # j. If
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a+ B+ (r+s) € ®, then a + 5 € . This implies a + 5 € Gr(¥) as Gr(W) is closed,
which is impossible because o € Gr(¥;) and § € Gr(¥;), and a sum of the roots from
different orthogonal components is not a root, see [7, Proposition 16.21]. This completes
the proof. O

Remark 1. The fourth statement in Proposition 1 is false in general if we drop the
condition Gr(W) is closed. For example, let us consider ® be of type D¥ . n > 2. Set

n+1»
I,={1,2,...,n}. For I C I, let
Uri={der +(2Z+1)0: ke l}U{t(exrte)+2Z5:k#LcI}.

It is clear that ¥ is a symmetric closed subset of ® for each I. Now take ¥ = ¥; UV ;
where I, J form a partition of I,,, then ¥ is not a closed subset of ®.

2.6. Given S C &, we define g(.5) by the subalgebra of g generated by g.,« € S.
Let A(S) be the set of roots of g(S). We end this section with the following proposition.

Proposition 2. Let ¥ be a symmetric subset of ®. Then A(¥) N & is a minimal closed
subroot system of ® containing V.

Proof. By [21, Lemma 11.1.2, Page 1301], it is enough to prove that A(¥) = —A(¥).
Suppose 8 € A(¥), then there exists f1,..., 5, € ¥ such that 8 = 81 + -+ + ;. Since
the Chevalley involution [19, Chapter 1, Page 7] of g takes g, to g_, for all « € A, we
have

[gOﬂ’. o [gar—lvgar]] 7é 0 = [g*OCl? T [gfozr_lvgfozr“ 7é 0.

Since ¥ is symmetric, we have —f1,...,—f3, € ¥ and 0 # [g_a,, -[9-8, 1,0-8,]] C
g(¥). This implies —f € A(¥). Hence we have A(¥) = —A(P).

Suppose ¥ C S is a closed subroot system of ®. Then we have g(¥) C g(5) and the
real root of g(9) is equal to S by [21, Corollary 11.1.5, Page 1304]. Since the real roots
of g(¥) are also real roots of g(5), we must have A(T)NP® C S. O

Corollary 1. Let U be a symmetric closed subset of ®. Then A(¥)N® =T if and only
if U is a closed subroot system of ®.

3. Symmetric closed subsets of affine root systems

In this section, we fix a real affine root system ® which is not of type Aéi) We
need the following notation: for k € Z, denote by my : Z — Z/kZ the quotient map

x — z (mod k). Recall that m is the lacing number associated with .
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3.1.  We define a semi-closed subset of finite root systems as in [21, Definition 4.4.1].
Definition 2. A symmetric subset W of ® is called a semi-closed subset of ® if

(1) ¥ is not closed in ®.
(2) lf a, B € W such that a + 3 € \ ¥, then (a, B, + B) is of type (s,s,£).

We need the following simple lemma, see [21, Proposition 4.1.2].

Lemma 4. Let ® be a real twisted affine root system not of type Agi) Let W < @ be a
closed subset. Then Gr(¥) is either closed or semi-closed subset of ®. O

3.2. We now consider the case when Gr(¥) is a closed subroot system of $. The
following proposition will be used as a primary tool to prove our main theorem in most
of the cases.

Proposition 3. Let ® be a real affine root system not of type A;i) Let U be a symmetric
closed subset of ® such that Gr(U) is closed in & and no irreducible component of Gr (W)
is of type Ay. Suppose that there is a Z-linear function p : Gr(V) = Z, a +— p,, such
that pa € Zy, and |7m(Zs)| = 1, for all a € Gr(¥) Then we have

(1) Zl,=Zy = Z},, 5= A for (o, 8, + ) € Gr(¥)*® and A is a subgroup of mZ.
(2) For any o, 8 € U, we have s,(B) € V. In particular, ¥ is a closed subroot system of
P.

Proof. Recall that Z/, = Z, — p, for a € Gr(¥). Let (o, B, + 8) € Gr(¥)*3. We claim
that

Zo+ 23 C Zoys.

Let r € Z, and s € Zg. If a + 8 is short or ® is untwisted then the result is
immediate. So assume that a + 8 is long. Then we have po,+s = 0(modm). Since
7 = po (modm) and s = pg (mod m) and the map p is Z-linear we have r+s = 0 (mod m).
This implies a + 5+ (r+ s)d € ®. Since V¥ is closed, it follows that a + 5+ (r + )0 € ¥
and so r + s € Z,yg. Hence Z, + Z3 C Z,43. Now using the linearity of p, we get

ZL+ 2, C 2y (3.1)

for all (o, B, + B) € Gr(¥)*3. Since (3.1) is true for all tuples (a, 3, + 3) such that
a,B,a+ B € Gr(¥). We have

Zh+Zy CZhg, Zhig+Z o CZh, and Zy,, 5+ 2 5 C Z,.

[0
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This implies A = Z;, = Z; = Z], 5. It is easy to see that Z_ | = —Z] for all p € Gr(V¥).
Thus A C mZ satisfies A= —A and A+ A C A, so it must be a subgroup of mZ.

To prove (2), let a, f € U. Write a = o' + 86, § = 8’ + rd. We claim that s,(8) =
B — (B8,a")a € . Suppose ' # +a/, then using “unbroken string property” of A we
get s4(8) € ¥ as VU is closed and any root of the form S + pa,p € Z, must be real.
Now assume that ' = +a’. Since no irreducible component of Gr(¥) is of type Aj,
there is a 7/ € Gr(¥) such that o/ ++' € Gr(¥). Applying the Part (1) for the triple
(o, v, a" ++"), we get that Z/, is a subgroup of mZ. We have

Sartso(Ea’ +1rd) = Fa' + (r F2s)d

Since s € Zy/, 1 € Zy o, there are z1, 20 € Z!, such that s = 21 + por and r = 23+ pior.
Now we have r F2s = 20 = por F2(21 + Por) = (22 F221) F P € ZLy + Prar as Z), is a
group. Hence s,(8) € ¥ and this completes the proof. O

3.8, When Gr(¥) is closed in ®, using Proposition 1 4(a), we see that to classify
a symmetric closed subsets of ® we only need to classify irreducible symmetric closed
subsets of ®. So without loss of any generality we assume that W is irreducible symmetric
and closed in ® in what follows.

Proposition 4. Let ® be a real affine root system not of type A;i) Let U be an irreducible
symmetric closed subset of ® such that Gr(¥) is closed in & and it is not of type Aj.
If there exists a short root B such that |, (Zg)| = 1, then there exists n € Z4 and a
Z-linear function p : Gr(V) = Z, a > pq, with po, € Zy, for all a € Gr(V) such that

U={a+ (pa+nZ):acGr(¥)}
In particular ¥ is a closed subroot system of .

Proof. Note that Gr(¥) must be a closed subroot system of . Fix a short simple root
B € Gr(¥) such that |7, (Z5)| = 1. We first show that |, (Z,)| = 1 for all simple roots
«. We prove this by induction on k where 8 = «g, -+ ,a, = « is the unique path from
B to . Set v; = Zg:o a; for 0 < j < k, and note that v; € Gr(¥), for all 0 < j < k.
We claim that |7,(Za;)| = 1 and |7, (Z,,)| =1, for all 0 < j < k. For k = 1, we have
a is adjacent to 5 and oo+ 8 € Gr(V). Consider Zo48 + Z_o C Zg which is always
true as (3 is short. This gives Z,4p and Z_, must contain only one congruence class
modulo m. Since Z_, = —Z,, we have |1,,(Z)| = 1 for v = o, + (. For general k,
we must have ~y,_; is short by Lemma 2 since § is short. Since v = Y51 + «, we have
Zy, +Z_o C Z,y, . By induction hypothesis, we have |7,,(Z,, ,)| = 1, and this implies
the desired claim.

We shall now show that |m,,(Z,)] = 1 for every positive root a. We proceed by
induction on ht(a). If « is long or ht(a) = 1, then there is nothing to prove. Assume
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that ht(«) > 1, then we can write @« = v + aj where v € &t and ay, is a simple
root. If «y is short, we have Z, + Z_, C Z_,, and this immediately implies that
|Tm (Za)| = 1. If cy, is long, then +y is short and we have Z, + Z_,, C Z,. By induction
hypothesis, we have |m,,(Z,)] = 1, hence we get |m,,(Z,)| = 1. We now check the
condition (2.1) is satisfied. Since W is closed, the only non-trivial case is when ® is
twisted and (g, a2, a1 + az) € Gr(¥)*3 is of type (s, s,¢). Since Zo, 10y + Z—a;, C Za,
holds, we must have r + s = 0 (mod m) for all r € Z,, and s € Z,,. This implies
Zoy + Zoy C Zoy+a,- Now Proposition 3 completes the proof. O

Remark 2. The assumptions on the Gr(¥) in Proposition 3 and 4 are very sharp, i.e., the
conclusions of Proposition 3 and 4 are not valid when one of the components of Gr(¥)
is of type A;. For example, we can take

U={a+d-a+d—-a—0da-—7i}

in Agl), it is symmetric closed but not subroot system. Take oy = a+ 4, f1 = —a + 6,
then s4,(01) = a + 30 ¢ . Note that Z,(¥) = {£1} which is far from being a coset.

3.3.1. Now we assume that there is a short root § € Gr(¥) such that |7, (Zg)| > 1.
In this case, we have to deal with the case Gr(¥) is of type Bs separately. First we
assume that Gr(¥) is not of type Bs, then we have:

Proposition 5. Let ®, U, Gr(¥) be as before in Proposition j. Further assume that Gr(U)
is not of type By. Suppose that there exists a short root § € Gr(¥) such that |7, (Zg)| >
1, then we have,

U={a+ (pa+ns2)d:acGr(V)}U{y+(py+mnZ)d:veGr(¥),} (3.2)
for some ng € Z. In particular V is a closed subroot system.

Proof. Clearly ® is twisted and we have |m,,(Z,)| > 1 for all short roots o € II by the
proof of Proposition 4. Let Z, o = Z, N mZ, for v € Gr(¥) and note that Z, o = Z, for
long roots v € Gr(¥). Define ¥y as follows

Uo:={y+Z,00:v€Gr(V)s}U{y+ Z,00: v € Gr(¥),}
If m =2, clearly Z, o # 0 for all v € Gr(V). If m = 3, then ® = Df). Since Gr(¥) is
not of type A; and it is irreducible, we must have Gr(¥) = d (which is of type Ga). If

{a1,as} is a basis of d with «y is short, then the short roots of d are ay, o + oy and
g + 20. Since Zy, CmZ and Z,, + Zo, € Zayta,, We have

Tm(Za1) € Tm(Zastar)-
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Let 2,y € mn(Za,) such that x # y. Since Zyytay + Zay C Zas+2a,, We have 2z, +
Y, 2y € T (Zan+2a,)- Since & # y, we have |7, (Zay12q,)| = 3. Now since Zy, 124, +
Z -0y € Zaytay, we have |1 (Zasta,)| = 3. Again since Zoyta; + Z—ay C Zoy, We
must have |m,,(Za, )| = 3. This proves that Z, o # 0 for a € &,. Hence Z, ¢ # ) for all
v € Gr(¥).

Clearly the condition (2.1) is satisfied for ¥,. Hence we have a Z-linear function
p:Gr(¥y) = Z with p, € Z, ¢ for all v € Gr(¥() = Gr(¥). All the necessary conditions
of Proposition 3 are satisfied for ¥y. Since Gr(¥) is irreducible, there exists ny € mZ
such that Z! , = nyZ for all v € Gr(¥). In particular, we have Z = n,Z for all long
roots v € Gr(¥).

Now let Gr(¥) be of type B, with n > 2, in particular m = 2. We claim that Z/,
is a union on cosets modulo n,Z for all « € Gr(¥). Let o € Gr(¥) be a short root.
Since Gr(¥) is irreducible, there exists a long root v such that («, ) # 0. Without loss
of generality let («,7) < 0. Since ¥ is closed, we have the following relations

Zy+Zo C Loty Logny +2Z_y C Zg.
Since p is Z-linear, we have

ZI

ZL+ 7, C Z, ety

! !/
s +7.,CZ.

Since Z! = nyZ, the above relations show that Z;, = Z; . and Z, +nZ C Z|,. Thus
we have Z, is a union of cosets modulo n,Z for all short roots o € Gr(¥). Now if o and
~ are short roots such that « + « is long, then we have

Z/

(Zy +Z)NmZ C Z, by

by +2.,C 7, (3.3)

Fix a short root o and write Z/, = U;(al, + nyZ) with 0 < a!, # al, < ng, i # j.
Since Gr(¥) is of type B, (n > 2), there is a short root v such that o + + is long.
Equations in (3.3) imply that n,Z C Z! and hence a® = 0 for some k and 2 t af, for
all j # k. Since |m,(Za)| > 1, there exists i such that a}, is odd. Let al, be one such
. ) e ;=
0 (mod n¢) and a}, + al, = 0 (mod ny). Hence it follows that a;, = a}, and Z|, is a union
of exactly two cosets nyZ U (aq + n¢Z) with a, odd. Similarly Z! = n,Z U (ay + n,Z).
Furthermore ao + a, = 0(mod nyg). Till this point the argument is valid for By as well.
Now assume that n > 3. Let 1, 82 be short roots. Then there is a short root S3 such
that 5; + §; is a long root for 1 < i # j < 3. Applying equation (3.3) for the triples

(B1, B2, B+ B2), (B2, B3, B2 + B3), (B1, B3, 81 + B3) successively we get that

odd coset for 7. If @', al, are both odd, then by equation (3.3), we get that a’, + a

ag, +ap, =0 (mod ng), ag, +ag, =0 (mod ny), ap, +ag, =0 (mod ny)

Hence we have ag, = ag, = ap, = n¢/2. This proves that Z = Zj = nZ U (ng/2 +
neZ) = 7. Hence if Gr(¥) is of type B,(n > 3), then W is of the form (3.2).
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Now let Gr(V¥) be not of type B,. Let ¥ = |J,cg {a+1rd € ¥ : 7 € Z}. Since
Gr(¥)s = Gr(¥’), we have ¥’ is symmetric closed subset of (. Note that Zo(¥) =
Zo (V') for all & € Gr(¥),. Since Gr(¥), is irreducible, by Proposition 3, there exists
ns € Zy such that Z, (V) = Z/ (V) = n,Z for all o,y € Gr(¥),. Note that given
a € Gr(U)s, there exists a v € Gr(¥), such that a + v € Gr(¥),. Applying equation
(3.3), we get that nyZ C nsZ and mnsZ = nsZ NmZ C ngZ. We have ng | ny and
ng | mns. Let ny = rng. Then r | m. Since m is prime, either r =1 or r = m. If r = 1,
then ny, = ng, and since m | ng, we have that |7,,(Z,)| = 1 for all short roots o which is
a contradiction. Hence » = m and consequently, ¥ is of the form (3.2). This completes
the proof. O

Proposition 6. Let &, U, Gr(V) as before in Proposition J. Assume that there exists a
short root 8 € Gr(VU) such that |1, (Zg)| > 1. Suppose Gr(¥) is of type Ba, then we
have @ = U+ U (—=UT) where UT is of the form

Ut = {e;+ (p, + A)d i =12y U{a+ (po +mZ)d: a € b} (3.4)
where

(1) p: Gr(¥) — Z is a Z-linear function such that pe, € 2Z fori=1,2,
(2) A; = neZ U (a; + ngZ), ng € 224, 0 < ay,a2 < ng such that a; + az = 0 (mod ny)
and both ai,as are odd.

Moreover, we have U is a closed subroot system if and only if ay = as = ng/2. In this
case ¥ is of the form

U={a+ (pa+nsZ)d:acGr(¥)} U{B+ (pg+mnsZ)d: B e Gr(¥),} (3.5)

Proof. From the proof of Proposition 5, we have that ¥* is of the form (3.4). If a; =
az(mod ng), then along with a; + ag = 0(mod ny), we get that a1 = as = ny/2. Hence
(neZ) U (ag + nyZ) = (ne/2)Z and hence ¥ is of the form (3.2). In particular, ¥ is a
closed subroot system.

Conversely, suppose that Gr(¥) is of type By and ¥ is a closed subroot system of ®
whose positive part ¥t as given in (3.4). Let o = €; + (pe, + ai)d, & = €; + p,,6. Then
Sar (@) = —€; + (p—¢, + a;)d. Since p_, + a; is odd and p_, + (—a;) + n¢Z is the coset
in Z_., which contains odd integers, we must have a; = —a;(mod ny). Hence a; = ny/2
fori=1,2. O

8.4.  We end this section with the main result about untwisted real affine root sys-
tems.
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Theorem 1. Let ® be a real untwisted irreducible affine root system. Let VU be a symmetric
closed subset of ® such that none of the irreducible components of Gr(¥) is of type A;.
Then WU is a closed subroot system of ®.

Proof. Since ® is untwisted, it is easy to see that Gr(¥) is a symmetric closed subset of
®. As m = 1 in this case, we get the result from Proposition 4. O

Remark 3. The same example in Remark 2 suggests that the assumption in Theorem 1
is necessary.

4. Semi-closed gradient case

As before, we assume that ® is a real twisted affine root system which is not of

type A5

. In this section, we consider the case when W is a symmetric closed subset
of & with Gr(¥) is semi-closed in $. We cannot assume that ¥ is irreducible as in
Section 3.3, because we may miss the interaction between two roots coming from the
different orthogonal components of (2.3) (see Remark 1). Moreover, we have to deal with
each individual affine root system separately due to their gradient behavior.

4.1. Twisted real affine root system of type D,(f_zl

In this case, the real affine roots are given by
O={te; +rd |reZ,1<i<njU{feLe +2rd |re€cZ,1<i#j<n}

and  is of type By,n > 2. We assume that ¥ is a symmetric closed subset of ® such
that Gr(¥) is semi-closed in ®. For J C I,,, we define

B ;:{:tej;jEJ}U{:tej:tej/:j#jIGJ}.

Recall that by definition, a semi-closed subset is symmetric. First we will determine the
semi-closed subsets of ® which occur as the gradient of some symmetric closed subset of
foll. Maximal semi-closed subroot systems of & were determined in [20]. The following
result generalizes [20, Theorem 2(2)] for B,, type.

I:emma 5. Let ® be of type Dﬁ)_l and \I'Oa symmetric closed subset of ®. Suppose that
U is a semi-closed subset of ® such that ¥ = Gr(VU), then there exist non-empty subsets
J, and J, of I,, such that J, N J, =0 and W\(By, U By,) is a closed subroot system of
long roots of B,,.

Proof. Assume that W = Gr(¥) for some symmetric closed subset ¥ of ijl. Set
Zyp = Z, for each p € I where
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I={pel,|ecl}

Note that €,+¢4 € W for p,q € I if and only if (Z,+Z,)N2Z # (. Since Z_., = —Z,, we
have €, +¢, € ¥ for p,q € I if and only if €, — ¢, € ¥ for p,q € I. Since ¥ is semi-closed,
there exist €;,¢; € W such that e; + ¢; ¢ W, this implies I # 0 and (Z; + Z;) N 2Z = 0.
Without loss of generality, assume that Z; C 27 and Z; C 2Z +1. We claim that for any
k € I, we have either Z, C 27 or Z;, C 27 + 1. Suppose that for some k € I, Z; contains
both even and odd elements. Then 3r, s € Z such that e, + 2rd, e, + (25 +1)0 € . Let
2q € Z; and 2p+1 € Z; be arbitrary. Then we have ex+¢;+2(r+¢)0, ey —¢;+2(s—p)d € ¥
and

ert+e+2(r+q)0—(ep—€;+2(s—p)d) =€ +e+2(r+q+p—s)0d eV

as V¥ is closed in ®. This implies ¢; +¢€; € \il, a contradiction. Hence the claim follows.

Now define J. := {p € I | Z, C 2Z} and J, := I\J.. We claim that (s,t),(t,s) €
Je X J, implies that e, +¢€; ¢ U, Suppose that e, +¢€; +2kd € ¥ with (s,t) € Jo X J,.
Then we have

te +2(k+717)0 = (kes + e +2k8) + (Fes +2r76) € U,

where rT € 7Z such that Fe, + 2rTé € W. This is a contradiction since t € J,. By
symmetry we get (¢,s) € J. x J, implies that +e; £ €; ¢ 0. Note that +e; + € € ¥ for
all i,j € J, (or J,). Hence {+e¢, : i € I} generates a root system of type By, L By, in W.
If & = Bj, U By, , then there is nothing to prove. So assume that U+ B; UBj,. Itis
clear that W\ (B, U By,) is a symmetric closed subset of (B, ), since ¥ is semi-closed in
®. Hence it is a closed subroot system of (B,); by Lemma 1. O

Remark 4.

(1) Since the long root of B,, forms a root system of type D,,, it follows that \il\(BJC U
Bj,) is a union of root systems of type A and D ([2]).
(2) The converse of Lemma 5 is also true.

Proposition 7. Let ¥ be a symmetric closed subset of ® such that Gr(V) is semi-closed.
If (2.2) and (2.3) are the decomposition of U and Gr(¥) respectively into irreducible
components, then for each i, there exists a Z-linear function p; : Gr(¥;) = Z, o —
pi(a) € Zy, and n; € 27 such that

U, ={a+ (pi(a) + n;Z)d : a € Gr(¥;)}.

In particular, U is a closed subroot system of ®. Moreover, we have r > 2, and Gr(¥y),
Gr(VUs3) are of type B, and the rest of Gr(V;)’s are of either type A or D, and p1(a) €
27 + 1 (resp. p2(a) € 27Z) for a short root o € Gr(V¥y) (resp. Gr(¥sa)).
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Proof. Since Gr(¥) is semi-closed, by Lemma 5, we have Gr(¥) = Uy U ¥, U--- U ¥,
where ¥; and W, are of type B.For 1 <i<r,let ¥, :={a+rd €V |ac \IJZ} Then
U =, L--- W, is the decomposition of ¥ into irreducible components. It is easy to
see that each U, is a symmetric closed subset of ® with Gr(¥;) is closed in &. From the
proof of Lemma 5, we have |m,,(Zy)| = 1 for all & € Gr(¥). Now Proposition 4 gives
the desired result for the first part of the proof. Again the second part is clear from
Lemma 5. O

4.2. Tuwisted real affine root system of type Agl)_l

In this case, the real affine roots are given by
O ={+2¢;+2r0 |r€Z, 1 <i<n}U{te tej+rd|reZ, 1<i#j<n}
The next proposition is the main result of this subsection.

Proposition 8. Let ¥ be a symmetric closed subset of ® such that Gr(¥) is semi-closed
in ®. Let U = Uy LU--- U, be the decomposition of ¥ into irreducible components.
Assume that Gr(¥;) is not of type Ay or Bs for each 1 < i < r. Then we have ¥ is a
closed subroot system.

Proof. Define I := {i € I,, | 2¢; € Gr(¥)}. Since Gr(¥) is semi-closed, there exist
€s — €, €5 + € € Gr(V) but 2e5 ¢ Gr(¥). Hence I # I,,. Let

Vo= | |26 +220)U | (keite; +26) | N0, 0= U\
i€l i#jel

If e, £ €4 € Gr(¥) for some k € I, but £ € I,\I. Then we have 2¢j +2pd, e, £ ep+1rd € U
for some p,r € Z. This implies that

e Fee+(2p—1)0 = (2e;, +2pd) — (e, £ g +1d) € T,

and hence F2¢; + 2(p — r)d = (ex Feo + (2p — 7)) — (e £ €4 + r0) € U, which is a
contradiction as ¢ ¢ I. So if ¢; £ ¢; € Gr(¥), then either both 4,5 € I or both i,j ¢ I.
In particular, we have

v = U (Feateg+2zo)|nw
i#iel\I
is a closed subroot system of ®, and ¥ = ¥/ U ¥" is an orthogonal decomposition.

It is easy to see that ¥’ is a symmetric closed subset of ® with Gr(¥’) is a symmetric
closed subset of ®. Then by Proposition 5, ¥’ is also a closed subroot systems of ®, and
hence ¥ is a closed subroot system of ®. O
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Remark 5. Let Wy = (2¢1 + 4Z6) U (262 + 4Z0) U (€1 £ e2 + (4Z U £1 +4Z)0) U {e; +
€+ (14+4Z)o,¢; —€; +425:3 <i# j <5} and set ¥ =¥, U—V¥,. Then ¥ is not a
closed subroot system. So the condition that any irreducible component of Gr(¥) is not
of type A; or By cannot be dropped from Proposition 8.

4.8. Tuwisted real affine root system of type Df’)

In this case, the real roots are given by
P = {:l:(Q 76j)+7'(5, :l:(261'76j 76]6)4’37’5 |Z,]7k EIg,i#j, r EZ}

Note that & is of type G2 and both &)S and ‘i)g are of type As. The next lemma is a
generalization of [20, Theorem 2] and [21, Lemma 7.1.1].

Lemma 6. Let ¥ be a symmetric closed subset of ® with Gr(¥) semi-closed. Then Gr(¥)
8 <I>§

Proof. Since Gr(7¥) is semi-closed, there exist short roots a, 8 € Gr(¥) such that a+ €
d, and a+ ¢ Gr(¥). Now since o+ is long in type G2, a — 3 must be short and hence
a—f € Gr(P). Since a — 8 # o, B and Gr(¥) is symmetric, we have &, C Gr(¥). Note
that Gr(¥) can not contain two long positive roots as Gr(¥) C ®. We claim that Gr ()
can not contain any long root. On the contrary assume that Gr(¥) contains a long root,
say 2¢; —€j —ex € Gr(V). Let S = m,,(Z¢,—¢,). It is clear that [S| # 3. Suppose that
|S| = 2. Let ¢,—€;+p10, €j—€x+p2d, €;—€x+p3d € . Since Gr(¥) = ‘i)su{:l:(2€i—€j—€k)}
we have

p1 # p2 (mod 3), p3 # —p2 (mod 3) (4.1)

Let ¢ be the element which is not in S. Then p; = ¢(mod 3) and ps = —¢(mod 3) which
gives [T (Ze,—¢, )| = 1, but this is impossible since we have Z¢, ¢, + Z¢,—¢, € Ze, ¢, -
Now assume that |S| = 1 and let S = {¢'}. In this case, we have one more relation
along with (4.1) namely
p3 —p1 = ¢ (mod 3) (4.2)

which implies that |7, (Zc, ;)| = 1 and |7,,,(Z¢, ¢, )| = 1. Suppose that m,,(Z, ;) =
{r}. Then we have m,,,(Ze,—c, ) = {r+¢'}. Since U is closed, for any 2¢;—¢; —€x+3ad € U,
we have

€ — € + (3&—}71)5 = (261 — € —ek—|—3a5) + (Gj — € —p15) ew.

This implies 3a — p; = r + ¢ (mod 3), which in turn implies that ¢/ = —2r = r (mod 3).
This contradicts Equation (4.1). So |S| # 1 and hence the result. O
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Proposition 9. Let U be a closed symmetric subset of ® with Gr(V) semi-closed in $.
Then W is of the form

U=d(e —€;+rZo)U £(€j — €, + (rZ +£)6) U £(€; — € + (rZ + £)9)

where r € 3Zy and {i,j,k} is a permutation of {1,2,3}. In particular, ¥ is a closed
subroot system of .

Proof. By Lemma 6, it follows that Gr(¥) = d,. Note that we can consider ¥ as
an irreducible symmetric closed subset of the untwisted root system of type Aél). By
Theorem 1, there is a Z-linear function p : Gr(¥) — Z,a — p, € Z4 and v € Z such
that

U ={a+ (pa+71Z)o:acGr(¥)}

In particular, ¥ is a closed subroot system of ®. Next we determine r and p,, explicitly.
At first, we claim that 0 € m,,(Z,) for some a € Gr(¥) N ®*. Suppose that €¢; — ez +
710, €3 — €3 + 126, € — €3 + 130 € W. We then have the following relations:

r1 Z ro (mod 3), —rg Zre (mod 3), —r3 #ry (mod 3). (4.3)

This implies that the integers r1, 72, —r3 (mod 3) are all distinct, so one of them must
be 0 (mod 3). With out loss of generality we assume that r; = 0 (mod 3). By similar
argument we get r, 2, —rs (mod 3) are all distinct for any r' € Z,, _, and using (4.3)
we get 71 =0 (mod 3) and ro = r3 (mod 3). This implies ¥ is of the form

U=xd(e—€+rZ0)U £(ej — e+ (rZ +£)5) U £(e; — e + (rZ + £)9)
where r € 3Z and {4, j,k} is a permutation of {1,2,3}. O

4.4. Tuwisted real affine root system of type EéQ)

In this case, the real roots are given by

4
O={te+rdtete+26:1<i#j<4rscZiU{>d +&/2+r5:r €L}
i=1

The gradient root system is of type Fj, and the short roots (i>s form a root system of
type Dy. For convenience, we call a short root of the form % (Zle iei) as a special

short root. For I # () and a special short root = % (5, vie;) define Df(W, 1) = {e |
i e YUY hei/2 | M e{£1}ie LA = v, for j ¢ I} and set

D, (W,1) = D} (0,1)U—Di(¥,1).
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Let ¥ be a symmetric closed subset of ® such that Gr(¥) is semi-closed. If Gr(¥)
does not contain any special short root, then ¥ can be realized as a symmetric, closed

subset of the real affine root system of type DéQ)

and hence it is a closed subroot system
(see Proposition 7). So without loss of generality, we can assume that there is a special
short root in Gr(¥), say a = %(Z?ﬂ vie;) € Gr(U). Let I = {i € I | ¢, € Gr(¥)}.
Since Gr(¥) is semi-closed, there exist short roots 8,7 € Gr(¥) such that 5+ v is a
long root and S+ v ¢ Gr(¥). We claim that we can always choose 3,7 to be special
short roots. For |I| < 1, it is obvious. Suppose |I| > 2, and there are ppeg, ure, €

Gr(¥) with k # r, but ugeg + prer ¢ Gr(¥). Then since o = %(Z?Zl vie;) € Gr(¥)

and Gr(V) is semi-closed, we have that 3 = 1 (HkEk +prer+ >, vig | and v =
i¢{k,r}

% <ukek + e + Y, —Vm-) are in Gr(W). Clearly 8+ v = pgex + fir€r-
i¢{k,r}

Proposition 10. Let ¥ be a symmetric, closed subset of ® such that no irreducible com-
ponent of Gr(¥) is of type Ay and Gr(¥) is semi-closed. Set I = {i € Iy : ¢; € Gr(¥)},
then we have |I| =0 (mod 2) and exactly one of the following holds.

(1) If |[I| = 2, then &, D Gr(¥) = Dg(¥,I) where 3 is a special short root in Gr(¥).
There exists a Z-linear function p : Dg(U,I) — Z, py € Za,a € Dg(¥,1) and
n € 272 such that

U ={a+ (pa +nZ)d | a € Dg(¥,I)}.

(2) If |I| = 4, then there exists a partition Ji,Jo of Iy such that |J1| = |J2| = 2 and a
Z-linear function p : Gr(¥) — Z with p., € 2Z (resp. p., € 2Z + 1) if i € Jy (resp.
i € Ja) such that

U= U {a+ (po + nZ)6} U U {£(ei £€5) + (pi(éiiej) +nZ)o:i#jeJ}
acd, Je{Ji,Ja}

(3) If I = 0, there ewists a Z-linear function p : Gr(¥) — Z and mg,m1 € 2Z such
that ¥ = Wy U ¥y where ¥; = {a+ (po + miZ)0 | o« € Gr(¥;)}. Moreover, Gr(¥) is
a root system of type Ba X Bo and we have p, € 27 (resp. 2Z + 1) if a € Gr(¥y)
(resp. Gr(Vy) and « is short).

Proof. From the above discussion in Section 4.4, we can always choose special short roots
B, € Gr(¥) such that the S+ is a long root and 4+ ¢ Gr(¥) as Gr(¥) is semi-closed.
Let 8 = % (Nsy €5y F Asp€5y + Asy€s5 +As,€5,) and y = % (Asy €51 FAsp€5p — Asz€sg — As, €5y )-
Note that we have (Zg + Z,) N 2Z = (), so we have g —~ ¢ Gr(¥) and |7,,,(Z3)| = 1.
First we assume that I # (). We claim that €;, (resp. €5,) € Gr(¥) if and only if €5, (resp.
€s,) € Gr(¥). Suppose s1 € I, then we have v/ = v — A5, €5, € Gr(¥). This implies that
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Asy€s, =7 + B € Gr(¥) and the case s3 € I is done similarly. This argument also shows
that for any ¢ € I and a special short root v € Gr(¥), we can always change the sign of
the co-efficient of ¢; in 7y and that resulted element is again in Gr(¥).

It is easy to see that we always have Dg(¥, 1) C Gr(¥) N®,. We claim that Gr(¥) N
b, = Dg(W, I). Suppose |I| = 4, then it is clear as Dg(¥,1) = d,. So assume that |[I| = 2.
If possible let Gr(¥) Nd,\Dg(¥, 1) # 0, then there exists p € Gr(¥)Nd,\Dz(¥, I) and
unique j ¢ I such that the co-efficient of €; in both p and £ is different. But this implies
B—p==xe € Gr(¥)N &, which is a contradiction. Thus we get

Gr(W)Nd, = Da(W, I).

Also since sum of a long root and a short root is short, it follows that e; £+ €; € Gr(¥)
only if {s,t} C I or {s,t} C I4\I. Note that every special short root u € Dg(¥,I) can
be written as = 5+ Y +e; with €; € Gr(¥) such that each partial sum is a root. Since
all the roots appearing are short and |m,,,(Z3)| = 1, it follows that |m,,(Z,)| = 1 for each
p € Dg(W, ). So we have |m,,(Zy)| =1 for all a € Gr(¥).

For |I| = 2, we show that no long root can occur in Gr(¥). We shall show the case
for I = {s1,$2} and the remaining cases are similar. Since \;, €5, + As,€5, & Gr(¥), it
follows that (Ze, + Z,,) N2Z = (. Hence s, €5, — As, €5, & Gr(¥) as well. Recall that
€s e € Gr(P) only if {s,t} C I or {s,t} C I4\I. So we only can have A\, €5, + Ag, €5, €
Gr(P). Since Gr(¥) has no component of type Ay and Ag €5, — As, €5, is orthogonal to
Dg(¥,1) and Ay €5, + As,€s,, we have

As3€ss — Asy €5, & Gr(0).

Suppose Agy€s, + As €5, € Gr(¥). We have (Zg + Z,) N2Z # () since =y + A €5, +
As,€s, € Gr(W), which in turn implies that 8 + v € Gr(¥), a contradiction. Hence
no long root can occur in Gr(¥) if |I| = 2. In this case we have Gr(¥) = Dg(¥,1)
which is irreducible. When |I| = 4 we have Dg(V,I) = $, C W. So we must have
Gr(0) irreducible in this case. Now using Proposition 3, we get a Z-linear function p
and n € 2Z4 such that ¥ = {a + (pa +nZ)d : « € Gr(¥)}. This completes the proof
for I # (). Moreover when I = I, we have the following restrictions:

|7Tm(Zesi)| =1, Vi€ ly, (Z631 + Zesz) N27Z =0, (Z653 + Z€54) N27Z = (.
Set Jy :={s; € I : Z.,, < 27} and Jo := {s; € Iy : Z., C2Z+ 1}. From the relations

above, we have |Ji| = |J2| = 2. Then there exists a Z-linear function p : Gr(¥) — Z
such that p., € 27Z (resp. in 2Z + 1) if s; € J1 (vesp. in J2) and V is of the form

L\ U {a 4+ (pa 4+ nZ)(S} U U {i(el + ej) + <p:|:(6i:|:6_7‘) + nZ)(5 ) 7'5 j € J}
acd, Je{Jr1,J2}
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Assume that I = (. It is clear that the only short roots can appear in Gr(¥) are
a1 = f,a0 1= y,a3 = % (As1 €51 — Asp€sy + As3€s5 — As €5, ), Qg = % (—As €5y + Asy€s, +
As3€s5 — As,€s,) and their negatives (see [21, Proposition 8.1.3]). We claim that all of
these roots occur in Gr(¥). As (a;, ;) =0, 1 <i# j <4, Gr(V) # {+a; | i = 1,2}.
Hence there is a long root in Gr(¥). Since a; £ag ¢ Gr(¥), there is a long root in Gr(¥)
of the form Ay €5, A5 €5, with i € {1,2} and j € {3,4}. We shall prove the claim for one
case, other cases are similar. Let Ay €5, + Ag €5, € Gr(¥). Then —ag = a1 — (As, €5, +
As3€s5) € Gr(T). Furthermore since Z,, contains elements of same parity, it follows that
(Zoy +Zay)N(2Z+1) = (). Hence a1 + a3 = Ag, €5, + As, €5, € Gr(¥). Since Gr(¥) has no
irreducible component of type A; and « is orthogonal to a1, as, s, €5, +As €55, it follows
that As,€s, — As €5, € Gr(). Consequently —ay = ag — (As €5, — As,€5,) € Gr(¥). By
a similar argument we get that s, e;, — As 65, € Gr(¥). Hence |1, (Z5)| = 1 for all
v € Gr(¥). Moreover there exists a partition Jo U J; of Iy with |J;| = 2, ¢ = 0,1 such
that Gr(¥) = o U ¥, where ¥; = {£ay, £ay, £(ar + ay) : J; = {k,£}}. We also have
ar tap ¢ Gr(¥) if k € J; but £ ¢ J;. We can choose ¥ to be the component so that
Z, C 27 for all v € Uy. In each component, the hypothesis of Proposition 3 is satisfied.
Hence W is of the required form with exactly two of p,,’s being even. O

5. Twisted real affine root system with non-reduced gradient

In this section, we shall consider the twisted affine root system of type Agi) The real
affine roots are

O = {*e; + (r+1/2)9, £2¢; + 216, e; £e;+rd |1 <i# j<n,r € Z}.
The gradient root system is an irreducible reduced root system of type BC,,. We set
= {42 |1 <i<n}, by :={te; |1<i<n}, &y:={te;+¢ |1<i#j<n}
and
Cp = {£26;, + 216, e; e, +1r0 [ 1<i#j<nrelZ}C
Note that C,, is a closed subroot system of type Agi)_l. Let ¥ C C,,, then we have U is

a symmetric closed in 6’; if and only if ¥ is a symmetric closed in ®. We will fix some
notations before proceeding further. For any I C I,,, set

B[Z{iei,ieii€j|i7éjef}7 C]:{iQGi,iEii€j|i7éj€I}

and BCp = {%e;, £2¢;,t¢; £¢; | i # j € I}.
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5.1.  Let U be a symmetric closed subset of ®. The next lemma shows that it is
enough to classify irreducible symmetric, closed subsets of ® which contains at least one
short root.

Lemma 7. Let U be a symmetric closed subset of ® and Equation (2.2) be the decomposi-
tion of W into irreducible components. Then there exists at most one W;,1 <1i < r such
that Gr(¥;) N P, # (. Conversely, suppose that U’ is an irreducible symmetric, closed
subset of ® such that Gr(¥)N &, £ 0 and V' is a symmetric, closed subset ofé; such
that (9, 0") = 0. Then W UT” is a symmetric, closed subset of .

Proof. If possible, assume that there exists 4,7 with 1 < ¢ # j < r such that ¢, €
Gr(¥;),e, € Gr(¥;). Then we have ¢, + ¢d € ¥, e, + s6 € U for some ¢,s € Z + 1/2.
Since ¥ is closed, we have €, + ¢y + (¢ + s)d € U. But the root €, + ¢, + (¢ + s)d is
non-orthogonal to both ¥; and W, which is impossible. For the converse part, it is easy
to see that ¥/ UWP” is a symmetric subset of ®. Now we claim if « € ¥’ and 8 € ¥” then
a+ (3 ¢ ®. This clearly implies ¥/ U ¥” is closed in ® as both ¥/, ¥ are closed in ®.
Set

I'={icl,|ecGrd)}

Since W is closed, we have ¢; £ ¢; € Gr(U’) for all i # j € I’ and ¢; £ ¢; ¢ Gr(¥') for
all i € I',j € I,\I'. Moreover, since ¥’ is irreducible, we have By C Gr(¥') C BCy.
Also we have that Gr(¥”) C &, U d4 and it is orthogonal to Gr(¥’). So it follows that
Gr(v") C Cp\y- Hence if a € Gr(¥'),8 € Gr(¥”), then a + (3 ¢ $. This gives our
claim and completes the proof. O

5.2. Now onwards, we assume that ¥ is an irreducible symmetric, closed subset of
® such that Gr(W)Nd, £ 0. Let I :={i € I, | ¢ € Gr(¥ )} and we have I # (. Let
g; € Z., for each ¢ € I and set Z = Z, — ¢i- Then we have Z C Z for i € I. The next
two lemmas are important and we give proof for the first one and skip the details of the
second one as it is similar to the first one. Recall that m = 2.

Lemma 8. Let U be an irreducible symmetric closed subset of ® and I be defined as above.
Suppose that |w,(Ze,)| = 1 for some i € I. Then

(1) |mm(Ze,)| =1 for all j € 1.
(2) Gr(¥) = By and |y (Ze sc,) = 1.

Proof. Let j € I such that j # i. Since W is closed, we have £(¢; £¢;) € Gr( ) and
Zeve; + Zxe; = Ze,. Hence we have Ze, e, + Zre; = Ze,, Ze,te; C Ze, and Zy., C Z.,
This implies (1) and second part of (2). Since ¥ is closed, we also get €, + €5 ¢ Gr(¥) 1f

r €1 and s ¢ I. As Gr(¥) is irreducible, we must have By C Gr(¥’) C BCy. If possible
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assume that 2e; € Gr(¥) for some i € I. Since ¥ is closed, we have Zs., + Z_, C Z,.
For s € Z~l- and 2k € Zy,, we have 2k — s — q; = 2k — 2¢; — s + q; € Z,,. This implies
both s and 2k — 2¢q; — s € Zej which is a contradiction as they have different parities as
¢i € Z +1/2. Thus we must have Gr(¥) = {£e;,£(¢; £ ¢;) i #je€I}. O

Lemma 9. Let ¥ be an irreducible symmetric closed subset of ® and I be defined as above.
Suppose that |mp,(Ze,)| = 2 for some i € I. Then

(1) |mm

(Ze,)| =2 foralljel.
(2) Gr(¥) =

BCr and |7 (Ze,+¢;)| =2. O

5.3.  Generalizing [21, Section 9.1], we now define certain symmetric, closed subsets
of . For I C 1I,, J CI,7 € 2Z4, and a Z-linear function p : By — Z + 1/2 such that
De; € 2Z + L (vesp. pe, € 2Z + 2) for i € J (vesp. i € I\J), define

VE(p,1,7) = | (a+ (pa +T2)),
aEBr

and ¥, (p,I,J) = ¥l (p,I,J) U (=¥} (p,I,J)). We first consider the situation that
appears in Lemma 8. In this case, we have

Proposition 11. Let U be an irreducible symmetric closed subset of ® such that Gr(¥)N
b, #£0. Let I = {i € I, : ¢; € Gr(W)} and assume that |7, (Z.,)| = 1 for some i € I.
Then there exist J C I C I, 7 € 2Z., and a Z-linear function p : By — Z + 1/2
satisfying pe, € 27 + % (resp.pe, € 27 + %) fori e J (resp.i € I\J), such that

U=V,(pl,J).
In particular, ¥ is a closed subroot system of ®.

Proof. We have that Gr(¥) = By by Lemma 8(2). It is easy to check that Z, + Zz C
Za+p holds for all a, 8, + B € Gr(V). Define J := {j € I | Z.; C 2Z + 1}. Define a Z-
linear function p : Gr(¥) — Z+1/2 by choosing p; € Z.,, i € I and extending Z-linearly.
Then we have that p., € 2Z + % (vesp.p., € 2Z + 3) for i € J (resp.i € I\J). As before,
set Z! := Z, — P, @ € Gr(¥). Note that the argument of Proposition 3 goes through
in this case, so we get that A = Z, = Zj; Va, 8 € Gr(¥) and A is a subgroup of Z, say
A =TL. Since |7y (Ze, ;)| = 1, we must have 7 € 2Z . Thus ¥ = V. (p,I,J). O

54. For k € Zy,I C I, and a Z-linear function p : BC; — Z + 1/2, define
i(p, I) := ¥ (p, 1) U (=¥} (p, 1)) where W} (p,I) is given by

Vi(p, 1) = | (a+ (pa +k2)5) U (26 + (2pe, + K(2Z +1))5).
aEBr iel
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We now consider the case that appears in Lemma 9, i.e., when some Z, contains elements
of different parities. In this case, we have

Proposition 12. Let U be an irreducible symmetric closed subset of ®. Let I = {i € I, :
i € Gr(0)} and assume that |7, (Z;)| = 2 for some i € 1. Then there is an odd integer
k € Z. and a Z-linear function p : Gr(¥) — Z + 1/2 such that ¥ = Uy(p,I). In
particular, ¥ is a closed subroot system of ®.

Proof. By Lemma 8, we have Gr(¥) = BC. It is easy to check that Z, + Z3 C Z,43
whenever a # 8 € {£e; : i € I}. We define p : By — Z + 1/2 by choosing p; € Z,, i € I
and extending Z-linearly. As before, Z! = Z, — p, are equal and subgroups of Z for all
a € Br. Since |7y, (Z¢,+¢,;)| = 2 holds by Lemma 8, so we must have that k is an odd
integer. Write Z., = AU B where A = p., +2kZ, B = p., + k(1+2Z). Since A+ B C 2Z
and U is closed, we have A+ B = k+2p., +2kZ C Zs.,. We see that Zs., = k+2p; +2kZ,
since ¥ is closed and we have Zs, + Z_., C Z,,. This gives us that ¥ = W (p,I). O

Remark 6. As in the reduced case, we define Gr(V) is semi-closed if o, 8 € Gr(¥) such
that o+ 3 € ® but a+ ¢ Gr(¥) implies that («, 3, a+ ) is of type (s, s,d) or (£,¢,d).
Note that the gradient of ¥, (p,I,J) is semi-closed subset of <i>, while the gradient of
Uy (p,I) is closed in P,

Remark 7. Maximal closed subroot systems in this case are classified in [21, Section 9].
Note that

(1) U (AS)) = W (p, [, J) with [ = I, J = I,p., = 3,i € L.

n

(2) ¥(p,ns) =V,(p,I).

—

(3) Ay is a union of a symmetric closed subset of Aéill and U, (p, ).

6. Real closed subsets and regular subalgebras

In this section, we will study the correspondence between the symmetric closed subsets
of ® and the regular subalgebras of the affine Lie algebra g generated by them. Let us
denote by Csym(g) the set of symmetric closed subsets of ® and recall that g(¥) denotes
the subalgebra of g generated by |J,cy 8o, for ¥ € Csym(g). Denote by R(g) = {g(V¥) :
U € Coym(g)} the set of all regular subalgebras of g generated by the symmetric closed
subsets of ®, and define a map

tg : Csym(g) — R(9)

by tg(¥) = g(¥). The following result is well-known in the finite setting (see, for example
[11, Proposition 4.1]):
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o

Proposition 13. Let (§,h) be the pair of finite-dimensional simple Lie algebra and its
Cartan subalgebra corresponding to the root system ®. Then the map ¥ — g(¥) from
the set of closed subsets of ® to the set of h-invariant subalgebras of § is bijective. O

It is easy to see that unlike in the finite case, the map ¢4 is not injective for any g,
even if we restrict it to symmetric closed subsets of ®.

Example 1. Let g be any affine Lie algebra not of type Agl) and a be a short root (a short
simple root if g is twisted) in ®. Consider two symmetric, real closed subsets ¥y, WUy of
® defined by

Uy ={a+d-a+d—a—0a—0}, Vy:={a+3),a+d—a—3)—a—0}.
We have the following relations:

[[g:ta:tr679$a:i:s§]vgo¢:|:p6} 3& 0 for all p,r, s € 7 and (6 1)

[[gzl:od:'r‘57 g:Fod:s&L gfazl:pé] 7& 0 for all p,T, s € Z.

Using the commutation relations in Equation (6.1) we get that +a + (1 + 2Z)§ C
A(V;), ¢ = 1,2, and these are the only real roots appearing in A(¥;), i = 1, 2. Moreover
the parts of g(¥;), ¢ = 1,2 containing the imaginary roots are given by

() @TGZ CaV @t if g is untwisted.
g(¥i)im =
@D,z Ch @12 if g is twisted

~1 . . .
where h® = 37" 0¥ (aV) is the orbit sum of coroots representing «.. Hence we have

o(¥y) = @gia+(2r+1)6 S g(V1)im, §(¥2)= @Gia+(2r+3)5 @ g(¥2)im
reZ reZ

So \111 7& \I’Q but Lg(\l’l) = Lg(\Ifg).

Remark 8. It is possible to get similar examples using Equation (3.4) when Gr(¥) is
of type Bs, e.g. let ¥y be given by Equation (3.4) and ¥y be defined by switching the
role of a; and as. We leave the details to the reader, one can prove that ¥; # Wy, but
tg(¥1) = 1g(¥2).

6.1.  Recall a result from [21, Corollary 11.1.5], the map ¥ — g(¥) is injective if we
restrict to the set of closed subroot systems of ®. That means the map ¢4 restricted to
all closed subroot systems of ® is injective, say L’g is the restriction map. The previous
discussion motivates us to look for the best possible extension of the map l,,g where the
extension is injective i.e. we want to find the largest subset S of Csym(g) and a map
f:S8 — R(g) such that f is an extension of ¢; and t4]s = f. We indeed prove that if we
have such an extension f, then f = Lij i.e. we can’t extend 1,’g further.
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Proposition 14. Suppose S is a subset of the set of symmetric closed subsets of ® which
contains all the closed subroot systems. Assume that the restriction of g to S is injective.
Then S must be the set of all closed subroot systems of ®.

Proof. Let ¥ be a symmetric closed subset of ®, which is not a subroot system of ®. Then
by Proposition 2, we know that ¥/ = A(¥) N ® is the minimal closed subroot system of
® that contains W. It is clear that U # U’, but g(¥) = g(¥’'), i.e., 15(¥) = 14(¥’). So
the largest subclass S of symmetric closed subsets of ® for which the restriction ¢|s is
injective is the set of all closed subroot systems of ®. 0O

6.2.  Fix ¥ € Coym(g), now we will determine the preimage ¢;'(g(¥)) using our
results, i.e., we will determine all possible ¥’ € Cgym(g) such that g(¥’) = g(¥). Note
that A(®) N ® is the unique real closed subroot system in 5! (g(¥)), so it is enough to
determine ¢; ' (g(¥)) when ¥ is a real closed subroot system. If ¥ € ' (g(¥)), then

g
from the definition it is clear that Gr(¥) = Gr(¥’) and by Proposition 2 we have

tg (8(2)) = {T' € Coym(g) : A(¥) N @ =T},

To determine the preimage we need the following example.

Example 2. Let ¥ be a symmetric closed subset of ® such that Gr(¥) is of type Ba.
Then by Proposition 6 there is a Z-linear function p : Gr(¥) — Z,ny € 2Z and odd
integers 1 < aj,as < ny with a3 + ag = 0(mod ny) such that

Ut ={a; +(pi+A4:)6:i=1,2 U{E(a; £ ag) + (£p1 £ p2 + mZ)§ : a € q)j}

where A; = nyZ U (a; +neZ),i = 1,2. We shall determine A(¥) in this case and we shall
show that A(¥) N & is of the form Equation (3.5) with ns = ged(a1,n) = ged(ag,n).
Since a; is odd, we have 21 ng. Since a; + az = 0 (mod ny) we have

Zoy (O) =nyZ U (a1 + 4Z), Z—_o,(¥) =neZ U (az +neZ) and
Za2 (\I/) =neZ U ((12 + TLgZ), Z_Oé2 (\I/) =nyZ U (a1 + H/Z)

Hence Zy, (V) +Z_o, (V) = nyZ U (a1 +n¢Z)U (az +neZ) for i = 1,2. We shall show that
Zyo, (A(T)) D £p; + ged(ai, ng)Z. Since for any r € Z, [, §4a,+rs) # 0 holds, for any
s € Z4 we have p1 + say +n¢Z C Z,, (A(T)). Also since a; +as =0 (mod ny), as +neZ
lies in the set ), 5 ka1 4 n,Z. Exchanging the role of a; and ay in the argument we get

Za, (A(T)) D p; + Z(kai + 7)) = p; + ged(ar,ne)Z, i=1,2.
keZ

Although [az/vgoqiaz-‘r?ﬁ] # 0,1 = 1,2, we have p1 £ pa + sa1 + mZ C Za, +a, (A(\IJ» if
and only if s is even. Hence it follows that Z,, +a,(A(P)) 2 p1 £p2 + 2gcd(ay, ng)Z. But
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U= {+a; + [£p; + ged(ar,ne)Z]6} U {E(aq & ag) + [£p1 £ pa + 2ged (a1, ne) 215}

is a real closed subroot system of ® containing ¥ and contained in A(¥) N &. By Propo-
sition 2 we have ¥/ = A(¥) N ® and hence the result.

6.3. We first determine the preimage for W, which is irreducible and of the form
Equation (3.5).

Lemma 10. Let U be an irreducible closed subroot system of ® of the form Equation (3.5)
andng as given in Equation (3.5). For any given positive integer r, there are exactly o(2r)
symmetric, real closed subsets W' in 1" (g(W)) such that ng(¥') = 2rn,, where @ is the

Euler’s totient function. In particular, 17 (g(V)) is infinite in this case. For a fived ng
and 7, all O' € 17 (g(¥)) with ne(¥') = 2rn, are given by Equation (3.4) where a1 is a

cyclic generator of the group (ns) in Z/(2rng)Z.

Proof. If ¥ € ¢;'(g(¥)), then ¥’ must be of the form Equation (3.4). For a fixed r,
U € 17 (g(¥)) such that ng(¥’) = 2rn, are in one to one correspondence with all a;
such that 1 < a; < 2rng and ged(ag, 2rns) = ng by Example 2. It is elementary to
check that ged(aq, 2rng) = ng if and only if a1 is a generator of the cyclic group (ns) in
Z/(2rng)Z. Hence the number of such a; is equal to ¢(2rng/ns) = ¢(2r). O

We are now ready to prove our main result of this section.

Proposition 15. For any irreducible real closed subroot system ¥ of ®, we have

1 (a()) = {¥}

if either Gr(0) is not of type A1, By or if Gr(¥) = By and U is as in Proposition 4.
And v (g(W)) is infinite for all other cases.

Proof. Suppose that no irreducible component of Gr(¥) is of type Ay or By, then any
' € 15" (g(P)) is a closed subroot system by our previous results and in this case we

have 17! (g(¥)) = {¥}. Now suppose that Gr(¥) is of type By. From Example 2, a

symmetric, real closed subset ¥’ of the form Equation (3.4) generates a closed subroot
system only of the form Equation (3.5). Hence if Gr(¥) is of type By and ¥ is of the
form of Proposition 4, then any ¥’ € 17" (g(¥)) is a closed subroot system of ® and

hence in this case 15 ' (g(¥)) = {¥}.

Now let ¥ be of the form Equation (3.5) and let ns as in Equation (3.5). If ¥’ €
tg " (@(®)), then ¥ is of the form Equation (3.4) where ny(¥’) is an even multiple of n.

Remaining follows from Lemma 10.

Remark 9. One of the drastic differences between the finite and affine root system theory
is that even maximal symmetric closed subsets are not necessarily closed subroot systems.
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For example, let ny be any even integer > 4 and a1 be any integer which is < ng, a3 # ng/2
and ged(a,ne) = 1. Then define ¥ with this n, and a1 as in Proposition 6. Then ¥ is a
proper symmetric closed subset which is not a closed subroot system and by Example 2,
A(P)N P = &. Suppose ¥ DO U is a symmetric closed subset that is not a subroot
system, then we have that Z (¥’) is a union of two cosets of nyZ. This implies that
U/ = . Hence ¥ is a maximal symmetric closed subset of ®, but not a closed subroot
system. 0O

7. Summary

Let ® be a real affine root system and ¥ be a symmetric closed subset of ®. In
this section we shall summarize all the results in the following table. We assume that
Equation (2.2) and Equation (2.3) are the decomposition of ¥ and Gr(¥) into irreducible
components respectively. We assume that p : Gr(¥) — Z is a Z-linear function such that
Pa € Za, Ya € Gr(¥). We have three different types of forms for W.

U, ={a+ (po + nZ) : o € Gr(¥;)} (7.1)
U={a+ (pa+nsZ)d:acGr(V)}U{y+(py+mnZ)d:veGr(¥),} (7.2)

UF ={e+ (pe, + Ai)0:i=1,2} U{a+ (pa + mZ)J : cx € @Z} as in Proposition 6
(7.3)

v/ and X in remark imply that W, is a closed subroot system and is not a closed subroot
system respectively.

Gr(¥;) Case Form of ¥, Remark
Closed |Tm (Za)| = 1, Ya € Gr(¥) | Equation (7.1) | v
Jda € Gr(0), Equation (7.2) | v
such that |m,(Z,)] > 1 Equation (7.3) | X
Semi-closed e) Equation (7.2) | v
e Equation (7.2) | v
e Equation (7.3) | X
et Proposition 8 | v
P
DY Equation (7.1) | v
Ef(f) Equation (7.1) | v
e Proposition 11 | v
n Proposition 12 | v
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