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g = 1, we make a more refined study of the sizes of the index-(old and) new spaces, the
latter via the Waldspurger’s formula. Towards this and with independent interest, we
prove a power saving asymptotic formula for the averages of the twisted central
L-values L(1/2, f ® xp) with f varying over newforms of level a prime p and even weight
k as k,p — oo and D being (explicitly) polynomially bounded by k, p. Here xp is a real
quadratic Dirichlet character. We also prove that the size of the space of Saito-Kurokawa
lifts (of even weight k) is k>/2 by three different methods (with or without the use of
central L-values), and show that the size of their pullbacks to the diagonally embedded
H x His k%. In an appendix, the same question is answered for the pullbacks of the
whole space 57, the size here being k°.
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1 Introduction

This article addresses the classical sup-norm problem in the context of automorphic
forms for the spaces of holomorphic Jacobi and Siegel modular forms—these correspond
to automorphic forms on the Jacobi group and the Siegel modular group, respectively.
While Jacobi theta functions are one of the oldest examples of automorphic forms, Siegel
modular forms (SMF in short) play important roles in the study of quadratic forms and
higher dimensional Abelian varieties among various other things. Let S}’ be the space of
holomorphic cuspidal SMF of scalar weight k on I'), := Sp,,(Z). When & is even, one has
inside S,% the space of Saito-Kurokawa lifts, denoted by SK (SK lifts in short), which are
functorial lifts from elliptic modular forms of weight 2k — 2 on SLy(Z). On this space,
there are deep and fascinating period/pullback formulas (cf. [21]) and conjectures about

0
the L2-‘mass’ (cf. [7,31]) for the pullback F° of an SK lift F, where F°(t, t') = F( (T) /) ),
T
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(z, 7/ € H). Of high contemporary interest has been to understand the L”-‘mass’ (1 <
p < o0) of these spaces and specifically the sup-norm bounds of the pullbacks of the
eigenfunctions of all Hecke operators. Here and throughout this paper, the ‘size’ or L>°-
mass of a subspace of the space of automorphic forms on a symmetric space S with respect
to a suitable discrete group I'" is measured by the supremum on § of its Bergman kernel
(BK in short) for the subspace which is invariant under the discrete group I', see e.g., (1.2),
where S = H,,, ' = I';, and the subspace is SK.

Let H,, be the Siegel’s upper half-space of degree n. Let us recall that the sup-norm
problem for F € S with Petersson norm ||F|; = 1, asks for a bound of the form
SUpzen, det(Y)*/2|[F(Z)| <« P(k), where P is a suitable polynomial function of k. This
problem has been studied extensively in the past few decades for almost all kinds of auto-
morphic objects—and has its origin in analysis, see e.g., the introductions in [8,11,13]
etc. for more on the context and relevance of this old and classical problem. For SMF,
however, the first general result seems to be that in [13], where a precise conjecture for
P(k) was also mentioned (viz. P(k) = k""+1)/8) The two main ingredients required for
successful results on this problem are the Fourier expansion and the geometric side of the
Bergman kernel of the space.

However if one works with a (smaller) sub-family, the above-mentioned feature con-
cerning the BK is no longer present or expected to be tractable - and thus the problem has
to be dealt with differently with new ideas, as we will discuss shortly. We only mention
here that our sub-family will be the SK lifts — and that these objects also serve as a very
good testing ground for various open questions, in particular the very general (and hard)
conjecture on sup-norm: for any € > 0,

IF|loo := SUpzcp, det(Y)/2F(Z)] K K"HDETE (F € BY), (1.1)

where BZ denotes the L2-normalised Hecke basis of SZ, and k — oo.

If one assumes the GLH for all twisted GL(2) L-functions associated to holomorphic
newforms, then a result of Blomer [8] demonstrates (1.1) when n = 2 for SK lifts. By all
means, the best one can do at present seems to be the bound ||F|,, < k>/4¢ (see [15,
Remark 2.5]) by adapting the method in [8] and using the non-trivial result of Young [42]
on uniform bounds for L(1/2,f ® xp) (xp being the quadratic character of Q(+/D) and
f € Sak—2, a Hecke eigenform). However, we bring to the reader’s attention that Young’s
result is technically not enough for this purpose as it is only for odd square-free D at the
moment' —so strictly speaking, the above result was conditional. Interestingly, the bound
|IFlloo < k5/%+€ will also follow from one of our main results on the size of the Bergman
kernel for SK; given below, without the use of L-functions.

Let B be the set of L?-normalised basis of Hecke eigenforms in SK; which are obtained
as lifts of normalised Hecke eigenforms in Sy;_,. This convention about lifts is understood
throughout the paper. It follows from Lemma 7.2 that B} is orthonormal. Put

B(SKi)(Z) =) . det(Y)X|F(2)1%  sup(SKy) := supy, B(SKi)(Z). (1.2)
k

Fe

!There could be a chance of removing this assumption-from private communication with M. Young, but certainly is
far from anything obvious.
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We refer to the quantity sup(SKy) as the ‘size’ or L>-mass of SK;. We can now state one
of the main results of the paper, which gives the correct size of sup(SKy).

Theorem 1.1 Let k be even.? Then for all such k large enough,
k°? <« sup(SKy) < k>/2F€,

We believe that the € in the upper bound can be dropped, but can not see immediately how
to do that. Dropping all but one term, one recovers the bound || F|| o, < k°/**€ mentioned
above. We give two proofs of Theorem 1.1, neither of which use Young’s result. In fact its
usage gives worse results by our method for the second moment, i.e., for sup(SKy) (since
Young’s result is on the 3rd moment) but gives good bounds for higher moments; this will
be discussed later, cf. (1.5). A corollary of the upper bound in Theorem 1.1 can be stated
as follows.

Corollary 1.2 Let k be even. Then there exist F € B such that ||F||o, <e k3/%t€ More-
over, there exists an L*>-normalised G € SK; (which may not be a Hecke eigenform) such
that ||G|lo > k>4,

For the assertion about G, see the construction in [13, Corollary 1.5] which we do not
repeat here.

We mention here the related recent result from [13] which proves, among other things,
that

P & supgep, Y, det(V)F(2)? <« k72, (1.3)

FeB}
from which one gets the existence F or G € S/% satisfying the above corollary (and evidence
for (1.1)) — but one can not however pin F or G down to SKy. But this is desirable, given that
the SK-lifts contribute much smaller amount to the mass coming from S]% as follows from
Theorem 1.1. So Corollary 1.2 is new, and interesting because F satisfies (1.1). In contrast,
from [8] we know the existence of an H € B} with [[H|o > k3/4=€, which suggests
that (1.1) is perhaps specific for Hecke eigenforms. Lastly, let us note that Theorem 1.1 is
consistent with (1.1), and along with (1.3) provides (stronger) evidence towards (1.1).

Our knowledge for the sup-norm of an individual F € S]% is unfortunately very limited.
Best is what one can obtain from the Bergman kernel, viz. ||F|l5, < K914t (cf. (1.3)).
Ideally, one would hope that for SK-lifts one could do better. For this one would require
robust bounds on the geometric side of B(SK;)(Z). However, as far as we could see, there is
no ‘immediately useful’ geometric side of the Bergman kernel for this space (cf. Section 7.1),
as the definition of this space is via the Fourier expansion. To us, it seems that the best
avenue for amelioration over the bound k*/4*+¢ would be via an improvement of Young’s
bound [42] (for all fundamental discriminants) in the twist aspect, this is demonstrated
in Sect. 8. We understand that this is a very hard problem in itself.

More precisely, if we define higher moments by .75, := sup ZeH, Y re B det(V)K|[F(Z)|>"
(for By see (1.2)), and assume that (i.e. go beyond the Weyl-type bound in the twist aspect)
for all fundamental discriminants D:

D s, LU/2S ® 1) e KTFEDIT (1.4)

2For odd weights we get non-holomorphic lifts, cf. [4]. It would be interesting to look into these objects.
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(Bi being the normalised Hecke basis) for some absolute positive constant §, it follows
(see the end of in Sect. 8) that

Fo K k1212720 (1.5)

for all € > 0. From this we would immediately get a saving over the exponent 5/4 alluded
to in the above. Note that one has .7, <« k>/2 as an application of Theorem 1.1. Of
course, the exponent of k in (1.4) can not be improved (except may be the €) since by
Holder’s inequality, we see that (see e.g., [8, Lemma 3] for the first assertion below)

- _ 2/3 _ 3y1/3
k =p ZfGBQH Ltk = 1Lf ® xp) <e (Zf 1) (Zf Ltk — Lf ® xp)*)'/?,

from which the lower bound k follows for the cubic moment in (1.4). We call the proof of
(1.5) as the ‘third’ method of proof of Theorem 1.1 which uses bounds on central L-values
(with § = 0), even though it is conditional on assuming (1.4) for all D.

We now say something about the ‘first’ and ‘second’ methods of proofs of Theorem 1.1.
To discuss the first method, we are led to the second main topic of this paper: the inves-
tigation of the sup-norm problem in the context of Jacobi forms. Our motivation here is
twofold—for one, this seems to be the first investigation of the problem for non-reductive
Lie groups viz. the Jacobi groups, and two, the results obtained thus have application to
solving the same question for SK lifts.

Let us recall some basic notation on Jacobi forms of matrix (or lattice) index. Let A;
be the set of all g x g symmetric, positive—definite, half-integral matrices (i.e., T € A;
means T = (t;) with 2¢;, t; € Z) and M,,(C) denote the set of g x # complex matrices.
Forany S € A;‘, Ji.Si(ng) (resp. ],z I?fmg)) denotes the space of holomorphic Jacobi forms
(resp. Jacobi cusp forms) of weight k and index S on Hj, x Mg,(C). Let By s,(,,4) denote an
orthonormal basis for ],fjgfn,g) and put (for (:= u + iv) € Hy, z(:= x + iy) € Mg,(C))

_ -1
Bising (2) =) (dety)e T Dlg(r, o) (1.6)
Sup(]/?;sfn,g)) = SUDP(¢,2)eH,, x Mg y(C) Bk,S;(n,g)(f: z). (1.7)

It is easily checked that for any u € GL,(Z) one has

Bsing) (T 2) = Bisiuging) (T () "12), (1.8)

which implies that the sup-norms as defined in (1.7) corresponding to S and S[u] are
the same. Henceforth, we thus assume 2S to be reduced. The invariants (1.6) and their
maximum values in (1.7) are the other main protagonists of this work; and we propose a
precise conjecture about their sizes.

Conjecture 1.3

n(n+1) " n
sup(]]?;sfn]g)) = k3 T det(25)2, as k - det(2S) — oo;

with the implied constant depending only on g, n. Practically the above conjecture should
be thought of separately in the k or S aspect, fixing the other component.
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In fact, we go a step further and propose a conjecture about the sup-norm of an individual
Jacobi form of scalar index.

Conjecture 1.4 For an L%-normalised Jacobi form ¢ € ]lfmp

mn1y One has 19l <
K43 /8112 ag k. — 0.

One should note that Conjectures 1.4 and 1.3 are compatible with each other if we believe
in Klingen’s conjecture that dim(],iifﬂn)l)) & k"t D/2n (of. [26, Remark p. 683]). One
can propose a conjecture above for any g > 1, provided a good asymptotic formula for the
dimension is known. This seems not available at the moment. Conjecture 1.4 is expected
especially for Jacobi Hecke eigenforms.

To understand the lower bound, one natural way would be to understand the size of
Z¢ lcg (4, )2, where ¢ runs over an orthonormal basis of ]]?;Sf(’n’g) as k — oo. This is
unfortunately not available quantitatively as of now when #n > 3 (not even for SMF),
but one can prove a qualitative result (without an error term) as a substitute. Using
the interpretation via the Fourier coefficients of Poincaré series, we prove (slightly more
generally) that

limg_, oo C(', 7'; PYY) = 85(b 75 1, 7'),

where C(Z, v’ ;P,l(”g) denotes the (I, ’)-th Fourier coefficient of the Jacobi Poincaré series
P,l(rs and Js(..) is a certain count of automorphisms, see Sect. 3.1. Note that C(J, r; P,i’)rs) is
proportional to Y @ ey (d, )|, where ¢y (I, ) denotes the (/, 7)-th Fourier coefficient of the
Jacobi form ¢. For SMF of degree n and even weights k, this was proved in [30]; our proof
is quite different from that, and has a simpler yet strong term-wise decay of the terms of
Poincaré series, see Lemma 3.2 and subsequent arguments. Using all of these, we show in
Proposition 3.3 that the lower bound indeed holds in Conjecture 1.3.

When n = 1, we prove the following result concerning the size of J, 151?5 where J 151?5 =
f;ﬁfﬁ, o) See Proposition 3.3 and (3.5), which shows further that the lower bound below

actually holds for all , S as k — oo.

Theorem 1.5 Let k be even. Then for any € > 0 there exist kg > 1 depending only on g
such that for all k > ko,

3 3
k35 det(29)7 < sup(gn) < k7 € det(25)7 <. (1.9)

One immediate application of Conjecture 1.3 or any result like Theorem 1.5 is towards
estimating the dimension of the ambient spaces of automorphic forms (see e.g., [44,
Corollary 1] in our context). In the case of Jacobi forms, one gets very easily a polynomial
bound for the dimension by using the Conjecture 1.3. Of course, good point-wise bounds
for the BK are more useful-see e.g., [13].

Comparing with Conjecture 1.3 we see that in the k aspect, the above theorem proves
this conjecture. However, in the index aspect it is quite far away from the expectation. But
still (1.9) is not void in the S-aspect if we consider even unimodular lattices 2S (for 8|g).
We note that the index has some similarities with the level of a modular form, in view
of the Hecke equivariant isomorphism between J ,, and a certain subspace of Myx_o(m).
And then the above issue is not very surprising, as superior ‘hybrid’ (weight along with
level) aspect results are very rare on the sup-norm problem.
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When n = 1,g = 1, we are in the setting of classical Jacobi forms Ji,,. Then the
‘first’ method of proof of Theorem 1.1 uses (in a small region) bounds for the geometric
side of the Bergman kernel for J zﬁp . Moreover, for index m = I? (I > 1), we point out
to the reader a peculiar situation: the contribution of ‘index-old’ Jacobi forms U;(J,"*)

k1
inside ];MSP (here Uj(¢) = ¢(1, Iz)) is of the same order as that of the space ]I?;Sp (as per

2

Conject{llre 1.3), see Sect. 5. The contribution of another index-old part, viz. Vp(],f’bfp )
(p prime) inside J, ,f;sﬁ is shown to be at most O(k?p), which is better as compared to
what one gets from Theorem 1.5. We also show that the contribution of the index p-new
space in /| ,z;Sp is at least as big as the conjectured bound (1.3) for the full space. These are
summarized in Propositions 5.1 and 5.3. For the treatment of newspace, we depend on
an asymptotic result on the average of central L-values via Waldspurger/Baruch-Mao’s
([9,39,40]) formula. That the k aspect size is the same for all the above spaces is expected,
as all of them grow linearly in k, it is the index aspect that needs attention.

Namely, in Sect. 6 we prove an asymptotic formula for the first moment of the family of
central L-values L(1/2, f ® xp)/L(1, sym>f) as f varies in the space of newforms of level p
and weight 2k — 2, such that k, p — oo with D growing at most as polynomially with &, p.
For the full level and fixed twist xp, this was worked out in [8, Lemma 3]. The level aspect
is more delicate. Of course, this result should be of independent interest as well.

Forf € S57",(p), put4p := 1+ ﬁ(l + (=1)k1 sgn D)C(p) and B, := 2+2C(p) where
C(p) is given as:

-1 r 2
C(p) = p_—|-1 £=0 W Z(ﬂp[ Cpt(d) . (110)
Here c¢¢(d) are the Tchebyshev coefficients (see [34]) which occur in the expression of
Ar(p") as a polynomial in Ar(p). Using the estimates for Tchebyshev’s coefficients from
[34, Corollary 2] with Y = 1/2 (loc. cit.), it is easy to see that C(p) < 1/p. Our main result
is given below.

Theorem 1.6 Let B}, ,(p) denote the set of newforms for the space Si" , (p). Then for any
Sfundamental discriminant D, we have

(1) when (p,D) =1,

’

Z * L(1/2,f ® xp) _ Ap(2k —2)p + O (D7/B+ 19/2+e 9/ 16 k¢
feBy ) L(1, sym2f) 27?2
(1.11)

(2) when p|D and k and D be such that (=1)k-1 sgn(D) = 1, then

* L(1/2,f ® xp) _ By(2k —2)p + O (D78 g1 /12,m1 ey,
feBy ) L(1, sym?2f) 272

(1.12)

When (p, D) = 1, the above asymptotic is valid for D <« k'0/21=¢p1/2=¢ and when p|D,
it is valid for D « k26/21=€p10/7=¢ 1 et us note that Theorem 1.6 does not follow from
[34,42], partly because none is hybrid with respect to all the parameters in play: weight,
level and the twist.
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We must mention here about two more parts which play crucial role while discussing
the size of the newspace: that of Sects. 5.2 and 5.3. Namely, in Sect. 5.2 we show how
the choice of D = —4p leads to the lower bound k?p'/? (which is the size of];;Sp, if we
believe in Conjecture 1.3) for the size of the newspace. But for this we have to appeal to
the classical newform theory for Jacobi forms, e.g., as considered in [33]. However, we
must first reconcile the “two” notions of newspaces presented in loc. cit. and then derive
the requisite Waldspurger type formula in the context of Jacobi forms when p|D using
Baruch-Mao’s result ([9]). Along the way, we write down the main results about Eichler-
Zagier correspondence in a way which we believe would be useful in the future. This is
the content of Sect. 5.3.

The ‘second’ method is presented in Sect. 7.4. It does not use the geometric side of
the Bergman kernel for Jacobi forms of index bigger than 1, but uses full knowledge of
Jacobi Poincaré series of index 1. One of our motivations behind exploring more than
one method is that one of them could have the potential to implement (some variant) the
amplification method to improve the individual sup-norm bound for an SK lift. It is not
immediately clear how this might work out. This is partly explained by the fact that the
standard definition of the SKlifts is via their Fourier expansion—from which the geometric
side of the Bergman kernel is hard to study, see Sect. 7.1. This led us to make the remark
above that the third method, with an improvement in sub-convexity results could be one
of the best avenues in this regard.

In the last section, we investigate the size of ‘pullbacks’ (to the diagonal H x H) of an
SME. When the SMF is an SK lift, we have a deep result of Ichino expressing its support in
Si ® Sk in terms of central L-values. In fact, this was the basis of the works [7,31], where
the L2-mass of such pullbacks were investigated. We are interested in the L>°-mass of the
space consisting of the pullbacks (in the spirit of this paper) and show that the size of such
pullbacks is either k% or k? depending on how one normalises the L2-normy; it is k2 if we
sum over all the pullbacks (to the diagonal, see 1st paragraph of the introduction) F° of F
with ||F|| = 1, and it is k? if we sum the same with ||[F°|| = 1, provided it is nonzero. This
suggests that the bound ||F°||o, < &'/ might be expected for an F € SKj, at least when
F is a Hecke eigenform. Also ||F|| := || F||, throughout this paper.

Conjecture 1.7 Let F € SK; be a Hecke eigenform such that F° # 0 and [|F°[|, = 1.
Then [[F°[|o, < kV/*ol),

A curious corollary of our calculations is about the linear independence of the square-
root of the central L-values L(1/2,sym?g x f) as g f vary in Sy, Syr_o respectively, see
Corollary 9.4.

Moreover, in an Appendix to Sect. 9 (see Sect. 9.2), we determine the size of pullbacks
of the full space S,% and find the answer to be k> — which says that the pullbacks fill up
all the mass in S ® Sy (cf. Theorem 9.7). We point out that the main idea here is the
realization of space of pullbacks of SK lifts (or even for the full space S,%) as a certain
simple subspace of Sy ® Sk, which allows us to find their sizes; and also allows one to talk
about the ‘preliminary’ bounds for the size of these pullbacks. Merely using the Fourier
expansions of the pullbacks (which involves sums of square-roots of central L-values or
averages of Fourier coefficients of half-integral weight cusp forms, for which we do not
have a Petersson formula or some other substitute) gives worse results, see Lemma 9.3 in
this regard.
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We would like to remind the reader that the average results in this paper have their own
value: note that merely squaring and adding the best unconditional sup-norm bounds
do not usually give the expected average result. The goal of this paper is not to provide
individual sup-norm bounds, but to study the BK. Individual sup-norm bounds will be
taken up separately.

We end the introduction by mentioning several questions and remarks which can be
pursued for further research on the topics considered in this paper.

(i) Itisnot clear to us how to improve the index aspect of Theorem 1.5. One might use
the fact that Ji,, = Vi, ® Thyy, where Vi, is the space of certain vector-valued
SL2(Z) modular forms, and Ty, is the (space spanned by the) congruent theta tuple
mod m. But we can’t perceive this to be radically different from what has been done
in this paper.

(ii) Conjecture 1.3 perhaps could be proved for n = 2 with efforts, by using the available
results for SMF of degree 2 (cf. [13]). For higher degrees, one might get some result,
but probably even the k aspect will be weak.

(iii) As the reader might have noticed, the ‘trivial’ (but not easy) bound for an SK lift of
a Hecke eigenform, stands bounded above by k>/4. One would hope to improve this
bound — the best possible bound in this direction is k*/* (see the introduction in [13]).
Perhaps the ‘theta-lifting’ perspective plays a role. But this will be specific to degree
2. The same comment goes for pullbacks of Hecke eigenforms (cf. Corollary 9.6)

where the bound which we get is k1€ 172,

and the expected bound is k

(iv) One might be able to remove the presence of € in the statement of Theorem 1.1.

(v) Perhaps successful results on higher moments of twisted central L-values will also
help improve our bounds, see Sect. 8. One might try to use an asymptotic formula
or a good upper bound for the higher moments in the setting of Theorem 1.6. See
for instance [5, (3.9)] for the second moment, in the level and twist aspects. We have
already discussed [42] to this effect.

(vi) Itis desirable to understand the contributions of the index-old and index-new forms
(inside J ) in a more refined and accurate way — also for higher degrees and matrix
indices.

(vii) Itis natural to consider the level aspect version of the results in this paper. These are
under consideration by the authors.

2 Notation and setting

In this paper, we will mostly use standard notation, some of which are collected below,
and the rest will be introduced as and when it is necessary. For standard facts about Siegel
modular forms and Jacobi forms, we refer the reader to [16,17,25,43].

(1) We use the standard conventions in analytic number theory. We note A <« B and
A = O(B) are the Vinogradov and Landau notations, respectively. By, A < B we mean
that there exists a constant ¢ > 1 such that B/c < A < cB. Any subscripts under them
(e.g, A <, B) indicates the dependence of any implicit constants on those parameters.
Throughout, € will denote a small positive number, which can vary from one line to
another. (2) Let Z, Q, R, and C denote the integers, rationals, reals and complex numbers
respectively. For a commutative ring R with unit, M, ,,(R) and M,(R) denote the set of
n x m and n X n matrices over R, respectively. GL,(R) denotes the group of invertible
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elements in M;,(R). Sym,,(R) denotes the set of all # x # symmetric matrices over R. Sp,,(R)
denotes the symplectic group of degree n over R. A, (resp. A}}) denotes the set of all n x n
symmetric, positive semi—definite (resp. positive—definite), half-integral matrices (that is
T = (t;) with 2, t;; € Z). We will denote the transpose of A by A!. For matrices A and
B of appropriate size, we write A[B] := BAB'. Moreover, 1, and 0, will be the identity

b
and zero matrices, respectively. (3) For A = (ﬂ ) € GSp;! (R) (the group of symplectic

cd
similitudes with positive similitude factor), we denote by A" to be the image of A under
a 0 bO
0 det(4) 00
the diagonal embedding of GSp;' (R) < GSp;.,,,,(R) given by A — e()( ) 4 g’
c
00, 01,

(4) Let H,, := {Z € M,(C) : Z = Z',ImZ > 0} be the Siegel’s upper half plane of
degree . The symplectic group Sp,,(R) acts on H,, by M(Z) = (AZ + B)(CZ + D)™}, for

A B
M = cD € Sp,(R) and Z € Hi,. Let 7}, denote the Siegel’s fundamental domain for

the action of Sp,,(Z) on H,,.

2.1 Jacobi forms of type (n, g)
Let R be Z, Q or R, then the Heisenberg group Hg’g is given by

Hp® = {[(h w) k] = A i € Mgu(R), k € My(R), k + pd! € Sym, (R)}
with the composition law
(A1, 1) k1] - (Ao, pa2), k2] == [(A1 + Ao, 1 + pa) k1 + K2 + Al — pidbl.
The symplectic group Sp,,(R) acts on Hg’g from right by
(A ), €)M = [(A, )M, k); M € Sp,(R), [(A, ), ] € Hy*.
The Jacobi group of type (1, g) over R is defined as
GR¢ = Sp,(R) x Hy*
with the group law given by
(M1, X1)(Ma, Xo) := (MiMa, (X1M3) - Xa), for M1, My € Sp,,(R) and X1, Xz € Hp¥.
The Jacobi group GZ’g acts on H, x M,,(C) by

M, [ ), k1) - (1, 2) := (M(T), (2 + AT + p)(cT +d) 1),

where M = (d
c

Z) with a, b, ¢, d € M,(R) and M (t) = (at + b)(ct +d)~ L.

Foranyk € Zand S € A;, Gﬁ;ﬁg acts on functions on Hl, x Mj,(C) as follows:

(Dlisy)(T, 2) == Jxs(y, (1, 2))@(y (T, 2)), (2.1)

14
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where y = (M, [(A, n), k]) and the automorphy factor Ji s is given by

e(tr(S(—(z + At + w)ct + d) " Le(z + At 4+ p)t + t[A] + 202t + « + WJ))

Jis(ys (t,2)) = det(ct + d)k

The Jacobi group of type (1, g) is given by
o= {(MX) e G;* : M e Sp,(Z)).

A holomorphic function ¢ on H,; x Mg,(C) is called a Jacobi form of weight k and index
S if

(1) $lisy =¢ Vy €y
(2) ¢ is bounded at the cusps of Sp,(Z)\H,, (automatic for n > 2, due to the Kocher
principle).

Any such ¢ as a Fourier expansion given by

¢(t,2) = ZTGAn ZReMmg(Z)CqS(T’ Rje(tr(TT + Rz)).

4T—-S~1[R]>0

If the Fourier coefficients survive only for 47 — S~1[R] > 0, then ¢ is called a Jacobi cusp
form. Jj s;(n,q) (resp. ],z ';an)g)) denotes the space of holomorphic Jacobi forms (resp. Jacobi
cusp forms) of weight k and index S on Hj,, x Mg, (C).

The space of Jacobi cusp forms, ];L;fl(’n’g) is equipped with an inner product and is given
by

du dv dx dy
(det(v))r+e+1 ’

(6 ¥) = / o(7, 2)¥ (7, 2)(det v)¥ exp(—27 tr(Sv~1[y]))
ng\H XMg,n((c)

for ¢, ¥ € ;L;ang) andt =u+iv,z=x+iy.

At various places we need the following operators V,, defined on Jacobi forms of degree
1 and index 1 (even though they can be defined for any index). For ¢ € J, CMSP define (cf.
(16, § 4 (2)])

at+b mz

Vin(@)(z, 2) = m*~ 12 (ct + d) e(mez?/(ct + d) )¢(cr+d cr—l—d)

(2.2)

b
where y = (a d) runs over a set of representatives I'1\My,;,(Z). Here M3 ,,,(Z) denotes
c

the set of size 2 integral matrices with determinant m. Then Vj,, maps ]kusllJ to ] cusp . By
choosing upper triangular representatives, one arrives at the following Fourier expan51on
of V,,,(¢) (cf. [16, Theorem 4.2 (7)]):

Vin(@)(t, 2) = Zn . ( Zal(n ) ak_lc¢(nm/a2, r/a)) e(nt + rz). (2.3)
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2.2 SKlifts
We now recall the formula for the Fourier coefficients of F € SKj in terms of those of the
lifted ¢ € J ,f’fp . Throughout the remainder of this paper we shall put

F@Z)=3 omr(t2)e(mt),

T z

where we write Z = . and ¢, r = Viu(pr,r) with V,, as defined in (2.2). By the
2t

results of [16,32], when k is even F € SK; and this correspondence ¢ +— F is a Hecke
equivariant isomorphism from J, l:'fp — SKg. F is called the SK lift of ¢. For any D =

n r/2

0,—1 mod 4, D > 0, csr(D) := ¢y, (D). Thenfor T = (
’ r/2 m

) and ¢(T) = (n, v, m) —

the content of T, the following relation holds:
— k—1 2
arp(T) = Zalc(T)a Co,F (D/a ) (2.4)

where D = det(27). We also often realize the SK lift to be from Sy;_, via the Shintani
and Eichler-Zagier maps, all of which are Hecke equivariant isomorphisms. We thus
parametrize F € SK; as F = Fy for a unique f € Sy;_3. In particular, Fy is a Hecke
eigenform if and only if f is.

2.3 Bergman Kernel for Jacobi forms

cusp
J kS;(ng

kernel for the space of Jacobi cusp forms ] ,:";{n g)) is given by,

Let By s;(n,g) be an orthonormal basis for )- Then the Bergman kernel (a reproducing

Bis. 5 25 70, = , 5 20)- 2.5
ksing) (D270 20) = ) Busgry 0290 20) (2.5)
It can also be written explicitly as given below. Let /1 5,(,4) be a function on (H,, x My, 2(0))?
defined as (see e.g., [38,44]):

]’lk)gy(n,g)(‘lf, Z; 10, 20) := det(r — fo)_ke (—(r — fo)_lS[z — Eo]).

Let k > g + 2n. For (1, z), (0, 20) € (H, x MM((C))2 the Bergman Kernel for the space of
Jacobi forms can be written as (see [44, Proposition 2])

1
Bisiing) (T, 270, 20) = hicsiing) D (hk,S;(n,g)b(G;'g )(T, 25 70, 20), (2.6)
)

J
éer(n,g

where Ags;(ng) = 27"/ 27—+ D/2(det (2. 5))" 172, ]_[/’-’:_lt(k — &% _j)and |§£ denotes
the action of the Jacobi group F{n 2 with respect to the first pair of variables (7, z).

2.4 Siegel-Jacobi Poincaré series.

For a positive definite matrix € A;f and r € M,,4(Z), the (I, r)-th Jacobi Poincaré series
of weight k and index S is defined as (see [10], we replace (z, z) with (Z, W))

b -
Pz W) = Zyer{mgm\r, e(tr(IZ))e(tr(r' W))|isy. (2.7)

ng
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TP fork > 2n+ gandforany¢ € J, WP (see [10, Theorem

Lr
One knows that Pk, s € Jesing) 1Si(n.0)

6.4])

(6 Pys) = Aising) (b r)Coll 1), (2.8)
n—1 .
where Iy, (s) := 7"~ D/4 T] I'(s — 5) and
i=0

T,k — ”+§+1)(4l _ S*l[r])fk+(n+g+1)/2
(n)"k—”("+g+1)/2(det 25);4/2

)‘k,S;(n,g)(l: r)i= (2.9)

Let C(l1, r1; P,lf’srz) denote the (/1, r1)-th Fourier coefficient of P,lf’srz. Then, using (2.8), we
get

TR ~1 obr
Zrbel’ﬁ‘k.s;(n,g) Cy(l, 11)Cy(l2, 12) = A si(ng) (Lo r2) ™ Cll1, 115 PG, (2.10)

which is the Petersson trace formula for the space J ,f'gsl(gn o

3 Lower bound for the Bergman kernel for the space of Jacobi forms

When n > 1, a possible approach to obtain the best possible lower bound for the Bergman
kernel for J, ls,uss;fn,g) is via an ‘asymptotic orthogonality’ of Fourier coefficients of cusp forms
— see below. This avoids the use of explicit knowledge of the Fourier coefficients of Siegel-
(Jacobi) Poincaré series; something which is known to be quite difficult to deal with (cf.
[13]). When 1 = 1, of course we can handle them better (cf. [6]).

3.1 Asymptotic orthogonality of the Fourier coefficients of Siegel-Jacobi Poincaré series
In this section, we prove the following asymptotic orthogonality result (cf. [30] for Siegel
cusp forms).

Proposition 3.1 Let k be even. Then

limg_ oo C(Z, r’;pég) —ss(Lr l,7), (3.1)

7Y . I r/2 A0 _ ot
where§s(L,r; U, 1) = #{(A, 1) € GL,(Z) x Z8 (rt/z S)|:<?» Ig>j| - <r’/2 S )}

So from (2.10), one can say that the Fourier coefficients are ‘asymptotically orthogonal’
on average over an orthonormal basis as k — oo, if we also use (2.9). This result has
application towards the sup-norm problem and other equidistribution problems (cf. [30],
[13, Lemma 4.1] and below).

For any yo > 0, let us define the set

Flyo)={Z=U+iV eH,: V= yl,}.

In [30], (3.1) was established for » > 1,g = 0 via a technical lemma which states that
b
for yo large enough, for all Z € F(yo) and al M = N J € Sp,(Z) with ¢ # 0, one
c

has | det(cZ + d)| > 1 (cf. [30, Lemma 5]). Further, in [30, Remark 7] it was speculated
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that the above result should hold for all y9 > 1 based on Gottschiling’s (see [18]) explicit
description of the finitely many boundary components of F». Such description is not
available for n > 3 (see [24, § 5] for a partial result when n = 3), as far as we know.

We prove the following result, which is an improvement over [30, Lemma 5], in that it
holds forall n > 1, all yo > 1 and does not require the explicit description of the boundary
components of F,.

We write cyr, dpy, - . - etc. for the lower blocks of M € Sp,,(Z).

b
Lemma 3.2 Letyy > 1 and Z € F(yo). Then, for any M = (ﬂM M
c

€ Sp,(Z) with
M Ay
cm #0,

| det(cmZ + dm)| = yo.

Proof Since M is fixed, we omit the superscript in cys etc. Let r = rank(c). Since ¢ # 0,
we have r > 1. Then, for any such co-prime symmetric pair (¢, ) as in the lemma, using

0 d 0
Siegel’slemma (e.g., see [14, Lemma 3.1]) we can write (¢, d) = ((Col O) wh, (01 1) w_1>.

Here w € GL,,(Z) and ¢; is a r x r matrix of rank .
Next, we have

| det(cZ + d)| = | det(c1(Z[w])1 + d1)| = | det((Z[w])1 + ¢; 'd1)| = det(Im(Z[w])1),

where Z; denotes the upper left corner of Z of size r and we have used the fact that
cl_ldl is symmetric-this follows because (c1, d1) is again a co-prime symmetric pair. For
completeness, let us mention that we used the standard inequality | det(A + iB)| > det B,
where A, B € Sym,(R) and B > 0.

Writing Z = U + iyol,, we see that

Im(Z[w)1 = (olu[w)1 = yo(w'w)1.

Since w has integer entries, it follows immediately that for any yo > 1, | det(cZ + d)| >
¥y = yo. This completes the proof of the lemma. O

From [10, Prop. 6.1], P,irs converges absolutely and locally uniformly (uniformly on all
compact sets) provided k > n + g + 1. For us the compact set will be

Clyo) ={(Z W) e H,, x Mgu(C): U mod 1, V = yoly; X mod 1, Y = 0};
where yo > 1 has been chosen as in Lemma 3.2—so that for all Z as above, one has
| det(cZ + d)| > 1forall M € Sp, (Z) with cpy # 0.

We can write

c(, r’;P,’;rS) = / P,’;rs(z, W)e(—te(l'Z+r"W))dZ dW. (3.2)
’ (Z,W)eC(yo)

For us, it would be sufficient to assume [ = I,,,7 = 0, and r = r/,] = I’; but we prove a
somewhat general result.
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Write, i’y = Y, A, with y = (M, (2,0)) € T, \T. From (2.7) and (2.1), 4, is

given by

e( - tr(SW(cMZ + dM)_cht))e(tr(SZ[A] + 2SAWt)e(tr(lM<Z) + rtW(cMZ + dM)_l)
det(cpiZ + dM)k

>

where we have put W =W +2AZ.
First, we show that for any (Z, W) € C(yo) and y as above with ¢3s # 0, A, — O as

zZ Wt I rt)2
k — oo not depending on S. To see this, let us put Z = and 7 = r/
Wz r/2 S

(here Z' will be chosen suitably so that Z € H,,). Denote by ¥, the image of y under
the embeddings of Sp,,(Z) and the Heisenberg group Hz’g into Sp,,, ,(Z). Then YT (Z) can
be obtained from the action of Sp,, +g(Z) on M1, (see Sect. 2 (3) and [43]). To be precise,
for y = (M, (4, 0)), we have

tizy = M(Z) M(Z)AF + ayW*
v N V?(CMZ +dp) ! \/’V(CMZ +dy) N dyht — e WhH + AWt + 7/ '

Then a calculation shows,
A, = det(cmZ + dM)_ke(tr(T~ yT(Z))) e( —tr(SZ")). (3.3)
It is clear that |e(tr(T- yT(Z)))| <1land
|4, | < |det(cZ + d)| " exp (27 tr(SY")).
V

05!
since V > 0and S > 0. Next, from Lemma 3.2, we have

We choose Y’ := S™L. Clearly Im(Z) = since Y = Im(W) = 0, and itis > 0

|det(cZ + d)| | exp (27 tr(SY"))| < yarkezng < ygkezng,

uniformly for all (, 7; S) since r > 1 (as ¢y # 0). This shows that A, — 0ask — oo
uniformly for all S.

We also see from (3.3) and Lemma 3.2, that for (Z, W) € C(yp), the Poincaré series P]l(g
is dominated term wise by the series (since k > 21 + g)

./\/lér = 278 Zy |det(cZ + d)| "> ¢! exp(—27 tr(T - Im(y 1 (2)))),

which converges absolutely and locally uniformly on Hj,, x M,,(C) and is independent of
k. Combining this with the fact that A, — 0 when ¢, := ¢y # 0as k — oo, we get that
P/l(rs - > ¢, =0 A, by applying Lebesgue’s dominated convergence theorem.

Next, put

zZ wt
Cs := {(W/ iS) € Huyel(Z W) € Cyo) ¢ -
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0
Note that any M € Sp,, ,(Z)\ Sp,,(Z) with cps = 0 can be taken to be M = (g ( t)_1>
u

with 4 € GL,(Z). Thus, by using the dominated convergence theorem again, we see that
(cf. (3.2) and (3.3))

lim C(/, r’;P,l(:g) = Z% 60 fc Aye(—te('Z+1r*W))dZ dW
S

k—o00

= k .1 g
- Z:LteGLH(Z),)L det(u) /Cg e(tr(T Yy (2)-T Z))dZ aw,

U r'ty2

where 7" = | |
r/2 S

>. Expanding out T (Z), we see that the integral is nonzero only

u0

when 7[A] = 7'/, where A = <)\ ) Thus, we obtain Proposition 3.1.

14

3.2 Lower bound for Bergman kernel
Using the asymptotic orthogonality property for the Jacobi Poincaré series from the pre-

vious section, we obtain the conjectured lower bound for sup(J, ZMS [(jn g))

First, note that the quantity (det y)ke—dmtr( (St )¢ (z, z)|? is invariant under F‘{!. Thus,
using the Cauchy—Schwarz and basic integral inequalities, we have for any vo > 0 and
Yo € Mgu(R) (see [13, section 3.1] for example)

Sup(]m p ) > (det vo)ke_4”tr(s"al [yo])e_tr(4”V0) Z

&S;(n,g) |C¢(1m 0)|2-

b€Brsing)
We also have that (from (2.10))

2 a1, o) = Gy de 292
PEBLS;(ng) o Fﬂ(k— n+§+1)

C1n 0 P5"), (3.4)

From the asymptotic orthogonality, we have for k — oo,
C1 0;P%%) > 1.
Combining this with (3.4) we see that

4ntr(SV(;1D/0 )] 7tr(4nv0 (47[)”]( (det 25) 2

cusp k
supUps; ng)) >ng (detvo)'e (k — n+g+1)
Ty

3n( n+)

+5 det(25)%

k
74ntr(5v51[y0])eftr(4rrv0 (467T)n k
Jenk

¢ (detvo)¥e

by Stirling’s formula for the Gamma function.
Then choosing vo = ﬁln and yp = 0 we get the following lower bound.
Proposition 3.3 Let k be even. Then

3n(n+1)

sup(l,ffgff’n,g)) >ng 7 det(25)2  ask — oo,

14
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When n = 1, the behaviour of Fourier coefficients C(1,, 0; P]i'go) is explicitly known (see
Proposition 4.1 below and also [12]). To be precise, we know that C(1, 0; P,}g) > 1 for
k > ko for some explicit ko depending only on g. Thus for such a ko,

sup(/fe?) >¢ kiti det(25)}  for k > kos (3.5)
4 Upper bounds for the sup-norms of Jacobi forms on average
4.1 Bounds from the Fourier expansion
First, we show (cf. [13]) that the size of the Bergman kernel can be understood via the
Fourier coefficients of the Siegel-Jacobi Poincaré series. Let PZ; € ],fzsg denote the (n, r)-
th Jacobi Poincaré series and denote their Fourier coefficients by C(#/, r'; P,:’g ). Then we
have

Z(pegksg lep(m, 7)|* = C(n,1; P,Z’g)kkjéD = prs(m 1),

2
where we write D = det I: g and
rt 28

Mesp = D(0)(det 28) 712278227 D)~ with € = k — g/2 — 1. (4.1)

Then same arguments as in [13, Lemma 4.4] give us that

2
Bk,S,g(f) 2) < Vke—4ﬂ5[yz]/v< Z prs(n, r);e—Znnve—any) = qrs() V)Z.

nr;dn>S—1[r]

Since By s,(7, 2) is invariant under the Jacobi group, we may and will restrict (z, z) in
the standard Jacobi fundamental domain given by (here F is the standard fundamental
domain for the action of SLy(Z) on H)

flzfg] ={t=u+4+ivvz=x+iy|t € F,y mod v,x mod 1}. (4.2)

Using bounds for the Salie-Kloosterman sums (cf. [6]) appearing in the expression for
Pis(n r) and that on the Bessel functions, we get the following asymptotic for the (, r)-th
Fourier coefficient of the Jacobi Poincaré series PZ; (see [12, (5.1),(5.2)] for the bounds).

Proposition 4.1 Let py s(n, r) be as above. Then for, k > g + 2 (and £ as in rm (4.1))

2g/2(2n,D)€ Dg/2+e

Foaet2sy17 @+ Ol gerasyreese) (4:3)

pk,S(n: 7‘) =

For convenience, let us define the quantities v’ and S > 0, a matrix with integral entries,
by

Vo= v(2det(2S))7Y, S = det(25)(2S) L. (4.4)

Let us note that D = det(25)(2n — (28)71[r]) = 2ndet(28) — §[r]. Now consider the
following sum over D and r:

Oa, B) := Z:Dr(47'(1/D)£/2/F(€)1/2 exp (—va’D))K“D_’S exp(—27 (ry + S[r]v))),
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(4.5)
where r runs over Z8 and D > 0 varies such that D = —g[r] mod det(2S).
Corresponding to the two terms in (4.3) we can then write
(1) 2

aksr V) L g 505 v) + @0 v), (4.6)
where

a0, v) = vit3(det(25)) 7201/ Q(0, 0), 47)

1

40, v) = Vit (det(2s)) F e 2DV — % -2 —‘% —e). (4.8)

In (4.5), denote the sum over D > 0 by Q;. Using Stirling’s formula, we have
/2 _
Qi p) =y (4mv'D/€)"* exp (¢/2 = 2mv'D) €*1/*D P, (4.9)

Lemma 4.2 Let Qi(w, B) be as above. Then (with £ as in (4.1)),

vPee=P+1/4(det(2S))F Jorv > 12+

Qi B) K (e B34+ BT (det(25))F (14 veV2)  forv < Y2,
Proof First, note that the function A(x) := (4x/£)"/? exp(£/2 — 27x) attains maximum
at x = £/(4m). Moreover, when |x — £/(47)| > €1/2%€, h(x) has exponential decay in
£. Below, we take some care with respect to the parameter S, which we want to control
uniformly.

When v'D ¢ £/(4m) + O(£Y/2%€), we divide the range of D into 4nv'D < 2¢
and the dyadic intervals 2°¢ < 4mv'D < 210 for t > 1. Next, we count the
D satistying the congruence condition D = —g[r] mod det(2S). For each of the D
above, the corresponding summands decay sub-exponentially (cf. [13, (4.26)]). Finally,
summing over these sub-intervals, we see that the tail of Q;(w, B) is bounded by
exp(—cl€)(v' det(2S))~! = exp(—ct€)v~1, for some constant ¢ > 0 (see [13], especially
[13, Lemma 4.10, Lemma 4.11]). This reduces the sum (4.9) into a finite sum over D
satisfying VD = = + O(¢/2+¢),

We put the relation v'D < £ in the resulting finite sum and thus end up with the following
bound: Q1 (a, B) < C,v'#£*~P+1/4 taking into account the congruence condition; where

1/2+€

~ ¢ )
C,:=#D>0|D=-3 d det(2S),v/D = — + O(£1/2+e L
’ =0l Ir] mod det(25), v e ( < det(2S)v'

(4.10)
Recall that v/ det(2S) = v/2 from (4.4). From (4.10), C, < 1if £1/2t€y~1 « 1.1In this case,
Qi(a, B) < VP P4 (det(25)) 7.
In the other case, i.e., when £1/2€y~1 > 1, we have

Qi(a, B) < Lo PH3/AFeyP~1(det(2S))F (1 +ve™1/?).
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Since the bound for Q; is independent of r € 7€, we have
Qe B) € Qulew HRs(, V) Rstuv)i= D exp(=2m(ry +S[rv).  (411)

To estimate Rs(y, v), we simplify things by invoking the fact that S can be assumed to be
Minkowski-reduced. If we denote by s1, 52, . . ., Sg be the diagonal elements of 25 and put

r=(ry, ..., 1g), then we know that
S[r] =g (r{ det(2S)/s1 + r3 det(2S) /sy + . . . 7 det(25)/sq).

Then the quantity Rs(y, v) from (4.11) can be estimated as a product of g¢ one-dimensional
sums:

Rsorn) < [ ], Z,jez exp(=27 (rjyj + r7vs; ).

The one dimensional sums Ry;(yj, v) are estimated using the Gaussian integrals (see e.g,,
[19, No. 3.322]), and we get

a2
Ry (), v) < &7 (1 + S/Vl)f (4.12)

so that

2
Rs(y, V) < l—L eZnS,J'/ /V(l + S/,V_1> — eZnSLyf]/v I_L (1 + S],V—1>'

Thus from Lemma 4.2, (4.12) and (4.6), (4.7), (4.8) along with the fact that v >> 1 from
(4.2), we arrive at the following bound for g s.

Lemma 4.3 Let g.5(y, v) be as in (4.6). Then (with £ as in (4.1))

1

V4 (det(25))7 vit+E [T, ( 1) forv > £1/2Fe;
Qk,s()’; V) < 1
2

(3/4+e (de t(ZS))% V%, (1 4yl 1/2) l_[j (1 + \/511/7—1) otherwise.

4.2 Bounds from the Bergman kernel
We have from [3, Lemma 3.2] and (2.6),

Biisg(7,210,20) = 272 171 £det(25)2 i1 Y (@I (m s 0 20),  (413)
yeSLa(Z)

where ©|(Vy indicates the actions of y with respect to the first set of variables, and

N —_—
O = O s(7, z; 10, 20) := (T — Tp)2 k Z 0s,,(t, 2)0s,, (0, 20)s and
ne(2S)-178 /78

0s,,(7,2) == ZreZg e(tS[r +nl+28(n +r, 2)). (4.14)
Lety = <” b ) € SLy(Z), then
cd

05, (v(7,2)) (et + d) " 3e (—cSlz)(ct +d) 1) = es(n, 13705, (T, 2),
ne(28)~172 /78
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where 5(n, i; ) are complex numbers of absolute value 1 as in e.g. [3]. From (2.5) and
(1.6) we have that

_ t
Bisg (T, 2) = vk 4 Sl ]/VBk&g(r, ZT,2).

Thus the modified Bergman kernel By 5,4(7, z) can now be written as

Crse®y) Y. V(0D (@) =D Y esn, 13 )65,(z, 285, (7, 2),
y€eSLy(Z) nK
(4.15)

where Cys,(v, ) = £ det(25)'/ e 4SS /v,
From (4.15), we can bound IB%k,S)g(r, z) by

& ChsguW* S i ) (@) = 2)/21]) 5[ 3 (0, 13 )5, (7, 25,07, 2).
Y v, L

(4.16)

Let ps(y) = (es(v, u;37)),,, and © = (6s,,) - Then we know that ps(y) is unitary (see
e.g., [3]). Thus the sum over v, u is

= (ps(1)0, O)<(ps(1)®, ps(1)0) (6, ©)!/2 = (©,0) = 3 | 16,1

where we use Cauchy-Schwartz for the first inequality, and the unitary property of ps(y)
for the second. Here (, ) denotes the standard inner product on Euclidean space.
Note that from [3, Lemma 3.2], we have (see also [38, p. 182, (11)] forn = 1)

2, 05T 2 = (det§)2 v 0% (r, 2)
where
O*(t,2) = ZWGZg e(=Slz—z— 1t — pl(r — 7)~' — £S[A] — 221S2). (4.17)

We want good upper bounds for ®*(z, z). In (4.17) we first consider the sum over y and
see that it is bounded by

2,2
< exp(4nS[y]/v) ZueZg exp (MS[A] - %S[u] - ZTnuktSu + 4nytSA>.

14

Now considering the sum over A as well and bounding it absolutely, we are left with

7(—u? +1?)

O*(t, 2) K exp(4rS[y'1/v) ZA , XP < ”

Sl — %sm)

xexp| — 2_71 ALS gy — t
P ur'Spu + 4wy Sh — 2mvS[A] — 4w A' Sy
v

2 2

— 2

V) ey - s — —nuKtSu)
14 1% 1%

< exp(dmS[y']/v) ZA , €XP (

14
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We then notice that

2
Zexp( (u? +v ) S[A] — %S[/«L] - Tnu)\fsu> Zexp( wvS[A] — %S[uk + M]).

A

At this point, we can assume that S is diagonal, with s; denoting the diagonal elements.
Therefore, we can bound (4.18) as

1_[ Z*} " exp( as/ — bsj(ud; + 1)) ), (4.18)

wherea =<, vand b <, v~ For the one-dimensional sums, using the well-known bounds
on Gaussian exponential integrals (see e.g., [19, No. 3.322]), we get

qu exp(—m(ap® + b(up + q)*) < (1 + (am)_l/z) (1+ (bm)_l/z).
Thus, we have
a* 4 S[y']/v -1 =1 4 S[y*] /v -1
O*(r,z) K € ]_L<1+,/vsj )(1+,/(s,v) ><<e nj(1+‘/vsj )
Now we bound the sum over y. Write r = k — ‘% (= €+ 1) and define

M(t) = Z

From Corollary 2.16 and Proposition 3.2 in [36], we have for any n > 0 and A > 0

L E )}()/» e

M(t) <1+ yrm 3 g A

Then the sum over y in (4.16) is bounded by M(t). Thus, we have

Lemma 4.4 Forany (t,z) € F/ and € as in (4.1),
-1+ —A —1
Bys¢(t, 2) < € det(2S) (1 +ve 2T v ) I_L (1 +/vs; )

4.3 Final bounds

With the bounds on BK from the Fourier expansion obtained in Sect.4.1 and the bounds
from the geometric side of the BK in Sect.4.2 at hand, we are now ready to prove the
upper bound in Theorem 1.5. To do this, we split the fundamental domain ]—"‘é (F1 to be
precise) into suitable regions and use the bounds from the aforementioned subsections.
In particular, we consider the following regions. Recall the definition of £ from (4.1).

4.3.1 v > £det(25)'+¢
In this region, we show that By 5,(7, z) has exponential decay both in £ and det(2S). To
do this, first note that from (4.6) and (4.5), By s,4(7, z) is bounded by the quantity

v8/21 det(28)1/2e =4SV Ry (y, V)2<Q1(0 0)2 +det(25)¢/271/27¢ 0, (—*—1,—5—6)2)
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Next, using [13, Lemma 4.11], for any finite «, 8, we see that the quantity Q;(«, 8) has
exponential type decay in the region v > £. To be precise,

Q1 (e, B) < exp(—cov').

Thus when v > £(det(25))!*¢, the quantity By s5,¢(7, 2) is (with some absolute constant
c>0)

&« V&2 det(28)8/2+3/2 ]_[j (1 + s,vl) exp(—co V') < exp(—c k(det(2S))°).

4.3.2 £ KV K L(det(29))"*¢
In this region, from Lemma 4.4 we get

Bise(r, 2) < £/24(det(25)>7 [T (1 + /t(det(25))1+¢/s7)

& £3/2+g/2+e (det(ZS))g/H?’/He,

433 vk
First, consider the case v > £Y/2t€ det(2S). In this region, from the first bound in
Lemma 4.3, we have

Bise(T, 2) < £3/218/2 det(25)"/2

Note here that the condition on v implies that det(2 S) <« ¢1/27¢,

Next, we consider the intersection of regions v < £ and v « £1/2%€ det(2 S). Thus, we
have to worry only about the case det(2S) < £1/27¢, In this region, from Lemma 4.4, we
have

Bisg(T,2) < €37 det(25) [ [. (1 + zl/z‘sj‘l/ 2) & 031718/ det(25)1/2,
]

Thus we have the following bound on By 5,(7, z).

Proposition 4.5 For (t,z) € F/, we have
Bk,S,g(T) Z) < k3/2+g/2+6(det(ZS))g/2+3/2+€,

5 Contribution from index old and new forms

In this section, we restrict ourselves to n = 1 and g = 1. We demonstrate that for certain
indices m, there are ‘large’ natural subspaces of ],i'::lp . This is done by (unconditionally)
computing lower bounds or even the sizes of their respective BK. Here, by index old
subspaces (cf. [37, p. 138]) we mean the image of lower index Jacobi forms in IZZP under
the (combination of the) Hecke operators U; and V,,. We also show that for BK of the
index newspace, that is the orthogonal complement of the index old subspace in ],?:flp ,
the same is true as mentioned above. Unconditionally, we also show that it is possible to
improve the upper bound from Proposition 4.5 for some of these old subspaces, which
indicate that the bound on BK is closer to the conjectured bound than that implied by
Proposition 4.5.

14
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5.1 Size of some index-old spaces
In this section we demonstrate our assertions made above about the sizes of certain index-
old subspaces.

5.1.1 Theold-space Uj(J, ;")

Consider the operator U; : Jg1 — Ji 2. We estimate the contribution of the old-space
u,g Iiulsjj ) towards the BK for / ;72517 . That is, we estimate the quantity

ke—4n12y2/V|¢(r’ ZZ)|2

(Ui, U;9)

v
sup(Ul(],i';sP)) = SUPp«C Z¢

For U;¢ = ¢(7, Iz), first we compute (U;¢, Uj¢) in terms of (¢, ¢). We have an explicit
formula for U}* but not for U} U;, which we would need, so we compute things directly.

Write dju(t, z) = dxdydudv/v3. Then (U;¢, U;¢) equals

A 202
/ Ve 47l M o(z, lz)|*du(z, 2)
t€F1,y mod v,x mod 1

_ )
=1 2/ VK™V 6 (1, 2) | Pdu(t, 2)
t€F1,y mod lv, x mod [
!

_ a2
=2 / vKe=4my M o(z, 2)*dulz, 2).
j=1 teF1,(—1)v<y<jv,x mod [

Making a change of variable z — z + (j — 1)7, we get

l

=71 Z/ vke*47r(y+(i*1)v)2/V|¢(r, Z4 (G — 1)7)|2dlvb('f; 2)
j=1 1€F1,0<y<v,x mod 1
!
=1 Z/ vke*47r(y+(ifl)v)2/v|e(_(j _ 1)21' —2( — l)z)|2|¢(1,, Z)|2du,(t, 2)
j=1 1€F1,0<y<v,x mod 1

=11 1{(p ¢) = (¢ ¢).

The same calculation holds for two forms ¢, ¢'. In particular, orthogonal forms go to
orthogonal forms. Also, note that U] is injective. Thus we see that sup(l,[;(]lf L;Sp )) equals

Vke—4ﬂlzy2/1/|¢(.[, lZ)|2 Vke_4ﬂy2/v|¢(f, Z)|2
sup = sup
HxC ® <U1¢, ul¢) HxC » <¢, ¢>
= sup(]gfp) = k% =K%

Thus the size of Lll(],?is’g) is same as that of],i'fp.

5.1.2 Theold-space V,(J,;*)

Next, we consider the operators Vy, : Jx1 — Ji,, defined for each m > 1 in (2.2). When
m = p, a prime, the image V},(Ji1) is part of the index-old subspace inside ]IEZSP . We
will discuss the properties of this operator in more detail in Sect. 7.3.1. Now we only
borrow a fact from Lemma 7.2. Namely, (V,,¢, V,¢) = (Ar(p) + (p + l)pk_zkf(l))<¢, P >
pk ~1(¢, ¢), and that Vy(@), Vp(¥) are orthogonal if ¢, ¥ are orthogonal (or distinct) Hecke

S

P admits a Hecke basis, it follows from these two facts that Vyp is

. . CU
eigenforms. Since / 1
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injective (but this may not be true for non-prime indices) and thus for a Hecke basis {¢}

of Ji1, we can write
sup(Vp(;17)) := SUp(r ) cpixc Z¢(Vp(¢)/ Vo2

~ 2
where, for ¢ € ];LZP and m > 1, we define ¢(z, 2)? := vke 47" /V|¢ (1, 2)|%, and note that
itis I'V invariant. From its definition, notice that V,,(¢)” equals

DD akd)(m; b’az)‘z

ad=mb mod d

R D =L ) S i e

d
ad=mb mod d dimb modd

2 2
vkef4-7'[my /V|Vm(¢)|2 — m72vkef4-7'[my /V

Next, we can use the Cauchy-Schwartz inequality and the lower bound on || Vy(9) || to

write

cus — < +b
Sup(vp(]k,lp)) <<19 ! sup(r,z)eHx(C Z( Z d) : Z Z ¢(atd ,ﬂZ)2

¢ ad=p ad=pb modd
B ~.at +b 2
Lp 1([7 +1) SUP(7,2)eHxC Z Z Z ¢( d ﬂZ)
ad=pb modd ¢

<plp+1)>? SUP(7 ) cHxC Z¢ o(r,2)* < p K2

Therefore this bound is better than what we would have obtained from Proposition 4.5.
Now we compute a lower bound for sup(Vm(],fbfp )). For any m > 1 and any fixed
vo > 0,50,

4nmy%

sup(Viu (1 17)) = / / D Ve 0 (Vi + ivo, x + iyo)l/ Vi |l) duds
’ u mod1lJx mod1 P

471my2 1

k = 0 —4mvg
>vpge 0 e e
Xd,: 1Vl

2

/ / Vind(u + ivo, x + iyo)e(—(u + ivo))dudx
u mod1lJx mod1

2
471my% ‘CVm(p(l, 0)’

_ kT Ay
—Voe 0 e —_—
; 1V 2

Using the Fourier expansion of Vj,¢ from (2.3) and ||V,,¢[? < mk—1He ||1p]12 (see
Sect. 7.3.1), we get that

_ b )
sup(VinUgy 7)) > m ™ 17¢vfe™ 0 e7470 N " (e (m, 0)|/ l1p11)
¢

4 my2

ity
=m ke v 6_4”"°(kk)1,4m)_1C(m,O;P,’:io).

where Ag1 4 ~ I'(k— 3/2)(4rm)~*+3/2isasin (4.1) if we notice that S = 1and D = —4 m
inloc. cit. We know that (cf. [12, Prop. 6.3]) C(¢ 0; P]i(i) > 1/2fort <« k*~¢.Thus, choosing
yo = 0, vo = k/4m, we conclude that for any € > 0,

14
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sup(Viu (]msp)) >e k2m—1/27€,

We summarize the results of this subsection in the following proposition.

Proposition 5.1 For any [ > 1, we have sup(l (]CMSp)) k2. For any prime p,
P y plt Yy p )z
krp~12¢ « sup(Vp(],iqu)) & k?p, the lower bound being actually valid for any m > 1.
Thus the subspace Ul(] "FY has the same size, up to absolute constants, as that of the space
]cusp'

5.2 Size of index-new space
We first define two classical notions of a ‘new-space’ in the literature (which we denote

by "newl” and "new2”) in the context of ]CMSp

, and show that they are actually equal.
Apparently these two definitions are in use in [33], but we could not find a relation
between them in [33]. Even though we work here only with m, a prime, for which Sect. 5.3
would have been enough, but for future applications in mind and to fill this seeming gap in
the literature, we present Lemma 5.2. We believe that it will be useful for the community.
This subsection also explains our need to write Sect. 5.3 in the first place, something we
believe should be communicated.

We have the following decomposition for ]]?::lp into index-new and index-old spaces
according to [37, p. 138, (4)] (see also [33, p. 2613, (41)]). The first definition states that it

is just the orthogonal complement of the (explicitly defined) space of index-old forms.

1
cus, cusp,newl cus newl cus ,newl
Joup = jp B JompalUaoVi=J0" S \Ua o Vi (5.1)
1d?|m,ld?>1 (Ld)

The second definition runs via eigen-packets of elliptic newforms. Let {f;} denote an

orthogonal basis of eigenforms for SJ;", (p) and define,

]cusp new(f) _ span{¢ cJ cusp | TI(QW — )‘f (q)¢, for prlmes q J( m},

and deﬁne]C”Sp new? @f T SPTEY (£ (see [33, sec. 5.1]).

cusp,newl cusp,new2

Lemma 5.2 With the above notations, one has ] em

Proof We use the fact that the Hecke operators Tj(n) for (n, m) = 1 are Hermitian on
]Cmp and that 77(n) commutes with V;, U; when (1, Imd) = 1 (cf. [16, § 4, Corollary 1]).
By abuse of notation, we denote by the same symbol 7;(#) the Hecke operators on index

m and for lower index forms. Moreover, T;(n) leaves Jm cusprewl i variant ([37, p- 138]).

We first show that ] cuspnewl C ] . Since ]
tian 77(n) as noted above, we can decompose it mto 51multaneous eigenspaces for all the

cusp,new?2 cusp, new

is invariant under the Hermi-

T;7(n). From [37, p. 138, (ii)] we know that there exists a Hecke equivariant isomorphism

% between ]C”SP 7ewl and M,;"" (m) for all m > 1. By looking at the spanning set of

, therefore the eigenvalues occurring in the eigenspaces under 77 (n)

above must come (only) from those of M,;""" and we are done since this is precisely the

definition of ]

cus newl
newforms in ] P

cusp,new2

cusp,new?2 cusp,newl

Next we show ]

< Jim
In fact, we already have equahty by [16, Thm. 5.4] and standard results on the Shimura

by induction on m. This is clear when m = 1.
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correspondence (cf. e.g., [16, § 5]). Next, assume that/ ”::f newl cJ C:{;‘? newl gor anym’ < m.

cusp,newl c ]cusp,new2

Since ]k,m o for any m, we have ]k,m’

cusp,new? cusp,newl . .
P =Ji m},g as our induction

hypothesis.

Now consider a newform f € S, (m). Write 0 # ¢ € ], cuspnew?

km

(f) as (with the tuple
(4, d) as mentioned above)

O=D  b+D L, VsllaoVs

where ¢; and v run through a basis consisting of simultaneous eigenfunctions of 77(n),

cusp,newl cusp,newl
Jim and J;

as (/, d) varies over as in (5.1). If we apply T7(n) on both sides and equate coefficients, we

for all # such that (1, m) = 1 on respectively, where m’ = m/ld?

would get for all (n, m) = 1,
Ap(n) = A(n) = As(n) (5.2)

for all s, ¢ for which v, ¢; are nonzero. Here obviously the quantities A.(#) denote the
eigenvalue of the relevant objects under 77(n). But then, by induction hypothesis, A4(#) is
the eigenvalue of a level m’ (< m) elliptic newform (here we use multiplicity-one to get a
unique such newform) so (5.2) is not possible again by multiplicity-one. Therefore, all the

cusp,new2 - cusp,newl )

¥s must be 0 and Tim

= Zlkm
newl Hew2 ) ,
Thus we have J, 2" = [P and we call either of the spaces as J;, .. O

cusp,new

For a fixed i, let {¢;;}; be an orthogonal basis for ]k,m (f2)- In general, note that the
multiplicity in the space of newforms in the case of Jacobi forms might be greater than
one-as is the case sometimes with half-integral weight forms of level 4N with N not
square-free, and in many cases the aforementioned newspaces are isomorphic as Hecke
modules. Then we define our object of interest in this subsection—the contribution of the
newspace towards the size of the BK of ], IZ[ZP ’new—by

#ij(T, 2)ij (70, 20)

BioW(t, 2,10, 20) = ) .
km ZL,] (¢ij> dij)

For any negative fundamental discriminant D with (D, m) = 1 and D = r*> mod 4m,
we have a Waldspurger-type formula (cf. [33],.2 cf. (5.9) for m prime, probably (5.3) is true
for any m > 1, but have not verified this. We will only use m to be a prime.)

leg, IDDI> Tk = DD L(k — 1 ® xp)

i (G by)  RH2KBk—lyk=2 {fifi) (53)

Here Rp = #{t mod 2m | t> = D mod 4m}. For example, when m is a prime, Rp = 1
or 2 depending on whether D = 0, m? mod 4 m or otherwise. If we choose (1, r) such
that D = r%> — 4mn is a fundamental discriminant with (D, m) = 1, we quote from [33,
Thm. 5.7] that (by an argument verbatim same as in Sect. 3.2)

2-p  |DK320(k — 1 Lk —1,f;
sup(]cusp,new) > Vée_4nmy2/ve_4ﬂ TnDVO |D| ( _ ) Z ( ft ® xp)
fom @ik 2

3There seems to be an extraneous index factor i,,3s in [33, (29)] The factor Ré is also missing.
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Choosing vp = ,y = 0, we see that with (D, m) = 1,

4nn

e

(5.4)

k—3/2 _ k _1f
sup(]cusp new) |D] I'k—-1) ) (k> Zf Lk—-1f® XD)‘

>> —,nHew
(477 )2k k=2 €815 (m) {fio fi)

From now on we will assume that m = p, a prime. On the one hand we have to maximize
the lower bound and so should choose D as large as possible in (5.4). On the other hand,
choosing D very large compared to p would destroy the asymptotic formula of the average
of L-values in (5.4). Moreover, the analytic conductor of the modular forms f; ® xp is
k*D?p if (D,p) = 1 whereas it is k?p? if, say D = —4p. The former choice of larger
conductor leads to some difficulty with the asymptotic analysis, see below. So choosing
D = —4p seems to be a good option. This is also supported by the fact that we can always
arrange (1, r) such that 0 < [r> — 4np| < 4p by the division algorithm, so D = —4p
maximizes our choice from this point of view as well.

However, there is a technical problem now - the Waldspurger-type formula as in (5.3)
is not written down for index p Jacobi forms when p|D. Fortunately, it is possible to put
together various resources to overcome this, which we do below. The final result is that
(5.4) holds true when p|D as well. We will choose D = —4p, but have to distinguish
between the cases p = 1, 3 mod 4. This leads to the final lower bound, which is discussed
in Sects. 5.5.1 and 5.5.2, respectively.

5.3 Detour via Eichler-Zagier map, Baruch-Mao's formula when p|D
Let k be even. We use the following results.

(i) Let us put Sk 1/2(4[) ={g= Zag(n)q €S 1/2(4[)) aq(n) = 0 for (%‘) = F1}.
Further, put S+_p S (ap) = Sk;l /2(419) N ;7" (4p). The generalized Eichler-Zagier

1/2 k—1/2
+
(EZ) map Z,: ],f ZSP — S]jzpl /2(4[)) is defined by means of the Fourier expansion as

—D, +rz> -y Y edn] Dl

D<0 \r mod 2p,r>=D mod 4p

2
Z cp(D,r)e (r
D,r

Note that ¢y (D, r) does not depend on r as ¢ € ];;SP:new (cf. [33, Cor. 5.3]). Thus when

N
restricted to the newspace, Z,,: ] cuspnew S,:zpl /’2” " (4p) becomes a Hecke equivariant

isomorphism (cf. [16, Theorem 5. 6] [33, Theorem 5.4]) and reads as*

2 _
ZDr cp(D,r)e (r

where the pair (D, r) runs over integers such that D < 0 and D = r?> mod 4p and in the

. rz) = > Rocs(D)e(Dlr), (5.5)

second sum D < 0, D = [0 mod 4p and Rp is as before.

This implies that a strong multiplicity-one result holds for both of these spaces in view

of (another) Hecke-equivariant isomorphism (via the trace formula) between Jim CUSPIEW and

a S, (m) (cf. [38], the minus refers to the root number being —1) for any m > 1.

(ii) Further from Kohnen’s work [27, Sec. 5, Theorem 2 (iii)] the spaces S 171 /2" “(ap)

(which can also be described as the +1 eigenspace under a suitable involution) and

4We point out an incorrectly stated definition given in [33, Theorem 5.4] wherein the quantities R were omitted.
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+
P new
Sokla
Hecke modules (under some linear combination of Shimura maps, say .%). In particular,

(p) (consisting of the +1 eigenspace of the Fricke involution) are isomorphic as

multiplicity-one holds for these spaces.

(iii) (Baruch-Mao) We only invoke the details pertinent to our case at hand, for more
details the reader is referred to [9, Theorem 1.1] and the example following it. We take
some care in presenting the argument, as it is not very commonly available in the setting
we need.

S,:r’fl;’; “”(4p), and let .#p be the D-th Shimura map (see e.g., [27]), one for each

fundamental discriminant D, including D = 1. If we put f = .#;(g), then by multiplicity-

Letg €

one on S77", (p) and the commutation of the maps .#p with all Hecke operators, one gets
that #p(g) = as(|D|)f for all D; and moreover under the isomorphism mentioned in (ii)
above, g corresponds to f since the image of ¢ under the linear combination of Shimura
maps leading to an isomorphism—as mentioned above—is still a constant multiple of f, if
we re-scale this map. With this convention, the result of Baruch-Mao (which removes the
assumption (p, D) = 1 from [28]) states that for all D with (—1)*"1D > 0 (i.e., D < 0 in
our case)

lcgIDD* _ 20k — DIDI*32 Lk — Lf ® xp) 56)
&g 3rk=1 {f) ' '

The factor 3 = [[g(4p): T'o(p)] comes because our Petersson norms are not normalised
by volume. The reader might notice that we have not mentioned any local conditions, viz.
(D/p) = np(f) because certainly the result holds for these discriminants (even when p|D)
and it is also known that both sides of (5.6) are 0 when (D/p) = —n,(f), see [28, Remark
after Corollary 1] and the second part of the example following [9, Theorem 1.1]. Here we
use that D < 0 and k is even. Moreover, 1,(f) is the eigenvalue of the Fricke involution at

p.

5.4 Relation between Petersson norms

Letg € S,j’_pl’;lgw(llp) be the image of ¢ € ];;Sp’newz g =2Z,(¢) asin (5.5). Put f = S1(g) €

Sg;’_";w ). Then g f are uniquely determined, and Rpcy(D) = c4(|D|). Thus (5.6) holds
with ¢ (| D) replaced by Rpcy (|D|). The only thing that is missing now is a relation between
(¢, ¢) and (g g). This deep result is available from the thesis of Skoruppa [35, Satz 4.1],
but perhaps is not well-known, so we give a brief account by translating it to our situation.
Let us first state the result and then explain the notation. In the passing, note that it is
not enough to quote a similar inner product relation from [1] since they deal with index
1 Jacobi forms of level p, whereas we have index p to start with. Also it seems difficult to
generalize the method in loc. cit. via residues and Rankin-Selberg method to our situation
because of complicated congruence relations on the Fourier expansions. We therefore
take the path via Eichler-Zagier maps.

Namely, in the notation of [35, p. 94, (4)], if ¢, ¥ € ],:{n (a certain subspace of Ji ,, see
below) and x mod F is a Dirichlet character, then

(¢, W) = [SLa(Z): To@m)] ™t cf, (2L, () ZL, (V). (5.7)
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Here ¢! = (4m)k_1a£n(1)- {p mod 2m | (p, FQ) = 1}|~1, where F|2m and Q is the

km
largest square dividing m and Z,fm is the generalized Eichler-Zagier map. For the constant

wf;,,(l), when m = p a prime, see below.

Now note that for us the Dirichlet character y mod Fis 1, F =1,m =p(and Q = 1
in loc. cit.). Jx, (more generally for any index ) can be decomposed as a direct sum of
certain canonical subspaces ], ,31{ (f |p,f square-free). Now from [35, Satz 2.3] it follows that
(since k is even) Jip = ],i’; and the other component is 0. Thus for any ¢, ¢ € Jips from
(5.7) we get the following identity relating the Petersson norms if we note that the quantity
a)g(l) occurring in the definition of C/l,m equals p + 1 (cf. [35, p. 23, (13) and p. 39, (29)]).
Note also that the Petersson norms in [35] are normalized by volume, whereas ours are
not. The factor p + 1 above thus cancels out and we get:

(@ p) =371 252k 2g g, (5.8)

In conclusion, we can write the following Waldspurger’s formula for any fundamental

]cusp,new

discriminant D < O and any ¢ € oy , with f, g as in this subsection.

lep(IDDI* _ T(k = 1IDI*32 Lk — Lf ® xp)
(@ 9)  RE2A-3gh-1pk—2 (f) '

(5.9)

Thus summing (5.9) over the corresponding (isomorphic) newspaces, (5.4) holds for all

( ;;s‘n ey we will choose

fundamental discriminants D < 0. For the lower bound of sup
D = —4p but for the upper bound we need (5.9) for all D < 0. This leads us to study an
asymptotic formula of the averages of central L-values, which is the content of the next

section.

5.5 Back to the size of the new-space
Recall the following relation between (£, f) and L(1, sym?). If f € Sox_»(p) be a newform,
then we have (cf. [23, (2.36),(3.14)])

12¢ (2)(ff) = T(2k — 2)p(dm)* L1, sym?f). (5.10)
Moreover the estimate in (5.4) is now valid for p|D also. We now distinguish two cases.

5.5.1 p=1mod 4

We now choose D = —4p when p = 1 mod 4 so that D is a fundamental discriminant.
+

Note that in our notation, S5, ;" (p) = S, (p) when k is even. With these at hand, we

now invoke Theorem 1.6 and Corollary 6.2, use the conversion in (5.10) (see (6.28) for the

asymptotic formula) and substitute back in (5.4) to see that

cusp,new
sup(/¢“?

kp > k2pl/2, (5.11)

) >

@p) 32Tk — 1) (k\" (@m)*-3
(47) % pk=2 (Z) I'(2k —3)

5.5.2 p=3mod4
Recall that D < 0 and D = [0 mod 4p. When p = 3 mod 4 we still take D = —4p. In
this case D is not fundamental, but recall that for any discriminant D, if we uniquely write
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D = n?Dy, where Dy is a fundamental discriminant, then for any newform f under our
consideration, we have (cf. e.g., [28, p. 241, (11)])

cg(ID]) = cg(IDo)) ) mw()ﬂlywm (5.12)

d|n,(d,p)=1
Forus Dy = —p and n = 2. It is easy to see that only d = 1 survives in the sum over d|n
above, and the sum equals A (4). Thus here we would require an asymptotic formula for

2 @LA/2f @ xp) )7

with the extra eigenvalue included. The result is given below, whose proof is however
deferred to until the end of the next section, for better exposition. See Sect. 6.3 and
Proposition 6.4. In particular, the same lower bound as in (5.11) holds true for p = 3 mod 4
as well.

5.5.3 Bounding the size of newspace via central L-values
For any discriminant D, from (5.12), we have |cg(|D|)|2 & prk—3te |cg(|D0|)|2. Now using

the Waldspurger/Baruch-Mao’s formula for |cg(|Do|)|2, we get the following bound on
the size of index-newspace which can be treated as in Sect. 4. We believe that the bound
below could be useful for future investigations.

P I'(k—1) k_3, Lk = 1f ® xpy) \
sup(/, ") ke Py ”m( > (T )
2 TP D,r,D=n2Dy f (#f)

TV v \?
X exp (—%D> exp(—2m (ry + M”) .

This relation produces the conjectured upper bound for the new-space in certain regions
(viz. v < k and v > kp'T€). But we would still require the arguments from the geometric
side of the BK to obtain the conjectured bounds in the remaining regions, which at the
moment gives the same bound k?p?. Thus we do not carry these out and only mention the
global upper bound. For convenience, we state the results on the new-space as follows.

cusp,new

Proposition 5.3 For k even we have k*p'/? « sup(] ) < k*p?. Assuming Conjec-

ture 1.3, one has sup(Jj. , cuspmewy Sup(]CuSP)

6 A first moment of central L-values

In this section we prove Theorem 1.6. We first discuss the root numbers of twists and
then appeal to a variant of the Petersson formula on the space of newforms. Let us note
that our formula (see Theorem 1.6) is uniform with respect to the parameters D, p, k, and
this is important for the sup-norm problem. We have restricted to level p because the part
of the argument from the Jacobi forms side seems reasonably tractable only in index p.
For higher indices (cf. e.g., (5.8)) much more complicated scenario ensues. Perhaps with
more care, one would be able to generalise Theorem 1.6 to any square-free level.

6.1 Root number

For a newform f of weight 2k — 2 and level p, the root number of f is given by ¢ =
np(f )(—=1)¥~1 where np(f) denotes the Atkin-Lehner eigenvalue of f at p (see [22, Section
5.11]). Moreover, one has the relation (see e.g., [23, eq. (2.23)]) n,(f) = —Af(p)pl/z. The
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root number foxp of the L-function attached to f ® xp can then be calculated as (see
[34, Section 8.1]):

e = Xp(=)(@)q i (q)ey.

Here we write p = rq’ with (r, D) = 1 and ¢’|rad(D), with rad(D) being the product of the
primes dividing D. Therefore, when (p, D) = 1, we have

o = xp(—p)er = sgn(D)xp(p)er = —(—1)F 1 sgn(D)xp (@) (p)p'/*; (6.1)
and when p|D,
€ @xp = —XD(—l))»f(P) Ef = sgn(D)n,(Me(f) = 1)k 1sgn(D).

In the case of our interest, i.e., kK even and D < 0 with D = [0 mod 4p, we have
xp(—=1) = =1, xp(p) = land ¢y = Af(p)pl/z. Thus for the sup-norm problem we would
be interested in,

B —)\f(p)pl/2 if(p, D)=1land D =0 mod 4p;
6f®XD = (6.2)
1 if p|D.

Remark 6.1 For f € By, ,(p), the twisted central L-value L(1/2,f ® xp) = 0 (for sign
reasons) in the following cases:

(1) (=1)k1 sgn(D) = —1 such that p|D,
(2) sgn(D)xp(p)ef = —1land (p, D) = 1.

In the cases where the root number does not enforce vanishing of all the central L-values,
our asymptotic formula holds true.

Corollary 6.2 Thesums feB ) in (1.11), (1.12) of Theorem 1.6 are actually supported
on the set B, ,(p) C B}, _,(p) consisting of newforms with root number —1.

This is clear from the above discussion - the L-values L(1/2,f ® xp) vanish if the root
number of f is +1, given the other conditions.

6.2 Proof of Theorem 1.6
For better understanding, the proof is subdivided into various subsections below.

From the relation (5.10), it is enough to get an asymptotic for Zfi L(1/2,fi® xp){fo fi)~
Using the approximate functional equation for L(1/2, f; ® xp), we see that Zfi L(1/2,f; ®
xo){fo fid~

Ar(
_Z 1/2 I/Z)Z Z 1/2 V( /ql/z)zef@w (}J;;f (6.3)

where the level g of the twists satisfy g = pD? if (p, D) = 1 and g = D? if p|D (see e.g., [34,
p. 311, para 3]). We denote by q := k?g, the analytic conductor of L(s,f ® xp). Further
note that A (n) is real for all n.
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Denote the two sums in (6.3) as S and T, respectively. When (p, D) = 1, the analysis of
the sums S and T will be somewhat different from each other since the root number is
not constant (cf. (6.2)). We will consider S in Sect. 6.2.1 and T in Sect. 6.2.2 below.

For both S, T we will use a variant of ‘Petersson formula’ for the newspace of level p, see
[23], [34, Theorem 3]. In the notation of loc. cit., we put

(47T)Zk_3

A At *
D MY f) T = rac—3 )

From [34, Theorem 3], we have the following formula for the quantity A;(l, n).

AsLm) =) iz ZCedl)CedﬂZVl“)/ > Z Am(dr, 5%),

LM=p LIL>® d ,do | v|(n,L) bl(%,v) el(d, 5 2

(6.4)

where the notations are as in [34]. In particular p(x) is the Mobius function, v(p) =
p+1Lv(l) =1and Ap(s £) = 8(s, t) + 25— 2k+2 ZMlc c1S(s, t; ¢)Jox_3(4m /st /c), where
S(*, *; ¢) and Jox_3(*) denote the classical Kloosterman sum and Bessel function, respec-
tively.

6.2.1 Analysis of S

4 2k—3
}:ﬁ%vm%%iyﬂm%ﬁ*z&;_QEZﬁ?vwf%gum
n ﬁ n

Denote by S;(n) and S»(n) the terms corresponding to L = 1 and L = p in (6.4), respec-
tively. Then

V(n/q"?)(S1(n) + Sa(n)). (6.5)

_ (@m)*3 xp(n)
T2k —3) Zn nl/2

Using the decay of V(y) (see [22, Proposition 5.4]), the sum over # can be truncated at
n & q"/**ek*e = q1/2*€ with negligible error in k, p and D.

From (6.4) and from the fact that c1(1) = 1, we see that S1(n) = A,(1, n), where A,(1, n)
is as defined above.

From [23, Corollary 2.2], we have the following asymptotic result:

3/8

(1, p)1/2pPlA—€f13/12 )

Si(m) = Ap(1,m) = 6(1,m) + O (6.6)

Write S1(n) = M1(n)+ Sf (n) corresponding to the main term and the error term in (6.6).
Here we write Ef (n) to stress the dependence on k. It is understood that all the quantities
depend on p. Then we find that

> X’ﬁ(/z) Vn/q ) Mi(n) = V(1/q"*) = 1+ O(q~*/?), (6.7)

where we have used the asymptotic V(y) = 1 + O((yk~1)%) with 0 < o < k/6 (see [22,
Proposition 5.4]).
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For the error term Sf (n) we use that V' (y) is bounded and thus in both the cases, we get

xp(n) 1/2y ok 1 n3/8
1% & —
2 V) < ,,<<§M W72 (n, p) V25— k13/12
< p72+ek7%+sq%+e‘ (6.8)
Now consider Sy(#). Again from (6.4) we have
Sm= 23 P S e
RSP~ PR Ve
120 dy,da|pt
v (V)
Z M Z Z Ax(dy, 2;,2 (6.9)

v|(np) bI(§.v) el(da, 73)
We use the following asymptotic for Aj(m, n) (see [23, Corollary 2.2]).
A1 (m, n) = 8(m, n) + O((mn)3/3+€~13/12), (6.10)

Corresponding to the main and error terms, we write Sa(n) = Ma(n) + 55 (n). We first
evaluate the main term My (n).

v u(v)
p+12(p+ 2 epldey(d) Y, o5 )

dy.da|pt v|(np) bl(%,v)

> oy, 5%). (6.11)

e|(d2,b7)

Note here that, since dj, dy are powers of p in (6.11), we have

=0 if n is not a power of p;
Mo (n) ‘ (6.12)
< 1/p ifnisapower of p.

e The case p|D: In this case, the only contribution comes when (1, p) = 1,since xp(n) =0
for (n,p) > 1. When (1, p) = 1, the contribution from the sum over v is §(dy, ndy).
Since both d; and d; are divisors of p, §(dy, ndz) = (1, n)8(d1, d2). Thus when p|D, the
contribution from My(n) is

3 20 g Moti) = Cp) + O g, (613)

if we recall the definition (and a bound) of C(p) from (1.10).

e The case (p, D) = 1: When (n,p) = 1, the contribution from the sum over v is
8(dy, ndy) = 8(1, n)8(dy, da). Next, consider the case (1, p) = p. In this case, the contribu-
tion from the v sum is

- L) S stdundye?) - L= S 8(dy, ndy /). (6.14)
p+1 p+1

el(da,n) el(da,n/p?)

Since d = p/', dy = p?, for some jy,jo < t, the contribution comes only when # is a

power of p. Also, ¢t (»') = Owhent # i mod 2. Therefore, the sum survives only when #
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is an even power of p, say n = p” for somej > 1. Now, multiplying by n~1/2

and summing
over # (thatisj > 1), we get the following telescoping sum (noting that # sum is truncated

at < ql/2%€):

(-1
Y Y s dz) RN 5<d1,172_210’2))
Lie p]el(dz,pzf) v e|(da,p2U=D) €

1<]<<log q

= —8(dy, dy) + O(q" 7). (6.15)

Now observe that xp(n) = 1 for all # = p¥ and V(y) = 1 + O((yk~1)¥). Thus for any
o < 1/2, using (6.12) and combining it with the contribution from (n, p) = 1 (cf. (6.15)),
we get

> 1(/2)‘/( /4" Ma(n) = p‘i1‘C(p)+O(p*1q*“/2+p*1q*i*)‘ (6.16)

Next, we estimate the error term Eé‘ (n) of Sy (n).

k B ndydy 3/8+¢
S ot X aem Y Y Y ()
2,2
1= (”+ 1 dl,dz\p vI(mp) bl(1/%,v) e2|(d,n/b2) b,
3 3
n8+e 38 §+e 1 n§+e
13 Zp Z dl)c (d2)(d1db>) ote < 13 t(1/4—€) 13
k12 P >0 dndolpt k12 p tZop k12 p
(6.17)

Here we use the bound from [34, Lemma 2]. Therefore, the total contribution from the
errors Eé((n) as # is summed is:

1
1/2 —13/12 -1 —17-5/24 6
<<Z 1/2 V( g DES () < k32T N e <Pk [24te g7/16+e
n<<q1/2+6

(6.18)

Combining the contributions from S (n) and S2(n), we get

(1) When (D,p) = 1, putting together the contributions from (6.7), (6.8), (6.16) and
(6.18), for any o < 1/2 we get,

(471)2k—3

V4 —a, —a/2 y—a —9/16+€ 1, —5/24 1y7/8+¢€
S = 1 C(p) + Ok 2D /16+¢ g =3/24 p7/8+e)),
F(2k—3)( TP Oy p )
(6.19)
(2) When p|D, from (6.7), (6.8) (6.13) and (6.18) we get
(47.’:)2/(—3 B B 5 _
S _ 7 1 C o k OtD o /4+€k 13/12D7/8+€ . 6.20
I‘(2k—3)(+ () + O +p ). (620
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6.2.2 Analysis of T
Now we estimate the dual sum for the case (p, D) = 1. Since A(p)A(n) = A(pn) and from
(6.1), we get

(47)% xp(n) «
T = — (—=1)* L sgn(D) xp (p)p"? Ta=3) Zn ,ﬁm V(n/q'?) A5(1, pr)

4
= —(=1)""" sgn(D) xp(p)p"/? IE(JZTIZ 3 Zn X}ﬁ(/z) V(n/q"*)(Ti(n) + Ta(n)),
(6.21)

where 7;(n) and 72(n) are the terms corresponding to L = 1 and L = p in A;(l,pn),
respectively. We now treat 77 (n) and 75(n) one by one.
We clearly have 7;(n) = S;(pn) for i = 1, 2. Thus, from (6.6), we have

n
3 2 g Tim < p kA g (622

For 75(n), first note from (6.9) (replacing # by np) that

-1 4 v (v) d
To(n) = Ar(dy, 253).
2(m) p+1z<p+1>2t Y epldi)ey(dr) ) 0 Z | My )
t=0 dy,da|p* vip h|(7",v)e|(d2,b—12’)
(6.23)
The contribution from v sum is
npdz V4 npds npda
P 1 (D DIRSICIL SR BN 0)
e|(da,np) el(da,np) el(da,n/p)
1
=11 D Ay, 2R - +1 Y. Ad i) (6.24)
el(da,np) el(d2,n/p)

Now in (6.23) write T5(n) = M3 (n) + Eg’*(n) corresponding to main and error terms of
(6.10). First, recall that M3(n) = My (pn). Using the same analysis as in (6.14) and (6.15),
we see that the only contribution of the 7 sum, where we have put np = p%, is from the
telescoping sum up to an error O(q’%’e) as we observed after (6.15):

1 id 1 2(-1 g
wep'” Y DD Wl’pez T 2 ‘S(dl’%))

, 1 % 26-1)
1<j<log, g1 ¢ +1 el(d2.p?) el(d2,p?0=Y)

1
= —xp(P)P**8(d1, d2) + O(q~+7°).

Therefore, we see that (for @ < 1/2) 3, %4 /’21) V(n/q'/*) Mi(n) is (recall the definition of
C(p) from (1.10))

XD(p)pl/Z -1, —a/2 _1_
T 12 Z(p+ 2 D@+ 0™ +q 717
20 dip*
—xp(p)p'

S A 3 —1_—a/2 -1 —%—e
= o+ Cp)+O0p—q " +p'q ). (6.25)
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For the error term of 75(n) similar estimates as in (6.17) follow and we get that Sg’*(n) =

EXpn) is

et D ey T (=) 3 ()

20 dvda|p* e|(da,np) el(dn/p)
3te 3te gte
ns ns 1 ns
1B Z Z dl)c (da)(d1d2)® e K70 Z 1 K7 1
/(12 pe e t>0p dy,da|pt k2 ps—¢ t>0 Pt(z_e) k2 pg—¢

Thus

xp(n) & B _1u 1 _ _
Z nl/z V(n/ql/Z)gz *(n) <« k Rp~8 +e Z n1/87€ < p 11/8+€k 5/24-+€q7/16+5‘
n

n<<q1/2+e

(6.26)

Putting together (6.25), (6.26) we see that (for ¢ < 1/2)

_ (m)?=3 ((—1)fLsgn(D)p
T T'(2k —3) p+1

(6.27)

Gathering everything together, we see that

(1) When (p, D) = 1, we choose « = 1/2 — € and add (6.19) with (6.27) to get

L(1/2,f ® xp) (4'7[)2](73 7/8+€,—5 _
— A o(D g/ /24+€ —7/164€ )
ZfeBk ) (5 f) T2k — 3) ( p+ Ol ) P )>

(2) When p|D we choose @ = 1/2 — € and add (6.20) with (6.27) to get

L1/2f ® xp) _ (4m)*3 ey 1312, —5/abe
feBy 0 (ff)  T(2k—3) (B, + O@7/P k131250 ),
(6.28)

O

Remark 6.3 Note that in the above proof, we have used the asymptotic formula from [23,
Corollary 2.2] for Ax (s, £). One could have also used [22, Theorem 16.7], which has better
exponents of s, ¢. This is of help when we wish to improve the level aspect, but only so
in the error terms of asymptotic formulae in Theorem 1.6, for a fixed k. However, in this
process the power of k in the error term will be larger than in the main term, which does
not help us.

6.3 More twists
In this subsection we provide the justification behind the choice D = —4p when p =
3 mod 4 in Sect. 5.5.2.

C(p) 4 O(p—l/Zq—a/Z +p—7/8+e/(—5/24+eq7/16+g)) )

14
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Proposition 6.4 Keep the same conditions as in Theorem 1.6. Then,

L(, Sym2f) - 42 + O(D7/8+€k_1/12p—1/4+e)‘

A B,(2k —2
S MU O ) _ Bk =2
reB )

Proof We will only indicate the analogous steps required to handle this situation. Quite
analogously to (6.5), (6.21) in the proof of Theorem 1.6, we put

" A (425 (n)
VD) ) o~
7 {fi fi)

1
n2 q?

X—p(n) V(l) Z A (4) s (n) T'(n) = X—p(n)

S'(n) = —

Thus we need to understand
/ ! /o ! ! 4
S+ T, where §:=3% S, T:=) T
We recall the following well-known Hecke relation. For any A > 1,

— 2
A (4A)Af(n) = Zd|<4A,n>,<d,p>=1 Ap(4An/d>).

Now notice that the sum over # is supported only on # such that (n, p) = 1. When we
consider S’'(n), A = 1 and when we consider T’(n), A = p. By the above remark, for us
both the sums over d are just over d|(4, n). Thus

/ X—p)  n Ap(4n/d?)
S = 2Py (——
dZM: nzo%;)d d ok (ql/z ) %3 {fi- i)
_ X p@/d)d* ~ x—pn)  4n 2 (dn)

Let us call the sums over the three values of d as S;. Clearly S| = S/2 up to the error term
in Theorem 1.6 (cf. (6.5) — with V(y) replaced by V' (4y)). We claim that the other terms
S5, Sy go into error terms. Indeed a moment’s reflection shows that the main terms in the
case of p|D in the analysis of the quantity S = )", S(n) came only from n = 1 (cf. (6.7),
(6.8)). So the claim is justified. The error terms remain the same.

When it comes to 7" = ), T(n) from above we have to consider terms T, analogous
to (6.29), but now # replaced by pn. Comparing with (6.22) in the proof of Theorem 1.6,
we see that there is no main term “from L = 1” in our cases, and further no main terms
arise in subsequent analysis “from L = p”, since 2np, 4np are never perfect powers of p,
see e.g., (6.24). This means 7’ itself is relegated to the error term, which is the same as
that in Theorem 1.6. ]

7 Sup-norms of SK lifts on average

In this section, we establish bounds on the size of Bergman kernel for the space of SK lifts
in order to prove Theorem 1.1 i.e., k>/? « sup(SKy) < k°/>*€. It is natural to utilize the
‘geometric side’ of the BK (as an average of a suitable function over a suitable group) for
this space, but it is not clear how to satisfactorily utilize the same, see the next subsection
for more remarks. However to avoid this, we will transform the question to one on Jacobi
forms of index 1, which are better understood. We then use the bounds on Bergman kernel
for these spaces to obtain the required bounds for SK lifts.
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7.1 Geometric side of the Bergman kernel

For completeness and with a view towards future investigations, we briefly indicate what
expression one gets for the geometric side of the BK of SK lifts. We give two approaches,
of course the resulting expression must be the same from both of them.

7.1.1 From the Fourier expansion

We start with the Fourier expansion of BKy(Z, W) in the W variable. Below, all the sums

over F are over an orthonormal basis of SK.

BK«(Z, W) =) det(YY'FZ)F(W) = ) det(Y)'F(2) ) Ar(D)e(~TW).

(7.1)

For a discriminant D < 0, let Pp(t, z) be the D-th Poincaré series in ],i'fp . Let Pp be

the SK lift of Pp. Write Pp = ) cpF(Z), then one can compute that cr = (Pp, F) =

b;lm, where Q € Aj is any matrix with disc(Q) = D with (2,2)-th entry 1 and

by = 6(4m)KT'(k)~1. This follows from e.g., [29, Theorem 1, 3]. Therefore, we get Pp =

>F b;lm}" (Z), However, notice that in (7.1) we need to account for all T and not

only those which represent 1. This will be done by appealing to the Maass-relations. For
any G € SKy, one knows (see e.g., [32])

a b/2\\ _ ‘-1 ad/r* b/2r
e ((b/z d )) =2 ana) 06 ((b/2r 1 ))

We will call the matrices in the RHS above as Q,(T'). With this notation then,

DAMEZ) =3 Y arQIF@) =) bk Paary 2 (2).

Therefore, we can write
BK(Z, W) = det(Y) ZT me P bk Paer(ry2 (2)e(—TW). (7.2)

Now Pp(t, z) = Zyeréo\l“/ e(SZ%Dr + 52) |x1 ¥ which implies that for D = —s* mod 4

2 _
2= Y Y Pt vl gelmr),

4
m>1geSLy(Z)\Ao(m) yeréo\r/

which allows one to write (7.2) in terms of functions as an average over the relevant
groupoids.

7.1.2 From the BK of Jacobi forms of index 1

Let B} denote a Hecke basis for SK; and consider

det(Y)XL(k, f)Fy(Z1)Ff (Z2)

B*(Z1, Z») =
(4, 22) ZFfEB?: (Fy, Fy)

The reason to start from the weighted Bergman kernel is that the factors L(k, f) show up
during the conversion of (Fy, Fy) to (¢, ¢) of Hecke eigenforms F <> ¢. For the size of
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the BK, if we use the trivial bound L(k, f) =< 1, this only affects the answer by an absolute
constant:

B(SKy)(2) = B*(Z, 2).

Using the Fourier Jacobi expansion of Fr and the relation between Petersson norms (see
(7.5) below) we see that

1 -
B*(Z1, Zy) = nfex Z¢ W Zm (11, 21)|Vr - ¢(12, 22)| Vs e(rt| — sT5)

K Dy @
=t ) Bria(m 2w 2)| OV PV e(re] — s15),

T Z
t ./
i i

where for i = 1,2 we write Z; = ( ) and By 1 1(71, 215 72, 22) is the BK for the Jacobi

forms of index 1.
Using the geometric definition of By from (4.13) and the definition of V. operators,
we see that nl_kc;1(2k — 3)1i1l/2=kok=5/2B%(7,, 7,) equals

YIS > Y (@R v (1, 2T 2)elrr] — s75),

1S ys€SLa(Z)\M; (s) yreSLa(Z)\M (r) ¥ €SL2(Z)
(7.3)

where @ is as in (4.14). Moreover, M; (¢) denotes the set of 2 x 2 integral matrices of
determinant ¢.

Define ©(Z1, Z5) := O(t1, 21; T2, z3)e(t] — 73). Recall the action of M;(Z) on H x C?
from [20, p. 144]. This allows us to rewrite the sums in (7.3) as follows.

@12 1
ZyzGSLz(Z)\M;(Z) ZyleM;(Z)(®|k’lyl |k,1y2 )(Zlf Z2);

where ij denote the standard diagonal embedding of the Jacobi group in the Siegel
modular group, (cf. Section 2 (3) and also [20, p. 144]) but with the GLy component
having determinant at least 1.

7.2 Lower bound for sup(SKj)
We start by quoting from [13, (3.1)]

SUpzcp, Zfegm det(YY (Ef(2)I/ [ E7[)? = det(Yo)*e™ ™0 37 g, (b)) | Er |
(7.4)

where By;_, denotes the Hecke basis for Syi_y. Our argument here is similar in spirit
similar to that used by Blomer [8].

Recall that with F = Fy, one has ap(ly) = c(4), where h(t) = ), c(n)q" is the half-
integral cusp form in Kohnen’s plus space. Further, by Waldspurger’s formula (cf. [28]),
for k even and D a fundamental discriminant such that D < 0,

r'k-1)

e(DDI? = ——— IDI*2L(k = 1.f & xp)

(h, )
6(6f)
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Moreover, the following relations hold amongst the Petersson norms:
These together give the relation
487X (F, F) = Lk f)T (k) (h, h).
We normalise F with ||F||, = 1. This implies that
oD = 2 1 15 o 0 o éfz(),iksymz 7 7.6)
Putting together (7.6) and (7.4), we finally see that (with D = —4 and Yy = %)
swp Y detMFE ()P > ST YO)k;’;p(tr(_4”Y°))4k_3/2 HE L/ x)
Zely (2k —2) 7 L(k sym*(f))
2 exp(~2k) > ko2, (7.7)

k2k=5/24k exp(—2k)

where in (7.7) we have used the fact that Zf % = 2k/m%+0(1) from [8, Lemma
3].

7.3 Upper bound-first method
We now prove the upper bound for the quantity sup(SKy). Our first method is a combina-
tion of bounds for certain Fourier coefficients of Jacobi Poincaré series (cf. Proposition 4.1)
and some of the methods in [8,13]. The underlying idea, as mentioned in the introduction,
is that the L>-norm of the Fourier coefficients ar(T') in a basis {F} controls the sup-norm
of the Bergman kernel efficiently (cf. [13]). We will see below that this idea essentially
gives us the desired upper bound for the Bergman kernel for SK lifts on the bulk of F;.
In the remaining small region of 7, we will use the Fourier-Jacobi expansion of the F
and embed the index-old forms ¢; |V, into ] cusp
Bergman kernel for /. ]:”Sp This will be our first method of bounding the Bergman kernel
for SK lifts.

We begin by estimating the quantity p(T) := ) p, B lap(T)|?. Then using the relation
(2.4),

and look at their contribution to the

D D D
Z ‘ Z ar “legr (;) |2 _ Z(aa/)k—l Z%,F <a_2) Cor (ﬂ_/z)
o F

al|(n,r,m)

5(2 Z|C¢F< ) 1/2).

Page 39 of 52
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Now using the bound for the Fourier coefficients of Poincaré series from Proposition 4.1
we see that

k Zka

2
4 k=1 ( 2k/~—3/2 3 —5/6 y—1+€ 2—¢ 1/2
«(T _— D D
PT) < STk —3/2) (Xa:“ (P +k )

4'k]T2ka 2
D342 4 p-1/2e 51207 )
TRk —3/2) (D73 tery (7))

Next, note that we can write by [13, Lem. 4.4] (follows from Cauchy-Schwartz inequality)
that

k 2 2
2 e StV IFDP < g:(1)
where we have put

q«(Y) := ZTP*(T)UZ det(Y)*/? exp(—2n TY). (7.8)

Plugging in the bound for p,(T') in (7.8) we get that g.(Y) is

Z o(T)1/2 det(T)k/2 c(T)¢ det(T)k/2
/F(k)l—-(k 3/2 det(T)3/4 + det(T)1/27€k5/12+6
det(Y)k/2 exp(—2n TY)
< K*Q(1/2,3/4 — € Y) + kM37¢Q(e, 1/2; Y), (7.9)

where

(an)*

Qla, B;Y) == )

ZT c(T)* det(Y)K/2 det(T)k/2—PHee=2n Tr(TY), (7.10)

Lemma 7.1 One has Qa, B;Y) <« k72 D d<k d*=2P =€ det(Y)P 3/,

Proof We refer to part of the calculations done in [8]. Especially looking at [8, p. 346]
equation (4.1) onwards we can arrive at the bounds given below. Asinloc. cit. put Y; = dY.

(47.[)k det(TYd)k/Ze—er Tr(TYy,)
T det(T)B—<I"(k)

d* =€ det(Yy)? Z 1

TY,eX

Qs Y) < Y d* 27y

CHEEY v

where X is the set of diagonalizable matrices whose eigenvalues are both of size k/(47) +
O(«/zlog(k)). Then from [8, Lemma 4], we know that ZTYdGX 1 < k3/2%€ det(Y)—3/4,

« K1/2-2p+3)2 Z d*=26=¢ det(Y)f~3/4,
d<k
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Plugging in the values of (&, ) from (7.9) into Lemma 7.1 we get
42 (Y) < KB/ATE 4 [S/ATI12 dog(y) 14,

So here we need to focus on the region det(Y) < k'/3 from methods pertaining to the
Bergman kernel for a suitable space. Further, note that since det Y « k/3 and v < v and
w' = detY, we also have

v k8 v« k3. (7.11)

7.3.1 The remaining region
In this subsection, we assume that v,V satisfy (7.11), which defines a region R. In this

region R we would use the information on the Bergman kernel on the space of Jacobi

cus,
J P

forms. To do this, we embed the space spanned by the V,,,-images of ];’;Sp into /- and

use the results from Sect. 4.2 on By ,,,(7, 2); it turns out to be sufficient for the region under
consideration. First, let us recall the bound for By (7, 2):

Bim(t, 2) < km (1 + vk Ve 4 Vk_A) (1 +v'2m1/2).

The first quantity in braces above is bounded in R. Moreover, we can rewrite the above
bound as

B m(t, 2) € km/2y1/2 (1 +vkT1/2re 4 vk_A) (1 + ml/ZV—l/z)_
Therefore in R,

ki 20Y2 it m < v,
B (T, 2) < (7.12)
km ifv <m.

First note that

2
ZF detNIF@)I* < £t ZF (Zmzl VA2 exp(—27my® /v)| g | exp(—ZJTmt))
= tk Zm,m/ ZF (pfi’:’:F(pfr;:,/F exp(—zn(m + m/)t)

<" p(m)'’? exp(—2wmt))?, (7.13)
m
where we have put
-~ 2
pom):=3  dmr(n2), t=v -y

Next, we want to check that if F, G € SKj are orthogonal, then so are ¢y, r, ¢n,G-

Lemma 7.2 Let F, G € SK; be Hecke eigenforms such that (F, G) = 0. Then for allm > 1,
(¢m,F: ¢m,G> =0

Page 41 of 52
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Proof Let F, G be SK lifts of £, g € Syx_», respectively. We have (cf. [29, p. 549-550])

(D E» dmG) = (VindLE, Vindre) = (V,, VindLr, $1,6)
= (D V@A T m/d)prr, d1,6)
=D VDA T35/ d) D E, B1,6),

where ¥ (t) = ¢ ]—[p‘ (1 +1/p). Here we should keep in mind the convention made before
(1.2). Moreover, (F, G) = 0 implies that (¢ r, ¢1,6) = 0 (see [29, Theorem 2]). The lemma
follows. =

The above proof also shows that

(m,Es P ) < mETIHE (b, ).

Note however that ¢,, r could be 0 for some m. Therefore, when m > v,

p(m) = Z* LFZ AbmE> Omr) < km - mF ek « M
— pmp ) " TR

where >"* denotes the sum over nonzero modular forms. Thus this part of the Fourier
series gives the contribution k>/2*¢ because

(4 t)k k2 2 $D(k/2 4+ 1) 5/2+
R LA ) R M ‘.
Zmzv < T=D (Zmzl m*/? exp(—2mwmt))? « RCESR k

(7.14)

For the terms where m < v we use the first inequality in (7.12) to get
plm) < KB2m! Py T

and this gives the bound for ) |, _,

< /(13/12M(Z mk/2=1/4 exp(—2mmt))? <« Zkkl?’/uﬁ T(k/2 + 3/4)?
k) 2 ()

& ko4, (7.15)
Thus combining (7.15) and (7.14) we get from (7.13) that

D rep QNN < K52,
FeBy
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7.4 Upper bound-second method

In this section, we provide an alternate proof of Theorem 1.1, that is independent of the
bounds for the geometric side of the Bergman kernel of Jacobi forms. In this direction, we
start by considering the sum

det(V)K|F(2)?
A(Z) = ZFeBZ T:

where B denotes a Hecke basis for SKy (cf. the convention before (1.2)). Let T = u + iv,
z=x+iyandt' =u' + iV and ¢ € ],imp denote the first Fourier—Jacobi coefficient of F.
Consider the expression

_k _ |E(2))? _ 1
det(V)A@2) =) <— = e, Z |L(kf
< 7k Ck Z Z o (1, z)¢s(t, z)e(rt’ —st)). (7.16)

where in (7.16) we have used (7.5) and bounded the quantity L(k f)~! by an absolute
constant, since k falls in the region of absolute convergence.
We have ¢, = ¢|V, with, ¢ € Ji1. Thus, we only have to bound the quantity:

AYZ) =7 ckz Z o(1, 2)|V; - ¢(T, 2)| Vs e(rt’ — sT').

Let us now replace ¢/ [|¢]l, by ¢ — which therefore henceforth will run over an orthonor-

cusp

malized basis of J;';™. With this arrangement, and using the Fourier expansion of |V},

A*(Z) can be wrltten as

ZZ YooY Y () 1C¢>(’22V; 2—11)%(';—22;, 2el--).

hs nynytyty dy|(ny,ty,r) dal(no,to,s)

(D; + £2)/4r £;/2

Fori =1, 2, write D; = 4n;r — ti2 and put T; = ( /2 > Also, put
i r

S(Dy, Dy) = Z¢ cp(D1, t1)cy(Da, 1), (7.17)

Thus we get

A@)=rfaq ) Y D D (did) TIS(Didy % Dady el )

7,8 D1,Doy,t1,t2 di|c(T1) dalc(Ts)

=xfce Y Y Y (didy)*T'S(D1d; Dady e(Tr(T1Z + ToZ)).
T1, T2>0dy |c(T1) dae(T2)

Now we use the Poincaré series to estimate the sum S(D1, Dy). Since {¢} form an orthonor-

mal basis, we can write

ark=3p~ 2PD2 =T(k —3/2) Z¢ cp(D2)g.
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Comparing the Fourier coefficients at D; on both sides, we see that
k=3 k=3
T(k —3/2)S(D1, Dy) = 27%~3D, 2pp,(Dy). (7.18)

Now we estimate proceed to estimate the coeflicients pp, (D1). First, we observe here that
the Fourier coefficients of the Jacobi Poincaré series of index 1 are the same as that of the
half-integral weight Poincaré series in the Kohnen-plus space (see [12, Proposition 6.2]).
This allows us to get better bounds for the Fourier coefficients pp, (D) as compared to
the bounds in Proposition 4.1.

Proposition 7.3 For k large, we have

k/2—3/4 Lite .
pDJ[h)<<5DbD2+-(%%) (unDi +»a262))'

Thus we get the following bound from (7.18);

Proposition 7.4

k k—3/2 k/2—1/2 k/2—3/4+€
S(Dy, Dy) <<r(k+3/2)-(anD2D2 /24 G2 DD ) (7.19)

Now we proceed to bound A*(Z). We write A*(Z) < A1(Z)+A2(Z)+A3(Z) corresponding
to three terms in (7.19) and we bound each A;(Z) as below.

7.4.1 Bounding A;(Z)

(4r)k (4)k—3 k-1 —1k—3/2 —4x T,
A (7 T 7 Tr(TY)
@) € Lo =D 5 Do Dy & detd I T e

< K2 det(Y)7*Q(1/4,3/4; Y)?,
where Q(«, B; Y) is as in (7.10). Therefore, from Lemma (7.1) we see that,
ALZ) < K3 kT det(Y) TR < K5/FT det(Y)
and similarly
A2(Z) < k?Qe,1/2;Y)? det(Y) K « k572 det(y)*1/2,
from Lemma 7.1 withae = € and 8 = 1/2.
A3(Z) < K70Q(1/2,3/4; Y)* det(Y) ™% <« k3/6F€ det(v) 7%,

by Lemma 7.1 with @ = 1/2 and 8 = 3/4. This gives us A(Z) <« k>>*¢, which finishes
the proof.
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8 Higher moments and scope for improvement via subconvexity

In this section, we investigate the relation between the subconvexity bounds (for example,
see [42]) on the twisted central L-values L(1/2, f ® xp) of a GL(2) Hecke eigenform f and
the higher moments of det(Y)K/2|F(Z)| along an orthonormal Hecke basis. Put, for any
r>0,

Far = SUpger, ZF det(Y)X'|E(Z2)|*.

Foranyr € R,r > 1, and Z € Hj consider the inequality

r—1
Y detMIF@)P « <m§x det(Y)k|F(Z)|2) Y detMNIF@2)P; (8.1)

which shows immediately that %, « k57/2t€ if we use Theorem 1.1.

Next, consider the following bound for the third moment of twisted central L-values
L(1/2,f ® xp) from [42], where D is an odd fundamental discriminant (we assume it here
for every fundamental discriminant): for any € > 0, one has

D e, M1/2f @ xp)® e kHeDIT (8.2)

for some absolute constant § such that 0 < § < 1. Thus, we assume an improvement the
D aspect of Young’s result in [42]. Our goal in the rest of this section is to show that this
results in an improvement of the upper bound of k!>/2%€ of .74 from (8.1). It seems to us
that this is the only viable avenue to improve the individual bounds for an SK lift. In [8],
assuming Generalized Lindelof Hypothesis for L(1/2, f ® xp) for all negative fundamental
discriminants, it was shown that ||F|| o, < k3/4*€, which is the best possible, as there exist
eigenforms with sup-norm > k3/%,
We start with the inequality:

det(Y)*2|F(Z)|\6 _ ~—~ det(Y)*!|F(Z)|®
ZF( (EF>% ) _ZF <EF)3

< (32, pe(T)% det(V)} exp(~TY)),

where we have put pe(T) = 3 lar(T)|®/(F, F)3.

For any T, write 4det(T) = D = f2Dy where Dy is fundamental. This expression is
unique. This f, we believe has no chance of being confused with the lifted modular form
f € Syr_s. Looking at the expression for ar(7T) from (2.4), which involves the terms
det(2T)/a?, we have to determine (D/a?), for a given T and a as above, to relate them
to fundamental discriminants. Clearly, if n, denotes the ‘odd’ part of an integer #, then
c(T)olfo- Thus (D/a®)g = Dy if a is odd. So is the case if Dy is odd.

Thus we only have to look at p = 2. Let 1, be the 2-part of . If 27 ||, then 2%# |f2Dy. But
we know that v5(Dg) < 3, s0 226 ~3|f2 which means 2262 |f2. Therefore, writing Dy = 4 m
(m = 2,3 mod 4 and square-free)

D _ 2Dy _ (fo/a0)’fsDo _ (fo/a0)*(fa/2° 1Dy _

A% . m
a? a? a% 4 ’
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for some A € N. Since m = 2,3 mod 4 and square-free, the only way to write A% - m
as B2 - D (D fundamental discriminant)—is D = 4m and B = A/2. This will show
that (D/a?)y = Dy. In effect, we have also proved above that a|f (in particular c(T)|f).
Therefore

. - f
D ey @ leaadet (D)@ = oD Y @Y b ( )bk Vap()

= ep(Dol) Y @I T C¢(|D0| R (T) 2,

Keeping in mind (8.2), this gives us

cp(Do)Of k= Dtec(T)3  det(T)k—2tec(T)3 Lk — 1,f ® xp,)?
po(T) = ZF (E F)3 k3T (2k — 2)3 Zf L(k, f)3L(k, sym2f)3’

where we have used the relation between Petersson norms from (7.5). Thus,

k—
det(T)3 9/2+6C(T)311+6D1 sie < Jo/2+e€

KT @k = 2)° ° R A (i

pe(T) <

In conclusion therefore, we get (with the function Q(., -; Y) from (7.10))

Z det(Y)¥|F(2)(°/(E, F)® < k°/*€Q(1/6,7/12 4 8/6 — €; Y)® « k'5/2720%¢ det(v)* !

which is bounded by k15/2=28+¢ gince § < 1. For an individual F, we would have
det(Y)K2|E(Z)| < k5/4—3/3+e,

9 L°° mass of pullback of SK lifts

Here we would first restrict Fy € SKy (f € Sox_2) to the diagonal. The resulting object
(pullback) can be written as

F(o )= Flemo =), carg(®g(x) (9.1)
and by Ichino (see [21]), the quantities ¢, are given by L-values. More precisely,

_ {Erlz=0,g % P k-1 A(1/2, sym?g x f), (b, h)

legf|? = ————g—— = 3
g rf) (&g

Our goal in this section is to understand the size of the space SK7 spanned by the pullbacks

of SK lifts; the L2-size of the same was studied in [7,31]. In order to quantify the concen-
tration of Fy along the diagonally embedded H x H C Hpy, we introduce the following
three quantities (for f # 0)

sup(FJ?) sup(FJ?) sup(FfO)
My (Fy) = sup(Fr)’ My(Fy) = W» Ms(f) = ’F;

We present a precise result on the size of the relevant object of this subsection—the mass
of pullbacks of SK lifts measured along SKy. Recall that Byi_, denotes the set of newforms
of level one on SLy(Z). Put

WM ER(x, ©)?/(Fy, Fy) (= sup(SKxz=0)

9.2)

Py .
Sup(SKk) = sup(nr/)eHXH /feBop_s



Anamby and Das Res Math Sci (2023) 10:14 Page 47 of 52

and to quantify the density of the pullbacks, we introduce the quantity
d = d(SK¥) = sup(SK%) / sup(SK).

Then d < 1 and the value of d may be interpreted as the density of the pullbacks inside
the space of SK lifts in terms of L° mass — it measures the proportion of the contribution
of the pullbacks to the BK coming from SK lifts. Note however that the summation in
(9.2) runs over a spanning set of SK} but the forms F{ may not be orthogonal.

The bound on d immediately gives us that sup(SK¥) < k**¢. Next, we prove the lower
bound sup(SKi) > k°/2 (cf. Proposition 9.1 below), which shows that almost all of the
“mass” of SKy is concentrated along z = 0. A natural way to do this would be to appeal to
(9.1), and via the method of Sect. 7.2; however, this would lead us to averages Y | f(Zg ¢ f)Z
—as ). ¢ Caf 1 the (1, 1)-th Fourier coefficient of the RHS of (9.1). Since we have at present
not much control on this quantity, we take a different path.

We first consider the Fourier expansion of F, f° borrowed from that of F (for convenience,

2
we use the notation ar(T) = ar(n, r,m) when T = ( n rf >):
r/2 m

F; = Zn’m(zr ag, (n, 1, m))e(nt + mt).

Let vo, v, € H. Then we have sup(SKi) is

|ag (1) + ag, (1, 1, 1)|?
(Fr, Fr)

, lag, (I2)]? lar, (1,1, 1) ar(h)ar(L, 1, 1)
7k ,—4m (vo+vy) f f _ r\{2)ar\i, 1,
> ov)e (Zf e 2 Z‘Zf E Fr) D

Now consider the individual terms on the LHS. Using the same arguments as in (7.7),

> (V()V 4n(vo+v0) Z

(vov))ke 4T (votvp) Z lag, ()" () > K52,
(Fy, Fr)
Here we have made the choice vo = v, = k/4m. Similarly, since D = —3 in the second

term, using the same arguments as in (7.7), we get

lag, (1,1, 1)|?
(V()V )k —47 (vo+v,, )Z f > /(5/2(3/4)@

f Ff, Ff)

Now to estimate the off diagonal term, we use Poincaré series. The off diagonal term is
given by

(vovp)e 4ﬂ(vo+vo)Z aF(I2I);F1(:Jl,>1 1)‘ ©9.3)

Using the relation between Petersson norms from (7.5) and Proposition 7.4, (9.3) is

k k k 2k k/2
(4x) (vov)re 000§ (4, 3) « AN L0 A ST

<T® F(k—3) Tk @m*® "k

< k323 /4)k 72,

where S(Dj, Dy) is as in (7.17). Thus we have proved

14
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Proposition 9.1 Let sup(SKJZ ) be as above. Then
K% < sup(SKF) < k2T,

Thus the density d < 1 — it will be interesting to calculate it explicitly.

Corollary 9.2 For f € Sy normalized Hecke eigenform, one has the ‘trivial’ bound on its
size: supy |F7 |/ | Fr| < k574

9.1 Theintrinsic BK

Recall the space SK7 spanned by the pullbacks of all F € SKy and let B} C SKj be an
orthogonal basis. Further, put (Sx ® Sk)° to be the C span of g ® g¢ which is identified with
g(t)g(t’), g € Sk, anormalized Hecke eigenform. Call this set B;°. The following lemma
gives a description of the space of “pullbacks” of SK lifts.

Lemma 9.3 With the above notation, SK} = (Sx ® Sk)°.

Proof From (9.1), clearly SK} C (Sx ® Sk)°. For the other direction, we compare dimen-
sions. dim(S; ® Sx)° = dim Sy. Let us put SK¢(0) := {Fy | Ff° = 0}, so that SK;(0) is the
kernel of the Witt map W (F +— F° = F|,—¢) restricted to SKj.

Then from [31, Proof of Thm. 1.9], we know that dim SK;(0) = dim Mj_19 = dim Syy5.
Therefore, the dimension of the image W (SKy) of the Witt map is dim Sy _5 —dim Sg4 o =
dim S. Since W (SKy) is simply SK?, we are done. O

The lemma has a curious corollary about linear independence of (square-root) central
L-values. Recall the quantity ¢, . Up to constants, its square equals L(1/2, sym2g x f). Let
dy = dim Sy _5 and d = dim S;. Consider £ := L(d, d2), the di x d» matrix (cgf)se
where f, ¢ run over normalized Hecke eigenforms in Syx_», Sk, respectively. Writing the
elements F° (F Hecke eigenform in SK) as a column, say Cg, one can recast (9.1) into
a matrix equality: Cx = L - B)°. If we let L to be the linear operator corresponding to £
mapping the span (Sx ® Sx)° of B;° to the span SK} of Cy. Clearly L is onto. This implies
that the rank of £ equals dy. We summarize this in the corollary below.

Corollary 9.4 Let L be the di x dy matrix as above. Then rank(L) is maximal.

Recall that By C SK} denotes an orthogonal basis. Let us define
sup(SKy) := sup(; o/)emxH ZGEB° G, ) /(G, G). (9.4)
k

In view of Lemma 9.3, since the spaces SK} and (Sx ® Sx)° are the same, we can also
write (9.4) as

SUp(SK}) = sup((Sk ® $¢)°) = sup(e, et D, ()" 1€(DR()1*/ (g @)% (95)

Proposition 9.5 With the above notation, k* < sup(SKY) < k**€,

Proof In view of the Lemma (9.3), for the basis B} we can take the set {g(7) x g(7'), g =
h ||h||;1 € Sk, h a normalized Hecke eigenform}. Then ag x4 (m, n) = ag(m)ay(n). There-
fore as in Sect. 3.2, with m = n = 1 and by using the Cauchy-Schwarz and basic integral
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inequalities, we have sup(SKy) is

> (W) exp(—4m (v +)) Y lansn(l, DI 1)~

>0 exp(—dr (v + VKD lan()P(n )~

2k
> () exp(—4n (v + v )k ! I‘(47T)

2
W>>k;

where we have chosen v = v/ = k/47 and used the fact that the sum over % is =<
(47)%*=1/T"(k — 1) (see [22, Proposition 14.5]).
For the upper bound we use individual sup-norm bounds for %: from the result of Xia
[41], we know that Hg” o K fl/4+e for g as above. Thus, from (9.5), we see that
lg(0)g(@)I?

(RS 2L o (k262 Lk < KT
Zg 88)?

O

Corollary 9.6 For Fy € SKy a normalized Hecke eigenform, one has the ‘trivial’ bound on
Pl < k1€, provided Fg #0.

its size: supy IF;I/ ‘

Note that we of course have the bound supy |FJ§’|/ HFf || < k®* from Corollary 9.2 or
from Theorem 1.1 by restriction of domain. If we assume the conjectural size N (Fy) ~ 2 as
k — oo (cf. [7,31]), then it is immediate from Corollary 9.6 that supy |FJ§’|/ ||Ff || < kite,
and k1/2+€ if we expect that Corollary 9.6 can be improved to k!/2*€, To see this, we
write and note [F71/ £ | = F¢1/ | E| - | E2 | / 15| = 1E21/ | Fe || - N(E). However, the
current record for the size of N(Fy) is N(Fy) < k173 (cf. [2]) for a very small § ~ 0.0047
and this does not help (unconditionally) towards the betterment of Corollary 9.2 that one

would like to have.

9.2 Appendix to Sect. 9
In this section, we calculate the L™ size of the image of the Witt operator on S]% which we
define by (so W (F) = F° from the previous section)

W(F)(t, ') := F=o.

Since the arguments here are closely related to our ideas in this paper, and especially to
this section, we feel it is apt to include this here as an appendix. Assume that k is even.
Recall that our point of interest is

2y (viva) 2| W (F)|?
sup(W(Sk)) = SUPq, el ZFeBW(S,f) W’

where BW(S,%) is an orthonormal basis for W(S,%). The main idea is to find a convenient
basis for W(S]%) and work with it, owing to the invariance of the Bergman kernel with
respect to the choice of a basis.

First, note that the size of Sy ® Sy is clearly k3 as its BK is the product of that of

/

Sy with itself. Secondly, note that since F((r Z/)) = F(<t Z)) for all F € S2, one
zZT zT
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has W(F) € (Sx ® Sp)¥™, where (Sx @ Sx)¥™ be the space of all symmetric tensors
in S ® Sk. Its dimension is s (s + 1)/2, where we have put s = dim S;. From [17,
1.5 Hilfssatz, Folgerung, p.150] we know that when k is even, W is surjective. Therefore,
if we want to find the size of the space of pullbacks W(S]%) for S,% — we merely have to
choose an orthonormal basis of (Sy ® Si)5Y™. Since 2 is invertible for us, it is clear that
(Sk ® Sp)¥™ = (Sg ® Sx)4%8 where (S; ® Sp)4%8 = (33, cigi ® g, g&i € Sk, s > 1). This
will indicate how much of the L> mass of S/% is supported by the diagonal.

We will prove that its size is k3. To see this, first put s(f g) = f ® g + g ® f. Further, let
{gj}; be the normalized Hecke basis for Sx. We note that s(g;, gj), i <j, 1 <j < si is a basis
for (Sx ® Sx)™. Further, the elements of this basis are pairwise orthogonal. To see this,
note that

(s(g1, &2) 5(g3, 84)) = 2(g1, g3) (g2 ga) + 2(g1, g4) (g2, 83)- (9.6)

Suppose that (without loss of generality) g1, g3 are unequal, hence orthogonal. Then (9.6)
reduces to 2(g1, ga) (g2, g3) which can be nonzero if and only if g1 = g4, g2 = gs.

As before, the quantity which measures the size is the BK: we sum over the modulus
square of the elements in an orthonormal basis. Since the BK does not depend on the
choice of the orthonormal basis, we can write

) Is(gi g)1?

sup((Sg ® Sg)'™) = Ziﬂ —(S(gi,gj), @ g)

(9.7)

Let P, be the n-th Poincaré series in S;. We can write

$(Py Py) =

Ik —1)* Z (ai(m)aj(n) + a;(n)a;(m)
i<j

) .
(A m)k—1(4m n)k-1 (52> g) 52 ) s(g &)

from which we get a Petersson formula:

Mk — 1)
(drm)k—(4mrn

T D ) (0 + aimai () = p )

Now putting m = n = 1 and following the method in Sect. 7.2, the lower bound k3 is
immediate.

For the upper bound, let /; denote the orthonormalized g;. Then the RHS of (9.7) can
be bounded (up to absolute constants) by

2 V@R VP + Vil @ P v ()

which is bounded by (3, Vk|h,‘(T)|2)(Zj vk|hj(t’)|2) < k3 by [13, Section 7.2].
Summarizing the above calculations, we can now state the following.

Theorem 9.7 With the above notation and setting, if k is even, sup(W(S,%)) = k3.
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