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1. Introduction

Let S be a smooth oriented compact surface, and {p1, - -+, pa} be a collection a distinct
points on S with positive integer multiplicities nq,--- ,nq € N, respectively. Give a
smooth metric g on S and smooth function w : S\{p1,--- ,pa} = R defined away from

the points consider the system of PDE

d
Agu = E%(e“ —7%) + 47 Z nj0p,
J=1 (1.1)
2
K, = 72;:_2 [;—2(6“ —7%) = Age“] .
Here A, is Laplace-Beltrami operator induced by the metric g, K, is the Gaussian
curvature of g, 0, is the Dirac distribution on (S,w) concentrated at p;, where w is the
area (volume) form of g, and 7, ¢, a are positive real constants. With our convention, the
Laplacian has negative eigenvalues. As proved by Y. Yang, the system (1.1) is equivalent
to the self-dual Einstein-Maxwell-Higgs equations arising in theoretical physics [11,12].
The aim of this note is to present an obstruction to the existence of solutions of (1.1),
and hence to the self-dual Einstein-Maxwell-Higgs equations on a compact surface, which
depends on the configuration of points p; and their multiplicities n;. Observe that, taking
g = €"gp for a smooth function 7 and fixed background metric gy and using the formula
for the change in the scalar curvature

2Ky =e "(2Kg, — Agon)v
the previous system is equivalent to (cf. [8, Equation (1.1)])

d
1 u

Agyu = E—Qen(e —7%) + 47anj5pj,

j=1 (1.2)

a
Agy(n+ He) = 2Ky, + 6—267’(6“ —72).

Here 6, is the Dirac distribution on (S,wp) concentrated at p;, where wy is the area
form of gy. Define the vortex number by

d
j=1
Or main result can be stated as follows.

Theorem 1.1. Suppose that (1.2) admits a solution (u,n) with d <2 for some parameter
e > 0 and some smooth background metric go on S, where n is a smooth function on S
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and u : S\{p1, -+ ,pa} = R is a smooth function defined away from the points. Then,
there must hold that

d=2 and n;=ns.

The previous theorem was originally proved in previous work by the first four au-
thors of this note, published online in Mathematische Annalen in February 2020 (see
[3, Theorem 1.3 and Proposition 2.6]) and previously announced in [2]. As a matter of
fact, our method of proof here is, as in [3], the evaluation of a Futaki invariant for the
self-dual Einstein-Maxwell-Higgs equations. This invariant was first constructed in [3]
via the general theory for the Kéhler-Yang-Mills equations developed in [1], and fol-
lows the same principles as the classical Futaki invariant in the Kéhler-Einstein theory
[5]. The main novelty of the present note is an alternative, independent construction of
the Futaki invariant, by direct and explicit calculations. We have deliberatively avoided
the use of the general moment map theory in [1,3] as well as any technicalities coming
from the geometry of the self-dual Einstein-Maxwell-Higgs equations, trying to make the
exposition self-contained and more accessible to the PDE community.

Theorem 1.1 gives infinitely many examples of configurations of points for which there
cannot be solutions to the self-dual Einstein-Maxwell-Higgs equations on a compact sur-
face, in apparent contradiction with [8, Theorem 1.2] (see Remark 2.10 and the Erratum
[9]). Our proof exploits systematically the complex geometry of the Higgs field ¢ in the
self-dual Einstein-Maxwell-Higgs equations, which is implicit in the system of equations
(2.1) (see Section 2.1).

2. An obstruction to the self-dual Einstein-Maxwell-Higgs equations
2.1. Preliminaries

Let S be a compact connected smooth surface. We fix {p1,--- ,pa} a collection of
distinct points on S with positive integer multiplicities ni,--- ,nqg € N, respectively. We
also fix positive real constants 7,e,a > 0. By Gauss-Bonnet Theorem, the existence of
solutions of (1.1) implies that

x(S) =aN > 0.

Therefore, S must be diffeomorphic to the two-sphere S? and furthermore one has the
following ‘quantization condition’

We fix a background metric go on S? with volume V. One of the main methods introduced
in [3] for the proof of Theorem 1.1 is the construction of an invariant, called the Futaki
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invariant, which only depends on the conformal class of gy, the volume V', and the tuple
({pj}. {n;}, 7, a), which vanishes identically provided that there exists a solution of (1.2).
To recall the definition of the Futaki invariant, in this note we will focus on the special
case

d<2.

Without loss of generality, we assume that p; and py are the north and south pole on
52, respectively, and take gg to be the round metric on S? with total volume V. Given
a positive integer 0 < ¢ < N, we consider the following special case of equation (1.2)

u = —Qe"(e“ _ 7—2) +47(N — £)5,, + 4T€5,,,
X (2.1)
Agy(n+ Fe) = 2K, + ;%e"(e“ —2).

The construction of the Futaki invariant exploits systematically the complex geometry
of the Higgs field ¢ in the self-dual Einstein-Maxwell-Higgs equations, which is implicit
in the system of equations (2.1). In order to use this geometry, in the sequel we identity
the two-sphere with the complex Riemann sphere

§2 =~ pl,

Taking the stereographic projection from the north pole, we have

Vo dz? +dy?
m (1422 +y?)
In the complex coordinate z = = + iy, the Higgs field of our interest is
¢ =2~ (2.3)

To define the Futaki invariant, we first write (2.1) in a different form. Define a smooth
function ® by

|Z|2€

="
(14 [2[2)N

By a simple change of holomorphic coordinates z — 271, it is easy to see that ® extends
to a smooth function on P!. More invariantly, ¢ defines a global holomorphic section
of the line bundle L = Op:(N) over P!, which vanishes at the points p; = oo and
p2 = 0 with multiplicities N — ¢ and ¢, respectively. In the holomorphic coordinate z the
Fubini-Study metric on L reads

1

N
hPs = UH 2 p)N
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and therefore ¢ = |¢\,21N . For the next formula, notice that with our convention the
FS
Laplacian has negative eigenvalues.

Lemma 2.1.
4w N
Ay log ® = *WT + 4 (N — )5, + 4nls,,.
Proof. The claim follows now from the Poincaré-Lelong formula

i00log |plpx = —iFyx_ +2m(N = 0)d,, + 2mldy,

dz A dz
- —Nﬁ +21(N — 0)3,, + 27l5,,. O

Using the unknown function u in (2.1), we define a smooth function on the sphere by
f=u—log®.

Using the previous Lemma, the system (2.1) now reads

1 A7 N
Agyf = 26n(6f<1>— 2)+L,
N a v (2.4)
Agy(n+ Tazeffb) =2K, + E_zen(efq) — 2

Consider the radial vector field
v =" +0% =20, + z0;.

Of course, this is the local expression of a globally defined real holomorphic vector field
on P! whose flow evolves along the meridians of $? = P!, and vanishes at the poles. Let
71 be a smooth function on P'. Using that v is holomorphic we have

A(eMtyr0wg) = 0.

Since P! is simply connected, the Hodge decomposition of the de Rham cohomology
ensures the existence of a global J-potential for €7:,1,0wy.

Definition 2.2. Let 1) be a smooth real function on P'. We define ¢,, as the unique smooth
complex-valued function on P! satisfying

Oy = €tyr.0wy, /cpne”wo =0.
]P)l
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We next construct a complex function v, associated to the other unknown of the
equation (2.4). Let wpg denote the Fubini-Study Kéhler form

A idz Ndz
wWrs = 'Laalog ths = W

Given a smooth function f on P!, similarly as before we have
5<Lv1,0 (NwFS + ’Lé@f)) =0

and hence ty1.0(Nwpg + i00f) admits a smooth global d-potential. The choice of nor-
malization for this potential is a delicate point, which we consider next. Geometrically,
this is choosen so that (v1:9,4¢) defines an infinitesimal automorphism of the Higgs field
¢ = 2%, in the following sense.

Lemma 2.3. Let f be a smooth real function on P*. We define Yy as the smooth complex-
valued function on P! given by

||

p=0—N +Of(vM0).

1+ |22
Then, if we set h = efhgs, the following identities hold

—i0f = Ly1.0(i0Dlog h),

(2.5)
i (96 + (9log h)g) = 5.

Proof. Observe that g = £ — N
satisfies

2
% defines a smooth global function on P!, which

= zdz ,
61/}0 = —NW = ’LNLvl,OLL}FS.

From this, using that v is holomorphic we obtain
5¢f = ’L.NLvl‘OLL}FS - Lvl,ogaf.
Similarly

zZdz

Loro (0 + (9log e/ hig)d) = tyro (EZ“dZ N

¢+ (5f)¢) =15 D

We will also need the following technical formula.
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Lemma 2.4. Set h = efhgs, Then the following identity holds
9 (Y (el ® —7%)) = —1y10 (00(e! ®) — 7200 1log h) .
Proof. Applying the structural formulae for ¢; in Lemma 2.3, we obtain
0 (Vs(e! @ = 7%) = 0 (Yyohd — 7*uy)

=0 (ty10 (09 + (Olog h)p) hg) + T2141.0(00 log h)
= —ty10 (00(e! @) — 720010gh) . O

2.2. A Futaki invariant for the self-dual Einstein-Maxwell-Higgs equations

In this section we introduce the definition of the Futaki invariant for the self-dual
Einstein-Maxwell-Higgs equations, following [3] (see Remark 2.7). As a warm-up, we
recall first the definition of the classical Futaki invariant in our setup. This classical
invariant, originally introduced by A. Futaki [5], provides an obstruction to the existence
of Kéhler-Einstein metrics on a compact complex manifold. Since we are dealing with
the Riemann sphere, we will simply prove that the classical Futaki invariant identically
vanishes.

Lemma 2.5 (Classical Futaki invariant). The following expression does not depend on
the choice of smooth function n:

Fo = —/9077 (QKgO - Aggn)wo.
g2

Consequently, it vanishes identically.

Proof. We claim that Fy = Fo(n) is independent of 7, provided that [, e"wo = V. If
this is the case, given such 77 and using that gy has constant curvature

Fo(n) = —2Ky, /Sﬁowo =0
SQ

by definition of ¢g. Furthermore,

Pntlogt = tpy

for any 7, which implies Fo(7) + logt) = tFo(77) = 0.
To prove our initial claim, we set g := e”go and ¢4 := ¢, and note that

Folg) := Foln) = —2/% (K, — K)o = _2/% (s — i)

52 S2
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where K = 47 /V, w denotes the volume form corresponding to g, and pgy = —id0log det g
denotes the Ricci form. Using that |, g2w =V we can write

w=-¢€"wy = (14 Agyu)wp

for some smooth function u. Since the space of metrics conformal to gy and with fixed
volume is path-connected, it suffices to prove that the variation of Fy = Fo(u) with
respect to u vanishes identically. Taking a path w; = w + 2id0u; and denoting %ut =1,
we calculate

g =2iv"0(0),  pg =i00A u.

The second identity is straightforward. As for the first identity, from the defining equation
(we set ¢ = @, for simplicity)

P = ig, V",
taking the derivative with respect to ¢, we get
oy = 2i1luj\1}‘u = 2i(v"0,)5

by the holomorphicity of the vector field v1:* = v#9,,, thus ¢ = 2iv:0(4) + ¢ for some
constant ¢. On the other hand, the normalization condition |, g2 pw = 0 implies

0:/¢w+<p-2iaéu:/¢w—2iau/\é<p
S2 S2

= /2@'1}’%# “19,zdz NdZ + cw — 21 / U,1g,z0°dz N dz,
S2 S2

therefore ¢ = 0 and ¢, = 2ivta, = 2iv"0(u).
We will also need the following identity

5Ag<pg = —2Uy1.004.
To prove this, we calculate
5A990g = 25(9043%0@5)

= 29" (Orp o — 9™"g
= 29°PV;V;5Vap - d2"

Aﬁafig)\ﬁwaﬂ_)dén

— 948 (—R AV + VQVRVBQD) dz"

raf

= —QRM,gg“’_\ande",
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in which we use the relation VzVzp = Vi (igaévo‘) = ig,3V&v® = 0 by the holomor-
phicity of v1:0. Finally, using again the formula dp = Ly10w, i.e. o5 = ig,xv", the above
equation yields

gy = —2iR, 0 dZ" = —2iy10pg.

Using the various identities above, we conclude with the following calculation

4 g = 21/1;1’0(@1) (b~ Kw) + /cpg (~i00a,0 - K - 2i000)

dt
S2 S2
= Zi/vzuz(pg - Kuw) + /cpg (fz'aéAga - K- 2@6511)
S2 S2

= 2i/1lzdz A tyro(pg — Kw) + /wg <7i85Aga - K- 21‘8511)

S2 S2
= i/ﬂzdz A (=D, — 2KDp,) + / Pg (—z‘aéAgu - K- 2i85a)
S2 S2
_1 /Agu (8905 + 2K, ) w— L / (9ot + 2052 i)
2 2
S2 S2
=0. O

We are ready to recall the definition of the Futaki invariant for the self-dual Einstein-
Maxwell-Higgs equations, originally introduced in [3].

Proposition 2.6 (Einstein-Mazwell-Higgs Futaki invariant). The following expression
does not depend on the choice of smooth functions n and f

4 N
Fenvie = Qi% /d’f <7T7 —Ag [+ en(ef@ — 72)> wo
SZ

47N
- /9077 <2Kgo - Ago(n + %efq)) —a <T - Agof)) wo,

S‘Z

provided that fS? elwy = V. Consequently, it defines an invariant which vanishes if the
equations (2.4) admit a smooth solution (n, f) with [ €"wy =V and €* = 1.

Proof. We denote F(n, f) = Fin,v,r, as above. By Lemma 2.5, we have a simplified
expression

Fin.$) =2i% [o7 (57 - s+ e - ) wo
S2
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4T N
+ a/sﬁn (#Ago(@f(p) Ty Agof) Wo-

S2

Using that [, e"wy = V, we have e"wy = (1 4+ Ay u)wp for some smooth function u.
As in the proof of Lemma 2.5, denoting w = (1 + Ay u)wg we can write the previous

expression as
F(u, f) _42—/¢f ( Nwps +i00f) + 1( o — 72 )w>

+a / P (= 8g(e! @)w +2(Nwps +i00])) -

S2

Taking variations with respect to u and applying Lemma 2.4 we have
—9; (ef 2. 2,991
(5u.7-"—21—/wf e @—7)-2188u)
—|—2z—/ (2i00( el @) + 272 (Nwps +i00f))

— 2l / - 2i00 (f5(e! ® — %))

S2

+ 21’7_% /(’%L A tpro (2i00(e’ ®) + 273 (Nwps + 100 f))

= 22'7_% /u - 20 <8 (Vp(e?® — 7)) = 141.0(30(ef @) + 7200 log h))
S2

where we have used that iddlogh = Nwpg + i00f. Similarly, taking variations with

respect to f, gives
. a 2o1on (5 L 9 . a aap o, Ly
6pF =4i— [ Of(v7) z@@logh+§(e S —7mw | +di— [ Py 138f+§f6 dw
T T
S2 S2

+ T%/gag -2i00 (f(ef @ — 7))
5'2

a [ 5 1
— —41; /f -0 (L,UI,O (z@@logh + §(€f‘1> - Tz)“))
52
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+ 41‘%/ (f 100 + ;qpffef@LU)

S2

+ 21’% /f(ef<1) —72) - O(ty1.0w)
T
52
-l /f' 0 (1yr0(i0010g h)) + %f‘ (T B) A 10w + %f(eftb — 2)(1g100)
T
5'2
+ 41’% /f -0 (Lyr0 (100 1og h)) + %f el dw + %f(effb —72)0 (by1.0w)
T
5‘2
= 2@'% /f (vpel Dw — O(ef @) A tyrow)
T
SZ

:2i%/f(¢f¢h$—%1,o (¢ + ¢pdlog h) ha)w
SZ
=0,

where in the third inequality we used the first item of Equation (2.5) and in the last
inequality we used the definition e/ ® = ¢h¢ and the second item of Equation (2.5). O

Remark 2.7. More precisely, the Futaki invariant for the self-dual Einstein-Maxwell-
Higgs equations constructed in [3] is a character of the Lie algebra of infinitesimal
automorphisms of the triple (P!, Op:(N), ¢). The quantity Fo n v, considered here is
the evaluation of this character at the infinitesimal automorphism (v*-?,v¢) constructed
in Lemma 2.3.

2.3. Proof of Theorem 1.1

We start calculating an explicit formula for the Futaki invariant.

Lemma 2.8. The Einstein-Mazwell-Higgs Futaki invariant in Proposition 2.6 is

4N

T2

FoNyv: =1a <V - ) (N —20).

Proof. Take f =n =0, and wg = %wpg in Proposition 2.6, we get that
. a |4
FeNVr = 22—2 /Q/JO <2NWFS + —(‘P — T2)(JJFS>
T 27
5'2

a
+ ﬁ/@OAwFS@WFS
S2
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Cor
SZ

— 2= /1/;0 <2N - VT2> wrs +2i% V[ ypowps
2 72
2

4a
woPwrs

52
aV |22 — 1
= 21— 2N— — 21 —
ZT ( )/q/}OWFS+ 11— 2 <1/)0 |Z|2—|—1 WEFS,

and g = 2‘; z |‘ |‘2+1 , and we used the fact that A, .o 00 = —4¢o.

where ¢y = {— NlJr| 5
The final formula for the Futaki invariant follows from the calculations

2|2 idz Ndz
= - N
{WWW /@ 22+ 1) (2 +1)2
S2 C

oo

1 N
=2 — N
”/(“ )a+@2+u+«ﬁ)“
0
=7(2¢ - N),
and
22— 1 (e N

/é@“|w+1 NPT T IR G e
S2 C

P 2 1—1r 20+1 ;
< N r2+1+1+r2> 1+ 2Nz

(+1)s" + (£ — N —1)s*!

=2 (13 )5 ds
oS
=27 |
(1+s)N+210
=0. O

We also need the following necessary condition for the existence of solutions to the
self-dual Einstein-Maxwell-Higgs equations. This inequality was originally observed by
Noguchi, Bradlow, and Garcia-Prada in the context of Abelian vortices on a compact
surface [4,6,7,10]. The proof follows directly by integrating the first equation in (2.4)
using the volume form e"wy.

Lemma 2.9. Assume that there exists a solution (f,n) to (2.4) with [g, e"wo =V and
€2 = 1. Then, there holds the following inequality
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4N

V>2.

T

We are ready for the proof of our main result.

Proof of Theorem 1.1. Assume d < 2 and that there exists a solution (u,n) of (1.2) for
some smooth background metric g on S? and some parameter € > 0. Notice that in
the first equation in (1.2) we use the volume form w{ of g{ to define the distributional
equation. That is, for any smooth function v on S? one has

d
1
/wAgéuw(') = /¢€—2€n(€u — 72)wh + 47Tanl/J(pj).
S2 S2 Jj=1
Setting g = E%e"g('), and taking now w the volume form of the metric g, one obtains

d
/wAguw = /w(e” — 7w+ 47TZ nj v (p;).
S2 S2 Jj=1
This means that (u, g) is a solution of

d
Agu= (e — 7))+ 47Tan5pj,
i=1 (2.6)
a 2 2
KQ:_F [72(e" — 7%) — Age],
where 6, is the Dirac distribution on (S?,w) concentrated at p; and w is the volume
form of g. Let V = [, g2 w, and go be the constant scalar curvature metric on 52 defined
by the formula (2.2). Let wg be the area form of the metric go. Notice that fs2 wo = V.
Set f :=u —log®, where ® is as in Lemma 2.1. Then, for i’ the smooth function on $2
such that w = €7 wp, the pair (f,7n) is a solution of
’ 47TN
Agof =e' (ef(I) - 7_2) + Vo
Ago (' + Sel @) = 2K, + ae” (el ® — 72),

such that fSQ e"wy = V, i.e. the pair (f,n') is a solution of equations (2.4) with the
parameter €2 = 1 and fSQ e”/wo = V. Therefore, by Proposition 2.6 and Lemma 2.8 we
necessarily have

ArN
Fonve =ia <V — :2 ) (N — 20) = 0.

Finally, by Lemma 2.9, we have N = 2¢, and therefore we conclude that
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N
d=2 and nlzngzﬂzi. O

Remark 2.10. Our main result in Theorem 1.1 gives infinitely many examples of con-
figurations of points on the sphere for which there cannot be solutions to the self-dual
Einstein-Maxwell-Higgs equations, in apparent contradiction with [8, Theorem 1.2] (see
the Erratum [9]). For example, one can take d = 1 and arbitrary N, or d = 2 and
ny > na.
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