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DNS numerical accuracy. In the present study, an effective methodology of implementing
Combustion temporal discretization using a multi-stage Runge-Kutta method with AT schemes is
5\’/‘;}5\%1@ presented. Together these schemes are used to perform asynchronous simulations of

canonical reacting flow problems, demonstrated in one-dimension including auto-ignition
of a premixture, premixed flame propagation and non-premixed autoignition. Simulation
results show that the AT schemes incur very small numerical errors in all key quantities
of interest including stiff intermediate species despite delayed data at processing element
(PE) boundaries. For simulations of supersonic flows, the degraded numerical accuracy of
well-known shock-resolving WENO (weighted essentially non-oscillatory) schemes when
used with relaxed synchronization is also discussed. To overcome this loss of accuracy,
high-order AT-WENO schemes are derived and tested on linear and non-linear equations.
Finally the novel AT-WENO schemes are demonstrated in the propagation of a detonation
wave with delays at PE boundaries.
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1. Introduction

The fundamental understanding of a multitude of complex scientific and engineering phenomena relies extensively on
high fidelity numerical simulations of the governing equations. Of particular interest is the so-called Direct Numerical Sim-
ulations (DNS) [1] of reacting and non-reacting turbulent flows wherein all turbulence scales are fully resolved. In the
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DNS approach the time-dependent governing Navier-Stokes, energy and species continuity equations are solved with high
accuracy, and all dynamically relevant ranges of unsteady spatial and temporal scales are numerically resolved. This strin-
gent resolution criterion imposes prohibitive computational cost and consequently limits the attainable parametric range of
relevant DNS. Even for moderate Reynolds number or number of transported species, for example, DNS requires massive
supercomputers with hundreds of thousands of processing elements (PEs) working concurrently.

In some of the most well resolved DNS of complex flows [2-13] high-order finite difference schemes have been used
extensively to approximate the spatial derivatives. The parallel efficiency of these schemes is high since they use local sten-
cils extending only to the nearest grid-points to approximate the derivatives. However, in a data parallel decomposition of
the domain, where multiple PEs are working on different parts of the computational domain in parallel, the PEs also need
to communicate across the processor boundaries of the nearest computational domain neighbors in each direction. These
communications proceed in the form of halo exchanges of processor boundary information that is stored in buffer/ghost
points. For current state-of-the-art numerical solvers, the PEs synchronize and wait for these halo exchanges to complete
before derivatives at PE boundaries are computed. If this synchronization is not imposed, data from the latest communica-
tion may not be available at the buffer points. However, if old or delayed data is used at the boundaries with the standard
finite difference schemes, the resulting solution is inconsistent and inaccurate [14,15]. Thus, standard schemes inherently
necessitate synchronizations at PE boundaries and consequently incur severe penalties due to processor idling, especially
when a large number of PEs are used. This is the communication and synchronization bottleneck that is expected to pose a
major challenge in efficiently scaling to next-generation exascale machines [16].

An efficient way to mitigate this bottleneck is to relax the strict communication and synchronization requirements and
perform simulations asynchronously. Essentially the derivatives are computed with the latest available data which may or
may not be at the current time level and thus a delay is encountered at the PE boundaries. However, due to the degraded
numerical accuracy of standard schemes with asynchrony, alternate approaches are needed for asynchronous computations
such that numerical errors incurred are minimal. While asynchronous computations have been utilized successfully for
iterative linear solvers [17-20], some of the early work in asynchronous simulations of partial differential equations (PDEs)
is limited to simple canonical equations in one-dimension. In [21-23] the governing equation is modified apriori to offset
the effect of asynchrony on the numerical solution. However, extension of this approach to higher order and dimension
is very challenging. An alternate approach to realize asynchronous computing is to modify the numerical scheme [14,
15,24,25]. An example of this approach would be the asynchrony-tolerant (AT) schemes of arbitrarily high orders that
were used for asynchronous simulations of one-dimensional linear and non-linear equations in [24]. The statistical error
analysis of these AT schemes presented in [24] shows that the error depends upon simulation parameters, such as the
number of PEs and delays at the boundaries. In a more recent study, the AT schemes were used to perform accurate
asynchronous simulations of Burgers’ turbulence [26] and compressible turbulence [27] that also exhibited superior scaling
to their synchronous counterpart. Two distinct algorithms, synchronization avoiding (SAA) and communication avoiding
(CAA), to efficiently introduce asynchrony at boundaries in a three-dimensional flow solver were also presented and verified
in [27]. The ability of the asynchronous method to absorb system noise effects was demonstrated in [26]. The stability
and spectral accuracy of AT schemes was analyzed in detail in [28]. To further advance the applicability of AT schemes,
multi-physics simulations such as turbulent combustion, requiring massive computations, are a natural next choice.

As a first step to evaluate the numerical performance of AT schemes for computationally expensive and highly nonlinear
turbulent combustion simulations, several canonical reacting one-dimensional flow problems are performed. In particular,
the effect of data asynchrony is studied for autoignition, premixed flame propagation and non-premixed autoignition. Both
single-step and detailed chemical mechanisms with stiff reactions are used to test the efficacy of the AT schemes. Moreover,
for simulations of flows involving shocks and discontinuities AT-WENO schemes are derived for the first time. These AT-
WENO schemes are then demonstrated for their numerical performance in simulations of both reacting and non-reacting
flow.

The remainder of the paper is organized as follows. In section 2 a brief overview of asynchronous computing and AT
schemes is presented along with time integration using multi-stage Runge-Kutta schemes. The AT-WENO schemes are de-
rived in section 3 followed by order of accuracy tests. The governing equations are included in section 4 and the numerical
test cases and results are presented in section 5. Finally, sections 6 and 7 comprise discussions and conclusions, respectively.
The AT schemes used in the simulations and expressions for the AT-WENO schemes are included in the Appendix.

2. Asynchronous computing method
2.1. Concept
To illustrate the asynchronous computing method proposed in [14,15], consider the simple one-dimensional time-

dependent heat equation,

au _aazu "
at ~  ox2’

where u(x, t) is the temperature and « is the diffusion coefficient. This equation can be approximated using a first-order
Euler and second-order central difference schemes for spatial and temporal derivatives, respectively, as
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Fig. 1. A schematic of a one-dimensional discretized domain in (a) serial and in (b) parallel (bottom) with two processing elements. The red curve denotes
the three-point stencil about point j and the dashed line denotes the processor boundary. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)
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Here u'}“ =u(xj, ty) is the temperature at a grid point j and a time level n. This finite difference equation, for a given set

of initial and boundary conditions, can be used to evolve the temperature field in a discretized one-dimensional domain
(see Fig. 1(a)). Implementation of this numerical method in a serial code is straightforward, as function (u) values at the
grid points and at necessary time levels would be available in the processing element’s memory. On the other hand, in
a parallel computing model with a distributed memory setting, the one-dimensional domain is decomposed into P sub-
domains that are mapped to P processes/processing elements (PEs), as illustrated in Fig. 1(b) for P = 2. Now, each PE'’s
memory would contain a subset of function values that belong to the mapped sub-domain. The grid points in each sub-
domain can be further divided into two sets: first, the interior points at which the function updates are computed with
data available within the PE’s memory, and second, the PE boundary points at which the function updates depend on the
data from neighboring PEs. This is facilitated by, as mentioned earlier, the so-called halo exchanges which communicate the
necessary function values from a neighboring PE into buffer or ghost points. Note that the function update using Eq. (2)
at PE boundary points cannot proceed until the halo exchanges are complete. This is often ensured by imposing explicit
synchronization that results in significant overheads.

In the asynchronous computing method [15], the halo exchanges are initiated, but no explicit synchronization is imposed.
Therefore the function value at buffer points may or may not be at the latest time level n, which modifies the update
equation in Eq. (2) for PE boundary points (assuming that the points are at the left boundary) to

umt _gyn ulty, —2uf + unk

J J Jj+ j-1 2 2

AL =« Ax? + O(At/Ax*, At, AXx7), 3)
where k represents the time level delay resulting from the relaxed synchronization. If the communication at the latest time
level is complete, then k =0 and the computations at the PE boundary points are synchronous (like the interior points).
Otherwise, k > 0 and the update equation would involve a delayed function value, resulting in asynchronous computations.
Note that depending on the computation and communication time scales, delays at different PE boundaries can be different
and can be several time levels older. Let £ be the maximum allowable delay between the two PEs at a PE boundary. Then,
the delay k € {0,1,2,..., £ — 1}. As the arrival of messages at PE boundaries can be modeled as a random process [29], the
corresponding delay values, k, take on random values. Let py represent the probability of occurrence of a k time level delay,
i.e. k=k, in a simulation. The sum of probabilities is ZkL:_(; k=1

It is evident that the numerical properties of standard schemes used asynchronously would not just depend on numerical
and physical parameters such as grid resolution (Ax), time step (At) and diffusion coefficient (o), but would also depend on
simulation parameters such as the number of PEs (P), stencil size, delay probabilities (px) and maximum allowable delay
(L£). A statistical framework was developed in [15] to assess the numerical properties of finite differences implemented
with relaxed communication synchronizations. It was shown that asynchronous computations at the PE boundaries would
not only affect the stability and consistency of the overall numerical method, but also significantly degrade the accuracy.
For the schemes considered in Eq. (3), the truncation error consists of terms that are functions of At/Ax?, At and Ax?
to leading order. From stability analysis, which gives the relation At ~ Ax? for a constant CFL number, the leading order
term is identified as O(At/Ax%), which is zeroth-order accurate. Following the analysis described in [15], one can obtain
the overall accuracy in the domain to be O(Ax) or first-order accurate. It can also be shown that the error would scale

linearly with the number of PEs P and mean delay k. As standard schemes would result in poor accuracy under relaxed
data synchronization, new asynchrony-tolerant schemes were derived subsequently [24], which are summarized next.
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2.2. Asynchrony-tolerant (AT) spatial schemes

The basic idea of asynchrony-tolerant (AT) schemes is to use an extended stencil in space and/or time to recover loss
of accuracy due to the use of delayed data. For example, the spatial derivative of u’} :=u(jAx,nAt) at location j and time
level n can be computed using

L-1 M (€)
x|, Z Y Gt (4)
z 0 m=—M; (£)

where Ax is the grid size, M1(¢) and M;,(¢) are the extents of stencil to the left and right of u'} and £ is the maximum
allowable delay level. For a given set of parameters {£, M1(£), M>(¢£)} the unknown weights aﬁ are obtained by solving a
linear system of equations that is formed by imposing necessary accuracy constraints on terms of the Taylor series expansion
of “1+m about u’] If £L=1 and M1(0) = M,(0) = M, this system of equations yields coefficients for the standard central
difference scheme. For £ > 1, AT schemes can be derived if the stencil parameters {M1(£), M2(£)} are appropriately chosen.
An example of a second-order AT scheme with At ~ Ax? at the left processor boundary, i.e. delayed data is used only at

the left stencil points, is

au | ku” k T k+ Du’}” ’1‘ + Uy
0x | AX

(5)

where k is the delay [24]. We note that the coefficients in Eq. (5) depend upon delays, unlike the fixed coefficients in
standard schemes. Furthermore, in the absence of delays i.e. when k =0, Eq. (5) reduces to the standard central difference
scheme for the first derivative. The general methodology to derive different families of AT schemes of arbitrary order of
accuracy is described in [24]. Here the AT schemes from [24] are directly used and are listed in the Appendix without
details of the derivation.

2.3. Temporal scheme: Runge-Kutta

For a fully-discrete system, the global order of accuracy depends on both the spatial and temporal discretizations. In
order to compute this global order, a stability relation of the form At ~ Ax" is used to express the leading order truncation
error term of the time discretization scheme also in terms of grid size (Ax). For example, for a fourth-order spatial scheme
(O(Ax*)), if a second-order temporal discretization scheme (O (At?)) is used then the global spatial order is two if At ~ Ax
and four if At ~ Ax%. One of the most widely used schemes for high-order temporal discretization is the multi-stage Runge-
Kutta (RK) method. An S-stage explicit RK scheme for an equation of the form du/dt = f(u,t) over a time step At is given
by

S
u™ ="+ AtY bsKs, (6)
s=0

where the stages K are computed using
Ky =f@",t"

s—1
Ks=fu"+ At Y (asiki). t" + ¢ AD). @
i=1
Here as;, bs, cs are the coefficients of the RK scheme. For an RK scheme, in advancing from time level n to n+1, intermediate
stages K; are computed. Each of these stages depends upon the previous stages as can be seen from Eq. (7). Thus, for
simulations performed in parallel, RK schemes require PEs to communicate and synchronize after every stage in order to
update the corresponding values at buffer points. However, if simulations are performed with asynchronous communications
using AT schemes, then a fractional delay will be encountered at the intermediate stages and different AT schemes will be
required for each stage. An alternate method is proposed to effectively use multi-stage RK schemes with AT that circumvents
the need to communicate at every stage and avoids fractional delays.

In the presence of delays, each stage K is computed using AT schemes at PE boundary points. As mentioned before,
the current stage K explicitly depends upon the previous stages, Ks_1, Ks_2, ..., K1. Thus, to ensure accuracy all the stages
of RK scheme are computed locally at both PE boundary and buffer points of each PE. Furthermore, at the old time levels
required by the AT scheme, these stages are also computed at the internal points close to the PE boundary. In order to
perform the additional computations at buffer points, a larger message of size (= No. of stages in RK x spatial stencil) has
to be communicated across processors at every time step. However, the PEs no longer communicate at every stage of the
RK. Thus, there exists a trade-off between communication which is expensive and computation which is relatively cheap.

4



K. Kumari, E. Cleary, S. Desai et al. Journal of Computational Physics 477 (2023) 111906

To illustrate that the RK schemes preserve the order of accuracy when combined with high-order AT schemes, the one-
dimensional diffusion equation in Eq. (1) is reconsidered. Denoting the right-hand-side of Eq. (1) by f(u,t) = 8%u/dx?
(excluding the diffusion coefficient, ), the temporal discretization at the j-th spatial point using a two-stage second-order
RK scheme (RK2) is given by

K K
untl Js1 J:2
u At + —= 8
u; + o ( 5 > ) (8)

where Kj 1= f(u'}, t"), Kj2=f ((u'})*, t" + At) and (u'})* = u? + At(f(u'}, th)) = u? + AtaKj 1. When a standard fourth-
order central difference scheme is used for numerical approximation of f (u’}, t"), the following K; 1 and Kj » are obtained,

—u'}_z + 16u'J1._l - BOu? + 16u’}.+1 —u"

Ki:— j+2
i 12Ax2
aAt(Kj_21) + “'}_z 4 (OlAt(I<j71,]) + ”?71) 5 (aAt (Kj,l) + u']) ©)
Ki)=— + —
52 12Ax2 3Ax2 2A%2
. 4(aarKin )+ ) oA (ko) +ul,
3Ax2 12Ax2
The Taylor series expansion of Eq. (8) on substituting Eq. (9) then yields a truncation error of the form
1 1
TE sync = 5 (—f(o*g‘)(x, t)) AL~ %af(G’o)(x, DAxt + O(AX®, A3, Ax*AD) (10)
or
2.,(0,3)
n o rut X (6,0) 4 6
TEj|5yr1C—(—T — %au (X, t))AX +O(AX ), (l])

where ry = aAt/Ax? is the diffusive CFL number and the subscript “sync” denotes synchronous. Note that from Eq. (11)
the global spatial order of accuracy is four.
When a fourth-order AT scheme is used at the boundary points for computation of spatial derivatives, we have
n—k—2 n—k—2 n n n
(- k2 160142 — 3007 + 1607, —uT,)

Kj1 = (i +k)

24Ax2?
n —k—1 n— k 1 n n n
- ( 1Al 16u" 30uj+16uj+1—uj+2) a2)
_<‘ + ) 12A%
n —k n— k n
+ 160K —30u” + 16u”, | — u’ )
~ ~ 2 Jj+2
i + 3k 2)( I
+( okt 24Ax2

which is used to compute K; = f(u’]? + AtaKj 1, t" + At) with f(.,.) being evaluated using the fourth-order AT-scheme as
well. Once again, the Taylor series expansion is used to obtain the truncation error,

TE"| — >k (122 +3k+ 2) u©®3(x t)A—t3 - 1u<°~3>(x t)AL2 — lau(s’o)(x HAX* + (’)(I~<3A—t3) (13)
ATk 24 TAX2 6 ’ 90 ’ Ax
The above expression simplifies to give a global fourth-order truncation error term when r,, is substituted,
75k (EZ +3k + 2) r2u®3 (x, t) + 60r2u® (x, t) + 403u®0 (x, t)
TE} [k = — Ax* + O(AXS). (14)
36002

When the delay is zero i.e. k=0, the truncation error in Eq. (14) reduces to TE'}|Sync (Eq. (11)) which is the synchronous
truncation error at the internal points. Therefore, RK schemes can be used with the AT-schemes without affecting the global
order of accuracy. During a simulation the stencil data at older time levels for the buffer as well as for internal points are
available, and hence standard synchronous schemes can be used to compute the sub-stages K s at these points for efficient
implementation of RK with AT. Numerical simulations of linear equations were performed using this approach and the
global order of accuracy was preserved. Here the order of accuracy tests is shown for RK schemes with AT-WENO schemes
that are derived next (see Table 1).
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3. Asynchrony-tolerant weighted essentially non-oscillatory schemes (AT-WENO)

Despite their advantages, central finite difference schemes are not always suitable for performing DNS of, for example,
supersonic flows. In the presence of sharp gradients or discontinuities in density, temperature and composition due to deto-
nations, shocks or high pressure flames, the central difference schemes are prone to numerical oscillations and instabilities.
A well established numerical technique to accurately simulate flows with piece-wise smooth solutions between discontinu-
ities is the so called weighted essentially non-oscillatory schemes (WENO) [30,31]. These schemes aim to achieve high-order
accuracy at the smooth regions of the flow and resolve the discontinuities with minimal oscillations by automatically select-
ing the locally smoothest stencil. WENO schemes are considerably more expensive than regular central difference schemes
due to the need to evaluate the same flux functions from multiple candidate stencils [32]. However, the numerical method is
suitable for implementation in finite difference codes using stencil operations very similar to the central difference schemes.
Also, the usual advantages of DNS using finite difference schemes including parallelism and scalability apply to the WENO
schemes as well. Apart from DNS [33,12], the advantages of WENO schemes have also been demonstrated in implicit large
eddy simulations (iLES) [34-36].

In this section, a brief overview of the standard WENO schemes is provided followed by a discussion on the effect
of asynchrony on the standard WENO schemes (AS-WENO) and derivation of the asynchrony-tolerant WENO (AT-WENO)
schemes for accurate numerical simulations when delays are observed at PE boundaries. Consider the one-dimensional
(x-direction) version of the governing equations:

aQ dC aD

—+t—+—=—=

at ax  0x
where Q is the solution vector, C is the vector comprising the convective flux terms, D is the viscous and molecular
diffusion flux vector, and S is the vector of source terms. The exact form of terms in Q, C and D is defined in section 4. In
the WENO framework, the terms contained in the D vector do not require any special treatment and are evaluated using
central difference schemes (standard or AT). However, the convective flux terms in C have to be computed appropriately
to ensure both stability and accuracy in regions near and at discontinuities. Specifically, the derivative of the convective
flux 9C/0x at a point j is approximated using the flux at the edges, i.e., fji% of acell Z; = [xj_%,xH%]. The flux at the
edges is computed using the WENO approximation procedure that can be carried out using interpolation or reconstruction,
and accordingly, requires point values or cell averages of the fluxes. Note that the hat notation (7) is used to denote the
variables at cell edges. The derivative is then computed using the relation

S, (15)

C.,1—C. 1
E _ J+3 J—3 (16)
ax i AX
for a uniform grid and the order depends upon the order of the numerical flux approximation fj +1- When using finite-
differences, the WENO approximation directly yields the fluxes at the edges in terms of the fluxes at the grid points. For
stability, appropriate up-winding of fluxes is also required and is achieved through splitting the flux, for example using the
local Lax-Friedrichs flux splitting methodology,

C=Ct+C~, where
(17)

1
CF =2 (C £ hmaQ),

at every grid-point. The quantity Amqx in Eq. (17) is the maximum local wave propagation speed which can be computed as

Amax|j = max{(lul) j—1, (lu £ cl)j—1, (ubj, quEch;} (18)
where u and c are the local flow velocity and the speed of sound, respectively. The derivative is then simply evaluated using
o T+ -
L I R R
Rl + (19)
0x |; AX AX

with an appropriate upwind stencil for approximating both positive and negative fluxes [12]. For computation of derivative
in Eq. (19) using the WENO procedure, the first step is to approximate the fluxes at the edges (j & 1/2) through an inter-
polation or a reconstruction procedure. For simplicity, the approximation of these fluxes using an interpolation technique is
discussed here in detail. However, the approximation through reconstruction that treats grid-point values as cell averages
can also be performed following the steps detailed here. In order to do so, the primitive function defined in [30] is required.

For illustration, consider a specific WENO scheme that uses three sub-stencils each of which comprises three grid-points
denoted by S®, i ={0,1,2}, in Fig. 2 to approximate the value of a quantity i at cell edges, say j+ 1/2, and time-
level n. Taken together the larger stencil obtained by combining these S contains five points. Since the approximation

6
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Fig. 2. Candidate stencils for asynchrony-tolerant WENO (AT-WENO) scheme for approximation at point j+1/2 and delays at left processor boundary: SO,
SM and $@ in red, blue and black curves, respectively. S©@, SM and S@ correspond to three-point stencils for standard WENO.

order depends upon the number of points, a fifth-order accurate approximation can be obtained with the full stencil for
a smooth function. This is the classical three-fifth order WENO scheme, where the three smaller candidate stencils S =
(i—2,j—1,j}, SO ={j—1,j,j+1},and S® ={j, j+1, j+2} give a degree two polynomial interpolation of ﬁr}+] at time

2
level n. The synchronous third-order interpolant in each of the three stencils can be computed using Taylor series expansion

or Lagrange interpolation [30,31],

N 3 5
un ,(0)

—u"_, - =ut_ .+ 1Su”—f-O(Ax3)
i+y T 82 4 i 8 j
~n,(1)
uj+2 8 ] 1+ u + = u 1+O(AX) (20)
3
An,(2) n n 3
uj+5 _§uj+4uj+1 8u]+2+(’)(Ax)

The final approximation is taken as a convex combination of the above three third-order approximations, yielding a

2
higher order interpolant in the larger stencil. Ideally, if u(x, t) is smooth in the large stencil S= |J SO ={j—2,j—1,j,j+

i=0
1, j + 2}, a fifth-order approximation can be achieved using the following expression:
Zw. e, (21)
where w;’s are the non-linear weights
i Vi
; = T 07 (22)
>
i=0
2
The non-linear weights in Eq. (22) satisfy w; >0 and )_ w; =1 and are related to the ideal or linear weights y; through the
i=0
smoothness indicator ) [37,31,38]. A simple Taylor series expansion yields the ideal weights ¥ = {7k, 3. 7}, such that
3 5 45 15 5
" " - =" 4y A 2
Yy T 128t T 3 Tt et T Wy +O(AX). (23)

We now focus on the effect of data asynchrony on each of the individual approximations. Consider a point j at the left
processor boundary with a delay k encountered at each of the buffer points. The order of accuracy of the interpolants in
the first two stencils is affected by this delay,
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~n,(0) _ n—k 5 n—k 15 n 3
= 8u]._2 — Zuj_1 + ?uj + O(At, AXAt, AX7)
2 (24)
av® = _Lynk 30 3 n L oae axar, Ax),
3 T gl T gt T gt

More precisely, there are terms in the truncation error that depend upon At. On relating At ~ Ax", the interpolants with
delays reduce to first order when r =1 (convective CFL) and to second order when r = 2 (diffusive CFL). The convex
combination of the three interpolants with ideal weights y; also has a leading order truncation term that scales as O(At),
thereby degrading the order even in the full stencil, i.e.

N 3 .. 5 45 15 5

i, = ﬁu'}j; 3740 k2 2+ apti1 — ogtive T O(AL AXAL, A2, AX*AL). (25)
Clearly, the standard interpolants cannot be used in the presence of delays. A similar degradation in order was observed
when standard finite difference schemes are used with asynchrony [15] for computation of spatial derivatives. Following
the general methodology to overcome this loss of accuracy in [24], the asynchrony-tolerant WENO schemes (AT-WENO) can
be derived. For this, the AT-interpolant for each of the substencils in the presence of delays is computed. When multiple
time-levels are used, the interpolation is two-dimensional i.e. in space and time, and thus, requires a greater number of
points to achieve a given order of accuracy. Since the Taylor series expansion is used to obtain the coefficients, a relation
of the form At ~ Ax" is also needed to identify the overall low-order terms (in space) that should be eliminated for
achieving the desired order of accuracy. A schematic representation to identify low-order terms which need to be subjected
to constraints is illustrated in Figures 2 and 3 in [24]. For example, for a third-order accurate approximation, when At ~ Ax,
six equations corresponding to terms of the order {1, At, Ax, At2, AtAx, Ax?*} are needed, and therefore, each candidate
stencil comprises six points. Similarly, if r = 2 only four equations {1, At, Ax, Ax?} are required, and therefore, a four-point
stencil is sufficient to achieve a third-order approximation. Since the stencil now depends upon the delays observed at
the processor boundaries, the stencil itself is random because of the random nature of the delays. One can represent this

stochastic stencil as S. For the first candidate stencil (as shown in Fig. 2), S© = {u ]’k;” 1 u?_’z‘, u’]?_ll‘, uj} with delay k and

r =2, the AT interpolant is

1 ~ 5
~7,(0) —k+n 1 _ n—k 2 ©
qu k +8(3 7k)uj 2 4u] 1+ u +TE (26)

The leading order truncation error in Eq. (26) term depends on the delay k and is equal to
—5-. 5
TE® = Tku’(x, t)AtAX + Eu”/(x, DAX +--- ~ O(AX), (27)

where I = du/dt and u’ = du/dx and At ~ Ax? gives the overall spatial order of accuracy to be (O(Ax3). When

k=0, Eq. (26) reduces to the standard third-order synchronous interpolant in Eq. (20). For the second stencil S =
{ —k+n 1 —k ul
Ujp: U

u'}H}, with delays considered only at the buffer point (u;_1), the third-order interpolant is
- 1- ¢ 1 ~ 3
g = k=1 5 (—k - 1) nky

3
=gk 4u]+8u 1 +TED, (28)

where the leading order truncation error term
1
TED = —]—u/”(x, HAXS 4 -+ ~ O(AXD) (29)

is independent of delay k, unlike Eq. (27). Lastly, for stencil $@ = {uf, ",.,} =5, since all the points are within the

Uiy u

PE, the standard interpolant i.e. u'}iz) ujf) can readily be used. The full stencil is comprised of seven points S = U SO =
i=0

‘k+” 1 u'}:’z‘,uﬂ‘f""l,uy —k yn uH], ]+2} With this choice of stencil, at most, a fourth-order accurate approximation

{u;Z 1, U5

—1° 7
can be obtained for the full stencil since the degrees of freedom are sufficient only to eliminate seven low-order terms.
Extension to higher orders would require extending the stencil in both space and time. This is explained in great detail in
[24] for AT finite difference schemes.

On evaluation of the ideal weights for this larger stochastic stencil S i.e.

2

i (l)
=D v}, (30)

i=0

NI~

yields
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=10, -, = (31)
Y { 2°2

which, in turn, gives a fourth-order truncation error term in Eq. (30). These ideal weights eliminate the first stencil $©
and reduce the full stencil to a four-point synchronous stencil in the absence of delays. If the second stencil is modified

S — {u —k+n 1 u'J’ ’f,u?—k, j+1}‘ the ideal weights are no longer positive, y = { 3, ,5} Further changing the third
stencil to S(2> = {uj ken— 1,u?’k, u?;’f u't,,} such that all three stencils now have similar stencil structure and thus use four
points as shown in Fig. 2, the ideal weights obtained are
35 5 (32)
A PR

This exercise shows that irrespective of the choice of asynchronous stencil with four points, at least one of the ideal or
linear weights is non-positive for integer values of k. This non-convex nature of ideal weights leads to instabilities and
oscillations [39]. The procedure to deal with the non-positive weights has been described in [39] and it involves splitting
all the weights into positive and negative parts,

1
t= 5 i +6lyiD

(33)
77,'7 = 37i+ — Vi
for i = {0, 1, 2}. The split ideal weights are then scaled by the parameters
3
:Z);,'i§ Vji:7i+/aiv (34)
i=1

which are used to write the split polynomial interpolations

(a 1+2) Z%i”}f? : (35)

which is equivalent to replacing the ideal positive weight y; in Eq. (22) by the corresponding scaled split weight y,.ﬂt [39].
However, this procedure does involve a series of additional computations to compute the derivative of the flux accurately.

For this particular choice of stencil with delayed data at the left boundaries, the reconstruction polynomial can also be
—k+n—-1 _ n—k , n—k

derived using the primitive function [30]. For example, for a stencil of the form S® = {u] 14 Ui Uy uHH,} where
i=1{0, 1, 2}, one obtains the following AT approximations,
1 - - - ~
~n,(i) 2 ; —k+n— 1 i2 ;
i = (31 —12i+5) ki 517 4 = (=3i%k+ 120k = 5k + 3% — 6i +-2) ] -

1 1 ) . n
o (6218 = 7)ulk + 2 (32— 120+ 11w

The reconstruction polynomials in Eq. (36) reduce to the traditional candidate reconstruction polynomials in [38,30] when
k=0 for three-fifth order WENO scheme with ideal weights {1/10,6/10,3/10}.

As is evident from Eq. (22), the non-linear weights w; that are integral to the WENO formulation depend upon the
smoothness indicators B; defined in [30] as

X,
+3 )

k 2
) dat .
BY =) ax* f (—dxepm(x)) dx (37)
=1 x

-

[NE

where p®(x) is the polynomial of degree k (=2, in the example considered here) for stencil S®. For a one-dimensional
polynomial interpolation Eq. (37) can be easily evaluated to give a smoothness indicator for each stencil. However, for a
simpler extension to an asynchronous stencil, Simpson’s 3/8 rule is used to compute g%,

b A& dt ’ £ dt ’
BY ==Y a N —pP +4) A —pP )
6\ dx x=x, 1 dx -
2 6

=1 X=X

)2)
X=Xj+%

2 K g
) +2sz“( me(x)
=1

9

k
S d°
rayaet(Fen
=1

X=X. 1
i+g
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such that the derivatives of the interpolant are computed numerically at each of {x 1LXj 1,X; .1} using all the
P p y i i Xl g
points in the stencil S®. This yields the smoothness indicator expressed in the form
1 2 2 2
) _ n n n n n n n n
Y = 3 (4(u )]._2 + <lluj — 19uj71> uf_,+25 (u )]._l + 10 (u )]. —31uj71uj)
1 2
1 _
B =3 (40" + (Sulr — 13u) )]y + 13(u")] + 4 (")}, — 13w (39)

1 2
ﬁ(2)25(10(u")j+<11u 31u]+1)u'}+25(u )]+1+4( )]+2 19u]+lu]+2>

which is consistent with ) in the literature. Extending this to the asynchronous stencil, the smoothness indicator of the
following form is obtained when a four-point stencil is used for all three candidate stencils,

5<o>:;<(10,;2_11;}+4) (ug;§)2+( 20"~ k- +k(11u” k- ' 310 kK_20u" )—19u'}:’}

+ 110 Jun =k -+ 10R2 ()% 1) +25 (u- k) =31t A (2007 - 31007F) 10 (u )2>

iYj-1
(40)

2 -

B = 3((4l<2—51<+4)( n— ") +( gik2u—- +k(5u” T 13 8u]+1) 13u"F
+5“J+1) 't~ "+4k2<u k= 1) +13( k) — 13uf, ]~ k (41)

=T (8un,y — 13017F) + 4 (u H])z)

5<2)——<(4/< —11/<+1o)(’}’2)2+(—8122u7—’?—1+12(11u;—’? +19u K —gut ) - 31+ 1)

w

z 2
k k—1 k—1 k
ik 4 4k (- ) +25 (u J+1) —19u U Rt (8wl — 190 K) 4 (ul,) )
(42)

Each of the f! listed in Eq. (40), Eq. (41), Eq. (42) reduce to the corresponding 8 expressions in Eq. (39) when k = 0. with
the approximations and smoothness indicators in the candidate stencil known along with the ideal weights, the derivative
of the flux can then be computed using the standard WENO procedure.

For the choice of stencil discussed above, if the delay is zero then instead of achieving fifth-order approximation in
the larger stencil, only fourth-order accuracy is obtained. This is explained as follows. The ideal weights {yo, y1, 2} in
Eq. (30) satisfy Ziz:o i =1 and thus, two additional constraints need to be imposed to find a unique solution when
seeking a combination of smaller stencils. Upon upgrading from a third-order approximation in the smaller stencil S¢) to
a fourth-order approximation in the full stencil S, only two lower order truncation error terms of the form {AtAx, Ax3}
can be eliminated. Thus, a unique solution for y; is obtained. However, such an approximation will never recover fifth-order
accuracy in the absence of delays since the Ax* truncation error term is non-zero. Consequently, when there is no delay,
the large stencil S will have at most four points and the approximation is only fourth-order accurate. For example, the ideal
weights Eq. (32) yield non-zero coefficients only for points {j — 2, j — 1, j, j + 2} in the full stencil when k = 0. Moreover,
this stencil is spatially discontinuous.

The reduction in the number of points in the larger stencil when the delay is zero and a corresponding lower order
accurate approximation can be overcome by selectively eliminating additional truncation error terms. For an asynchronous
fifth-order approximation, terms of the form {At?, AtAx?, Ax*} in addition to {AtAx, Ax3} also need to be eliminated.
Since this yields a system with six constraints and only three unknowns, a unique solution cannot be determined. However,
it is still possible to achieve a fifth-order approximation in the absence of delays. Addition of one more point in the smaller
asynchronous stencil and using this degree of freedom to eliminate the AtAx truncation term does not affect the order of
the resulting interpolant. However, when the ideal weights in the large stencil are computed, one of the constraints can now
be imposed on the Ax* term. This exercise then yields convex ideal weights that are exactly equal to the ones obtained
when all three small stencils are synchronous. While the asynchronous approximation in the full stencil is still of order four,
the synchronous approximation recovers fifth-order accuracy when the delay goes to zero. Moreover, a convex combination

10
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@2 _ &2
S = SL
S

® =n
* n-—1
o n—k
Time o n—k-1
Space PE boundary
@ Internal point + Internal point (old) @ PE boundary point (old)
O Buffer point < Buffer point (old) ¢ PE boundary point

Fig. 3. Updated candidate stencil for asynchrony-tolerant WENO (AT-WENO) scheme for approximation at point j+ 1/2 and delays at left processor bound-

ary: §(L°) and §(L” in red and blue curves, respectively. S©@, ™ and $@ correspond to three-point stencils for standard WENO. Here §(LZ) is same as
5@,

of the candidate stencil with none of the weights being negative is achieved. Thus, the additional computation involved in
the treatment on negative weights is no-longer required. This new asynchronous stencil at the left boundary is given as

9 =ik ke

<M n— k 1 ., n—k ,n—k

S =i ug uj,u]H} (43)

<@ 2

;7 =s@ =l uf_j,uf,)

and is shown in Fig. 3. For this stencil the third-order interpolation of the form

~1,(0) —k+n 1y —k+n 1y 1 T n—k E n

u1+2 ku ku <3k+3) uj- 2—}-4( 5k S)uj_]—i- 8uj
1- ¢ 1 ~ 3 3

~n,(1) —k4+n-1 , > (_1 n—k

i = 8"”1'—1 *3 ( k 1) it 4”1 + 8”J+1 (44)
3 3

i = 28U+ 2

= — L
j+% 8 J ' 4 j+1 3 Jj+2

is obtained when a constraint is imposed on the truncation error term AtAx for the first two stencils, $© and S, The
ideal weights are then computed to be

155 (45)
Y=116'8 16"

While the interpolation procedure for approximating the fluxes at the edges is explained in detail, approximation using re-
construction, which is equivalent to the WENO approximation for the first derivative, is the main relevant WENO procedure
when designing finite volume or finite difference schemes to solve hyperbolic conservation laws [40]. Similar constraints in
terms of the order-of-accuracy and elimination of specific terms can also be used to derive a reconstruction function with
an asynchronous stencil using a primitive variable. For the choice of stencil listed in Eq. (43), by treating point values as
cell-averages the third-order reconstruction approximation at the left boundary assumes the following functional form

1- _; ~ .11

~n,(0) _ _ ~ 7 —k+n—1 —k+n 1 _ n-k , 1. n
uH% = 3I<uj_2 + ku (2k+2) i 2+ ( 7k 7)uj_]+ 5 u;

1- 1 1 ~ 5 1
~n,(1) _ “p. —k+n-1 _, ~( 7 n— k
Tt ( 1) Gl gu (40)
~ 5
uﬂ,(zl) =—ul 4 2yt u"

11
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such that the coefficients reduce to their corresponding synchronous values when k = 0. The ideal or linear weights in this
case can then be computed to be

1 3 3
=== (47)
10 5 10

which provides the fifth-order reconstruction polynomial in the larger stencil when the delay is zero, and is fourth-order,
otherwise. Finally, the smoothness indicator for stencil Eq. (43) is computed using Simpson’s 3/8 rule,

- 1 -\ 2 N2 . S (2 -
,3(0):§<4 (wr5)" 25 (wih) i (4 () +4(u';:’;) + 190175 (wi T -y

425 (u’}.:’;‘ Tt ’1‘) ke (19 (u'}:’f—u'}:’ffl)—Sujfg) — 31 "+10( )
~ N ' ’ ] (48)
+ ™k (11w — 19w ) k(8 (w15) "+ (10017 — 381K 1w )
+ul k- 1( 8u—k +19u"=k — 110 ) ui k- —ug?:’f) (50u§‘_’f—31u7)))
1 ~ -\ 2 2 2
1 2 —k—1 —k —k k
Ja <4k (u” ‘ —u'}_l) +4<u’}_1) +13(u'}> +4<u§'+1> +(5u7+1 13u7>u? 1
(49)
—13u'}u?Jrl —Iz(u’}:’]‘ 1 u’; ’f) (8u” k_ 13y +5u]+1>>
ﬁ(2)_<10< ) —31u’}+1u'}+25(u'}+1) +4( ]+2) +(11u —19u1+1)u'}+2):ﬂ(2), (50)

In terms of the leading order truncation error, these smoothness indicators have the same properties as their synchronous
counterparts, and therefore, preserve the order characteristics of the non-linear weights in Eq. (21). Thus, the AT-WENO
approximation in the simulations presented here is carried out using the reconstruction polynomials in Eq. (46), ideal
weights in Eq. (47) and the smoothness indicators listed in Eq. (50). While only a specific example of AT-WENO is presented
here, similar steps can be followed to derive high-order schemes as well by extending the stencil in both space and time.
Furthermore, additional low-order truncation error terms can also be selectively eliminated in both candidate and full
stencil such that the AT-WENO scheme in the full stencil reduces to the corresponding synchronous scheme in the absence
of delays.
Before proceeding with the validation simulations in Section 5, the order of accuracy of the synchronous and the new

AT-WENO schemes is tested on a linear advection equation,

au au

at +e ax
in a periodic domain x € [—1, 1] for an initial condition u(x,0) = sin*(rx + 0.25) and a convective velocity of ¢ =5 for
different spatial resolutions. Since the AT-WENO scheme is derived using the relation At ~ Ax%, we retain this power-law for
computing the time step in the simulations to assess the order of accuracy. The temporal scheme used is RK-3 implemented
using the procedure listed in section 2.3. Delays with uniform probability are introduced at every grid-point. The L; and
Lo norm of the error at t = 1.0 is tabulated in Table 1 for the synchronous case, standard WENO used asynchronously (AS-
WENO) and the asynchrony-tolerant WENO (AT-WENO). As expected, the order degrades to two when the standard WENO
sees delays at the boundaries and the error is orders of magnitude larger than the synchronous error. On the contrary, the
AT-WENO schemes exhibit errors comparable to the synchronous case and the order of accuracy is close to four.

The analysis was repeated for an inviscid Burgers equation,

ou o) (52)
at  ax\2 )

in a periodic domain with an initial condition, u(x,0) = 0.5 + sin(;rx). The order of accuracy both before and after the
formation of the shock is computed. At t =0.15, the solution is smooth throughout the domain and the order deterioration
only occurs when the standard WENO is used asynchronously (AS-WENO). Both synchronous and AT-WENO have an order
higher than the theoretical order when the grid is refined. For L1 and L., norm of error after shock formation, only the
smooth region at a distance of 0.05 on both sides of the shock, i.e. |x — Xshock| > 0.05, is considered [37]. Once again, errors
in both the L1 and L., norms and the order of accuracy for AT-WENO are consistent with that for standard WENO. Thus,
AT-WENO exhibits expected numerical accuracy for both linear and non-linear equations. (See Table 2.)

=0 (51)
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Table 1
Order of accuracy for linear advection equation u; + cuy = 0 with initial condition
u(x,0) =sin*(rx +0.25) at t = 1.0 for synchronous, AS-WENO and AT-WENO.

Case N Ly error Ly order Loo error Loo order
16 195x10°! - 393x107' -
32 387x1072 23 9.09%x1072 21
Synchronous 64 279x1073 38 557x1073 40
(Order 5) 128  2.65x107% 34 1.07x1073 24
256 1.09x107° 46 700107 3.9
512 3.01x1077 58 218x10°¢ 50
16 325x107" - 610x10°1 -
32 142x107" 12 293x107" 1.0
AS-WENO 64 2.84x1072 23 638x1072 22
p=1[0.5,0.5] 128 5.70x1073 23 132x107% 23
(Order 5) 256 122x1073 22 290x1073 22
512 2.82x107% 21 6.79x107% 21
16 2.00x1071 - 3.86x107" -
32 415x107% 23 1.00x10~" 19
AT-WENO 64 298x1073 38 6.70x1073 39
p=1[0.5,0.5] 128  290x10~* 34 954x1074 29
(Order 4) 256 142x107° 44 704x10° 38
512 579x1077 46 240x1076 49
16 301x107" - 5.09x1071 -
32 618x1072 23 137x107" 19
AT-WENO 64 520x1073 38 113x1072 36
p=1[0.3,03,03] 128 422x10~* 3.6 112x1073 33
(Order 4) 256  240x107° 41 773x107° 39
512 126x1076 43 286x1076 48

4. Governing equations

In the following sections the effect of asynchrony is evaluated for a set of canonical reacting flow configurations. The AT
schemes described in Section 3 are implemented in a compressible reacting flow solver with periodic and open boundaries.
The governing conservation equations and constitutive laws are presented in this section. The one-dimensional form of the
conservation equations for mass, momentum, total energy and species are

ap __dpu)
at — ox
a(pu) d(puu) dt IP
= — + _—— —

at 0x ax 0x (53)
d(peo) _ d[u(peq + P)] n d(tu) 9q

at ax ax ax
a(pYi a(puY;j a(pYiVi

(pYi) __ (puY;i) _ (pYiVyi) + Wi,

at 0X 0x

where Y; is the mass fraction, W; is the molecular weight, V; is the species mass diffusion, w; is the molar production rate
of species i and eq is the specific total energy

2
P

€0=—u — —+h. (54)
2 p

h= le\g] Yihi = le\ﬁ] Yi <h? + fT]:) cp,,-dT) is the total enthalpy expressed in terms of h? which is the enthalpy of formation
of species i at temperature To and the isobaric heat capacity ¢, = 2&1 Yicp.i. For an ideal gas mixture, P = pR,T/W and
-1
Cp — Cy =Ry /W, where W = (Z?’; Yi/Wi) and R, is the universal gas constant, are used to compute the pressure and
specific heats. The viscous stress 7 is
r— 4 Ju
~3M5e

and the heat flux and species diffusion velocities are given by

(55)
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Table 2
Order of accuracy for inviscid Burgers’ equation u; + (u%/2)x = 0 with initial condition
u(x,0) = 0.5+ sin(rx) before and after the shock for synchronous, AS-WENO and AT-
WENO.

t = 0.15: Before shock

Case N Ly error L1 order Lo, error Loo order
32 3.03x1074 - 236x1073 -
Synchronous 64 114x107° 4.7 1.08x1074 4.4
(Order 5) 128  4.38x1077 47 3.71x1076 49
256  141x1078 5.0 212x1077 41
512 337x1071° 54 453x107° 55
32 7.99x10~4 - 477x1073 -
AS-WENO 64 1.44x10~4 2.5 721x107% 2.7
p=1[0.5,0.5] 128  3.39x107° 21 149x10~4 23
(Order 5) 256 8.61x107° 2.0 3.76x107° 2.0
512 2.05x107% 21 893x10°6 21
32 311x1074 - 248x1073 -
AT-WENO 64 121x107° 47 115x10~% 44
p=1[0.5,0.5) 128 4.85x1077 46 414x107% 48
(Order 4) 256 1.82x1078 47 207x1077 43
512 661x10710 48 482x107° 54
32 3.23x1074 - 267x1073 -
AT-WENO 64 132x107° 46 123x1074 44
p=[03,03,03] 128 614x1077 44 488x10°% 47
(Order 4) 256  2.74x10°8 45 1.99x10~7 46
512 125x107° 45 742x107% 47

t = 0.55: After shock

Case N Ly error Ly order Loo error Lo order
32 6.26x1073 - 120x10°1 -
64 243x1074 47 114x1072 34
Synchronous 128  6.09x1076 53 3.00x1074 5.2
(Order 5) 256 1.83x1077 5.1 218x10™> 3.8
512 2.25x107° 6.3 3.79x10~7 58
32 6.49x1073 - 120x1071 -
AS-WENO 64 321x1074 43 110x1072 34
p=1[0.5,0.5] 128 3.17x107° 3.3 348x1074 50
(Order 5) 256  6.96x10° 22 1.75x107° 43
512 1.70x1078 2.0 414x1076 21
32 6.26x1073 - 1201071 -
AT-WENO 64 2.44x1074 47 114x1072 34
p=1[0.5,0.5] 128  6.10x10° 5.3 299%1074 52
(Order 4) 256 1.85x1077 5.0 218x10™> 3.8
512 2.43x107° 6.2 3.78x10~7 58
32 6.26x1073 - 120x1071 -
AT-WENO 64 2.44x1074 47 114x1072 34
p=1[0.3,03,03] 128 615x1076 53 299x1074 53
(Order 4) 256 1.89x1077 5.0 218x10™> 3.8
512 2.80x107° 6.1 3.76x10~7 59

N
aT s
q= —Ka + E] hiJi

_Dpax,

Vi=
Xi 0x

where J; = pY;V; is the species diffusive flux, D{“ix is the mixture-averaged diffusion coefficient, and X; = Y;W /W; is
the mole fraction. Barodiffusion and the Soret and Dufour effects are not considered. CHEMKIN [41] and TRANSPORT [42]
software libraries were linked with the solver and used for evaluating reaction rates, thermodynamic and mixture-averaged
transport properties. Eq. (53) can be written in a compact form as in Eq. (15) where
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Table 3

Probability of simulated delays for
different sets used in the numerical
experiments presented in Section 5.
This legend (color and/or symbol)
is used in all the figures from Fig.

4 to Fig. 13.
Probability Legend
[po p1 p2]
Set-1 [0.80101] —o
Set-2  [0.6 03 0.1] —.x
Set-3  [040501] — -0
Set-4  [1.0 0.0 0.0] St

Table 4
Summary of numerical simulations and their relevance.
Case number  Case name Relevant processes to be resolved
5.1 Acoustic wave propagation (non-reacting)  Pressure perturbation travelling at speed of sound
52 Auto-ignition of H, (periodic domain) Spontaneous ignition dominated by reaction term
53 Auto-ignition of C;H4 (temperature Unsteadiness, oscillatory ignition front
fluctuations at inflow)
5.4 Premixed flame propagation Reactive-diffusive balance in reaction zone
5.5 Non-premixed ignition Diffusion controlled reaction front
5.6 Propagation of a detonation wave Jump due to shock front followed by a reaction zone
P pu 0 0
2
u us+ P -7 0
o=|""1], c=| " , D= ,and S= (57)
peo u(peo + P) —Tu+q 0
pYi puY; pYiVi Wiw;

The derivatives of product terms in Eq. (53) are expanded using the chain rule. For example, d(puY;)/dx := (puY;)x =
pu(Yi)x+ puxY; + pxuY;. This essentially allows computation of derivatives of such terms using AT schemes without having
to retain every product term at multiple time-levels. Apart from the expansion using the chain rule, the one-dimensional
asynchronous solver used in the present study is largely based on S3D [3] which is widely used to perform DNS of turbulent
combustion.

5. Numerical results

In this section, five different flow configurations are selected to assess the effect of asynchrony on canonical combustion
problems. For the first case, two types of asynchronous simulations are considered,

1. Standard schemes used asynchronously (AS-SFD or AS, AS-WENO as applicable)
2. AT schemes for asynchronous computation (AT, AT-WENO as applicable).

For the remainder of the cases, only the asynchronous simulation performed using AT schemes is compared with the
synchronous simulation. The domain is decomposed into P processors and delays are introduced using a random number
generator at each processor boundary similar to [24]. The maximum allowed delay levels are three with the probability of
non-zero delay gradually increasing from Set-1 to Set-3. The different probability sets considered in numerical simulations
are tabulated in Table 3 where Set-4 represents a synchronous simulation. The probability for Set-2 and Set-3 is similar to
the probability of delays observed on TACC supercomputers [27]. A summary of all the numerical experiments performed
and their relevance is listed in Table 4.

5.1. Non-reacting case: acoustic wave propagation

For this non-reacting case the propagation of an acoustic wave in air is considered. The effect of the source of the acoustic
wave, for example from an ignition kernel, is decoupled from its propagation, and the only focus here is on whether the
asynchrony-tolerant framework can accurately capture waves traversing with the speed of sound. Furthermore, if an error
in gradients due to delayed data at the boundaries manifest themselves in the form of dilatational modes then one should
observe these effects in the propagation of acoustic waves through larger errors. In the current problem the acoustic wave
is considered to be a perturbation in the pressure field that is described with the following initial condition [43],
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Fig. 4. AS-SFD: instantaneous profiles and errors in pressure (atm) and velocity (ms~") at t =4 x 10~5s. The different lines: blue (Set-1: p =[0.8,0.1,0.1]),
black (Set-2: p =[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta (Set-4: p =[1.0,0.0, 0.0]) are defined in Table 3. The light blue line indicates
the initial condition and gray vertical lines represent processor boundaries. AS: Asynchronous with standard finite-difference schemes, S: synchronous.
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Fig. 5. Asynchrony-tolerant (AT): instantaneous profiles and errors in pressure (atm) and velocity (ms~') at t =4 x 10755 (left) and t = 6 x 1055 (right).
The different lines: blue (Set-1: p =[0.8,0.1,0.1]), black (Set-2: p =[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta (Set-4: p =[1.0,0.0,0.0])
are defined in Table 3. The light blue line indicates the initial condition and gray vertical lines represent processor boundaries. AT: asynchronous with
asynchrony-tolerant, S: synchronous.

u(x,0) =up + .Aexp [—B (X_onﬂ

P(x,0) = Po + poco (u — o)
u—u
o(x,0) = +M

where ug, po, Po prescribe the uniform mean values, and ideal gas law is used to compute the temperature field. Here .4
and B determine the magnitude and stiffness of the acoustic fluctuation and X is the location of the fluctuation peak. This
initial field is shown as a light blue line in Fig. 4 and Fig. 5. Non-reflecting inflow/outflow boundary conditions [44,45] are
used and the initial fluctuation is allowed to traverse across at least one processing element boundary where it encounters
delays. While at the internal points standard fourth-order central difference schemes are used, at the physical boundary
points the derivatives are computed using second-order finite difference schemes. For computation of derivatives at the
processor boundaries, fourth-order AT schemes are used (see Table A.13 in Appendix A).

When the standard central-difference schemes are used asynchronously (AS-SFD), there are visible fluctuations in the
pressure field even at early times. This is evident from Fig. 4 where both instantaneous pressure and velocity fields at time
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Table 5
L1 and Ly, norms of error in velocity and pressure in acoustic wave propagation
simulations.
t=4x10"5s t=6x10"5s
AS-SFD
Case U (ms™1) P (atm) U (ms™") P (atm)
1 333x1072  136x107*  3.30x1072  1.34x107*
Ly error 2 9.87x1072  4.00x10~%  3.78x10~'  152x1073
3 8.01x10~"  326x103  228x10! 9.31x1072
1 227x107"  943x10~*  2.72x10~'  1.08x1073
Lo error 2 6.53x107"  2.69x1073  2.03 8.08x1073
3 6.16 257x1072  145x10? 7.56x107!
Asynchrony-tolerant (AT)
Case U (ms™h) P (atm) U (ms™) P (atm)
1 588x107>  243x10~7 338x10™>  140x10~7
Ly error 2 6.70x1075  2.75x1077  4.82x107°  1.95x1077
3 883x107>  3.64x1077  3.81x107°  157x1077
1 525x10™%  218x10°%  327x10*  1.29x10°
Lo error 2 784x10~%  323x10°%  470x10™*  192x10°6
2 116x1073  473x1076  6.09x10~%  2.56x10°6
2000 ‘] | !
1 |
Tmax 1500 i P
I I
1000 L L i
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| | |
: P |
Pmax L2 | .
il |
1 1 1 1 1
0 0.5 1 1.5
x107*
time

Fig. 6. Temporal evolution of the peak temperature (K) and pressure (atm) during auto-ignition of a premixture of hydrogen/air in a periodic domain.
The different lines (without symbols): blue (Set-1: p =[0.8,0.1,0.1]), black (Set-2: p =[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta (Set-4:
p=1[1.0,0.0,0.0]) are defined in Table 3. The dashed line indicates the time at which the instantaneous scalar and velocity profiles and errors are listed in
Table 6 and Table 7.

t =4 x 10785 show large numerical errors and clear deviation from the corresponding synchronous field. For larger delay
values corresponding to Set-3 in Table 3, the numerical perturbations become significant at much shorter times and render
the simulation unstable eventually. These errors are amplified even after the acoustic wave leaves the domain. However,
when AT schemes are used for the propagation of an acoustic wave with delays at processor boundaries, the solution
remains in close agreement with its synchronous counterpart and the errors are several orders of magnitude smaller (see
Fig. 5). Similar behavior is also observed at later times when the wave is close to leaving the right boundary. Moreover, the
errors in both pressure and velocity are not localized to near processing element boundary points where AT schemes are
used to compute derivatives.
The L1 and Ly, norms of the errors computed with respect to the synchronous simulation are defined as

ZL1 = (Zsynchronous — Zas orAT) (59)
Zy,, = max (Zsynchronous — Zasor AT) )

where Z is any quantity, for example temperature, pressure or mass fractions, and (.) is the spatial average. These errors
are listed in Table 5 for both AS-SFD and AT simulations at two different times. The AT schemes exhibit significantly less
numerical error at both times, and the error does not grow monotonically with time like it does for the AS-SFD.

5.2. Premixed auto-ignition of Hy using one-step chemistry

A canonical problem of practical relevance to compression ignition in internal combustion engines is auto-ignition of a
premixed fuel-air mixture at constant volume. Here auto-ignition of a fuel lean H;/air mixture at an equivalence ratio of
0.4895 at an initial temperature of 400K is considered. A hot spot represented by a Gaussian temperature spike with a peak

value of 1040K, which is above the ignition limit, is introduced at the center of a one-dimensional closed domain and the
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Fig. 7. Asynchrony-tolerant (AT): auto-ignition of a premixed H»/air mixture: instantaneous profiles of temperature (K), heat-release rate (Jm—3s~3), pres-
sure (atm), velocity (ms~'), and mass fractions of Yn, and Yy,o. The different lines: blue (Set-1: p =[0.8,0.1,0.1]), black (Set-2: p =[0.6,0.3,0.1]), red
(Set-3: p =1[0.4,0.5,0.1]) and magenta (Set-4: p =[1.0,0.0,0.0]) are defined in Table 3. The light blue line indicates the initial condition and the gray
vertical lines represent processor boundaries.

mixture eventually auto-ignites after an induction period. This thermal explosion leads to a rapid increase in temperature
to nearly 2000K. Following the ignition of the hot spot, reaction fronts emanate from the spontaneous ignition kernel, one
propagating to the left, while the other to the right. The gas expansion from the heat release during auto-ignition results
in an induced velocity from an initially quiescent flow field. The time elapsed from the initial hot-spot to a time at which
the temporal gradient of temperature or heat release rate is maximum is the so-called ignition delay time (Tjgn). The
time evolution of maximum temperature and pressure is shown in Fig. 6. It is clear that while the temperature increases
slowly initially, there is an exponential increase in the temperature at around t =5 x 10~s. The temporal evolution of
the peak temperature and pressure is captured accurately by the asynchrony-tolerant schemes. Following ignition, the two
fronts propagate towards the left and right boundary and are allowed to traverse across at least one processing element
boundary where delays are explicitly encountered. For simplicity we consider a periodic domain that allows us to compute
spectral characteristics of both thermodynamic and hydrodynamic quantities. Note that the periodic boundary conditions
considered here provide a closed volume with compression heating from the exothermic reactions that lead to a gradual
rise in pressure with time. This is evident from Fig. 6 where the peak pressure increases from 1 atm to 1.4 atm after
ignition. The oscillatory nature observed in the peak pressure, and to a lesser extent in the peak temperature, is due to
the propagation of compression waves in the closed domain that originated from the initial localized spontaneous ignition
kernels.

To investigate the effect of delays at processor boundaries on important quantities of interest both before and after
spontaneous ignition, the spatial evolution of temperature, velocity, pressure, heat release, and mass fractions of hydrogen
and water are shown in Fig. 7. The time instants considered are indicated with dashed-black lines in Fig. 6. Qualitatively,
no difference exists between the instantaneous values of these quantities for synchronous simulation and asynchronous
simulations with AT schemes. The L and L., norm of error computed with respect to the synchronous simulation is listed
in Table 6 and Table 7, respectively, for three time instants. Also listed are the errors when the standard schemes are used
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The different lines: blue (Set-1: p =[0.8,0.1,0.1]), black (Set-2: p =[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta (Set-4: p =[1.0, 0.0, 0.0])
are defined in Table 3.

Table 6
Ly norm of error in temperature, velocity, and mass fraction of H, and H,O for auto-ignition of premixed
hydrogen.
Time Case U (ms™) P (atm) T (K) H» H,0
AS-SFD
1 24294x107"  81737x107*  32713x10~'  12700x10°®  2.5152x107°
1.5e-4 2 3.9893x10~"  1.3420x1073  53992x10~'  21059x10°%  41778x107>
3 5.6643x107"  1.9061x1073  7.6244x10~'  2.9054x10°%  5.8324x107°
Asynchrony-tolerant (AT)
1 1.07x1077 3.16x10~10 8.50x10~8 1.89x10°13 2.29x10712
496e-5 2 1.23x1077 3.68x10710 819x1078 296x10713 231x10712
3 1.33x1077 421x10710 111x1077 422x10713 3.66x 10712
1 6.80x10~7 218x107° 7.14x1077 2.49x10~12 2.53x10~ 11
7.2e-5 2 6.46x1077 2.20%x1077 9.74x1077 3.77x10712 489%10~11
3 1.07x1076 3.52x107° 1.09x1076 2.79x10~12 3.67x10711
1 117x1074 2.70%x1077 7.67x1074 456x1079 4.87x1078
1.5e-4 2 5.67x107° 1.49%107 2.52x1074 1.54x107° 1.61x1078
3 110x1074 2.70x10~7 717x107* 433x107° 462x1078

asynchronously. Note that in this case the errors are several orders of magnitude larger than AT schemes, irrespective of the
quantity. Moreover, for the former case, the maximum error in temperature is approximately 9K which can trigger reactions
and result in nonphysical ignition in otherwise quiescent flow due to the strong temperature dependence of reaction rates.
Such numerical errors are not observed for AT schemes even when the gradients, for example, in temperature or species
mass fractions exist at the processing element boundaries.

The spectra of temperature, velocity and mass fraction of reactants and products, are shown in Fig. 8 and Fig. 9. The
AT schemes exhibit excellent agreement with the synchronous simulations at all wavenumbers (« ). Moreover, non-physical
accumulation of energy at high wavenumbers due to numerical errors does not exist which is in fact observed in Fig. 8
when the standard schemes are used with asynchrony. Hence, AT schemes demonstrate an excellent resolving efficiency in
both physical and spectral space despite delayed data being used for the computation of derivatives at processing element
boundaries.
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Table 7
Lo, norm of error in temperature, velocity, and mass fraction of H, and H, O for auto-ignition
of premixed hydrogen.

Time Case U (ms™1) P (atm) T (K) H H,0
AS-SFD
1 8.73x10~'  272x1073 350 1.80x107> 319x10~4
1.5e-4 2 151 446x1073 578 2.96x107° 5.25x1074
3 214 6.23x1073 879 441x107° 7.88x10~4
Asynchrony-tolerant (AT)
1 130106  244x107° 148x10°% 461x1072  660x10~!!
2e-5 2 1.64x1076  230x10~°  207x10°%  107x10°""  912x10~M
3 1.83x10°6  280x107° 118x10°%  119x10~"'  9.79x10~ !
1 755x107%  2.64x107%  952x1076  727x10"!'  8.87x10~10
552e-5 2 5701076  195x10~%  1.88x10™>  136x10"'©  190x10~°
3 945x1076  326x107%  119x107°  930x10~'"  110x107°
1 1.08x1073  244x107%  114x1072  5.51x1078 9.58x1077
1.5e-4 2 408x107%  797x1077  360x1073  1.77x1078 3.05x1077
3 8.06x10™*  175x107%  1.07x1072  512x10~8 8.93x1077

Table 8
Asynchrony-tolerant (AT): L; norm of error in temperature, velocity, and mass fraction of OH and CH,0 for
auto-ignition of C; H4/air flame with temperature fluctuations at the inflow.

Time Case U (ms™1) P (atm) T (K) OH CH,0 H,0
Asynchrony-tolerant (AT)

1 320x1078  110x107'0  132x1077  6.67x107'3  353x10713  448x10°12
448e-4 2 3.89x1078  127x107'0  170x10~7  8.75x107'3  4.82x10"'®  591x10~'?
3 497x107%  1.66x107'°  175x1077  9.06x10"13  490x10~13  6.08x1012
1 3.09x1079  1.09x10-'"  332x10~%  150x10"'3  912x10~'*  116x107'?
998e-4 2 3.99x1079  138x10°'"  193x107%  120x107'3  442x107"  633x10713
3 477x107°  1.69x1071"  2.82x107%  1.69x10"®  769x10~'4  8.95x10~ 13

5.3. Auto-ignition: temperature fluctuations at the inflow boundary

The effect of turbulent fluctuations on fuel-air mixing, wrinkling of flames or spontaneous ignition front propagation is
central to turbulent combustion. To simulate this effect in one-dimension and to ensure that the AT schemes can propagate
fluctuations accurately across processing element boundaries, a temperature perturbation is forced at the left inflow bound-
ary. The initial condition, shown by the light blue line in Fig. 10, is the steady state solution obtained from the auto-ignition
of premixed C;Hg4/air mixture at a pressure of 2 atm. A 22 species 18-step reduced mechanism describing the oxidation
kinetics of ethylene/air [46] is used. The steady solution is perturbed with sinusoidal temperature fluctuations with a mag-
nitude of 180K and frequency 20Khz at the left boundary using an oscillatory inflow boundary condition [47,48]. As the
perturbations approach the igniting front, the adjacent temperature increases as is evident from the increase in the mass
fraction of CH,O radical in Fig. 10. This induces a secondary ignition kernel to the left of the initial front as can be seen
in Fig. 10 (left column). The two kernels eventually interact and as time progresses, a steady ignition front develops to the
left of the initial kernel as shown in the plots in the right column of Fig. 10. This front oscillates about a mean location,
with the peak temperature and pressure also oscillating in response to the incoming sinusoidal fluctuations. The AT schemes
accurately capture the transient and steady state evolution of both the temperature and intermediate species even in the
presence of delays at the processor boundaries. An excellent qualitative agreement between the instantaneous profiles for
AT and synchronous simulations in Fig. 10 is observed. Both L and Lo, norms of the errors tabulated in Table 8 and Table 9
are also reasonably small at both times.

5.4. Premixed flame propagation

The previous cases focused on investigation of the effect of asynchrony on spontaneous ignition dominated by un-
steadiness and advection-reaction balance. The present test case is intended to study the effect of delayed data on laminar
premixed flame propagation. The flame propagates at a subsonic velocity and is characterized by a balance between the
reactive and diffusive terms in the steady species conservation equations. A mixture of CyHg/air at an equivalence ratio,
¢ =0.42, T =500 K and P =1.72 atm is considered. The one-dimensional domain is 4 mm and is discretized with 576 grid
points that are distributed across 12 processors. The 22 species, 18-step reduced mechanism from [46] for ethylene/air used
in the earlier case is also used here. The initial condition is generated using an auto-ignition case, and non-reflecting inflow
and subsonic outflow are imposed at the left and right boundaries, respectively. The flame is initially located close to the
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Asynchrony-tolerant (AT): Ly, norm of error in temperature, velocity, and mass fraction of OH and CH,0 for
auto-ignition of C;H4/air flame with temperature fluctuations at the inflow.

Time Case U (ms™1) P (atm) T (K) OH CH,0 H,0
Asynchrony-tolerant (AT)
1 210x10~7  822x107'0  1.08x107%  576x10"'2  436x10"'2  512x10~'!
448e-4 2 220x1077  9.66x10710  153x107%  946x107'2  658x10712  744x10~ !
3 346x10~7  1.30x107° 133x10°6  823x107'2  576x107'2  6.54x107'!
1 205x1078  770x10"'"  533x1077  281x107'2  215x107'2  258x10~ !
1.9e-3 2 278x1078  1.01x10710  313x1077  168x107'2  126x10"'?2  150x10~!
3 357x1078  128x107'0  441x1077  242x107'2  183x107'?  214x10~'!
t=448>< 10—4 t=9.98x10"*s
2000 2000 . . T
T 1500 - j ‘\Q%J 1500 - / b
\ m&- 4 nrea%-r.ﬂ"#
1000 1000 N L L
3 4 0 1 2 3 4
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Fig. 10. Asynchrony-tolerant (AT): instantaneous profiles of temperature (K), velocity (ms~!), and mass fractions of OH and CH,O radicals for au-

toignition of premixed C,Hy4/air mixtures with temperature fluctuations at the inflow. The different lines: blue (Set-1: p =

[0.8,0.1,0.1]), black (Set-2:

p =1[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta (Set-4: p =[1.0,0.0,0.0]) are defined in Table 3. The light blue line indicates the initial
condition and gray vertical lines represent processor boundaries.
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Fig. 11. Asynchrony-tolerant (AT): instantaneous profiles of temperature (K), pressure (atm), velocity (ms~!), and mass fractions of product, H, 0, and
radicals, OH and CH,0, at t =1 x 1025 for premixed C;H4 flame propagation. The different lines: blue (Set-1: p =[0.8,0.1,0.1]), black (Set-2: p =
[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta (Set-4: p =[1.0, 0.0, 0.0]) are defined in Table 3. The light blue line indicates the initial condition
and gray vertical lines represent processor boundaries.
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Table 10
Asynchrony-tolerant (AT): L1 and L, norm of error in velocity, pressure, temperature, and mass fractions of OH,
CH,0 and H,O0 for premixed C;H4 flame propagation.

Time Case U (ms™1) P (atm) T (K) OH CH,0 H,0
Ly error
1 6.22x10717  2.32x10713  272x107°  251x107°  321x1071°  860x10"14
1e2 2 9.96x107'1  381x10713  712x10710  873x107'®  8.04x107'6  204x10°'4
3 9.42x10~11  361x10713  127x107° 116x10°1>  1.35x10°1%  342x10° 4
L error
1 572x10710  2.07x107'2  142x10°8 3.02x1071%  466x10713  238x107'4
le-2 2 1.06x1072 3.07x10712  418x107° 881x1071°  123x1071  631x107"°
3 6.52x10710  336x107'?2  6.61x107° 142x1071%  2.09x107"3  119x10~'4

1600

o0 T

Fig. 12. Initial condition for non-premixed ignition with diluted fuel on the left and vitiated air on the right.

right edge of the domain and in time propagates to the left while consuming the reactants mixture. The initial flame front,
comprised of preheat and reaction zones, spans across three PEs as shown by the light blue line Fig. 11. This flame traverses
across multiple processing element boundaries and the errors are computed to assess the effect of the asynchronous data
encountered at the boundaries on flow and flame quantities.

The flame structure is invariant with time, therefore, only the instantaneous profiles and errors at the time instant when
the flame approaches near the left boundary is considered for accuracy analysis. There is excellent agreement between the
spatial profiles for the synchronous and the AT simulations, as shown in Fig. 11 for temperature, velocity as well as major
and minor species. The drop in pressure in the reaction zone is negligibly small and thus the pressure values depicted
in Fig. 11 are nearly constant. As is evident from Table 10, both L; and L, norms of the error between synchronous
and AT simulations are negligibly small and as low as @(10~'4) for some of the species. Furthermore, the flame speed
computed from the time evolution of the location of the peak heat release rate is equal to 12.59 ¢cm/s for both synchronous

and asynchronous simulations. The thermal flame thickness is equal to §t = maTXZ(B;TT/lz)X) =7.81 x 10~*m, irrespective of the
delays.

5.5. Non-premixed ignition

An ignition of non-premixed Hy using Burke’s mechanism [49] with 9 species is considered next. The setup is similar to
the one used in [43] and [50] with fuel diluted with nitrogen on the left and air heated to 1500K on the right, as shown in
Fig. 12. An inflow boundary condition from [47] is used on the left boundary with zero velocity and an outflow boundary
condition is used on the right boundary with appropriate viscous conditions on each side. The one-dimensional domain is
4 mm in length, discretized into 576 grid-points that are distributed across 12 PEs.

As time progresses and diffusion process tends to homogenize the gradients, there is ignition close to the stoichiomet-
ric mixture fraction, resulting in a rise in peak temperature and concentration of intermediate species. The instantaneous
profiles of key quantities are shown in Fig. 13 at two times. The first series of plots on the left column in Fig. 13 are at
an earlier time when ignition is localized. With time both fuel and intermediate species diffuse across processing element
boundaries and the flame expands, which is shown in the plots on the right column in Fig. 13. The evolution of both major
and minor species as well as temperature and velocity is accurately resolved by the AT schemes. The average and maximum
errors, tabulated in Table 11 and Table 12, respectively, are both negligibly small. The errors were similarly negligible for
other species that are not shown here.

5.6. Propagation of a detonation wave
To test the numerical accuracy of AT-WENO schemes for reacting flows, a detonation of stoichiometric hydrogen/oxygen
mixture diluted with argon is considered. The mixture with molar ratio Hy : O, : Ar=2:1:7 is at an initial temperature of

305K and pressure of 6670 Pa. A detailed hydrogen/air mechanism [51] comprised of 9 species and 34 reversible reactions
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Table 11
Asynchrony-tolerant (AT): L1 norm of error in temperature, velocity, and mass fractions of Hp, O, H and H, O for non-premixed
Hj /air ignition.

Time Case U (ms™ 1) P (atm) T (K) H; 0 H H,0
Asynchrony-tolerant (AT)
1 1.94x1078 443x10~"" 152x1077  6.04x107'2  3.63x10712  485x10713  2.54x10~!"
792e-5 2 2.59x1078 594x1071"  197x1077  672x107'2  540x107'2  660x10"13  3.74x107!
3 3.14x10~8 6.44x10~'"1  313x1077  112x10°""  7.77x107'2  938x10713  542x10~!!
1 594x10710  114x107'2  257x107%  6.04x10713  269x10713  195x10"'4  4.43x107 12
319-4 2 525x10710  1.06x107'2  345x107%  698x10"13  255x10"13  222x107%  591x107'2
3 618x10710  130x107'2  501x10°%  161x107'2  256x10713  491x10~%  4.80x10~'2

Table 12
Asynchrony-tolerant (AT): Lo, norm of error in temperature, velocity, and mass fractions of H,, O, H and H,O for non-premixed
Hj /air ignition.

Time Case U (ms™ 1) P (atm) T (K) H> 0 H H,0
Asynchrony-tolerant (AT)
1 1.09x1077  191x107'0  610x10~7  3.89x10~'"  131x107'0  263x10~'"!  4.05x10!2
792e-5 2 111x1077  225x107'0  852x1077  4.83x10~""  185x107'0  3.69x10~""  524x10712
3 121x1077  214x107'0  125x10°%  716x107'"  2.73x10710  527x10"'!  710x10712
1 508x107%  9.80x107'2  9.89x107%  238x107'2  165x10°'"  150x107'2  753x10"'4
792e-5 2 401x1077  879x107'2  894x10~%  249x10712  164x10~!"  129x107'2  647x10"'4
3 493x1079  791x107'2  152x1077  515x107'2  141x10~""  117x107'2  138x10°13

is used. A similar setup has also been used as a test case in previous studies to investigate the efficacy of numerical
schemes [52-54]. A supersonic outflow condition is applied at the left boundary while a subsonic inlet condition is applied
at the right boundary. The simulation is initialized with a shock that ignites the mixture at the left end of the computational
domain. The domain length is 30 cm which is discretized into 6000 grid-points that are distributed across 100 PEs.

The simulation results are shown in Fig. 14 with pressure at different time instants in the leftmost plot. There is a leading
shock front that compresses the fuel/air mixture followed by the induction and the reaction zones. The pressure obtained
with the synchronous WENO scheme is shown in solid magenta. It is in excellent agreement with the pressure computed
with the AT-WENO scheme shown in black circles and dashed lines. A zoomed-in view of the detonation structure depicted
by temperature and pressure is shown in the centre plots of Fig. 14. The mixture reacts after the induction zone leading to
an increase in temperature and a corresponding decrease in pressure. The mass fractions for different radicals including fuel
H are plotted on the rightmost plot in Fig. 14. The results of this simulation show that the detonation structure is captured
accurately with the AT-WENO scheme. Furthermore, the detonation velocity obtained from standard WENO and AT-WENO
simulations is 1619.7 ms~! and 1620.1 ms~!, respectively. These values are in good agreement with the detonation velocity
reported in previous studies [52-54]. The peak von-Neumann pressure is 165.35 kPa and 165.34 kPa for WENO and AT-
WENO which are also similar to the previous studies. Overall, the AT-WENO schemes derived in the present study exhibit
excellent numerical accuracy despite the use of delayed data at processor boundaries. Since multidimensional simulations of
detonation phenomena in combustion devices face highly intensive computational resource requirements [55,56], AT-WENO
schemes hold the potential of offsetting a certain portion of communication overhead associated with standard WENO
schemes at large node counts, thereby leading to improved scalability.

6. Discussion

DNS of turbulent combustion at higher Reynolds numbers with detailed chemical mechanisms and at conditions relevant
for practical devices will require efficient utilization of massive computing resources anticipated on next generation exascale
machines. These simulations at scales and conditions that are currently infeasible will provide fine-grained details into the
interactions between turbulence and chemistry and will provide fundamental insights into the physical processes that result
in pollutant formation, flame stabilization, blow-off, higher efficiency, etc. This in turn will not only aid in the design of fuel-
flexible, low-emission combustion engines but also in the development of physics-based models for engineering simulations
that will be used to design advanced clean engines. However, a successful transition of DNS codes to exascale machines and
beyond is possible only through redesign and development of new computational algorithms in order to overcome some of
the obvious bottlenecks and challenges.

The anticipated computing power of a quintillion (10'®) double precision floating point operations per second on the ex-
ascale machine will be realized through extreme levels of parallelism with millions of processing elements (PEs), including
CPUs, GPUs and FPGAs. For example, Frontier at the Oak Ridge Leadership Computing Facility (OCLF) will have 1:4 CPU to
GPU ratio with unified memory. Despite the use of state-of-the-art low-latency, high-bandwidth communication links, the
sheer number of communications will significantly hinder scaling to large node counts. To this end, efficient strategies to
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Fig. 13. Asynchrony-tolerant (AT): Instantaneous profiles and error in temperature (K), velocity (ms~!) and mass fractions of Hy, H;0, O and H for non-
premixed ignition of H,. The different lines: blue (Set-1: p =[0.8,0.1,0.1]), black (Set-2: p =[0.6,0.3,0.1]), red (Set-3: p =[0.4,0.5,0.1]) and magenta
(Set-4: p =[1.0,0.0,0.0]) are defined in Table 3. The light blue line indicates the initial condition and the gray vertical lines represent processor boundaries.
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Fig. 14. Asynchrony-tolerant (AT): Pressure (atm) profiles (left) at different times, structure of detonation wave (middle) for pressure (atm) and temperature
(K) and mass fractions of H, O, OH, Hy (right). The solid lines are standard WENO and black-dashed line with black symbols (Set-3 in Table 3) corresponds
to AT-WENO. Gray vertical lines represent processor boundaries.

mask communications and data movement will be needed to improve scalability. The use of AT schemes at the PE bound-
aries for computation of derivatives accurately, despite delayed data, will facilitate further overlap between communications
and computations. However, a challenge in extending the AT schemes to three-dimensions is that the derivatives of convec-
tive and diffusive terms need to be expanded in terms of derivatives of primitive variables by applying the chain rule. For
example, d(pue)/dx := (pue)y = puex + peuy + eupy. This expansion increases the total number of derivatives that need
to be computed, especially when a large number of species are involved. Alternatively, one can compute the convective
and diffusive terms (for example, pue, pY;u, J;, t) from the primitive variables at different time levels as required by
the AT schemes. These computations can be performed on the fly in order to avoid storing such product terms at multiple
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time-levels. Essentially there is a trade-off between memory (data movement) and computation. Re-design of data struc-
tures for better memory coherency will also be extremely helpful since AT schemes use data from multiple time levels
and can thus incur high cache miss rates. Besides these challenges, a critical first step in using AT schemes for scalable
simulations of turbulent combustion on massive supercomputers is to ascertain that the numerical artifacts due to delayed
data at PE boundary are significantly small and do not affect the underlying physics. The comprehensive set of numeri-
cal experiments presented in the present study specifically highlights the excellent numerical accuracy of AT schemes for
compressible reacting unsteady flows.

A key component of simulations of reacting flows even for simple geometries includes the prescription of nonperiodic
boundary conditions. The NSCBC [44,45] with improvements for reacting flows [47,48,50,57] has been successfully used for
these simulations. In the normal direction, the terms in the NSCBC boundary conditions are not affected by AT schemes.
For example, at the outflow, one-sided schemes are used, which require only local information within a PE. At the inflow,
relaxation terms are used which again do not require PEs to communicate. Since transverse and viscous terms are also
included for reacting flows [47,48,50], the AT schemes can be utilized in the transverse direction for computation of all the
spatial derivatives involved. Extension to corners can be done following [57] with AT schemes used wherever necessary.

Another advantage for using asynchronous computations on exascale machines is to leverage the high flop-rate of GPUs,
i.e. throughput computing. In hybrid computing architectures, GPUs are expected to handle most of the computations, while
CPUs will facilitate communications between PEs. With AT schemes, GPUs will not have to wait on the CPUs for the most
updated data from the neighboring PEs. This would enhance utilization of GPUs without affecting numerical accuracy or
introducing idling penalties. A similar approach has been utilized in [58] where asynchronous copies between CPUs and
GPUs are used to overlap computation and data movement, but delayed data with asynchronous computations have not
been used. At a compiler level, new asynchronous run-time systems that are capable of dynamic task parallelism are being
developed to improve the computation-communication overlap [59-61]. The AT schemes, which relax synchronization at a
mathematical level, can be coupled with such data-centric programming models to create highly scalable PDE solvers. Asyn-
chrony has also been utilized in [62] for scalable resilience to soft faults. However, in [62] all derivatives are still computed
with the most updated data but the computations are re-arranged to ensure maximum overlap between communication and
computation. The asynchronization approach utilized in [62] coupled with mathematical level asynchrony with AT schemes
can be effective in pushing the scaling wall. Furthermore, since AT schemes do not require updated data, these schemes can
also be used to recover from node failures without halting the simulation altogether.

7. Conclusions

In this paper, a series of numerical simulations that utilize delayed data at processor boundaries are presented for
canonical reacting flows with single-step and detailed reaction mechanisms. It is shown that large numerical errors are
incurred in physical as well as spectral space when standard schemes are used asynchronously, even for the simplest
problems. To overcome this loss of accuracy, novel asynchrony-tolerant (AT) schemes are used for accurate computation of
spatial derivatives with delayed data at the boundaries. These asynchronous simulations using AT schemes are compared
with standard synchronous simulations and are shown to exhibit excellent qualitative and quantitative agreement. Both
spatial and temporal evolution of hydrodynamic and thermo-chemical quantities are accurately captured by the AT schemes.

For simulations of high-speed flows with shocks and jump discontinuities, the standard shock-resolving WENO schemes
have degraded numerical accuracy. Thus, following the procedure listed in [24] AT-WENO schemes are derived. However,
the schemes so derived have non-convex linear weights which can lead to numerical instabilities and oscillations [39]. To
overcome this, the asynchronous stencil is modified to include an additional grid-point. With this degree-of-freedom, an
additional low-order truncation error term is selectively eliminated while preserving the convexity of the ideal weights.
For evaluation of non-linear weights in AT-WENO schemes, asynchrony-tolerant smoothness indicators are also derived. The
superior accuracy of AT-WENO schemes in comparison to the standard WENO schemes is exhibited through the order-of-
accuracy tests for linear and non-linear equations. These schemes are also used for simulation of a detonation wave which
is found to have excellent agreement with its synchronous counterpart.

A common conclusion one can arrive at through these simulations is that the AT schemes have excellent accuracy
despite relaxed synchronizations at processor boundaries. Thus, AT schemes provide a potential path for highly scalable
asynchronous simulations of turbulent combustion at the extreme scales promised by exascale and beyond.
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Appendix A. AT schemes

Table A.13

Asynchrony-tolerant (AT) schemes for left and right boundary used in numerical simulations for first
and second derivative.

(Derivative, Boundary  Scheme
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Appendix B. Reconstruction approximation at the right boundary

For points located at the right processor boundary the modified smaller asynchronous stencil is given by, 5(0) =
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{uf_, ul . u, S( ) = {u . uf u'} u'j’Hu"H‘ }, and S( ) = {u] ?ﬂ{’“'}ﬂ u;‘Hu"+2 }. Here the delay appears at
the rlghtmost gird points. We derive the following reconstruction approximation at the right boundary,
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Following the procedure described in the previous sections, the smoothness indicator at the right-boundary can be
computed to be
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Lastly, we note that the approximation of u;_1/; at the left-boundary is
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