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Quantized fractional Thouless pumping  
of solitons
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Mikael C. Rechtsman    1 

In many contexts, interaction between particles gives rise to emergent 
phenomena. An example is the fractional quantum Hall effect, where 
the interaction between electrons leads to fractionally quantized Hall 
conductance. In photonic systems, the nonlinear response of an ambient 
medium mediates the interaction between photons, and, in the mean-field 
limit, these dynamics are described by the nonlinear Schrödinger (also 
called Gross–Pitaevskii) equation. It was recently shown that at weak 
nonlinearity, soliton motion in nonlinear Thouless pumps—a dimensionally 
reduced implementation of a Chern insulator—could be quantized to the 
Chern number, because solitons track the single-band Wannier function 
throughout the pumping cycle. Here using arrays of coupled optical 
waveguides, we show that a sufficiently strong nonlinearity fractionally 
quantizes the motion of solitons. Specifically, we find that the soliton follows 
maximally localized multi-band Wannier functions and therefore returns  
to itself only after multiple cycles of the Thouless pump—but displaced  
by an integer number of unit cells—leading to a rich fractional plateau 
structure describing soliton motion. Our results represent an example of 
emergent behaviour in topologically non-trivial systems in the presence  
of interactions.

In the integer quantum Hall effect, a gas of non-interacting electrons 
can be rigorously shown to exhibit integer-quantized Hall conduct-
ance1–3, fixed to a topological invariant—the Chern number. It was there-
fore a surprise when plateaux of fractional conductance appeared in 
the experiment of Tsui, Stormer and Gossard4. There, the interaction 
between electrons played the key role, giving rise to the formation of 
fractionally charged quasiparticles5–7. In addition to electronic sys-
tems, topological phenomena have also been predicted and observed 
in bosonic systems, including for microwave photons8, optical pho-
tons9–11, ultracold atoms12–14 and mechanical systems15,16, among oth-
ers. Compared to their electronic counterparts, photonic systems 
offer rich design flexibility and new physics17, such as the inclusion of 
non-Hermiticity18, arbitrary driving and nonlinearity19. However, pho-
tons interact extremely weakly in free space, so photon–photon interac-
tions must be mediated by an ambient medium. The first experiments 

creating photonic two-particle Laughlin states used repulsive interac-
tions mediated by Rydberg atoms in a twisted cavity20. A conceptually 
different approach has been taken by treating the interactions of many 
photons in the mean-field limit using nonlinearity. This approach has 
led to the prediction and observation of various new topological phe-
nomena, such as topological bulk21,22 and edge solitons23–25, nonlinearly 
induced topological insulators26, and other non-Hermitian and non-
linear phenomena27,28.

One class of topological models, specifically suitable for studies 
in photonics due to the design flexibility available in fabricated struc-
tures, are Thouless pumps29,30. These models are 1 + 1-dimensional 
reductions of Chern insulators, which use a time-periodic modulation 
to emulate a wavevector dimension of the related two-dimensional 
Chern insulator. Given a uniform band occupation and adiabatic driv-
ing, the displacement per period in a Thouless pump is dictated by 
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photons mediated by the ambient material. To treat experiment and 
theory on the same footing, we define P = ∑n|ψn(z = 0)|2, and refer to the 
strength of nonlinearity as a dimensionless quantity, gP/Jmax, where Jmax 
is the largest hopping value in the Hamiltonian.

We illustrate fractional Thouless pumping in an off-diagonal Aubry–
André–Harper (AAH) model31,56–58 with five sites per unit cell and zero 
on-site detuning (Fig. 1a). Its nearest-neighbour couplings Jn(z) are 
periodically modulated in z, and the Hamiltonian is given by Hmn(z) =  
−Jm(z)δn, m + 1 − Jm − 1(z)δn, m − 1. Figure 1b shows the strength of the hoppings 
over one period, as used in the experiment. The bandstructure of this 
model is depicted in Fig. 1c and has five bands with Chern numbers 
C = {2, −3, 2, −3, 2}. A schematic illustration of the implementation in 
an array of evanescently coupled waveguides is shown in Fig. 1d, where 
the periodic modulation of the distance between neighbouring wave-
guides changes the evanescent hopping strength. In the experiment the 

position of waveguide n is xn(z) = nd + δ cos(Ωz + 4𝜋𝜋

5
n − 6𝜋𝜋

20
) , where 

d defines the average separation between waveguides, δ is the spatial 
modulation strength, and Ω is the modulation frequency. Throughout 
this work, we use d = 17.25 μm and δ = 1 μm. Figure 1d also schematically 
shows an input region, where only two waveguides per unit cell are 
extended all the way to the input facet with an additional waveguide 
on top (Fig. 1e). We use this ‘triple coupler’ to transform a single-site 
excitation of the upper waveguide into an effective two-site excitation 
of the two lower waveguides. White-light images of the input and output 
facets are shown in Fig. 1e,f, respectively.

Quantized fractional Thouless pumping
Quantized pumping in linear Thouless pumps (g = 0) requires uni-
form band occupation and adiabatic driving. Under these conditions, 
the displacement per period is dictated by the Chern number of the 
occupied band. The scenario is very different in the nonlinear domain, 
which we explain as follows. Nonlinear systems allow for spatially local-
ized eigenstates, so-called solitons42,59–62. In our work we are only con-
cerned with bright discrete spatial solitons, for which the focusing 
nonlinearity balances the spatial diffraction. For decreasing power, 
solitons can be traced back to the (linear) band from which they bifur-
cate (Methods and Extended Data Fig. 1). Recently, it has been shown 
that low-power solitons in Thouless pumps move (that is, are pumped) 
according to the Chern number of the band from which they bifur-
cate, despite non-uniform band occupation39–41, because they follow  
the position of the instantaneous single-band Wannier functions. 

the Chern number of the occupied band. Thouless pumps have been 
studied in various systems (for example, refs. 31–38). The inclusion of 
nonlinearity into Thouless pumps has recently led to the discovery of 
quantized pumping of solitons: throughout the pumping cycle, the 
soliton’s position follows the instantaneous single-band Wannier func-
tion39,40 of the band, from which it bifurcates at low power. Its displace-
ment is thus given by the relevant band’s Chern number, despite lacking 
the notion of a uniformly filled band41. Quantization stems from the fact 
that the soliton comes back to itself—modulo a translation by an integer 
number of unit cells due to translation invariance—after each period.

In this Article we theoretically predict and experimentally dem-
onstrate quantized fractional Thouless pumping of solitons, where 
the strength of the nonlinearity exceeds the relevant bandgap. We 
experimentally observe fractional soliton pumping by a fraction of 
f = −1/2 in arrays of evanescently coupled waveguides with Kerr nonlin-
earity. Fractional pumping occurs as the soliton follows the maximally 
localized multi-band Wannier functions and returns to itself—modulo 
a translation by an integer number of unit cells—only after multiple 
periods. Finally, we numerically show how tuning the strength of the 
nonlinearity leads to multiple plateaux of integer and fractionally 
quantized displacement within one Thouless pump model.

The nonlinear Aubry–André–Harper model
Experimentally, we realize a nonlinear Thouless pump by focusing 
high-peak-power laser pulses into arrays of single-mode evanescently 
coupled waveguides. Due to the Kerr effect, the refractive index 
becomes intensity-dependent, and the propagation of photons in the 
system is described by the discrete nonlinear Schrödinger equation42–48

i ∂
∂z

ψm(z) = ∑
n
Hmn(z)ψn(z) − g|ψm(z)|2ψm(z) (1)

where m,n denote lattice sites, ψn(z) is the amplitude of the wave-
function at propagation distance z for site n, Hmn(z) is a z-dependent 
tight-binding Hamiltonian describing a topological Thouless pump, 
and g > 0 describes the strength of the focusing Kerr nonlinearity. In 
waveguide systems, z plays the role of a temporal coordinate. Equation 
(1) is also known as the Gross–Pitaevskii equation, which describes 
interacting bosons in a Bose–Einstein condensate in the mean-field 
limit49,50. Therefore, our results are not restricted to photonics, but 
hold for a range of interacting and nonlinear bosonic systems51–55. In 
waveguides, the nonlinearity describes an effective interaction between 
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Fig. 1 | Model for quantized fractional Thouless pumping. a, Illustration of the 
off-diagonal AAH model, with five sites per unit cell and z-dependent hoppings 
Jn(z) between nearest-neighbour sites. b, Modulation of the hopping strength 
over one period. c, Bandstructure (instantaneous energy eigenvalues) of the 
Hamiltonian, showing five bands (grey) with Chern numbers C = {2, −3, 2, −3, 2}, 
end states (black lines) crossing the bandgaps, and nonlinear eigenvalues (red 

and blue lines) of instantaneous solitons that are pumped by a fraction f = −1/2.  
d, Schematic of the implementation of the model in arrays of evanescently 
coupled waveguides. Only two waveguides per unit cell extend to the input 
facet, with an additional waveguide fabricated on top to transform a single-site 
excitation into an effective two-site excitation. e,f, White-light micrographs 
showing the input (e) and output (f) facets.
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Integer quantization occurs because, after each period, the soliton 
returns to its initial state, apart from a translation by an integer number 
of unit cells. Throughout this Article, Wannier functions are defined 
for the linear (non-interacting) model.

In the adiabatic limit, the propagation of a stable soliton can be 
examined by calculating the instantaneous soliton for each z-slice. 
We confirm the existence of an adiabatic limit for soliton pumping 
numerically (Extended Data Fig. 2), which agrees with the results of  
refs. 63,64. We focus on the propagation of a soliton that, at z = 0 and 
P → 0, bifurcates from the lowest band. Figure 2a (left) shows one exam-
ple of a low-power soliton (gP/Jmax = 0.55) for two pumping periods. 
After each period, the soliton’s wavefunction returns to its initial wave-
function (as shown by the insets), only translated by two unit cells, 
as dictated by the Chern number of the band from which the soliton 
bifurcates (the band has Chern number 2). The propagation of a soliton 
for higher power (gP/Jmax = 1.65), which shows fractional pumping, is dis-
played in the centre of Fig. 2a. In this case, the soliton after one period 
is clearly different from the soliton at z = 0. The wavefunction is not 
peaked on two sites, but instead on a single site, and its centre-of-mass 
displacement is −1/2 unit cells. Only after two periods is the soliton’s 
wavefunction identical to the initial one modulo a translation by one 
unit cell in the negative direction (leftward). This behaviour goes hand 
in hand with the presence of two soliton solutions that are degenerate 
at certain points in the pump cycle (these are the nonlinear eigenvalues 
plotted in Fig. 1c in red and blue), as we explain in the following. For even 
higher power, the soliton is trapped (Fig. 2a, right side). Although we 
show only one example of each regime in Fig. 2, quantization of soliton 
transport occurs over a wide range of nonlinearity and has a rich plateau 
structure, as shown below.

To explain this behaviour, and especially the origin of frac-
tional pumping, we plot in Fig. 2b–d the centre-of-mass positions of 
the instantaneous solitons from Fig. 2a together with the position 

of the relevant maximally localized instantaneous Wannier func-
tions, projected into a single unit cell. The latter are identical to the 
gauge-invariant eigenvalues of (potentially multi-band) Wilson loops.

As proved in refs. 39,40, the stable low-power soliton follows (with 
small deviations) the position of the Wannier functions of the band 
from which it bifurcates. Hence, the gauge-invariant positions of the 
single-band Wannier function for each z-slice dictates the path of the 
low-power (gP/Jmax = 0.55) soliton as depicted in Fig. 2b. As the two 
lowest bands of the AAH model are only separated by a small bandgap, 
the underlying assumption that the soliton’s dynamics are determined 
by a single band is no longer justified for increasing power. Instead, an 
effective description has to take into account the lowest two bands, for 
which their multi-band Wannier functions have to be calculated, which 
means that there are two Wannier functions per unit cell. Importantly, 
multi-band Wannier functions are typically quite different in shape 
compared with each of the single-band Wannier functions (see, for 
example, ref. 65 for details). Although the centre-of-mass positions of 
multi-band Wannier functions are not gauge-invariant, the positions of 
the maximally localized Wannier functions are unique, as in the single 
band case. In Fig. 2c we show that, for gP/Jmax = 1.65, the soliton follows 
the position of the instantaneous maximally localized multi-band  
Wannier functions. As those are displaced by only 1/2 of a unit cell 
per cycle (and transform into each other), the soliton pumps frac-
tionally. With further increasing power, the soliton becomes trapped 
and follows the instantaneous maximally localized multi-band  
Wannier functions of all bands, which are delta functions for each site 
in a tight-binding model, shown in Fig. 2d. Thus, the trapped regime 
can be thought of as the trivial limit of multi-band pumping.

Although the winding of the trajectories in Fig. 2b,c looks decep-
tively similar, there are distinct differences between integer and 
fractional pumping. First, although at each z-slice there is only one 
position value in Fig. 2b, there are two in Fig. 2c, as the number of 
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Fig. 2 | Theory of quantized fractional Thouless pumping. a, Individually 
normalized wavefunctions of instantaneous solitons (gP/Jmax = 0.55, 1.65 and 2.75, 
from left to right), calculated for two periods. The insets show the shape of the 
solitons at z = 0 and after each full period. Arrows denote the displacement of the 
soliton after one and two periods in units of the lattice vector a. Notice that  
the shape of the fractionally pumped soliton (in the centre) changes after each 
period, and its displacement is only 1/2 of a unit cell per period. b–d, Comparison 
between the centre-of-mass trajectory of the relevant instantaneous Wannier 

functions (black) of the linear model and the instantaneous solitons (purple, 
red) projected into one unit cell (with sites 1 to 5). The low-power soliton 
(gP/Jmax = 0.55; shown in b in purple) follows the single-band Wannier function of 
the lowest band. The trajectory of the fractionally pumped soliton (gP/Jmax = 1.65; 
shown in c in red) follows the maximally localized multi-band Wannier function 
calculated for the two lowest bands combined. The position of the trapped 
soliton (gP/Jmax = 2.75; shown in d in orange) follows the multi-band Wannier 
functions calculated for all five bands combined.

http://www.nature.com/naturephysics


Nature Physics

Article https://doi.org/10.1038/s41567-022-01871-x

Wannier functions per unit cell equals the number of participating 
bands. Second, the winding of the Wannier function in Fig. 2b over one 
period is equal to the Chern number of the band (C1 = 2) and dictates 
the pumping. In Fig. 2c, the combined winding of both Wannier func-
tions gives the combined Chern number of both bands, C1−2 =+2 − 3 = −1. 
In a conventional fermionic Thouless pump with a Fermi level in the 
bandgap above the second band, both multi-band Wannier states are 
simultaneously occupied and therefore only integer-quantized pump-
ing occurs. Remarkably, for the soliton it is possible to track a single 
maximally localized multi-band Wannier function along its trajectory 
(as shown in Fig. 2c), and the soliton is therefore pumped by a fraction 
after one period and by an integer after two periods. Fractional pump-
ing is therefore an intrinsically nonlinear effect, because the projection 
of the multi-band Wannier function onto the linear energy eigenstates 
(that is, the occupation of the Bloch states) changes with z. In contrast, 
any linear pumping process with non-degenerate bands has—in the 
adiabatic limit—a constant occupation by definition.

Observing that the soliton follows the maximally localized 
multi-band Wannier function, whose combined displacement is given 
by the sum of the Chern numbers Ci of the respective bands denoted 
by i, we label the fractionally pumped soliton by the fraction f that 
describes the average displacement per period:

f =
∑Nb

i=1 Ci

Nb
, (2)

where Nb denotes the number of participating bands. In this way, the 
numerator defines the number of unit cells by which the soliton is 
pumped in the x-direction before returning to the same wavefunction, 
and the denominator defines the number of pump cycles (in z) over 
which this process occurs. For the cases shown in Fig. 2b–d, f = 2/1 = 2, 
f = (2 − 3)/2 = −1/2 and f = (2 − 3 + 2 − 3 + 2)/5 = 0, respectively. From 
equation (2) it is clear that bandgap closings (including topological 

transitions) within the group of participating bands will not change 
f and therefore do not change the soliton’s fractionally quantized  
displacement (Supplementary Animation 2).

Experimental observation of fractional pumping
We experimentally observed quantized fractional Thouless pump-
ing in evanescently coupled waveguide arrays with Kerr nonlinearity.  
The waveguides were fabricated by means of femtosecond direct  
laser writing in borosilicate glass66,67. Straight waveguides showed 
propagation losses of (0.33 ± 0.02) dB cm−1 (Extended Data Fig. 3),  
and we measured no additional nonlinear losses (Methods  
and Extended Data Fig. 4). To excite the system, we focused high- 
power laser pulses into the waveguides; these were temporally 
stretched to 2 ps and down-chirped22. This configuration minimizes the 
generation of new wavelengths via self-phase modulation while reach-
ing the necessary degree of nonlinearity. Maintaining a narrow spec-
trum is essential, as the hopping constant is a function of wavelength. 
In our experiment, the spectrum at the position of the pumped soliton 
broadened to 14 nm (Extended Data Fig. 5) for maximum input power 
and propagation distance. Because the coupling constants between 
waveguides vary minimally over this range of wavelengths22, equa-
tion (1) describes our system well, provided we include unavoidable 
propagation losses.

We measured a fractional pumping of f = −1/2, meaning that the 
soliton is pumped to the left by one unit cell after two periods. For 
our experiment, it is crucial to efficiently excite the soliton, whose 
wavefunction is mainly peaked on two sites for z = 0, as shown in  
Fig. 2a. To facilitate this, our sample contained a 5-mm-long input 
region, in which only two waveguides per unit cell extend all the way 
to the input facet, together with one additional waveguide on top 
(also Fig. 1d,e). This ‘triple coupler’ converts a single-site excitation of 
the upper waveguide into an effective two-site excitation of the lower 
waveguides (Methods and Extended Data Fig. 6).
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Fig. 3 | Experimental observation of an f = −1/2 fractionally pumped 
soliton. a, Stacked images of the output facet, showing the intensities in the 
waveguide modes after propagation for two periods. Each row was imaged 
separately at different input power. The bottom row shows the output facet for 
linear propagation (gP/Jmax = 0.04). The next row was taken for gP/Jmax = 0.09 
and then for each row the power was increased in equal steps of gP/Jmax ≈ 0.09 
until the top row, with a maximum input power of gP/Jmax = 2.15. b,c, Normalized 
integrated intensities in each waveguide for different z-slices for an input power 

of gP/Jmax = 0.04 (c) and gP/Jmax = 2.15 (b). The white dashed lines mark one unit 
cell. After one period, the soliton is peaked on a single site, and its centre of mass 
has shifted by half a unit cell. After two periods, the soliton is peaked on two 
sites and displaced by −1 unit cell. d,e, Tight-binding propagation simulations 
corresponding to b and a, including propagation losses and using the measured 
initial two-site excitation. For direct comparison with the experiment, the plotted 
intensities are normalized for each z. A comparison of the propagation for all 
power values is shown in Supplementary Animation 1.
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We detected the fractional pumping behaviour of the soliton at 
high power by measuring the intensity distribution of the waveguide 
modes at the output facet as a function of the input power for a lattice 
with 12 unit cells. Figure 3a shows the normalized mode intensities at 
the output facet after two periods. Each row of modes corresponds to 
an individual measurement, and the input power increases from bot-
tom to top. For the lowest input power (gP/Jmax = 0.04; Fig. 3a, bottom 
row), the system behaves linearly, and the intensity diffracts widely 
in the waveguide array. For increasing input power, the nonlinear-
ity counteracts the diffraction, and less spreading is visible. At the 
maximum input power of gP/Jmax = 2.15 (Fig. 3a, top row), the intensity 
at the output facet is localized mainly to two waveguides, one unit cell 
away from the excited waveguides. This is the signature of the f = −1/2 
fractionally pumped soliton after two periods.

To further verify the fractional pumping behaviour, we mapped 
out the propagation of the soliton by repeatedly cutting the sample 
(further information is provided in Methods) and imaging the output 
facet. The normalized integrated intensities per mode (which are 
equivalent to |ψn|2) are shown over two periods in Fig. 3c for linear 
propagation (gP/Jmax = 0.04) and in Fig. 3b for gP/Jmax = 2.15. Correspond-
ing numerical simulations using the experimentally measured mode 
intensities of the effective two-site excitation and including realistic 
losses are shown in Fig. 3e for the linear and Fig. 3d for the fractionally 
pumped case. In Supplementary Animation 1 we provide a comparison 
between theory and experiment for additional input power values; 
this animation clearly shows the transition from linear diffraction to 
soliton formation. Although here we only present measurements for 
the fractionally pumped soliton of one unit cell, we found the same 
behaviour in all other measured unit cells (Extended Data Fig. 7). We 
expect that the solitons that we observe here would also be formed 
under spatial modulation instability, starting from a broad input beam. 
The solitons that form spontaneously would then exhibit quantized 
motion in the course of the pump.

We point out that our waveguide system does not behave perfectly 
adiabatically; it is sufficiently adiabatic to observe the fractionally 
pumped but not the integer-pumped soliton, which has weaker con-
finement (Methods and Extended Data Fig. 1). Imperfect adiabaticity 
leads to radiation from the soliton into linearly diffracting modes. In 
the experiment, the contrast is further lowered by the tails of the laser 
pulses, which have lower intensity and thus behave more linearly. 

Nonetheless, our experiment clearly shows a soliton displaced to the 
left by one unit cell after two periods (the amplitude overlap with an 
instantaneous soliton is 70%), with the characteristic shape of being 
localized on two sites after two periods and localized on just one site 
after one period (see also the instantaneous soliton in the centre of  
Fig. 2a). We also quantify the soliton’s centre-of-mass displacement 
using a higher order norm: 〈x8〉 = ∑nn|Ψn|8/∑n|Ψn|8. This quantity reduces 
the influence of the experimentally unavoidable linearly propagating 
background in the calculation of the centre of mass. These results are 
shown in Extended Data Fig. 7: the experimentally observed wavefunc-
tion clearly follows the position of the numerically calculated instan-
taneous soliton with a plateau of fractional displacement per period.

Multiple fractional plateaux
Finally, we demonstrate numerically that multiple plateaux of integer 
and fractionally quantized pumping can occur within one Thouless 
pump model for increasing nonlinearity. We numerically solve equation 
(1) for an off-diagonal AAH model with 13 sites per unit cell (Extended 
Data Fig. 8 shows the bandstructure, and more details on the model and 
propagation parameters are provided in Supplementary Information) 
using periodic boundary conditions. The initial excitation is chosen 
to be a power-dependent, instantaneous soliton that bifurcates from 
the lowest band. In Fig. 4 we plot the average centre-of-mass displace-
ment per period 〈x〉, showing four plateaux of quantized displacement. 
At low power the centre-of-mass displacement is integer-quantized, 
as dictated by the Chern number of the band from which the soliton 
bifurcates: C = −8. With increasing nonlinearity, the two lowest bands 
participate in soliton pumping, resulting in a fractional pumping of 
f = (−8 + 5)/2 = −3/2. At even higher power, another fractionally pumped 
soliton emerges, which is described by the participation of the five low-
est bands: f = (−8 + 5 + 5 − 8 + 5)/5 = −1/5. Finally, at very high power, the 
soliton is trapped as the strong nonlinearly induced on-site detuning 
effectively detaches the soliton from the lattice. Therefore, the soliton’s 
displacement per period is zero41. In our framework this corresponds 
to the Chern number average of all bands, which is known to be zero 
in tight-binding models. In Extended Data Fig. 9 we show that—similar 
to Fig. 2b–d—all pumped solitons follow the centre-of-mass positions 
of the respective maximally localized multi-band Wannier functions.

Summary and outlook
In summary, we have theoretically predicted fractional pumping of 
solitons in nonlinear photonic Thouless pumps and experimentally 
observed a fractional f = −1/2 displacement. Furthermore, we have 
numerically shown the occurrence of a rich structure of multiple 
quantized plateaux of integer and fractional displacement. This is 
evocative of features of the fractional quantum Hall effect, which has 
recently been studied in similar but two-dimensional models with 
small bandgaps68,69. The connection is particularly compelling in that 
both phenomena seem to require degenerate ground states (the soli-
tons residing below the lowest band are nonlinear ground states and 
their eigenvalues are degenerate at certain points within the pumping 
cycle). That said, our results here occur for effectively attractive bos-
ons described by a localized mean-field single-particle wavefunction. 
This result implies that the fractionalization of transport in interact-
ing topological systems is perhaps more general than was previously 
understood in the context of the fractional quantum Hall effect.

While finalizing the experiments, the authors became aware of a 
related work70.

Online content
Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41567-022-01871-x.
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Fig. 4 | Average centre-of-mass displacement per period, 〈x〉, calculated 
for an off-diagonal AAH model with 13 bands. For low power (gP/Jmax < 0.04), 
soliton motion is determined by the integer-quantized Chern number of the band 
from which the soliton bifurcates (C = −8). With increasing nonlinearity, plateaux 
of fractionally quantized displacement of −3/2 and −1/5 appear. For gP/Jmax > 2.2, 
the soliton is trapped and the average displacement is zero. Note that data 
points for gP/Jmax < 0.06 and gP/Jmax > 0.06 are calculated differently to ensure 
adiabaticity (Supplementary Information).
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Methods
Properties of discrete solitons and their bifurcation from 
bands at low power
Solitons may be localized in space as a result of the balance between 
nonlinearity and diffraction (spatial solitons) or in time as a result of the 
balance between nonlinearity and dispersion (temporal solitons). In 
the main text we are exclusively working with localized discrete spatial 
solitons, for which the nonlinearity balances the spatial discrete dif-
fraction. Intuitively, spatial solitons can be understood as eigenstates 
of their self-induced potential. In Extended Data Fig. 1 we show that in 
the 1D lattices with which we work, at low power, solitons bifurcate 
from a linear energy band. Therefore, such solitons can be assigned to 
that band. In particular, we use the five-site AAH model, described in 
the main text, at Ωz/2π = 0.3. The calculated nonlinear eigenvalue and 
the corresponding soliton wavefunction are shown in Extended Data 
Fig. 1a,b, respectively. Clearly, for low power, the nonlinear eigenvalue 
approaches the bottom of a single linear energy band (in this case the 
lowest). Additionally, the soliton’s projection onto the linear energy 
eigenstates, as displayed in Extended Data Fig. 1c, shows an occupa-
tion of only the low energy states. With increasing power the nonlinear 
eigenvalue departs from the energy band, and nonlinear bifurcations 
can occur. One such nonlinear bifurcation at non-zero power, marked 
by dashed lines in Extended Data Fig. 1, shows three distinct features: 
(1) the slope of the nonlinear eigenvalue changes abruptly as a function 
of the input power; (2) the spatial shape of the soliton’s wavefunction 
changes notably; (3) the soliton starts to occupy energy eigenstates 
from the next higher band. This bifurcation leads to the transition from 
the integer to the fractionally pumped soliton. The same bifurcation 
is also shown in Supplementary Fig. 1, where it is embedded into the 
pumping cycle to show how a new trajectory emerges that leads to 
fractional pumping.

Adiabaticity of integer and fractional soliton propagation
The quantization of transport in Thouless pumps becomes exact in the 
adiabatic limit (Ω → 0). In this section we show numerically that (1) we 
may approach an adiabatic limit for solitons in Thouless pumps but 
(2) that our experiment is only sufficiently adiabatic to observe the 
fractionally but not the integer-quantized soliton.

We numerically propagate an instantaneous soliton (solved for at 
z = 0) over one full period for increasing period L. Extended Data  
Fig. 2a shows the calculated overlap, |∑nΨ

∗
n (L)ϕn(L)|2 , between the 

instantaneous soliton ϕn(L) and the propagated wavefunction Ψn(L), 
after one period. The deviation from perfect overlap is shown in 
Extended Data Fig. 2b on a log–log scale, which demonstrates the pres-
ence of an adiabatic limit. These results agree with the adiabatic 
time-evolution studies of nonlinear systems in refs. 63,64. Extended 
Data Fig. 2 clearly indicates that the lower-power (integer-pumped) 
soliton needs slower driving frequencies compared to the higher-power 
(fractionally pumped) soliton to be similarly adiabatic and experimen-
tally observable. Extended Data Fig. 2a confirms that our experiment  
is sufficiently adiabatic to detect the signature of the fractionally 
pumped soliton.

Single-band and multi-band Wannier states
As described in the main text, we find that soliton motion in the frac-
tional pumping case tracks maximally localized multi-band Wannier 
functions, whose motion dictates the fraction by which pumping 
occurs. We describe the construction of single and multi-band Wannier 
functions below. Single-band Wannier states are defined as 
||wR,α⟩ =

1
√N
∑ke−ikR ||Ψk,α⟩ , where ||Ψk,α⟩ denotes Bloch states, N is the  

number of unit cells, R is the lattice vector, k is the wavevector and α is 
the band index. These Wannier states are orthogonal and form a basis 
analogously to Bloch states. As single-band Wannier functions are an 
equal superposition of all Bloch states of a single band, their occupation 
of the band in question is uniform, and integer-quantized pumping in 

Thouless pumps is expected for such an excitation. The freedom of 
choosing independent phase factors for each Bloch state ||Ψk,α⟩ (gauge 
freedom) allows for the construction of exponentially localized  
Wannier states. In one dimension, maximally localized Wannier states 
can be conveniently calculated as the eigenvectors of the projected 
position operator P̂X̂P̂, where P̂ = ∑k ||Ψk,α⟩ ⟨Ψk,α|| projects into the rele-
vant band and X̂ = diag(ei2𝜋𝜋x̂/Na) is the Resta position operator with x̂  
the standard position operator. For a single-band Wannier state the 
centre-of-mass position is gauge-independent.

Analogously, multi-band Wannier states are defined as 
||wR, β̃⟩ =

1
√N
∑ke−ikR ||Ψ̃k, β̃⟩ , where, importantly, ||Ψ̃k, β̃⟩ are not energy  

eigenstates, but rather ||Ψ̃k, β̃⟩ = ∑αUα, β̃(k) ||Ψk,α⟩, where Uα, β̃(k) is a unitary 
matrix that defines the degree of mixing of the Bloch states of different 
bands within the multi-band Wannier state. For multi-band Wannier 
states, β̃ loses its meaning as a band index, but merely enumerates the 
multi-band Wannier states ranging from one to the number of bands 
involved. As multi-band Wannier states cannot be identified with a 
single band, but only with a group of bands, they show non-uniform 
(and non-universal) occupation of the bands involved, and generally 
no quantization is expected in linear Thouless pumping for such an 
excitation. The possibility of different gauge choices—different choices 
of Uα, β̃(k)—leads to different multi-band Wannier states and gauge- 
dependent centres of mass. Only exponentially localized multi-band 
Wannier functions have gauge-independent centres of mass (which 
can be identified as gauge-independent Wilson loop eigenvalues). 
Numerically, maximally localized multi-band Wannier states in one 
dimension can be calculated as eigenstates of the projected position 
operator, when projecting into the subspace of multiple bands. 
Multi-band Wannier states can be calculated for groups of energetically 
separated bands, but must be used (instead of single-band Wannier 
functions) for degenerate bands. The number of Wannier states per 
unit cell is equal to the number of bands involved, as shown in Fig. 2b–d. 
Further details on single-band and multi-band Wannier functions are 
available in ref. 65.

Waveguide fabrication
The waveguides were fabricated using femtosecond laser writ-
ing66,67. We created a permanent refractive-index change by focusing 
high-power pulses (~400 nJ pulse energy) into a borosilicate glass sam-
ple (Corning Eagle XG). The sample was mounted on a high-precision 
x–y–z translation stage (Aerotech) and translated once through the 
focal point with a speed of 8 mm s−1. The 260-fs laser pulses were emit-
ted by an Yb-doped fibre laser system (Menlo BlueCut) using a repeti-
tion rate of 500 kHz at a central wavelength of 1,030 nm. The mode field 
diameters of the laser mode were 4.6 mm and 5.8 mm in the horizontal 
and vertical directions. To shape the refractive-index profile of the 
waveguides, we used slit-beam shaping71 with a slit width of 1.8 mm. 
The pulses were focused into the sample at a depth of ~100 μm from 
the surface using a lens with NA = 0.4 (Thorlabs A110TM-B).

Sample cutback
To have access to the wavefunction at different z-positions, we cut the 
sample. We made ten cuts in total, each time cutting away ~7.1 mm, 
which is 1/10th of the maximum propagation distance. After each cut 
we polished the output facet. The uncertainty in the cut position was 
0.2 mm. To cut the sample, we defined a break line by transversely 
moving the sample through the laser focus with identical parameters 
as for waveguide fabrication, except a higher pulse energy of ~800 nJ. 
We repeated the transverse movement in 10-μm-height steps. The 
sample was then mechanically broken along this line and subsequently 
polished using a commercially available polishing device (Krelltech 
FLex Waveguide Polisher). During the polishing of the third cut, a crack 
appeared in the sample close to the output facet. The crack was cut 
away with the fourth cut. Due to the crack, for measurements taken 
after the third cut, we observed ~10% lower transmission than expected 
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for propagation without the crack. As the additional loss occurred 
only a short distance away from the output facet, we do not expect 
substantial changes in the output pattern due to the crack. We included 
the measured data in Extended Data Fig. 3b,c without any further 
manipulation, but excluded it from the fit of the propagation losses.

Linear waveguide characterization
We characterized the linear properties of the waveguides using direc-
tional couplers. The couplers consisted of two straight waveguides sepa-
rated by a distance s from one another. We varied the length of the second 
waveguide and measured the transferred intensity at the output facet as 
a function of the coupling length. We extracted the coupling constant 
for each separation by fitting the analytic transfer function, including an 
on-site detuning. The resulting values for the coupling constant and the 
on-site detuning are shown in Extended Data Fig. 3a,b, respectively. 
Because of the exponential mode confinement, the coupling function is 
expected to decay exponentially with the separation. An exponential fit 
of the coupling function results in J(s) /mm−1 = 6.672exp(−234.8s /mm). 
We used this coupling function for the simulations shown in Figs. 1–3, 
Extended Data Figs. 1 and 2 and for Supplementary Fig. 1.

The on-site refractive-index difference between neighbouring 
waveguides (thus detuning between their propagation constants) 
is due to the writing procedure: the fabrication of the first wave-
guide affects the environment and therefore the fabrication of the 
second waveguide. As our experiments were performed in the bulk 
of the system, with each waveguide fabricated next to another, and 
with separations varying only between 16.25 μm and 18.25 μm, the 
on-site detuning was small and we neglected it in the simulations. 
We point out that including this small on-site detuning (fitted to be 
V(s)/mm−1 = 0.291 − 0.0124s/μm) does not close the bandgaps of the 
off-diagonal AAH model shown in Fig. 1c. Thus, neither does it change 
the topological properties nor affect our experimental results of frac-
tional pumping.

While cutting the sample to map out the propagation of the 
soliton in the Thouless pump model, we additionally measured the 
output power of straight waveguides for an input power of 1 mW. The 
measured transmission for one waveguide is shown in Extended Data  
Fig. 3c for propagation lengths longer than 19 mm. No values were 
taken for a propagation distance of ~40 mm, as the sample did not break 
uniformly at the position where the straight waveguides were located. 
To fit the propagation losses we excluded the measured values for a 
propagation distance of ~55 mm, as this value was taken with a small 
crack in the sample. The resulting exponential fits for seven straight 
waveguides resulted in a propagation loss of 0.33 ± 0.02 dB cm−1, 
where the error is given as one standard deviation of the  
individual fits.

Nonlinear waveguide characterization and measurements
We used the same set-up for all nonlinear measurements. A schematic 
(not including neutral density filters, additional mirrors and stages) 
is shown in Extended Data Fig. 4a. A commercial laser system (Menlo 
BlueCut) was used to emit 270-fs pulses at a repetition rate of 5 kHz (tun-
able); these were adjusted in power using a combination of a half-wave 
plate and a polarization beamsplitter. A pair of gratings (Thorlabs 
GR25-0610) down-chirped and temporally stretched the horizontally 
polarized pulses to 2 ps (ref. 22). The pulses were then focused into 
the waveguides using a lens (Thorlabs AC127-030-B-ML). A second 
lens (Thorlabs AC254-040-B-ML) imaged the output facet of the glass 
sample onto a complementary metal–oxide semiconductor camera 
(Thorlabs CS165MU). We simultaneously focused the output into a fibre 
(Thorlabs P1-980A-FC-1) using a third lens (Thorlabs AC064-015-B-ML) 
to measure the spectrum with an optical spectrum analyzer (Anritsu 
MS9740 A). We used flip-mirrors to measure the time-averaged input 
(output) power before the first lens (after the second lens) with a pho-
todiode power sensor (Thorlabs S120C).

We verified the absence of nonlinear losses (for example, via 
multi-photon absorption) by analysing the input–output power 
dependence. Extended Data Fig. 4b depicts the measurement for three 
straight waveguides. Our measurements show a linear dependence 
until reaching an input power of 6.0 mW, at which the waveguides are 
damaged. Accordingly, we only used input powers of <6.0 mW, where 
nonlinear losses do not play a role.

We calibrated g (equation (1)) by fitting the output intensities of 
a directional coupler with known separation s = 17 μm and coupling 
length l = 6 mm. We included an on-site detuning of V = 0.080 mm−1 
(Extended Data Fig. 3b) and used a hopping constant of J = 0.131 mm−1. 
Extended Data Fig. 4c shows the experimentally measured intensities, 
I1 and I2, in waveguides 1 and 2, for an excitation of waveguide 1. The 
corresponding output fit, using least-square fitting and including 
propagation losses, resulted in g = 0.068 mm−1 per mW of input power, 
and is plotted in Extended Data Fig. 4c (black).

To accurately describe our experiment via equation (1), it is impor-
tant that the generation of new wavelengths via self-phase modulation 
is minimal, as the evanescent coupling is wavelength-dependent. We 
expect maximum self-phase modulation for focusing the maximum 
input power into a single waveguide. Extended Data Fig. 5a shows that 
the spectrum broadens from 6 nm at low power to ~25 nm at maximum 
input power, where this width is defined as the width at which 76% of the 
intensity (equivalent to the full-width at half-maximum of a Gaussian) 
is found. More relevant for our experiment is the generation of new 
wavelengths by the fractionally pumped soliton. We measured the 
spatially resolved spectrum at the excitation position (Extended Data 
Fig. 5b) and at the soliton position (Extended Data Fig. 5c). Clearly, the 
self-phase modulation and the spectral broadening is notably reduced 
to a maximum width of 14 nm, as the fractionally pumped soliton is 
localized on multiple sites and therefore the power per waveguide is 
substantially lower. We furthermore point out that the wavelengths 
with the largest deviation from the central wavelength of 1,030 nm 
are generated close to the output facet and therefore do not strongly 
change the output pattern.

Triple coupler
As it is experimentally more convenient to use single-site excitations, 
we used the first 5 mm of the sample to transform a single-site excita-
tion into an effective two-site excitation to efficiently excite the soliton. 
We achieved this by writing an auxiliary 5-mm-long waveguide on top 
of two waveguides that are part of the Thouless pump model (Extended 
Data Fig. 6a and also Fig. 1d). Extended Data Fig. 6b shows the measured 
intensities in the three waveguides after 5 mm for increasing input 
power. Due to the large coupling constant between the waveguides, 
the effect of a nonlinearly induced on-site index change does not sub-
stantially change the output ratios. The slight imbalance between the 
intensities in the left and right waveguides are due to an on-site detun-
ing stemming from the fabrication procedure. As the modulation in 
our system is not perfectly adiabatic, it turns out that this imbalance is 
favourable to excite the fractionally pumped soliton more effectively 
(with less background radiation) compared to a strict 50/50 excitation.

Further quantification of the pumping behaviour of the 
soliton
To verify the soliton’s pumping behaviour in our experiment we (1) 
quantified the overlap between the measured and the numerically 
calculated instantaneous soliton wavefunction; (2) evaluated the posi-
tion of the soliton during the pumping process and compared it with 
the position of an instantaneous soliton; (3) verified the existence of 
a plateau of fractionally quantized pumping.

We calculated the overlap of the measured output intensities 
(|Ψ (Exp)

n |2) with the theoretically calculated instantaneous soliton wave-
function (Ψ (S)

n ). As we do not have access to the phase information in 
the experiment, we calculated the amplitude overlap, ∑n|Ψ

(S)
n ||Ψ (Exp)

n |. 
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This is a valid measure as the instantaneous soliton has a uniform phase 
profile. Extended Data Fig. 7a shows that at linear propagation 
(gP/Jmax = 0.04; shown in blue) the amplitude overlap decays to 30% 
after two periods. At high power (gP/Jmax = 2.15; shown in red), the 
amplitude overlap of the experimentally measured soliton with the 
instantaneous soliton is substantially larger, at 70% after two periods. 
Imperfect overlap is caused by radiation into linear (diffracting) modes 
due to non-adiabaticity, and the experimentally unavoidable linear 
propagation of the lower power tails of the input pulse.

We further quantified the pumping behaviour of the soliton by 
calculating its position during the pumping process and compared it 
with the position of the theoretically calculated instantaneous soliton. 
Instead of calculating the mean displacement of the intensity (which 
is strongly affected by the diffracting linear background modes and 
therefore not meaningful), we calculated a higher order of the centre 
of mass, 〈x8〉, where 〈x8〉 = ∑nn|Ψn|8/∑n|Ψn|8. This quantity reduces the 
influence of the linear (low power) background for the calculation of 
the centre of mass and therefore better describes the position of the 
soliton. Our results are displayed in Extended Data Fig. 7b and show 
that the experimentally observed soliton (shown in red) closely follows 
the predicted trajectory of the numerically calculated instantaneous 
soliton (shown in grey) with fractional displacement per period.

Finally, we verified the existence of a plateau of fractionally 
quantized transport in the experiment. Extended Data Fig. 7c shows 
the higher-order centre-of-mass displacement after two periods for 
increasing input power. At an input power of gP/Jmax ≈ 1.4, the plateau 
forms and persists until the maximum input power that we can achieve 
in our experiment (gP/Jmax = 2.15).

Off-diagonal AAH model with 13 sites
The hoppings of the off-diagonal AAH model with 13 sites per unit cell 
(as used for Fig. 4) are given by Jn = K + κ cos(Ωz + 10𝜋𝜋

13
n + 2𝜋𝜋

13
)  with  

K = 1/b and κ = 0.95/b, where b is an arbitrary length. The on-site poten-
tial is set to zero. Extended Data Fig. 8 shows the bandstructure of the 
model, with 13 bands that are clustered into groups of bands lying 
energetically close together. The Chern numbers of the bands can  
be evaluated by calculating the winding of the single-band Wannier 
functions as displayed in Extended Data Fig. 9a, resulting in Chern 
numbers C = {−8, 5, 5, −8, 5, 5, −8, 5, 5, −8, 5, 5, −8}, ordered from bottom 
to top. Similar to Fig. 2, the position of the instantaneous solitons for 
gP/Jmax = 0.04, 0.10, 0.78 and 3.08 follow closely the position of the 
(multi-band) Wannier functions (Extended Data Fig. 9b–g).

Data availability
Data that support the findings of this study are available from the cor-
responding author upon reasonable request. Source data are provided 
with this paper.
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Extended Data Fig. 1 | Properties of solitons. a. Linear energy bands (grey) for 
the model described in the main text at Ωz/2π=0.3 together with the nonlinear 
eigenvalue of a soliton (red) for increasing nonlinearity. Dashed line marks a 
nonlinear bifurcation point, with a corresponding slope change. b. Wavefunction 

of the soliton from a. c. Projection of the soliton wavefunction onto the linear 
energy eigenstates. The eigenstates are sorted via their eigenvalues from bottom 
(lowest) to top (highest).
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Extended Data Fig. 2 | Adiabaticity of soliton propagation. a. Overlap of a 
numerically propagated soliton with the instantaneous soliton after one pump 
cycle with period L. b. Same data as a, but plotted as deviation from perfect 

overlap on a log-log scale confirming the existence of an adiabatic limit. The blue 
(orange) line depicts to gP/Jmax=0.55 ( gP/Jmax=1.65), which corresponds to the 
integer (fractionally) pumped soliton in the adiabatic limit.
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Extended Data Fig. 3 | Linear waveguide characterization. a. Hopping 
constant J as a function of separation s between waveguides. Each J is calculated 
via fitting 15 couplers with varying coupling length. Dashed line shows the 
exponential fit for the coupling function. b. On-site detuning in propagation 
constant for two waveguides written next to each other as a function of 

separation s. c. Transmission measurements of a straight waveguide including in- 
and out-coupling losses. Y-axis is plotted in log scale. The transmission measured 
for a propagation of ≈ 55 mm is excluded from the exponential fit (dashed line) 
due to a crack in the sample creating additional losses. The resulting propagation 
loss is (0.33 ± 0.02)dB/cm.
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Extended Data Fig. 4 | Nonlinear waveguide characterization. a. Setup for 
nonlinear characterization of the waveguides including a pair of gratings (G1 and 
G2) to stretch and down-chirp the excitation pulse. The output facet is imaged 
onto a camera and simultaneously focused into a fiber-coupled optical spectrum 
analyzer (OSA). b. Measured output power for three straight waveguides 
as a function of the input power showing a linear dependence and hence no 

nonlinear absorption for input powers less than 6 mW. The threshold indicates 
the maximum power used in the experiments to prevent damage to the sample. 
c. Relative intensity in the two waveguides (I1 and I2) of a directional coupler as a 
function of power. Black lines are a least square fit, resulting in g=0.068/mm per 
mW input power.
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Extended Data Fig. 5 | Spectral analysis. a. Measured normalized spectrum 
after propagation through a 76.15 mm long, straight waveguide in the uncut 
sample for increasing input power. The white lines mark the width in which 
76% of the intensity is found (corresponding to the full-width-half-maximum 

of a Gaussian). b,c. Similar to a but spatially resolved and for an array showing 
fractional pumping. The insets show the waveguide modes at the output facet 
for increasing input power (from bottom to top). The white rectangle marks the 
spatial 1/e2 width for which the spectrum is measured.
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Extended Data Fig. 6 | Triple coupler. a. Intensity distribution at the output 
facet for a coupler consisting of three waveguides for low input power. The 
coupler extends over a length of 5 mm and the top waveguide is excited.  
b. Normalized output intensities of a triple coupler as a function of the input 

power. The inset defines the color-coding. Due to the high coupling constant 
between the waveguides over a short propagation distance of 5 mm, the effects of 
nonlinearity are negligible.
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Extended Data Fig. 7 | Verification of soliton’s pumping behavior in  
the experiment. a. Amplitude overlap, ∑n|Ψ

(Exp.)
n ||Ψ(S)

n |, between the  
measured output wavefunction, Ψ(Exp.)

n , and the numerically-calculated 
instantaneous soliton wavefunction, Ψ(S)

n , as a function of propagation  
length for linear propagation ( gP/Jmax=0.04; shown in blue) and soliton 
propagation ( gP/Jmax=2.15; shown in red). b. Center of mass displacement  
of the experimentally observed soliton and linear propagation (calculated  
using a higher order norm to suppress linear background effects; see text).  

Gray line indicates the numerically-calculated displacement of an instantaneous 
fractionally pumped soliton. c. Experimentally observed center of mass 
displacement after two periods for increasing input power showing a plateau at 
high input power. Gray line indicates the expected theoretical displacement of 
five sites (one unit cell) after two periods for the fractionally pumped soliton. 
Solid lines with squares show mean values, and shaded areas show one standard 
deviation for independently measured soliton propagation in eight different unit 
cells of the same lattice.
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Extended Data Fig. 8 | Band structure of a 13 site AAH model. a. Additionally to 
the 13 linear energy bands (black) the nonlinear eigenvalues of four pumped 
solitons with gP/Jmax=0.04, 0.10, 0.78 and 3.08, which are part of the plateaux in 

Fig. 4 in the main text, are shown in green, red, blue and yellow, respectively.  
b Zoom-in onto the central group of three energy bands. c Zoom-in onto the 
lowest group of five energy bands.
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Extended Data Fig. 9 | Wannier function positions of a 13 site AAH model.  
a. Center of mass position of single-band Wannier functions calculated for each 
of the 13 bands individually over one period and projected into a single unit cell. 
The number of windings is equal to the Chern number C of the corresponding 

band. b-g similar to a but for multi-band Wannier functions in c-g.  
The position of pumped solitons from the plateaus of Fig. 4 in the main text  
at nonlinearities gP/Jmax=0.04, 0.10, 0.78 and 3.08, are shown in green, red,  
blue and yellow, respectively.
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