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Abstract

We study zero-sum stochastic games for controlled discrete time Markov chains with risk-sensitive
average cost criterion with countable/compact state space and Borel action spaces. The payoff function
is nonnegative and possibly unbounded for countable state space case and for compact state space case
it is a real-valued and bounded function. For countable state space case, under a certain Lyapunov
type stability assumption on the dynamics we establish the existence of the value and a saddle
point equilibrium. For compact state space case we establish these results without any Lyapunov type
stability assumptions. Using the stochastic representation of the principal eigenfunction of the associated
optimality equation, we completely characterize all possible saddle point strategies in the class of
stationary Markov strategies. Also, we present and analyze an illustrative example.
© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

We address a risk-sensitive discrete-time zero-sum game with long-run (or ergodic) cost
criterion where the underlying state dynamics is given by a controlled Markov processes
determined by a prescribed transition kernel. The state space is a denumerable/compact set,
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actions spaces are Borel spaces and the cost function is possibly unbounded for countable state
space case and for compact state space case it is a real-valued and bounded function. In [7]
this problem is studied with bounded cost under a uniform ergodicity condition. Here we have
extended the results of [7] to the case with unbounded cost. This is carried out under a certain
Lyapunov type stability condition. Also, we have extended the results of [7] to a compact state
space case.

In the risk-neutral criterion, players consider the expected value of the total cost, but in the
risk-sensitive criterion, they consider the expected value of the exponential of the total costs.
As a result, the risk-sensitive criterion provides comprehensive protection from the risk since
it captures the effects of the higher order moments of the cost as well as its expectation; for
more details see [54]. We refer to [30,56] for risk-neutral Markov decision processes (MDP),
and [28,29,52] for stochastic games with risk-neutral criterion.

The analysis of stochastic systems with the risk-sensitive average criteria can be traced back
to the seminal papers by Jacobson in [37] and Howard and Matheson in [36]. The literature on
risk-sensitive MDP under different cost criteria is quite extensive, e.g., [1,9,13-16,20,21,27,31—
33,36,41,42,51,54]. The corresponding literature on discrete-time ergodic risk-sensitive games
can be found in [7,8,10,53]. In this respect we mention some interesting works, [6,38,39]
studying multiplicative ergodic theorem for geometrically stable Markov processes. In [39, p.
77, sec. 2.4] authors made a strong connection between ergodic theory and Perron—Frobenius
eigenvalue theory. For the classical approach to study risk-sensitive ergodic control problem
based on equivalent game formulation, one can see [24]. In [15], the authors studied risk-
sensitive ergodic cost criterion for discrete-time MDP with bounded cost using a simultaneous
Doeblin condition on a countable state space. Also, see [1,14] and the references therein for
multiplicative ergodic theory. These papers used eigenvalue approach to study risk-sensitive
ergodic control problem. Ergodic problem for controlled Markov processes refers to the
problem of minimizing a time average cost over an infinite time horizon. Hence the cost
over any finite initial time segment does not affect the ergodic cost. This makes the analysis
of ergodic problem analytically more difficult. The authors in [27,49] used the results of
[38,39] to study their risk-sensitive ergodic control problems. Also, in the context of controlled
diffusions, eigenvalue approach is used in [3-5,12] to study the risk-sensitive ergodic control
problems. The articles [7,10] address zero-sum risk-sensitive stochastic games for discrete-time
Markov chains with discounted as well as ergodic cost criteria. The analysis of the ergodic
cost criterion in [7] is carried out using vanishing discount asymptotics. The results of the
article [7] are extended to the general state space case in [10]. In [10], the ergodic cost criterion
is studied under a local minorization property and a Lyapunov condition. The analogous
results in continuous time setup are carried out in [26]. The corresponding nonzero-sum risk-
sensitive ergodic stochastic games for discrete-time Markov chains are studied in [8,53]. The
papers [7,10,26] studied the game problems under the assumption that the running cost is a
bounded function, but in many real-life situations the cost functions may be unbounded, for
example in inventory control, queuing control etc.

In this article, we study the stochastic game problems for ergodic cost criterion by analyzing
the principal eigenpair of the associated Shapley equation. The analysis of our ergodic game
problems is inspired from the work of [1,13]. In [13], the authors studied risk-sensitive
discrete/continuous-time ergodic control problem for controlled Markov processes with count-
able state space. They established the existence of a principal eigenpair of the associated ergodic
HIJB equation. For this, they first studied the corresponding Dirichlet eigenvalue problems on
finite set and then pass to the limit by increasing the finite sets to countable state space.
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In [1], authors used a novel technique to provide a variational formula for infinite horizon
risk-sensitive reward on a compact state and action spaces. They build a nonlinear version of
Krein—Rutman theorem to study the corresponding ergodic HIB equation which leads to the
existence of optimal ergodic control.

In the literature, the Krein—Rutman theorem has been studied extensively, see [1,2,40,
43,44,46-48,55] and the references therein. In the pioneering works of Perron [50] and
Frobenius [25], it was proved that the spectral radius of a nonnegative square matrix is an
eigenvalue with a nonnegative eigenvector. In [40], Krein—Rutman extended the results of
Perron and Frobenius’s theory to a positive compact linear operator, which is the celebrated
Krein—Rutman theorem. For Krein-Rutman theorem of a linear/nonlinear operator on ordered
Banach space (under different set of conditions), see [1,2,44,46—48,55] and the references
therein.

In this manuscript, using a nonlinear version of the Krein—Rutman theorem, we establish
the existence of a principal eigenpair to the associated Shapley equations for both count-
able/compact state space cases. Under a certain condition, for both countable/compact state
space, we show that the principal eigenvalues are the values of the corresponding games. Also,
we establish the existence of a saddle-point equilibrium via the outer maximizing/minimizing
selectors of the associated Shapley equations. Additionally, we give a complete characterization
of all possible saddle-point strategies in the space of stationary Markov strategies.

The rest of this article is arranged as follows. Section 2 deals with problem description and
preliminaries. In Section 3, we study Dirichlet eigenvalue problems. In Section 4, we show that
the risk-sensitive optimality equation (i.e., Shapley equation) has a solution, obtain the value
of the game and saddle-point equilibrium in the class of stationary Markov strategies. We also
completely characterize all possible saddle point strategies in the class of stationary strategies
in this section. In Section 5, we present an illustrative example. In the next section, we study
the same problem on compact state space. Section 7 concludes the paper with some concluding
remarks.

2. The game model

In this section we introduce a discrete-time zero-sum stochastic game model which consists
of the following elements

{S,U,V,(UG)CcU, V@) CV,ie€l),P(li,u,v),cl,u,v). 2.1

Here S is the state space which is assumed to be the set of all nonnegative integers endowed
with the discrete topology of our controlled Markov processes X = {Xj, X1,...}; U and V
are action spaces for players 1 and 2, respectively. The action spaces U and V are assumed
to be Borel spaces with the Borel o-algebras B(U) and B(V), respectively. For each i € S,
U@i) € B(U) and V(i) € B(V) denote the sets of admissible actions for players 1 and 2,
respectively, when the system is at state i. For any metric space Y, let P(Y) denote the space
of probability measures on B(Y) with Prohorov topology. Next P : KL — P(S) is a transition
(stochastic) kernel, where K = {(i,u,v)|li € S,u € U(i),v € V(i)}, a Borel subset of
S x U x V. We assume that the function P(j|i, u, v) is continuous in (u,v) € U(i) x V(i)
for any fixed i, j € S. Finally, the function ¢ :  — R, denotes the cost function which is
assumed to be continuous in (u, v) € U(i) x V(i) for any fixed i € S.

The game evolves as follows. When the state i € S at time ¢+ € Ny = {0,1,...},
players independently choose actions u#, € U(i) and v, € V(i) according to some strategies,
respectively. As a consequence of this, the following happens:
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e player 1 incurs an immediate cost c(i, u,, v;) and player 2 receives a reward c(i, u;, v;);
e the system moves to a new state j # i with the probability determined by P(j|i, u,, v;).

When the state of the system transits to a new state j, the above procedure repeats. Both
the players have full information of past and present states and past actions of both players.
The goal of player 1 is to minimize his/her accumulated costs, whereas that of player 2
is to maximize the same with respect to some performance criterion J~ (-, -), which in our
present case is defined by (2.3). At each stage, the players choose their actions on the basis
of accumulated information. The available information for decision making at time ¢t € Ny,
i.e., the history of the process up to time ¢ is given by

hy = (g, (o, V), i1, (U1, V1)« ooy by yy (U1, V—1), ),

where Hy =S, H = H,_1 x (U xV xS8),..., Ho = (U x V x §)*® are the history spaces.
An admissible strategy for player 1 is a sequence 7! := {n! : H, — P(U )}ien, of stochastic
kernels satisfying ntl(U(Xt)|h,) =1, for all h, € H;; t > 0, where {X,} is the state process.
The set of all such strategies for player 1 is denoted by Hald. A strategy for player 1 is called
a Markov strategy 1 if

1 . | .
7, Clh—r, u, v, ) =7, Clh,_ u', V', i)

forall h,_y, h,_, € H_1,u,u’ € U,v,v € V,i € §,t € Ny. Thus a Markov strategy for player
1 can be identified with a sequence of maps, denoted by 7! = {7{,1 1§ = P(U)}sen,- A Markov
strategy {m!} is called stationary Markov for player 1, if it does not have any explicit time
dependence, i.e., ntl(-|h,) = <5(~|i,’) for all h, € H, for some mapping (;3 satisfying q;(U(i)|i) =1
for all i € S. The set of all Markov strategies and all stationary Markov strategies for player 1,
are denoted by I/, 1\14 and 1] SlM, respectively. Similarly, the set of all admissible strategies, Markov
strategies and stationary Markov strategies for player 2 are defined similarly and denoted by
112, I}, and I12,,, respectively. For each i, j € S, u € P(U(i)) and v € P(V(i)), the cost
function ¢ and the transition kernel P are extended as follows:

c(i, u,v) = / / c(i, u, v)u(du)v(dv),
Vi) JUG)

P(jli, n,v) i=/ / P(jli, u, v)u(du)v(dv)
V@) JUG)

(by an abuse of notation we use the same notation ¢ and P). For a given initial distribution
7o € P(S) and a pair of strategies (!, 7?) € Hald X Hazd, by Tulcea’s Theorem (see

Proposition 7.28 of [11]), there exists unique probability measure Prfr:) L2 on ({2, B({2)), where

2 =(SxUxV)® When 7y =4;,i € S this probability measure is simply written by P;Tl’”2

satisfying

2 2
PY 7 (Xo=i)=1 and P7 " (X,s1 € AlH,. 1}, 7%) = P(AIX,, 7}, 1) ¥ A € B(S).
2.2)
Let ET "7 denote the expectation with respect to the probability measure Pi"l’”z. Now from

[34, p. 6], we know that under any (7', 72) € II}, x II3,, the corresponding stochastic process
X is strong Markov.
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We now introduce some useful notations.

Notations:

For any~ﬁnite set D C S, we define By ={f:8— R]| fis Borel measurable and f(i) =
0Vi e DY, B% C Bj denotes the cone of all nonnegative functions vanishing outside
D. Given any real-valued function V > 1 on §, we define a Banach space (L7, || - II7) of
V-weighted functions by

Lﬁ’f:{f S—>RIIfIT =s lf()l oo}.

zeS V()

For any ordered Banach space X, a subset C C X and x,y € X, we define > as x > y <
xX—YyE€ C, ie., the partial ordering in X with respect to the cone C. For any subset B C s,
t(‘B) = inf{r : X, € 3} i.e., the first entry time of X, to B. Also, for any subset D C S,
(D) == inf{t > 0: X, ¢ D} denotes the first exit time from D.

We now introduce the cost evaluation criterion.

Ergodic cost criterion: Now we define the risk-sensitive average cost criterion for zero-
sum discrete-time games. Let & > 0 be the risk-sensitive parameter. For each i € S and any
(!, 7% e I}, x II?%,, the risk-sensitive ergodic cost criterion is given by

1 _
g7 (i, ¢) == limsup — In E7 ™ [99 Iy C<Xm3’ﬂ?>}_ 2.3)
T—00 T
Since the risk-sensitive parameter remains the same throughout, we assume without loss of
generality that 6 = 1. The lower value and upper value of the game, are functions on S,
defined as

L) = SUP2epr2, inf ter), 3” o (i, ¢) and U(i) == inf , ter), SUP2e 72, 3”1*”2(1', ) respec-
tively. It is easy to See that ‘ ‘

L3GE) <U@G) foralli € S.

If L) = U(@) for all i € S, then the common function is called the value of the game and is
denoted by J*(i). A strategy 7*! in II, is said to be optimal for player 1 if

7)< sup inf JTT () =L@ YieS, Vel

b4 eHz nlel, ad
Similarly, 7*? € II?, is optimal for player 2 if

J G )= inf sup §T (@) =UG)Vies, Vr'elll,

b4 eHdr[ EIT2

If 7* e II*, is optimal for player k (k=1,2), then (7*!, 7*?) is called a pair of optimal
strategies. The pair of strategies (x*', 7*?) at which this value is attained i.e., if

1.2 . 1 %2 1 2 .
F TG < I T (o) <dT T (,c), Ya'elll, va?e I,

then the pair (7*!', 7*?) is called a saddle-point equilibrium, and then 7*' and 7*? are optimal
for player 1 and player 2, respectively.
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Following [7], the Shapley equation for the above problem is given by

e"Y(i)= sup _inf [e““*“*”>2w<j>P<j|i,u,v)]

veP(V(iy) HEPWU @) ies

inf  sup |:ec(i’“"’) S v(PGli s v)], ies.
HePWUM) veP(v (i) es
In the above equation, p is a scalar and v is an appropriate function.

Our goal is to establish the existence of a saddle-point equilibrium among the class of
admissible history-dependent strategies and provide its complete characterization. We now
describe briefly our technique for establishing the existence of a saddle-point equilibrium.
We first construct an increasing sequence of bounded subsets of the state space S. Then we
apply Krein—Rutman theorem [2] on each bounded subset to obtain a bounded solution of the
corresponding Dirichlet eigenvalue problem, i.e., a solution to the above equation on each finite
subset with the condition that the solution is zero in the complement of that subset. Using a
suitable Lyapunov stability condition (to be stated shortly), we pass to the limit and show that
risk-sensitive zero sum ergodic optimality equation admits a principal eigenpair. Subsequently
we establish a stochastic representation of the principal eigenfunction. This enables us to
characterize all possible saddle point equilibria in the space of stationary Markov strategies.
To this end we make certain assumptions. First we define a norm-like function which is used
in our assumptions.

Definition 2.1. A function f : § — R is said to be norm-like if for every k € R, the set
{i € S: f(i) <k} is either empty or finite.

Since the cost function (i.e., ¢(i, u, v)) may be unbounded, to guarantee the finiteness of
1.2 . . .
J" 7 (i, c), we use the following assumption.

Assumption 2.1. We assume that the Markov chain {X,},>¢ is irreducible under every pair of
stationary Markov strategies (7', 7% e HSIM X HSZM. Also, assume that there exist a constant
C > 0, a real-valued function W > 1 on S and, a finite set X such that one of the following
hold.

(a) If the running cost is bounded: For some positive constant ¥ > |c||o, We have the
following blanket stability condition

sup Y W()HP(jli.u.v) < Clgi) + e 7W(i) Vi €S, 2.4)
(u,v)EUE)x V(i) jes
where |[¢lloo = SUP(; ,, ek €(is U, V).

(b) I~f the running cost is unbounded: For some real-valued nonnegative norm-like function
£ on S it holds that

sup Y WO)Pjlivu,v) < Clz (i) + e {OWGi) Vi € S, 25)
(u,)eU@)x V(@) jes

where the function £(-) — maX, veu()xve) ¢, , v) is norm-like.

Assumption 2.1 and its variants are key conditions of standard ergodicity hypothesis, see
[13,30,45]. In this context, [15] used Doeblin condition, a stronger assumption than a variant of
Assumption 2.1(a) to study ergodic control problems. The condition (2.5) plays important role
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in studying the ergodic optimal control problems with unbounded running cost. We show that,
(2.5) implies (2.3) is finite. Similar condition is also used in [6, Theorem 1.2], [14, Theorem
2.2] in the study of multiplicative ergodicity. Also, we refer [17—-19,53] to see the importance
of Lyapunov stability assumption in studying stochastic control problem .

Let iy € S be a fixed state, we call it as the reference state. Consider an increasing sequence
of finite subsets @,, C S such that U;’f:l@n = S and iy € @,, for all n € N. Recall that
r(@n) = inf{t > 0 : X; ¢ ‘bn}, is the first exit time from Z~Dn. For our game problem,
we wish to establish the existence of a saddle-point equilibrium in the space of stationary
Markov strategies. To ensure the existence of saddle-point equilibrium, we make the following
assumptions.

Assumption 2.2.

(i) The admissible action spaces U (i)(C U) and V(E)(C V) are compact for each i € S.
(ii) We assume that for any n and any pair i, j € D,, the probability of hitting j from i
before exiting D, is bounded from below by some §;;,, > 0 under all stationary Markov
strategies i.e.,
inf P F < 1(Dy) = i (2.6)
(nl,nz)eHS'MxﬂszM
where 7; denotes the hitting time to j i.e., for any pair i, j € ?"’ under any pair of
strategies (7, %) € HS'M X HSZM, there exists iy, io, ..., i, € D, satisfying

P(lims 7 i)y T2 m)) Pl lim—1, 7 1) T2 (1)) - - - P(i1 i, 7 (0), w2(0)) > 0.

2.7)

@ii) (i, u,v) —> Z;’es W(@)P(jli, u, v) is continuous in (u, v) € U(i) x V(i), where W is
the Lyapunov function defined in Assumption 2.1 .

Remark 2.1.

(1) Assumption 2.2(i) and (iii) are standard continuity-compactness assumption.

(2) Under Assumption 2.2(i), for each i € S, by in [11, Proposition 7.22, p. 130], we know
that P(U(i)) and P(V(i)) are compact and metrizable. Note that n! e HSIM can be
identified with a map w! : S — P(U) such that w!(:|i) € P(U(i)) for each i € S. Thus,
we have H;M = I;csP(U(i)). Similarly, HSZM = Il;csP(V(i)). Therefore by Tychonoff
theorem, the sets HSIM and Hng are compact metric spaces endowed with the product
topology. Also, it is clear that these sets are convex. L )

(3) Instead of using (2.6), we can assume inf(ﬂ‘,rrz)eﬂlManZ Pin T (# < 1(D,)) > 0. Then
this weaker condition also implies that i, > 0, (see Lemma 3.3).

Using generalized Fatou’s lemma as in [23], [35, Lemma 8.3.7], from Assumption 2.2 one
can easily get the following result, which will be used in subsequent sections; we omit the
details.

Lemma 2.1.  Under Assumptions 2.1 and 2.2, the functions ZjeS P(jli, w,v)f(j) and
c(i, u, v) are continuous at (j, v) on P(U(i)) x P(V(i)) for each fixed f € LS, and i € S.
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3. Dirichlet eigenvalue problems

We begin this section by stating a version of the nonlinear Krein-Rutman theorem from
[2, Section 3.1], (cf. [40]) which plays a crucial role in our analysis of the Dirichlet eigenvalue
problems.

Theorem 3.1.  Let X be an ordered Banach space and Ca nonempty closed subset of X
satisfying X=C-C LetT: X — Xbeal- -homogeneous, order-preserving, continuous,
and compact map satisfying the property that for some nonzero § € Cand N > 0, we have
NT(() > ¢. Then there exists a nontrivial f € C and a scalar % > 0, such that Tf = Af

In the following lemma we establish a few important estimates which will play crucial role
in our analysis.

Lemma 3.1. Suppose that Assumption 2.1 holds. Let B ») X be a finite subset of S and let
T(B) = inf{t : X, € B}, be the first entry time of X, to B. Then for any pair of strategies
(!, %) e Hald X Had we have the following:

(i) If Assumption 2.1(a) holds: Then
EF [e””})l/v(xf@))] <WG@)VieB. 3.1)
(ii) If Assumption 2.1(b) holds:

E?Tl’”z[ezf( o 'f<XA>W(XT<93>)} <W@H)Vieb (3.2)

l

Proof. This result is proved in [13, Lemma 2.3] for one controller case. The proof for two
controller case is analogous. [

Now we prove the following existence result which is useful in establishing the existence
of a Dirichlet eigenpair.

Proposition 3.1.  Suppose Assumption 2.2 holds. Take any function ¢ : X — R which is
continuous in (u,v) € U(i) x V(i) for each fixed i € S, satisfying the relation ¢ < —§ in
Dy, where § > 0 is a constant and D, is a finite set as described previously. Then for any
g€ 895"’ there exits a unique solution ¢ € B@n to the following nonlinear equation

@)= _inf  sup [e"‘<""”>2<p<j>P<j|i,u,v>+g(z’>]

nePWUW) yeP(V (i) ies

= su inf |V DP(jli, e, v) + i]\ﬁe@n. 33
Uep(gwepw[ ;w(]) i v) + () (33)

Moreover, we have

(Dy)—1
o) = 1nf sup Einl,nzl: Z ezg=éE(Xx,m',n3)g(Xl)i|

nlelly, n2ell?, 1=0
2 (Dy)—1 )
=1 - 1.2 .
= sup inf E” o [ Z ezso‘(x“"“’”'*)g(X;)} Vies, (3.4)
T GHZ T EHl =0

where r(@,,) =inf{t > 0: X, ¢ @n}, first exit time from @n.
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Proof. Let g € By . Define a map T: Bj — Bg by
sup _inf [ea’*“’” D BDPGE ) +g(i>] =T¢(). i € Dy € By
veP(V (i) HEPWU D) ies !
and T¢(i) =0 for i € DE. (3.5)
Now, let q}l, q}z IS Bjn. Then
(Tdali) — T1(i)) <max sup  sup Vg, — i,
i€Dy veP(V(i)) nePU(i))
Similarly, we have
(T1(i) — Tpo(i)) <max  sup  sup "y — byl 5 .
i€eDyveP(V(3i) nePUG))
Hence

IT¢1G) — Tha(i)ll 5, <max sup  sup e“HYigy — il ,
ieDy veP(V(3i)) nePU(i))

where for any function f € Bj , [ fllp, = max{|f@)] :i € D,}. Since ¢ < 0, it is easy
to see that max, 5, SUP,cp(v ) SUPLepway ¢ " < 1. Hence T isa contraction map. Thus
by Banach fixed point theorem, there exists a unique ¢ € By such that 7(¢) = ¢. Now by
applying Fan’s minimax theorem in [22, Theorem 3], we get

sup inf |:65(i’”")) ZQO(J')P(J'U, W, V)i|

veP(V(i)) HEPWU @) ies

= inf sup |:e5(i‘“’”) Z o(HPli, u, v)j|.

HEPWU @) yep(V (i) oS

Hence we conclude that (3.3) has unique solution. Now let (!, 7}?) € II},, x II},, be a
mini-max selector of (3.3), i.e.,

e(i)=_inf [e“"*”*”ﬁz“”Zw(j)Pmi,u,n:2<i>)+g<i)}

HePWUG)) ies
= sup [e“*"'?”(”’“)Zw(j)P(ju,n:‘(z'),v)+g<i)]. (3.6)
veP(V(i)) jes

Now by Dynkin’s formula [53, Lemma 3.1], for any (7', 7% e Hald X Huzd and N € N, we
have

NAt(Dp)—1 -
E;TUTZ I:e t=AOT( n C(Xt’ntl!ng)(p(XNAr(‘b ))i| — (i)

NAT(Dy)
= E;fl,n [ Z ezi;{)é(x,,n,.‘,nrz)
t=1
i ; i 1 2
X (Z e(NPGIX-1, 77,1,1, ﬂlzil) —e ‘(Xfl’”rl’”zl)q)(xtl)) ] ) 3.7)
Jjes
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Then, using (3.6) and (3.7), we obtain

NAT(D,)-1

*1 2 t—1 = *1 2
E" [ D et ““’”“g(x,)}

=0
o 2 NAT(Dp)— I’XV 1y ) 2 .
e e A ] B
Since ¢ < 0 and ¢ € By, , taking N — oo in the above equation and using the dominated
convergence theorem, we deduce that
t(Dp)—1

£ [ B ‘("S’”'?‘“X“’”sz)g(x,)}

*1

2 T(Dn) 1 *
=-E"T [62 Woml D TD(X 5, ))] + ().

Hence
T(Dn) 1

(p(l)>Eml T |: Z Zx OC(XYTI (X)Tr)g(X )]

Since 72 € IT? is arbitrary,

1(Dp)—1

o2 -1 *1 2
p@i)> sup E "7 |: Z Xy eXsm; (Xs)*”s)g(X,)]
ﬂzenazd t=0
t(Dy)—1 |
-1 1.2
> mfl sup E [ Z ezxoc(Xs.,m,ﬂx)g(Xt):|. (3.8)
T GHdn ell? -0

By similar arguments, using (3.6), (3.7) and the dominated convergence theorem, we obtain

2 t(Dn)-1 .
¢@)< inf E" [ d e §=BC(XX*”A‘1’”nz(X‘Y))g(Xt)]

xlell d —0
(Dy)—1 . 5
t—1 = 1
< sup inf ET ”[ Z ezs=OC(XS’”””")g(Xz)}- (3.9
T EHZ T EH'

Now combining (3.8) and (3.9), we obtain (3.4). O
Next using Theorem 3.1, we show that for each n € N, Dirichlet eigenpair exists in Dy

That is we establish the following result.

Lemma 3.2. Suppose Assumptions 2.1 and 2.2 hold. Then there exists an eigenpair (pn, ¥) €
R x B% , Y > 0 on D,, for the following Dirichlet nonlinear eigenequation

") = inf - sup [e“"“*”Z%(j)P(j|i,u,v)}

rePWUG) yeP(V (i) jes

= sup inf [ec(i’“’u)ZI/f,,(j)P(jﬁ,pL,U)j|. (3.10)

veP(V (i) HEPWU @) ies
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The eigenvalue of the above equation satisfies

pn < sup inf F7 (i, c), (3.11)

nzenz nleH
for all i € S such that ¥, (i) > 0.
Proof. For some constant § > 0, let us define ¢’(i, u,v) = c(i,u,v) — k, — & in @n,

where k, = SUP( 4y 1)e D, x PN PV (D) lc(i, e, v)|. Then it is easy to see that ¢'(i, i, v) < =6,
V(@, n,v) € D,,, xPU(@i)) x P(V(i)). Now consider a mapping T, : B, H, — B, deﬁned by

(Dp)—1
T,(g)i):= sup inf ET ”2[ Y et 0/ (oo, ”)g(X,):| ieD,, (3.12)
ﬂzenz k4 eH =0

with T,,(g)(i) = 0 for i € D¢, where g € Bj,
From Proposition 3.1 it is clear that T, is well defined. Since ¢ < —8, for 81,8 € l”;'@n, it
follows that

IT.(81) — Tu(g2)ll 5, < aillgr — &ll5,»

for some constant «; > 0. Hence the map T, is continuous.
Let g1, € B'Dn with g > go. Also, let T,(gc) = ¢x, k = 1, 2. Thus ¢, is a solution of

@)= sup  inf [e‘“’“’“) wz(j)P(jli,M,v)—l—gz(i)}
veP(V(i)) HEPW @) ngb:n

. Jos *2 . V. . . . s
= it (i»[e‘ i (PGl e 70) + gz(l)] vi € D,

j€Dn
where 7> € 11}, is an outer maximizing selector. Therefore

Tu(g0)() T, (g2)(0)

Dy)-1
a2 *(2n) Sl Xyl x)
sup inf ] Z e%s=0 s g1(Xy)

1
T €H2 b4 EH =0

(Pn)—1
— sup inf E?T zr2|: Z eZv Oc(Xs nlx2) g (X, )]

l
P €H2 b4 GH =0

(Dn)—1
— sup inf Ert n2|: Z eZY Oc(Xs nlz2) g1(X, )]

1
T 6172 k4 EIT =0

*2

t(Dp)-1
— inf En " |: Z X0 X X ))gZ(Xt)i|

1
T EH =0

72 “(Dn)-1 -1 )

— J *. o

> inf E |: Z e Tizh ¢ (X5l (X”)d“gl(X,)}
b4 eHl =0
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(D,y)-1
*2 t %2
_ 1nf1 En i |: Z ezr —o ¢/ Xy (X ))gz(Xt)}
T EH =0

2 7(Dy)—1 o, .
> inf E [ 3 ezg—})"(Xs’ﬂ“l’ﬂ"z(xs»(gl(xt)_gz(Xz))]-
b4 eHl =0

Hence T,,(g1)(i) — T,(g2)(i) = O for all i € S. This implies that 7,(g;) > T,(g2). Choose a
function g € B@n such that g(ip) = 1 and g(j) = O for all j # iy, where iy is a fixed state
(see p. 7). Thus by (3.12), we have

T,()(io) > glig) > 0.

Thus we have T,(g) > g. Let {gn} C Bs be a bounded sequence. Then since ¢’ < 0, from
(3.12), we get ||T,Z 8mlloo < ap, for some constant ay > 0. So, by a dlagonahzatlon argument,
there exists a subsequence my of m and a function ¢ € BD such that |78, — <i>||,_D -0
as k — oo. Thus the map T, is completely continuous. By the definition of the map Tj,, it is
easy to see that Tn(kg) = AT, (g) for all & > 0. Hence by Theorem 3.1, there exists a nontrival

n € B and a constant A’- > 0 such that
D

T(wn)—x Ynie,

M, Un(i) = ;I(Jp(wggg(,»[‘””E Xy, Un(DPG iy u,v>+wn<z> Vi e D,
veP(V(i !
Jj€Dn

~ Moo—1

Since ¥, > 0 and ¥, (i) > 0, for some i € D,, it follows from (3.13) that AD,’j j| > 0.
Dn

Moo—1 -

Next we prove (3.11). Now if |: 9;,”

Dy

:| = 0, it is easy to show that (3.11) holds. Assume that

YA YA
[ a ] > 0. Let p, = log|: - :| Then from, (3.13), we get

bn Dn

e P,(i)= sup inf [ec/@?“’“) > va()HPGlis s v)] Vi € D, (3.14)

veP(V(i)) LEPW @) =
j€Dn

Now multiplying both sides of (3.14) by e*+¢ and applying Fan’s minimax theorem, (see
[22, Theorem 3]), we obtain

veP(V (i) HEPW®)

e"Y,(i)= sup inf [e“’”“’”Z%(j)P(ju,u,v)}
jes

= inf  sup [ec(i’“'”)zwn(j)P(jli,u,v):| VieD,, (3.15)

nePU()) veP(V(i)) jeS

where p, = p, +k, + &, (where k, is defined on p. 12).
Let 7;? € IIZ,, be an outer maximizing selector of (3.10). Then we have

e Y,(i) = _inf [e“’*“’”ﬁ‘z("”Zw,xj)P(ju,u,n:%i))} Vi e D,. (3.16)

HePW(E) es
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Therefore by using Dynkin’s formula and (3.16), we obtain
1 x
Ua(i) < Elzr T |: ZT O(C(Xr xl a2 (Xg)— pn)w (XT)I{T<r(D )}i|

< (sup w,,)E |: X3S0 Xsmf mi (X))~ P")i| (3.17)
D

Now, taking logarithm on the both sides of (3.17), dividing by T and letting T — oo, for each
i € § for which ¥, > 0, we deduce that
1 %2
pn =370 0).
Since ! € II}, is arbitrary, we get

. 1 %2,
pp < inf g7 (i, ¢) < sup inf 3” ? (i,c). O
nleHald 2€H2 b eH

Now, we show that the sequence {p}, is bounded, and for each n, ¥, > 0 on §~D,, and
liminf, .o p, > 0.

Lemma 3.3. Suppose Assumptions 2.1 and 2.2 hold. Then for each n, ¥, > 0 on D, and the
sequence of eigenvalues {p,}, of Eq. (3.10) is bounded. Moreover, we have

liminf p, > 0. (3.18)
n— o0
Proof. We first prove that {p,}, is bounded. Under Assumption 2. 1(a) since |[clloe < ¥, it

is easy to see that " - sz(1 ¢) < y . Under Assumption 2.1(b) since X is finite, there exists a
constant k; such that (2.5) can be written as

sup Y WPl u,v) < B EOWG) Vi e . (3.19)
(u,v)eU@)x V(i) jes

Then by using (2.2) and successive conditioning, we get

12

£ [ Sl - ’<1>W(XT)} < W) Vi € 5. (3.20)

Since, W > 1, from (3.20), we get
g7 70, 0) < ky foralli € S.

Now since £ — SUP(, »eu@xva) €Cs i, v) is norm-like, there exists a constant ky such that for
all i € S, we have sup, ,)cuiyxva) €, 4, v) < €(@i) + ky. Hence we get

T 7)< ki + ko Yo' 7)€ I, x 112, Vi € S. (3.21)

Therefore using (3.11), it is clear that p, has an upper bound.

Next we want to show that p, is bounded below. To this end, first we claim that v, > 0 on
D, for each n. Let n € N be fixed . Suppose that the claim is not true, then there exists ieD,
such that ¥, (1) = 0. Also, since ¥, > 0 on D, there exists i € D, such that wn(l) > 0. Now,

o

for any outer minimizing selector n*‘ e 1l IM of (3.15), Eq. (3.16) can be rewritten as

0= ey, = [ i ORED N g, ()P 7 (), n*%))} (3.22)
jes
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Again, in view of Assumption 2.2(ii), under any pair of strategies (7!, 7'?) € HSIM X Hng’
there exists iy, i, ..., i, € D, satisfying

P(ilim, 7 )y 72 o)) PG lim— 1, T 1), 72 im1)) - - - PG, 705 (0), 72(0)) > 0.

(3.23)

Thus, from (3.22) and (3.23), we deduce that 1//,,(f) = Y,(iy) = - = Y,(i,y) = I/fn(f) = 0.
But this contradicts to the fact that v, is nontrivial. Since, n is arbitrary, this establishes our
claim. So, for all n we can pin v, such that v,(iy) = 1, where ij is a reference state (defined
as in p. 7).

Now, suppose that the sequence {p,}, is not bounded below. Hence, along a subsequence
pn — —00 as n — o0. So, p, < O for all large enough n. Let (n;fl, n,fz) € HSIM X HSZM be a
mini-max selector of (3.10), thus we have

1= lﬁn(lo) — e Pn sup |:ec(i0'7fn*l(i0)vv) Z %(])P(jllo, ﬂ:](io), 1)):|

veP(V(ip) oS
(i *10: *2(: . oy . .
— e Pn I:ec(to,rrn (i), ;" (i0)) Z 1//,1(])P(] lio, 7'[:1(10), ﬂ:2(lo))]. (3.24)
jes

Since p, < O for all large enough n, and our cost function c¢ is nonnegative, it is easy to see that
c(ip, JT,;“I(iO), 71,’[2(1'0)) — pn > 0, for all large enough n. Assumption 2.2(ii), implies that for any
Jj € D,, under any pair of strategies (!, 7% e HslM X HszM, there exists iy, i2,...,Im € D,
satisfying

P(lim, 70 )y T2Am))Plimlim—1, 70 (ime1), T2 (im—1)) - - - P(i1lio, 7' (i0), 77 (ip)) > 0.

(3.25)
We claim that if j € @n then
inf Piﬂl’nz(fj <nA1(D,)) > k(j, n), for some constant k(j, n) > 0.
@l ademl, <12,
(3.26)

If not, suppose there exists a pair (frkl, ﬁkz) € HslM X HSZM such that PiZ"l’ﬂ‘g(fj <nAt(D,) = 0
as k — oo. Now, since II{,, and IIZ,, are compact, there exist a further subsequence and
7l e I1§,, and % € I1Z,,, such that 7} — 7! and 7} — 7% as k — oo. By Assumption 2.2,
we know that the law of X converges to X, where X (X) is the DTCMC governed by (ﬁkl, T kz)
(@', 7?) respectively). So, for every p < n,

P;Zl’ﬁz(Xi c ®n\{i0’ ik Xp =j foralli <p-—-1)

L

~1 =2 -
:&&P%%@MGDAMJLMm:jﬁnmifp—n

. ﬁl,ﬁz . ~
< lim P, *"*(f; <n A 1(Dy) =0.
k—oo 0

So, this contradicts (3.25). Hence, we must have (3.26).
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From the monotonicity of r(@n), it then follows that for @,, ) @m > j, we have
1.2 ~ . 1.2 ~
inf P < mAT(Dy) = inf P (T <mAT(Dy)
(! x2)ell},, <112, (. x2)ell},, <112,

> k(j, m). (3.27)

Since for large enough n, c(ig, 7 (ip), 7*(ip)) — pn > 0, from (3.24), we have

; w2 [N (X w2 X))
1= wn(ZO) = Eion " | e==0 e 1 7n )= fon Wn(X

m/\r(’.f)n)/\{'j ):|

E”;rkl’”;;z X
Z Ly, Yn( m/\'[(fbn)/\fj)

> Y (j) inf PT 7 (# < m AT(Dy)

laderl, <112,
> k(j, m)¥n(j) (using (3.27)).

Choose m = j + 1. Then for all n > j, we have ¥, (j) < m, Vj € S. This implies
that, {1,,} has an upper bound. Thus by a standard diagonalization argument, there exists a
subsequence (by an abuse of notation denoting by the same sequence) and a bounded function
¥ > 0 with ¥ (ip) = 1 such that ¥,(i) - ¥ (i), as n — oo for all i € S. Now, since HslM and
1 52M are compact, there exist a further subsequence and 7*! € I, SIM and 7*2 € II SZM, such that

7' — 7l and 72 — 7*2 as n — oo. Since ¢ > 0, (3.10) gives us
e’ (i) = [Z Yn (PG li, 7 G, n:2<i))]. (3.28)
jes
Hence, by taking n — oo, it follows that
> WPl (@), 72) <0, i €. (3.29)
jes

In view of (3.29), we claim that ¥ = 0. If not then there exists i € S such that 1//*(?) > 0.
Also, since ¥ > 0 from (3.29), it is easy to see that there exists a point i € S for which
¥ (i) = 0. Now, since {X,} is irreducible under any pair of strategies (7*', 7*?) € I13,, x I12,,,
there exists iy, iz, ..., i, € S satisfying

Pl 7 i)y 72 m)) PG i1, T im 1)y T2 (1)) - - - P(alE, 7)), w72(0)) > 0.

Thus, from (3.29) we deduce that w(f) =y@i)=--=v>iy = 1//(17) = 0. But this contradicts
to the fact that w(f) > (. This proves the claim. But since (ip) = 1, this is a contradiction.
Therefore, we obtain that, {p,} is bounded below.

Now we show that p* = liminf, . p, > 0. If not, then on contrary, p* < 0. So,
for large enough n, p, < 0. Since, our cost function ¢ is nonnegative, for large enough n,
c(i, u,v) — p, > 0 for all (i, v) € P(U@GE)) x P(V(i)). So, by repeating the above arguments,
there exists a subsequence (by an abuse of notation denoting by the same sequence) and a
bounded function ¢ > 0 with ¢(iy) = 1 such that {,(i) — ¢(i), as n — oo for all i € S.
From (3.10), we have

Y(i) = [Z Y (PG li, 7 (), n,;*z(i))] (3.30)
jes
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where (n;fl, 772‘2) is a mini-max selector of (3.10). By Fatou’s lemma, taking n — oo, we
deduce that
. ﬂ*l H*Z .
o) > E; 7 [¢p(XD]Vies,

for some pair of stationary strategies (w*',7*?) € HSLM X HSZM Hence, {¢(X,,), T} is
supermartingale where {X,} is the Markov process under the pair of stationary strategies
(@, 7% e HSIM X HSM So, by Doob’s martingale convergence theorem ¢(X,,) — )%
almost surely, as m — oo. On the other hand by Assumption 2.1, we have {X,} is recurrent.
Hence {X,} visits every state (in particular iy) of S infinitely often. Since, ¢(ip) = 1, {¢(X)}
converges only if ¢ = 1. Now, taking limit n — oo in (3.10), we obtain

1 = ¢i) > et OT2W=p" o

But this is a contradiction. Thus, liminf, . o, > 0. O

4. Existence of risk-sensitive average optimal strategies
In this section we prove the existence of a risk-sensitive average optimal stationary strategy
using the Shapley equation. Now we state and prove our main result of this section.

Theorem 4.1. Suppose Assumptions 2.1 and 2.2 hold. Then there exists a unique (up to a
scalar multiplication) eigenpair (p*, ¥*) € Ry x L3, with ¥* > 0, such that

¢ y*i)= sup inf [e““’“”Zw*(j)P<j|i,u,v)}

veP(V(i)) HEPW @)

jes
= inf sup [e“’*“’“) V(HPGi, i, u)], i€sS. 4.1)
nePUD) veP(V (i) %
Moreover, we have the following
(i)
p* =inf sup inf 3”1’”2(1',0) inf inf  sup 3” o @i, o). 4.2)
i€S o Enzneﬂd lesn'eﬂldnenz

(ii) If (', %) e HS'M X HSM be a mini-max selector of (4.1), then (w*!, 7*?) € HS'M X HSZM
is a saddle point equilibrium, i.e.,

7 <IN o) = pt <87 o), Yt e Iy, Vat e I (43)
Thus the value of the game is independent of the initial state.

(iii) Let (w*!, 7*%) € HS]M X HszM is a saddle point equilibrium, then this pair is a mini-max
selector of (4.1).

Rest of this section is dedicated to the proof of Theorem 4.1.
Since ¢ > 0, using Assumption 2.1, there exists a finite set B containing K such that we
have the following:

e Under Assumption 2.1(a): since y > ||c|l, from (3.11) we have p, < y. Thus, for all
large enough r it holds that

( sup c(i,u,v) — ,on> <yVie Be. 4.4

(w,v)eU ) V(i)
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e Under Assumption 2.1(b): since the function £(-) —max, y)cv)xv(.) (-, 4, v) is norm-like,
for all large enough 7 it holds that

( sup ¢, u,v)— pn> < 0(i) Vi € B. 4.5)

(u,v)eU@)x V(i)

Now letting n — oo from (3.10) we show that the limiting equation admits a positive eigenpair.

Lemma 4.1. Suppose Assumptions 2.1 and 2.2 hold. Then there exists an eigenpair (p*, Y*) €
Ry x Ly, with * > 0, such that

e” Y*(i)=sup mfP“WQ:wmmmw»ﬂ

veP(V(i) LEPWU M)

jes
= inf sup | @) PG, ,u)],ies. (4.6)
MGP(U(i))ng(‘F/)(i))[ ;w / J| H

Furthermore, for any mini-max selector @, 7% € HSIM X HSZM of (4.6) we have the
following:

(i)
o* <1nf sup  inf 3”1’”2(1',0). 4.7

2€H2 T EHd

(ii) For any finite set Bl D B, we have the following stochastic representation of the
eigenfunction

r(’B )— ¢
I//*(l) _ mf En 1 Zl:ez 1 (c(X, n; 7 2(X)—p )w (XT(B1))j|

m eHd
H(B)-1 1
— Su}j)z Err 7 I:eZ,—o Xy, (X)) —p )w (X. Y ))j| Vi € .:Bc 4.8)
e

Proof. First we scale ¥, in such a way that we obtain ¥, (i) < W(i) for all i € S. Set
6, = supfa > 0: OV — ayy,) > 0 in S}).

Since v, vanishes in @” and v, > 0 on @n it follows that 5 is finite. We claim that if we
replace v, by 6,%,, then Y touches WV inside B. If this is not true, then on the contrary, we
assume that for some state i € B¢ ND,, W— tﬂ,,)(l) =0and W—1, > 0in BU D‘ Let 7
be an outer maximizing selector of (3.10). Then under Assumption 2.1(b), applylng Dynkln S
formula (as in [53, Lemma 3.1]), we obtain

c ) NAF(B)—1 X, 7l (X )= pn
Uali) < E;. n |:6‘ZS=0 (X5 17 (X5))—p, )w”(XNAIV(@))I{NA?(ﬁ)<I(I~)n)}

) Zl.vAf(’B)—lg(Xx)
= E ! |:e s=0 ‘pn(XNAf(ﬁ))I{NAfaé)a(f)n)} .

Since ¥, < W (by our scaling), in view of Lemma 3.1, by the dominated convergence theorem
taking N — oo, we get

#(B)—

~ 1 %2 15
mms#”[£w ”Wmamﬂ.
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Combining this and (3.2), we get

#(B)-1

0=W -y = E ™ [ez,zo sy wnxxf(@))] > 0.

But this is a contradiction. Thus v, touches W inside B. Using estimate as in (3.1), one can
show that similar conclusion holds under Assumption 2.1(a).

So, there exists a point i* € B such that W —,)(@*) = 0, for all large n. Since ¥, < W,
by diagonalization arguments, there exist a subsequence (here we use the same sequence by
an abuse of notation), and a function ¥* < W such that ¢, — ¥* as n — oo. Again, from
Lemma 3.3, we know that the sequence {p,} is bounded and liminf, . p, > O, thus along a
further subsequence we have Py = p*asn— o0 fgr some p* > 0.

Also, we have (W — ¢¥*)(@*) = 0 for some i* € B. By the continuity-compactness
assumptions, for any mini-max selector (7!, 7% € II{,, x 11}, of (3.10), we get

e’ Yu(i) = sup [e"“‘”ﬁ"(")'”)anmP(ﬂi,n:l(i), v)}

veP(V (i)

jes
— inf | ectmmit@) PG, w20 | 4.9
Mepw(m[e 2 Vn (PGl s 70 4.9)
jes
Note that since v, € L3;,, we have
Zlﬂn(j)P(ﬂi, u,v) < ZW(j)P(j|i, u,v) Vi, u,v) € K. (4.10)

jes jes

Since I1{,, and IIZ,, are compact there exists (7*!, 7*?) € II},, x II%,, such that 7! — 7*!

and 71;,"2 — %2 as n — o0. Now from (4.9) we obtain,

e (i) = [e““*"ff O N g ()Pl ), v)}. (4.11)

jes
Then, using Lemma 2.1, taking n — oo from (4.11), by the extended Fatou’s lemma [23], [35,
Lemma 8.3.7], we obtain
YD) = O Nyt (PGl ), ).
jes
Thus
e’ Yri) = sup [edi’”*‘(f%”’ D WPl T ), v)}

veP(V (i) jes

> inf  sup [e”(i’“’”)zw*(j)P(ﬂi,,u,v)]. (4.12)

— HePUWM) uePv iy ‘s
Also, from (4.9), we get
" Yu(i) < [e‘w’”n O " (HP(li. . n:2<z)>].
jes
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Using (4.10), by the dominated convergence theorem, taking limit » — oo in above equation,
we deduce that

e Y@y < inf [e“""*”*z“”ZW(;)P(;’H,u,n*z(i))}

nePU() ies
< sup inf |:e"(i’“‘”) Z Y(HPGi, w1, v)}. 4.13)
veP(V(i)) HEPU@) ies

Hence by (4.12) and (4.13), we get (4.6). Since we have (W — 1//*)(2*) =0and W > 1, it
follows that ¥* is nontrivial.

Now, we claim that 1* > 0. If not, then on contrary there exists a point € S for which
Y*(i) = 0. Again by continuity-compactness assumptions, there exists a mini-max selector
(*!, 7*?) such that (4.6) can be rewritten as

e Yy = [eca,n*'(i),n*z(i))Zw(j)p(j”,n*l(i),n*z(i))} Vi e S.

Jjes

So, we get

0— ep* w*(;) — |:ec‘(f,”*l(l~'),7[*2(l7)) Z w*(J)P(]|l~, JT*I(;), 7T*2([~))i| . (414)

jes
Since ¥* is nontrivial, there exists i € S such that w*(f) > 0. Again, since X is irreducible
under any pair of strategies (', %) € HSIM X HszM, there exists iy, i, ..., I, € S satisfying

P(ilin, 7 Gn), T2 ) Plinlin-1, T n1), 72(in1)) - - - PG li, 7°1(0), w2(0)) > 0.

Thus, from (4.14) we deduce that 1//*(?) =Y*i) = - = Yri,) = 1//*(17) = 0. But this
contradicts to the fact that ¥* is nontrivial. This establishes our claim.

Next we prove (4.7). Since ¥, > 0 on fbn for all n, using (3.11), we have p* = lim, ., 0, <
SUp, e p2, info o 877 (G ) forall i € S.

Finally we prove the stochastic representation (4.8) of ¥/*. As before there exists a pair of
strategies (*!', 7*%) € I1],, x II2,, satisfying

e” Y*(i)=sup [ec(i’”*l(i)’”) PRGN v)}

veP(V(i)) jes

= inf [ec(i'”’”*z(i))Zw*(j)P(j|i,M,n*2(i)):|. (4.15)

HEPU(E)) es

Now for any finite set B, o> B, applying Dynkin’s formula (as in [53, Lemma 3.1]) from
(4.15), we get
FHBAN-1

1 2 . 1 2 e
YHi) < EF T |:ezt=0 (Xt <Xr>>P*>¢*(xv(@1M)} Vi € Bf.

T

Since ¥* < W, using estimates of Lemma 3.1, by the dominated convergence theorem taking
N — oo, it follows that

FHB)-1

yriy < EFTC [ero <0<Xr*ﬂr"fr*z(Xr))—P*)w*(xf(@l))} Vi € BE. (4.16)
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Hence

2 1(31) 1 2
w*(l')< inf E” T |:ez (c(Xp. b ¥ (X )—p )I// (XT(B|)):|

neHd

T(3 )= * A
< sup inf E” 7 |: S et xr-p y* X:, Q} Vi € BS. 4.17)

nEHZNEH

Now using (4.15) and Dynkin’s formula
1(3 JAN—1 N N
w*(l) > E;T T |: P 1 (c(X¢,m l(Xr)mz) P )w (Xr(B )AN)i| Vi Bi
In view of Lemma 3.1 by Fatou’s lemma taking N — oo, we get
T(B )—1 * * N
Y = B [ B %/f*(xfuzl))] vi e B, (4.18)
Hence,

xl 2 HBp-1 1 NI
Y*(@) > sup El” T |:ez,0 (e(Xe, 0 (Xp),707)—p )w*(Xf(@n):I

22772
neelly,

T(3 )= * A
> inf  sup El.”l 7 |: i el mr-p Dy X:3, ))i| Vi € BS. (4.19)

T endn EHI
From (4.17) and (4.19), we get Eq. (4.8). O

Next we prove the existence of the value of the game. To this end we first perturb the cost
function as follows:

e When Assumption 2.1(a) holds: Let o3 > 0, be a small number satisfying ||c||oc+03 < V.
Now we define ¢, (i, u, v) = c(i, u, V)l (1) + (lclloe + a3)l e Y(u, v) € U@) x V(D),
i € 8. Note [[&,]loc < 7, Where [[E,lloo = SUP( 4 yyeic nlis 11, V).

e When Assumption 2.1(b) holds: Define

1 -
En(i,u,v)=C(l',M,U)+_[£(i)_ sup C(i,u,v)]+ Y(u,v) e UG)x V()i €S.
n w,v)eU@)x V(i)

Since the function [£(-) — SUP(, vyev(yxv() €Cs Uy V)4 is norm-like function, we have
€ —sup, vevxv() Cn(s, U, v) is norm-like for large enough n.

Theorem 4.2. Suppose that Assumptions 2.1 and 2.2 hold. Let (m*!, m*?) € HSIM X HSZM be
any mini-max selector of (4.6), i.e. (w*!, 7*%) € II},, x II2,, satisfies

¢ Yri)= sup  inf [ec””“”)zw*(j)P(jli,u,V)}
Jjes

veP(V(i)) HEPW @)

inf sup |:ec(i”"‘)) Z (PG, s V)i|

HEPWUE) veP(V (i) jes

g |:ec(i,u,n*2(i)) Z VE(GHPGliy i, n*z(i))}

HEPU(E) ies

= sup [e”(i'”*l(i)’“)Zw*(j)P(jU,n*'(i), v)i|, i€s. (4.20)

veP(V(i)) es
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Then we have

p*=inf sup inf H”]’”z(i,c) inf inf  sup H”]’”Z(i,c)

ies n2ell?, lerl, €S gl eHad nzenzi
ad
. *1 %2 |
=inf inf H” o (l,C) inf sup 3” 2 i, c0)=7" " (,c). 4.21)
lesnlenald ieS . EHQ

Proof. Arguing as Lemma 4.1, for the stationary strategy 7*! € II Sl - there exists an eigenpair
(Pns Yrn) € Ry x LGy with 4, > 0 satisfying

™ (i) = sup [e‘*"“’”““‘)*“)Zxﬁnu)P(ﬂi,n“(i), v)}, ies (4.22)
veP(B(i)) jes
such that
0<po< sup J° "G G (4.23)
JrZEHaZd
Also,
N # r(% -1 « a
Yn(@) = sup El” s |:eZ V@ Xy N (X ) w2y — ﬂn)wn()(‘[(3 ))] i € B, (4.24)
nzeﬂazd

for some finite set B, containing B.
Now as in Lemma 4.1, we have a finite set B, depending on n, containing X such that:

e Under Assumption 2.1(a): From (4.23), we have 0, < |[|¢illoc. SO, from the above
definition of ¢,, for i € @;, we have ¢,(i, u,v) — p, > 0 for all (u,v) € U@G) x V().
Consequently, we may take @1 = @n such that ¢,(i,u,v) — 0, > 0 in @ﬁ for all
(u,v) e U@U) x V(i).

e Under Assumption 2.1(b): since ¢, is norm-like function, we can choose suitable finite
set By such that (&,(i, u, v) — p,) > 0 in BS for all (u, v) € U(i) x V().

From (4.22), we obtain

(i) = [e@"“*”*‘“)*”ﬁ") Y U (DPGlE, T ), v)]. (4.25)
jes
By Dynkin’s formula from (4.25), we deduce that

#H(BAN-1

a %l 72 En (X (X »
(i) = ET7 [62"’ - ”WXMM)}

Since ¢,(i, u, v)—p, > 0, in @i, for all (u, v) € U(i) x V (i), by Fatou lemma taking N — oo,
we obtain

1(31) 1

‘&n(l’) > E;T*]sz > (cn(Xt,ﬂ*l(Xr)»ﬂfz)—ﬁn)&n(xf({g1))i| > r%in 1/};1 Vie @i
L 1
So, ¥, has a lower bound. Again by Dynkin’s formula from (4.22), we get

AL « _2f TAt(Dm)—1 X, w*l(x
%(l) > Exn S PO B (Cn(Xy, ™' ( r)n;) pn)l//”(XT/\T(im))]'

60



M.K. Ghosh, S. Golui, C. Pal et al. Stochastic Processes and their Applications 158 (2023) 40-74

By Fatou’s lemma, taking m — oo, we obtain
N 1.2 T—1,~ 1 P NEPUNIA
i) > Elzr* K1 |:ez,=o @Cn(Xe,m* (X)), 7t} )p")wn(XT):|

> (min ) E7 [eZLf<5n<Xm*'<xn-n?>fm}
> (m ; :
By

So, taking logarithm both sides, dividing by T and letting T — oo, we deduce that
Bz TG G

Since 72 € IT2, is arbitrary,

~ o~ *1 2 |
pn> sup J° LG E) > sup J* 7 (i, 0).
HZEHaZd nzeﬂazd

Using this and (4.23), we get SUP2¢ 72, 3”*1’”2(1', c) < SUP2¢ 72, 3”*1’”2(1', ) A: pn for all n.
Now, by suitable scaling as in the proof of Lemma 4.1, it is easy to see that ¥, <}V and it
touches Y. Also, we note from the definition of ¢, that g, is a monotone decreasing sequence
bounded below. Thus, using diagonalization arguments there exists subsequence (denoting the
same sequence) and a pair (p, 1//) 1// > 0 such that p, — p and 1/fn — I/f as n — 00. Now
arguing as in the proof of Lemma 4.1, taking n — oo in (4.22), we get

Yy = sup [edﬂ”*‘wZ&(j)P(ju,n*‘a), v)]. (4.26)

veP(V (i) jes

. A~ A~ 12 . . 1.2 .
Also, we have lim,, .o 0n = 0 = SUpP, 2,72 3”* T, ¢) = inf i supae 2 07, €) > p*
We want to show that p = p*. By continuity-compactness assumptions, there exists 7*2
such that (4.26) can be rewritten as

e (i) = [ef“*”*‘“’ﬁ”“» D VD PGlL TG, fr*%i))]. (4.27)

JjeSs
By Dynkin’s formula, for some @2 containing B, we have

Z(BZ)AN 1

D(i) = E;T*‘ﬁ*z Yo X AP X)), x Vi € BS. (4.28)

Using the estimates of Lemma 3.1 and the dominated convergence theorem, taking N — oo
in (4.28), we obtain

(r(ﬁmm)]’

#(By)—1

[N

B0y = B 205

(eXr (X)), A2 (X))~ ")W(X @ ))] Vi e BS. (4.29)
Since p > p*, from (4.8) we have

OE E,ﬂ P |: 27(32) 1(L(X,,;T*l(X,),ﬁ*Z(X,))—ﬁ)w*(xf(@z))} Vi e @5. (4.30)
Hence, from (4.29) and (4.30), it follows that

i) — 121@(1.) > Eiﬂ*l A* [ezrmzz) 1(L(X,.n*l(xt),ﬁ*z(x,))—m(w* _ lgﬂﬁ)(X;(@z))} Vi e @5.
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Let 121 = ming ‘/’;, thus we have (y* — 121 A) > 0 in @2 and for some fo € @2,
By

* - Igllﬁ)(fo) = 0. Therefore, from (4.31), we obtain that (¢* — 1211@) > 0 in S. Now since
0 > p*, from (4.20) and (4.27), we deduce that

o oINS cGo. ¥ (i), %2 T . " 0 A %2 7
(Y — k(i) = [e Gom™ Gl A0 N "y — k) () P(jlio, T (io), # 2(zo>>].
jes
This gives us
0= (" —kip)()P(jlio, 7' (o), #*(io))- (4.32)
jes
Thus, in view of irreducibility property of the Markov chain under stationary Markov strategles

it follows that ¢* = klw in S. Hence from (4.20) and (4.26), it is easy to see that o = p* for
all i € S. Therefore, we obtain

o =inf sup inf H”]’”z(i,c) inf inf  sup H” ? (i, c)

i€s n2em?, * lerl, lesnleﬂdnzen2

= inf sup g L2 @i,0)

ieS 2 2
w-elly,

> infg™" 7, o). (4.33)
ieS

Now arguing as in [13, Lemma 2.6], it follows that for 72 e HSZM, there exists (¥', p’) €
LSy x Ry, ¥’ > 0 satisfying

Y @iy=inf | CnTON Y P(li L 20 |, 4.34
Y(@) Meg(lU(i))[e Zlﬂ(J) (i, p, 7)) (4.34)
jes
with
=inf inf 3” S (l c). (4.35)
'eSJIIEHI
Thus, we have
—inf inf g7 77, c)<1nf3” L2 ey < pt (4.36)
zeSﬂlen

For any minimizing selector 7*! of (4.34), we obtain

e Y(i) = [ CAIDTEON () P(jli, 7). n“(z))} (4.37)

jes

Also, arguing as in Lemma 4.1, for some finite set @3 D @, we deduce that

W)= EF [ezf(?) e A X)X )= 1 (Xr(m))} i B (4.38)
From (4.20), we have
" Y (i) < [ecﬁﬁ*‘("%ﬂ““” D Yt PGL FG), n*%’))}, ies. (4.39)
jes
Also, from (4.8), it follows that
~% T(T’ )—1 * *
W) < ET a2 [ Sisod T X A X)X ) —p Dty (X (33))] Vi e B (4.40)
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Therefore, by analogous arguments as above, using irreducibility property of the Markov chain,
we get Y = kyy*, for some positive constant kp. Thus, from (4.20) and (4.34), it follows
that

pt=p. 4.41)

Hence, by (4.33), (4.36) and (4.41), we obtain (4.21). This completes the proof of the
theorem. [

Now we prove the uniqueness of the eigenpair of the optimality equation (4.6) in the space
R+ X Lo‘,‘? .

Lemma 4.2. Suppose that Assumptions 2.1 and 2.2 hold. Then the eigenpair (p*, ¥*) €
R4 x LYy is a unigue solution of (4.6) (up to a scalar multiplication,).

Proof. Let (5, ) € Ry x LSS, ¥ > 0 be another solution of (4.6). Then using Fan’s minimax
theorem and (4.6), we get

Yli)= sup _inf [e““""”)Z&(j)P(j|i,u,v)]
Jj€eS

veP(V(iy) HEPWU @)

= inf  sup [ec(i’“’”)21}(j)P(j|i,u,v)],ieS. (4.42)

nePU®G)) veP(V(i)) jes

There exists an outer minimizing selector 7*! € IT ;M such that (4.42) can be written

Yy = sup [ec'“v’”f*‘(")v”) > TGP E ), v)], i€s. (4.43)
veP(V(i)) oS

We claim that p* = p. If possible let us assume that p < p*. Now from (4.8), for some finite

set B4 D B, we get

F(By)—

~sxl % 1 ~ % * * N
vii) < EZT 1 7#2 |:ezf=0 (X, 7 (X). T2 (X ) —p )W(X;(ﬁ;“))] Vi € BZ’ (4.44)

where m*? is an outer maximizing selector of (4.6) as in (4.20). Since p* > p, in view of
(4.18), by Dynkin’s formula and Fatou’s lemma from (4.43), we deduce that

- H(By)-1

b)) > Eifr*l,n*z |:ez,=0 (c(X;,ﬁ*l(Xz),n*z(Xz))p*)&(X%(ih))iI Vi e @i (4.45)

Therefore, by analogous arguments as above (see (4.29)—(4.32) or (4.37)—(4.41)), using
irreducibility property of the Markov chain and (4.6), (4.43), (4.44) and (4.45) and by taking
123 = min,B4 %, we get & = 1231ﬁ*. Thus, from (4.6) and (4.42), it follows that p* = p. Hence
we arrive at a contradiction and it contradicts to the fact that o < p*. Thus, we obtain p* < p.

Next, if possible let p* < p. Then by analogous arguments, (by taking outer maximizer of
(4.42) and outer minimizer of (4.6)), we will arrive at a contradiction to the fact that p* < p.
Hence, we deduce that

p* frd 15 and 1//'* = ]24‘(}7 (446)

for some positive constant ks.
In particular, this implies that the eigenpair of (4.6) is unique up to a scalar multiplication. [
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Remark 4.1. In deriving (4.34), we used [13, Lemma 2.6]. It should be noted that the results
of the paper [13] can be derived by using the assumptions of this paper (see [13, Remark 2.3]).

Next we prove the converse of the above theorem. That is, any saddle point equilibrium of
our game problem will be a mini-max selector of the associated optimality equation .
Theorem 4.3. Suppose Assumptions 2.1 and 2.2 hold. Suppose there exists a saddle point
equilibrium (7*', 1*?) € HSIM X HSZM, ie, foralli €S,

FAG6 ) < 377G o), forall wh e 1T,
FA 6 0 = 377G o), for all w € IT2,. (4.47)

Then (7*', #*2) is a mini-max selector of (4.6).

Proof. By Theorem 4.2 and (4.47), we have

. 1.2 . Ayl 2 . I
o= 11nfl sup J% 7 (i,c) < sup g (i,c) < g @i,c)
T el n2en?, n2ell?,
. 1 42 . . 1.2 .
< 1nf1 Jr A (i,c) < sup inf J7 7 (i,c) = p*.
rlem), nzeHaZd”lEHad

This implies that p* = J7A% 6 o) = SUP2¢ /72, o) = inf,,lenald J7 % (i, c). Now
arguing as in Lemma 4.1 and Theorem 4.2, it follows that for #** € II?,, there exists
(0", ¥r.) € Ry x LS, with ¥%,, > 0 such that

~ %2

e Yio()= _inf [e"“""ﬁ*z“”Zw;sz’mi,u,fz*z(i»} (4.48)

HEPU @) ies

and p*° = infriep, 37721, ¢) = p*. Thus for 7*! as in (4.20), we have

Yol < [ec<"*”*‘<f>~ﬁ*2<">> D Vi (DPGli ™), ﬁ*z(,.))] (4.49)

jes

Arguing as in Lemma 4.1, for some finite set @5 > B it follows that

*x1 2k #(Bs)— * A * A
via) < EXAT |:ezt(05) e KA K- >¢;*2(xf(9~34))} vi e B, (4.50)
Also, from (4.20), we deduce that
ep*w*(l') > I:ec'(i.n*l(l'),ﬁ’*z(i)) Z w*(‘])P(]“’ ﬂ*l(i), 7%*2(1))} (451)
jes

By Dynkin’s formula and Fatou’s lemma (as in Lemma 4.1), we obtain
H(Bs)—

*1 A2 I * A% * A
vy = EFR [leo (Xp™ (XA X)=p >¢*(xf(9~35))} Vi e BE. (4.52)

Now, in view of (4.50) and (4.52) and applying the same technique as before (as in the proof
of Theorem 4.2), it follows that ¥* = 125 w;*z, for some constant 125 > 0. Hence from (4.20)
and (4.48), it is easy to see that 7#*2 is an outer maximizing selector of (4.6). Similarly, one
can show that 7*! is an outer minimizing selector of (4.6). This completes the proof. [J

64



M.K. Ghosh, S. Golui, C. Pal et al. Stochastic Processes and their Applications 158 (2023) 40-74

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Existence of an eigenpair (p*, ¥*) of Eq. (4.1) follows from
Lemma 4.1. Uniqueness of the eigenpair of Eq. (4.1) is proved in Lemma 4.2. Also, from
Theorem 4.2, we have Theorem 4.1(i) and Theorem 4.1(ii). Theorem 4.1(iii) follows from
Theorem 4.3. This completes the proof. [

5. Example

We present here an illustrative example in which all our assumptions hold, and the cost
function is nonnegative and unbounded.

Example 5.1. Consider a controlled birth-and-death system in which the state variable stands
for the total population size at time ¢ > 0. Thus, the state space can be represented by § =
{0, 1,2, ...}. Suppose that there are two players, player 1 and player 2, and they can control
birth and death, respectively. Depending on the number of population in the system, player 1
can modify the number of births by choosing some action u, from the set U(i) = [§, L{]. But
this action results in a cost given by ¢;(i, ) > 0 (or a reward ¢;(i, u) < 0), if i is the state of
the system. On the other hand, player 2 can modify the number of deaths by choosing some
action v from the set V(i) = [§, L]. The action of player 2 incurs a cost given by ¢,(i, v) > 0
(or a reward ¢, (i, v) < 0). Also, in addition, assume that player 1 ‘owns’ the system and he/she
gets a cost r(i) := p - i for each unit of time during which the system remains in the state
i € S, where p > 0 is a fixed cost per population.

We next formulate this model as a discrete-time Markov game. The corresponding transition
stochastic kernel P(j|i,u,v) and reward c(i, u,v) for player 1 are given as follows: for
(0, u,v) € K (K as in the game model (2.1)).

2
3" PGI0.uv) =1, and P(jl0,u,v)=e TV j > 1. (.1)
jes

Similarly, for (1, u, v) € K,

- e, i j=0

T i =1
PG|l u,v) = s i j =2

s, i j=3

0, otherwise.

Also, for (i, u,v) € K with i > 2,

2<Luf:L2>’ ifj=i-1

STy )=
P(jli,u,v) = s i =it 1

|- A D) i j =0

0, otherwise.
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ci,u,v):=p-i+c(i,u)— @3, v) for (i,u,v)e k. 5.2)
We make the following assumptions to ensure the existence of a pair of optimal strategies.

(D The functions ¢, (i, u), and ¢, (i, v) are continuous with their respective variables for each
fixed i € S.

(I1) Suppose that p - i + ¢1(i, u) — (i, v) > 0 for (i,u,v) € K and p < % Also, assume
that f, is a norm-like function, where f (i) := ming, yev@)xvlc2(i, v) —¢1(i, u)] for all
ies.

(IIT) We also consider an increasing sequence of finite subsets D, C S such that Uff’:l@,, =S
and 0 € D, for all n € N. We assume that for any pair i, j € D, the probability of
hitting j from i before exiting D, is bounded from below by some constant §;;, > 0
for any stationary Markov strategy.

Proposition 5.1. Under conditions (I)—(Ill), the above controlled system satisfies the
Assumptions 2.1 and 2.2. Hence by Theorem 4.1, there exists a saddle-point equilibrium for
this controlled model.

2
Proof. Consider the Lyapunov function W(i) := es ! fori € S. Then W(i) > 1 foralli € S.
Now for each i > 2, and (u, v) € U(i) x V (i), we have

> PGili,u, IVG)
jes
=P — 1]i,u, YW@ — 1)+ P(li, u, v) W(i)
+ PG+ 1li, u, v)W(@G + 1) + P(Oli, u, v)W(0)

;=1 i2 ) . Cdan?
= ;[ue_’e( D4 +eﬁ+](ue_’ +ve‘2’) T +1}
2(L1+ L)

( 2ue™t + ve‘”))
o1 T )
2(Ly + L»)

i2+1|: we™ i, (ue‘i + ve‘Z’)
—=e6 —¢ 3 + | —
2(Ly + Lo) 2(Ly + Ly)

ve @ i1 _ﬂ( 2ue ! + ve‘zi))i|
4+ —m—¢3"6+e 6]l - —m8M8m
2(Ly + L) 2(Ly + L)

=

i2
S 6?4’16

+

W~
=

ue ! u+v v 2ue 4+ ve~?)
+ + (-
2Ly +Ly)  2(Li+Ly) 2Ly + L) 2(Ly + L»)

2 .
< 4e%+1e7%+%
< e(%+1)—%(i+3)+4
= W(i)e $0+I—5+3+4
< e BEIHINOW () < S FIW() + max W( Ne*Ine(i) < e M OW(@i) + C I (i),

je

(5.3)
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where E(z) = 6(z +3),M:={i :4— 6(1 + 3) > 0}, and C= max{max e W(J)e e~ Zizl
(e” 6 —e” 3 ) + e}. It is clear that 0, 1 € M. Also, we have

> P10, 1, )W) = eP(0]0, u, v) + Ze-2e—% < Cln(i). (5.4)

jes Jj>1

By similar arguments as in (5.3), we have

> PG u, )W)
jes

= PO|1, u, YWQO) + P11, u, )Y W(1) + PQ2|1, u, YWWQR) + P3|1, u, v) W(3)

< 3e 2y ) 1+]< ) )
=ell— ———— ) +e5 _
2(Ly + L) 2(Ly + L)

+ e;‘+1< e v )+eg+1< e v )
2(Ly + L) 2(Ly + L)

—sUEHMOW(]) < e IW(D) + max W(j)e* I(1) = e WD) + CI(1),
je
(5.5)

Now

o) — max ci,u,v) = 1 + (l - pi + min [c2(@i, v) — 1, w)]. (5.6)
(w,)eUE)X V(i) 2 6 (,v)EUCXV()

We see from condition (IT) and (5.6) that £(i) — SUP(, weuyxva) €U, 4, v) is norm-like function.
So, by condition (II), Egs. (5.3), (5.4), (5.5), and (5.6), Assumption 2.1 is satisfied. Now,
by the transition probability defined above and condition (IIT), Assumption 2.2(ii) is verified.
Next, Assumption 2.2(iii) is verified by (5.3), (5.4) and (5.5). Also, by the above construction
of probability kernel, (5.2), and condition (I), P(-|i,u,v) and c(i, u, v) are continuous in
(u,v) € U@) x V(@) for all i, j € S. Hence by Theorem 4.1, it follows that there exists a
saddle-point equilibrium for this controlled model. [

6. Eigenvalue problem for compact state space case

In this section we extend our results to compact state space S without assuming any
Lyapunov type stability assumptions since compact state space eliminates the need for any
stability consideration. To this end, let us first introduce some notations. Let C*(S) == {f €
C(S) : f(x) > 0 Vx € S} denotes the closed cone of C(S), where C(S) denotes the Banach
space of continuous maps f : C(S) — R with the supremum norm, denoted by || - ||. Thus
C*(S) defines a partial order on €(S), denoted >, given by this: for any f, g € C(S), we define
f = gif f—g € C*(S), ie., the partial ordering in C(S) with respect to the cone C*(S).
We write f > g (equivalently, g < f)if f > g, f # g, and we write f > g (equivalently,
g K f)if f — g is a strictly positive function in C(S) i.e., if f — g € interior(CT(S)).

For our analysis we need to impose the following set of assumptions on the system.

Assumption 6.1.

(i) The admissible action spaces U(x)(C U) and V(x)(C V) are compact for each x € S.
(ii) The functions P(D|x, u,v) and ¢ : K — R are continuous in (x,u,v) € S x U(x) X
V(x), D CS.
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(iii)) The maps (x, u, v) — fS FOP(ylx, u,v), f € C(S) with || f|| < 1 are equicontinuous.
(iv) We assume that the transition kernel P(dy|x, u, v) of the Markov chain {X,},>¢ has the
full support for all (x, u, v) € X i.e., support(P(dy|x,u,v)) =S Y(x,u,v) € X.

Now, using the nonlinear version of the Krein—Rutman theorem, see [1, Theorem 2.2], [2,
47,48] we establish the existence of an eigenpair to the associated Shapley equation .

Theorem 6.1. Suppose Assumption 6.1 holds. Then there exists a unique eigenpair (p*, ¥*) €
Ry x CT(S), ¥* € interior(C*(S)) (unique up to a multiplicative constant) for the following
nonlinear eigenequation

e Y*(x) = inf sup [ec("”"”)/lﬂ*(y)P(dylx,u, V)}
N

HEPWU X)) yeP(V(x))

= sup inf [edw” / W*(y)P(dyIX,u,v)] 6.1)
S

veP(V(x)) REPWU X))

Furthermore, for any mini-max selector (7*',7*?) € II},, x II2,, of (6.1) we have the
following:

p* =inf sup inf 3”1'”2()6, ¢)=1inf inf sup H”l'”z(x, c)

xes n2ell?, lell, veS ey, n2ell?,
. . 1 2 . 1.2 1 2
—inf inf J° 7 (x,c)= inf sup T, 0) =977 (x, 0), (6.2)
xeS,,leHald X€ nZGHZI
ad

and consequently (w*', 7*%) € HSIM X HszM is a saddle-point equilibrium.
Proof. Let us consider a mapping T: C(S) — C(S) defined by

Tg(x)= sup inf [e““"“*” / g(Pylx, v)], (6.3)
veP(V(x)) LEPU X)) S
where g € C(S) and x € S.
Note that in view of Remark 2.1, the sets P(U(x)) and P(V(x)) are compact as well as
convex. Also, the extreme points of P(U(x)) and P(V(x)) corresponds to the Dirac measures
at points in U(x) and V(x) respectively. Hence,

Tg(x)= sup  inf [e‘wv") / g(y)P(dylx,M,V)]
veP(V(x)) LEPU X)) S

= sup inf [ecw"” / g(y)P(dy|x,u,v):|, (6.4)
UEV()C)"EU(X) Ky

for details, see [1, p. 965].

Next, we show that the map T is well defined on C(S). So, it is sufficient to take the family
{g € C(S) : llgll < R}, for some R > 0. Let x,z € § be arbitrary but fixed points. Then in
view of (6.4), we have

ITg(x) — Tg(2)l

< el“Isupsup sup
veVuel g:|gll<R

/Sg(y)P(dny,u,v)—/sg(y)P(dylz,u, v)

ec(x,u,v) _ ec(z,u,v)

+ Rsupsup . (6.5)

veV uel
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In view of Assumption 6.1, it follows that the right hand side tends to zero when x — z. Next,
from the definition of the map T, for any g1, g € C(S), it follows that ||f"(g1) — f(g2)|| <
el°l|| g, — g»||. Hence the map T is Lipschitz continuous map from €(S) — C(S).

Now, using Assumption 6.1, we prove the following properties of T.

Let g > g i.e., g1 = &. g1 # &. Let 7*! € II},, be such that

veP(V(x)) REPU(x))

sup inf [e“"""”)/gl(y)P(dylx,M, V)]
S
— wp [ec@’”*‘m’“) f @) Pylx, 71 (x), v)} vies. 6.6)
veP(V(x)) S
Also, let 7*% € 11}, be such that

e t¥ (). v *
sup |:e‘( a0 (x), )/gz(y)P(dypc,n l(x), v)]
N

veP(V(x))

= [ewa”*’(x%”*z(*” /S gz(y)P(dy|x,n*l(x),rr*z(x))i| Vx € S. (6.7)
Then

T(g)() — T(g2)(x)

> [ecu,n*'(x),n“(x»/(gl(y) — g(y)P(dy|x, n*‘(x),N*Z(X))]
N
> ™ /(gl(y) — &) Pylx, 7 (x), 7 (x)) > 0,
N

since g; > g» and support(P(dylx 7 (x), 7*2(x))) = S, Vx € S, where o} > 0 is the greatest
lower bound of ¢ on S. So, T is strlctly increasing.

By the definition of the map T it is easy to see that T(Ag) Af"(g) for all A > O.
For M > ¢ and g € C*(S) defined by g(-) = 1, MTg > g. Using Assumption 6.1, in
view of (6.5), by analogous arguments as in [1, p. 967-968], it is easy to say that the map
T : C(S) — C(S) is a compact operator. Hence by Theorem 3.1, there exists a nontrivial
Y* € @T(S) and a constant ¢?” > 0 such that f‘w* = e’ Y* e,

e’ Yrx)= sup inf e“<xw>/w*(y)P(dypc,M, V)| Vx € S.
veP(V(x) LEPWUM)) | s i

Thus, by Fan’s minimax theorem [22], we have

e Yr(x)= inf  sup |V / ()P (dylx, w,v) | Vx € S.
REPWUW) yep(v(x)L S i

This implies that the pair (p*, ¥*) satisfies (6.1).

Now, we claim that ¥* > 0. If not, then on contrary there exists a point x € S for which
Y*(x) = 0. Again by continuity-compactness assumptions, there exists a mini-max selector
(7*!, w*?) such that (6.1) can be rewritten as

e Y (x) = [evuﬂ*“x%”““” / Y OIPWylx. 7 (), n*z(x»} V€S
S
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So, we get
~ (. 25 ~ ~ ~
0= e y*(¥) = [e“x’”* O / VI ()PyIE, 7 (), n*%x))] 6.8)
N

Since ¥* is nontrivial, there exists x € S such that ¥*(x) > 0.
Now since support(P(dy|x, u, v)) = S V(x, u, v) € K, it follows that

[ fs V() Pdy|x, ¥ (%), n*z(fc»} > 0.

Hence it contradicts (6.8). This establishes our claim.

In view of Assumption 6.1(iv), uniqueness of the eigenpair of Egs. (6.1) can be proved
easily by the analogous arguments as in [Lemma 4.2, Egs. (4.42)—(4.46)] . To see this, suppose
that (5, V) e Ry x CT(S), ¥ > 0 is an another solution of (6.1) and if possible let p < p*. Let
ks = ming %, thus we have (¥ —1261//*) > 01in S and for some xy € S, 1}()20)—1261#*()20) =0.
Let 7*! and 7*? are outer minimizing and maximizing selectors of (6.1), corresponding to the
eigenpair (o, 1}) and (p, V), respectively. Thus we obtain

e’ (f — key*)(x) > [em*‘@%ﬂ*z“” / (@ — key*)(y)P(dylx, 7 (x), n*2<x>>] . (6.9
S
This implies that
0= / (@ — ke W)Y P(dy|Zo, 7*! (o), 7*2(%o)).
S

Then we claim that ¥ = /261//*. If not, then since support(P(dy|x, u,v)) = S V(x,u,v) € Kk,
it follows that

/S (W — ke W)y P(dy|Zo, ¥ (%0), 7*2(%0)) > O. (6.10)

So, we arrive at a contradiction and thus, we have ¥ = 1261//*. Hence we obtain p* = p,
which is a contradiction to the fact that p < p*. This implies that p* < p. Again, by similar
arguments one can derive the analogous contradiction to the fact that p* < 0 . Therefore, we
deduce that p* = p and ¥ = k71//* for some k7 > 0. So, the eigenpair of Eq. (6.1) is unique
(up to a scalar multiplication).

Let (n*, 7*?) € II],, x II2,, be a pair of outer mini-max selector of (6.1), satisfying

" Yr(x) = sup [ec@’”"‘m”) f w*(y>P(dy|x,n*1<x>,v>}
S

veP(V(x))

= inf [e“x%”*z(x)) / v*(y)P(dylx, ,u,n*z(x)):|. (6.11)
S

HePU(x))
Therefore, by Dynkin’s formula and (6.11) (as in [53, Lemma 3.1]), we obtain

1 %2 T-1 1 %2 *
YH(x) < ET T |:ezs=0 (e(Xs,mg , (X)) —p )W*(XT)i|

< (sup w*)Efl a2 |:EZST=_01 (e(Xs,m v”*z(Xs))p*)i|_ 6.12)
s
Taking logarithm on both sides, dividing by 7 and letting T — oo, we deduce that
p* < inf F7 " (x,c) < sup inf F7 7 (x, o). (6.13)
mlell,, n2elll, ™ tenn,,
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Similarly, by Dynkin’s formula and using (6.11), we get
p*> sup 97 (x,0)> inf  sup J7 T (x, o). (6.14)

n2elly, wlelyy n2elly,
using (6.13) and (6.14), we have (6.2) and this gives us p* = 3”*]’”*2(x, ¢). In particular, this
implies that
*1 2 *1 %2 1 %2
7 T x,o)=d T (x,0) I (x,0).
That is, (7*!, n*%) € 11{,, x 11}, is a saddle point equilibrium. [J

Next theorem shows that the converse statement of the above theorem is also true.

Theorem 6.2. Suppose Assumption 6.1 holds. Suppose there exists a saddle-point equilibrium
(@, 7% € I, x 1}, . Then (&*', #*?) is a mini-max selector of (6.1).

Proof. By analogous arguments as in Theorem 4.3, in view of Theorem 6.1 and definition of
. ~xl A%2 ~xl 2 . 1 2%2
saddle-point, we have p* = g% *7(x, ¢) = SUP,2e 2, " (x,0) = lnfﬂleﬂald =" (x, o).

. . .. ~ . ~ %2
Now arguing as in Theorem 6.1, it is easy to see that for 7*? € IT SZM there exists (™, Vo) €
Ry x €7(S) with ¥%,, > 0 such that

Y a0 = - 7;1(15(x))[e”w-’?*2“” /S VEa(P@ylx, 1, fz*z(x»_ : (6.15)
and p* =inf 11 @777 (x,¢) = p*. Thus for 7*! as in (6.11), we have
a0 < [ec<x,n*l<x),ﬁ*z<x>> /S Y2 )Pyl 7 (), 772 | (6.16)
Also, from (6.11), we deduce that ]
e’ Yt (x) = [e”“’”*'(*)ﬁ*z(*” f Y () P(dylx, 7 (x), ﬁ*%x»}. (6.17)
S
Let ks = ming ﬁ, thus we have (y* — iégl/f;*z) > 0 in S and for some Xy € S,

Y*(xg) — Izgx/fg*z(ﬁo) = 0. Now, from (6.16) and (6.17), we deduce that
0= f W — ks W) () Py o, 71 (Ro), 772 (io)).
s

Then we claim that ¢* = ],C\gw;*z. If not, then since support(P(dy|x, u, v)) = S V(x, u,v) € K,
it follows that

/ (" — ksy2,0)(0) P(dy| o, m' (Ro), 7**(%0)) > 0. (6.18)
N

So, we arrive at a contradiction and so, ¥* = ég‘lﬂ;*z. Hence from (6.1) and (6.15), it is easy
to see that 7#*2 is an outer maximizing selector of (6.1). Similarly, one can show that 7*! is
an outer minimizing selector of (6.1). This completes the proof. [

7. Conclusion

We have studied a risk-sensitive zero-sum stochastic game with ergodic cost criterion on
countable/compact state space where the admissible action spaces (U (x) and V (x)) are compact

71



M.K. Ghosh, S. Golui, C. Pal et al. Stochastic Processes and their Applications 158 (2023) 40-74

metric spaces. Under certain assumptions we have established the existence of a saddle-point
equilibrium and have completely characterized the same. Instead of employing the traditional
vanishing discount asymptotics, we have pursued a direct approach involving the principal
eigenpair of the corresponding Shapley equation.

It will be interesting to study the problem for locally compact state space. The major issues
in extending our results from compact state space to locally compact state space is to prove the
existence of a principal eigenpair to the associated Shapley equation. Following the arguments
of this article (also from [1]), it is easy to see that the principal eigenpair exists for Dirichlet
eigenvalue problems (in bounded domains). But the main difficulty here is to take limit from
bounded domain to the unbounded domain. In countable state space, we use diagonalization
argument to get the limit. This argument does not work in the general state space case. As
it is pointed out in [1], that it will be a very challenging work to extend our results from
compact state space to a locally compact state space. One possible way to overcome these
difficulties is by imposing stronger equicontinuity condition on the transition kernels (as in
Assumption 6.1(iii)), which will enable us to use Arzela—Ascoli theorem to pass to the limit.
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