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1. Introduction

The Kobayashi-Liibke-Bogomolov-Miyaoka-Yau (KLBMY) inequality for Mumford
stable bundles on Kéahler manifolds (and its cousin the Bogomolov-Miyaoka-Yau in-

equality for anti-Fano K&hler manifolds)
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(r— 1A w]"2 = 2repw]" 2 <0

has many complex-geometric applications (see [15,9] for instance). It is natural to ask
whether we can produce similar inequalities for higher Chern classes conditioned on
more complicated stability conditions. Alternatively, one can attempt to discover Partial
Differential Equations whose solvability implies such inequalities. As far as we know, the
only result in this direction is due to Collins-Xie-Yau [3].

Theorem 1.1 (Collins-Xie-Yau). Let (M,w) be a compact Kahler 3-manifold and L is a
holomorphic line bundle over it. Consider the deformed Hermitian-Yang-Mills (dHYM)
equation for a metric h on L whose curvature is F

Arg (M> =9, (1.1)

w3

where 0 € (%, 3T) is a constant. Suppose there exists a solution to (1.1). Then

/wB/chg(L) < S/ChQ(L) /\w/chl(L) A w?. (1.2)
MM

M M

In two dimensions the dHYM equation can be written as a Monge-Ampeére equation
[8]. In higher dimensions one can get existence results by either treating it directly [2],
or in some special cases, by rewriting it as a generalised Monge-Ampeére equation [10].

To extend Theorem 1.1 to vector bundles, one approach would be to consider a naive
generalisation of the dHYM equation by replacing the curvature form with the cur-
vature endomorphism. Since the simplest of this flavour of fully nonlinear PDE is the
usual complex Monge-Ampere equation, we propose to study the following vector bundle
Monge-Ampere (vbMA) equation for a metric h on a holomorphic vector bundle E over
a compact complex n-dimensional manifold M:

(98" - 0

where ©), is the curvature of the Chern connection of (E,h) and 7 is a given volume
form.

Note that on Riemann surfaces (n = 1) (1.3) is just the Hermitian-Einstein equation
and hence can be solved if and only if E is Mumford polystable. For line bundles on
general manifolds, it is equivalent to the Calabi Conjecture which can be solved if the
bundle is ample. Hence it is reasonable to expect that for (1.3) to have a solution, one
needs some positivity condition on 0, in addition to a stability condition. We observe
that on a general vector bundle, it is not even clear whether there is a solution to (1.3)
for some n > 0 (as opposed to any given n > 0). In fact, even if h has Nakano-positive
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% may not be a positive-definite

curvature (the strongest positivity assumption),
endomorphism.

Our first result (Theorem 2.1 in Section 2) is a moment map interpretation of the
vbMA equation. The corresponding infinite-dimensional symplectic form in Theorem 2.1
is a Kéahler form near a connection if and only if the curvature of the connection satisfies

a positivity condition that we call MA-positivity.

Definition. Let (E,h) be a Hermitian holomorphic vector bundle on an n-dimensional
complex manifold M. An endomorphism-valued (1, 1)-form © is said to be MA-positively
curved if for every non-vanishing endomorphism-valued (0, 1)-form a, the following in-
equality holds at all points on M where a # 0.

iitr(aT (g)k a (g)n_k_l) >0, (1.4)

k=0

where af is the adjoint of a with respect to h and an (n,n)-form is considered to be
positive if it is a volume form.

In the case of surfaces, this condition implies Griffiths positivity and is implied by
Nakano positivity (Lemma 2.4). It turns out that CPP? with the Fubini-Study metric is
MA-positive but not Nakano positive (and in fact CP™ cannot have a Nakano positive
metric).

Now we define a slope involving higher Chern characters.

Definition. Let £ denote a coherent torsion-free sheaf over a smooth projective variety

M of dimension n. Define the Monge-Ampere slope as pupa(E) = %

the Chern character class is defined using the Whitney product formula and a finite

where
resolution (a Syzygy) of E by vector bundles.

The Monge-Ampere slope defined above can be computed for coherent subsheaves of
vector bundles using only subbundles via resolution of singularities. This strategy is used
in Section 3. There is also a corresponding stability condition.

Definition. A holomorphic vector bundle F over a smooth projective variety M of dimen-

sion n is defined to be Monge-Ampere stable (MA-stable) if for every coherent saturated
subsheaf S C E the following inequality holds.

paa(S) < para(E).

We have the following consequence of solvability of the vbMA equation (proved in
Section 3):
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Theorem 1.2. Let E be a holomorphic rank-2 vector bundle on a smooth projective sur-
face M. Assume that n > 0 is a given volume form. If there exists a smooth metric h
such that (i) = nld and i©y, is Griffiths positive, then the following hold.

(1) Stability: If E is indecomposable then E is MA-stable.
(2) Chern class inequality:

cH(F) —4c(E) <0 (1.5)
with equality holding if and only if © is projectively flat.

In Section 4 we look at a few examples where we produce solutions for some n - TCP",
Mumford stable bundles, and Vortex bundles. Our last example deals with bundles orig-
inally studied by Garcia-Prada [6]. In this example, we dimensionally reduce Equation
(1.3) to an equation (the Monge-Ampére Vortex equation) for a single function on a
Riemann surface and prove a Kobayashi-Hitchin correspondence for it. This theorem
may be viewed as the main result of this paper.

Theorem 1.3. Let (L, ho) be a holomorphic line bundle over a compact Riemann surface
X such that its curvature ©q defines a Kahler form ws, = iQg over M. Assume that the
degree of L is 1. Let r1,ro > 2 be two integers, and ¢ € H°(X, L) which is not identically
0. Then the following are equivalent.

(1) Stability: m > ro.
(2) Existence: There exists a smooth metric h on L such that the curvature ©p, of its
Chern connection Vy, satisfies the Monge-Ampére Vortex equation.

pwy, + iV,lL’Ogi) A VO1gTn
(2r2 +97)(2+ 2r2 — |¢]7)

iOn = (1 - [¢]7) (1.6)
where p = 2(ra(r1 + 1) + ri(ro + 1)) and ¢'n is the adjoint of ¢ with respect to h
when ¢ is considered as an endomorphism from the trivial line bundle to L.

Moreover, if a solution h to (1.6) satisfying |¢|2 <1 ewists, then it is unique.

The existence part of Theorem 1.3 is proved using the method of continuity. Surpris-
ingly enough, it turns out that the openness of the continuity path as well as uniqueness
are the most delicate parts of the proof. Both results use the maximum principle for an
appropriately chosen function.

It turns out that MA-stability of the corresponding rank-2 Vortex bundle implies
r1 > 19 in Theorem 1.3. This observation lends evidence to the following conjecture.

The vbMA equation admits a smooth solution if and only if the bundle is MA-stable.
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Another observation is that the Vortex bundle is actually Mumford-stable when
r1 > ro. This fact “explains” the KLBMY-type inequality (1.5). Putting this remark
and the Griffiths Conjecture (which states that Hartshorne ample bundles admit Grif-
fiths positively curved metrics) together, one is tempted to conjecture the following.

A rank-2 MA-stable indecomposable Hartshorne ample bundle E over a compact
complex surface is Mumford semistable.

Acknowledgments: The author thanks Richard Wentworth and Indranil Biswas for useful
discussions. It is also a pleasure to thank Dror Varolin for constructive criticism as well as
encouragement. The author is grateful to the anonymous referee for their comments. This
work is partially supported by an SERB grant: ECR/2016/001356. The author is also
grateful to the Infosys Foundation for the Infosys Young Investigator Award. This work
is also partially supported by grant F.510/25/CAS-11/2018(SAP-I) from UGC (Govt. of
India).

2. Moment map interpretation

In a manner analogous to that considered by J. Fine [5] regarding the Calabi Con-
jecture, equation (1.3) can be obtained as the zero of a moment map associated to a
Hamiltonian action of a certain gauge group on a space of unitary integrable connec-
tions. More precisely, we have the following theorem.

Theorem 2.1. Let (E, hg) be a Hermitian complex vector bundle of rank-r with a holo-
morphic structure given by a unitary integrable connection Vo over a compact complex
manifold M of complex dimension n. Let n > 0 be an (n,n)-form on M such that

|
/17 . /chn(E) where ch is the Chern character. Let AV! denote the space of uni-
r
M

Atlary integrable connections on E. There exists a holomorphic line bundle Q on an open
subset UV € AVY with a unitary Chern connection whose curvature 2 is a symplectic
form on UYL, Moreover, the unitary gauge group G acts in a Hamiltonian manner on
UYL with a moment map p. There is a zero of the moment map in the complexr gauge
orbit of Vo if and only if the following vector bundle Monge-Ampére equation is satisfied
for an hg-Hermitian smooth gauge transformation g

(i(@o + 5(9—1809))>n — ylId (2.1)

2T
where Oq is the curvature of V.

Proof. We follow some ideas of [5,11]. The tangent space of AM! consists of endomor-
phism-valued (0, 1)-forms a such that da = 0. It is clear that the gauge group G preserves
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integrability. The Lie algebra TG of the gauge group consists of skew-Hermitian matrices
iH. For future use we note that the space A"! can be thought of as a complex manifold
by thinking of it as a subset of the complex vector space (endowed the conjugate of the
usual complex structure) of O operators satisfying 82 = 0. The bundle Q will be the
Quillen determinant bundle of a virtual bundle £ on M x AM1.

Firstly, we find the “correct” symplectic form 2.

Lemma 2.1. Let U ¢ ALY be an open subset consisting of connections A so that the
closed 2-form

(a,b) W/Zu( Z@A) b(%)”lk>

(where W > 1 is any integer) is actually a Kdhler form. An equivariant moment map
corresponding to the symplectic form § is given by the following equation.

AGH) = W/tr (H ((f—ﬁ“‘)" - n]d)) . (2.2)

Proof. The fact that this form  is closed will follow from a later result that it is in fact
the curvature of a line bundle. Let b be a skew-Hermitian endomorphism. By definition
of the moment map, the variation of 1 at A along b ought to be —Q(id4 H,b). Indeed,

dppa(iH) W/Zt ( 22®7TA> i;l,;b(i;a_;yl—k_l)

- —W/Ztr (dAH<i§)7:‘> 222 (Zi:‘)nk1> = —Q(idaH, D). (2.3)

Now we prove equivariance. Indeed,

g.a(iH) = JZ tr (Hg ((’f—;) - n1d> g-l)
= pa(ig~'Hg). O (2.4)

It is clear that G preserves Ub! because O, 4 = u© qu' which continues to satisfy the
positivity condition (for endomorphism valued (0, 1)-forms a)

iQy.a(a',a) [kzotr< ZeuA)ka(i@;;A)nlk>
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. n—1 . . —1—
= I;V—;/Ztr (uTaTu(lg)—ﬂA)kuTau(Z?—:) ' k) >0,Va#0 (2.5)
np k=0

if and only if © 4 does.

The complexification G¢ acts on 0 operators according to v. A% = v A%y~ —Jyv—1.
This gives rise to a unitary connection v.A = vA%ly~! 4 (U‘l)TALOqff — Jvv~ ! +
(v™1T9vl. Every such v can be written uniquely as v = ug where u is ho-unitary
and g is ho-Hermitian (the polar decomposition). It is easy to see that v.A is still in-
tegrable. The curvature of v.A is (see page 5 of [4] for instance) ©, 4 = vO v~ ! +
v9((gtg)~0a(gTg))v!. Therefore, there is a zero of the moment map in the complex
gauge orbit of Vg if and only if there is a solution to the vector bundle Monge-Ampere
equation.

Now take the bundle E equipped with the connection Vy and form the following
virtual bundle

—-17rT -
1 1 L _nl ' E
12 ) Gt E®2
E=N|0O 0 ... 0 1}T 2! (n+1)! E®3
. . 2 . :n+1
1 (n+2) —(n;?) % Ee(nt2)

(2.6)

where N is a large enough positive integer that clears the denominators. If £ is equipped
with the induced connection, then it is easily seen to satisfy

i@0>n+1. (2.7)

m@):NU<§;

Consider the virtual bundle € = 7}& over M x Ab!. Define a connection A(p, A) = A(p)
on &. Tt is not hard to see that this connection defines an integrable d operator on &.
Finally, we have the following lemma that completes the proof of the theorem.

Lemma 2.2. The symplectic form ) is the first Chern form of the Quillen metric on
the Quillen determinant bundle of & (equipped with the aforementioned holomorphic
structure).

Proof. By Theorem 1.27 of [1] we see that the first Chern form of the Quillen metric of
the Quillen determinant of £ is given by

Q=/M@WWWW- (2.8)

M
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Consider a surface full of connections in A!! defined by @ : X xR? — AL as ®(p, z,y) =
A — za — yb. Therefore, using formulae (2.7) and (2.8) we get

Qg—y=0(a,b) = Qy=y=0(a, b), (2.9)
thus proving the lemma. 0O
Now we have an “openness” result.

Lemma 2.3. If there is a metric h on an indecomposable holomorphic vector bundle E
whose curvature Oy, satisfies the vector bundle Monge-Ampére equation (?—;)n = nld
for some n > 0 such that ©y, is MA-positive then for all volume forms « sufficiently

close n, there exists a smooth solution he (that is unique up to rescaling by a constant

. n
among all solutions in a neighbourhood of h) to (%) = ald.

Proof. If we fix a metric hg, then every other metric is h = hoH for some hg-Hermitian
invertible endomorphism H. Let B be the Banach manifold consisting of C¥ metrics h

satisfying / tr(H)w™ = 1 for some fixed Kéhler form w. Therefore the tangent space at H
consists of hg-Hermitian endomorphisms g satisfying / tr(g)w™ = 0. Let C be the Banach

manifold of C%7 top-form valued endomorphisms u satisfying r / tr(u) = n! / ch,(E).

Consider the map T : B — C given by T'(h) = (%)n —nld. We calculate the derivative
below at a point hg where hg is MA-positive.

n—1 . kA . I

DThy(9) =, (%) 282(119 (22@—770) (2.10)
k=0

Using a = £Id (where § is a (1, 0)-form) in the definition of MA-positivity, we see that the

above operator is elliptic. It is clearly symmetric too. Thus, if we prove that ker(DT),

is trivial we will be done by the Fredholm alternative. Indeed, suppose g € ker(DTp).

Then, multiplying (2.10) by g, taking trace, and integrating-by-parts we see that

0 = (009, d9), (2.11)
and hence by the MA-positivity condition, dpg = 0. Since g is Hermitian, Vog = 0.
Diagonalising g we see that since E is indecomposable, g = AI for some real \. By

normalisation A =0. O

Before we proceed further, we recall the definitions of Griffiths positivity and Nakano
positivity.
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Definition. Let © € A (End(E)) be the curvature endomorphism of the Chern con-
nection of a Hermitian metric A on a holomorphic vector bundle E over a complex
manifold M. Let p € M be a point. Then ©(p) is said to be

(1) Griffiths positive if ©(p)g; vﬁhan,v'yw w! > 0 for all vectors v € E, and w € T °M,
with equality holding iff v w' =0V a,1.

(2) Nakano positive if O(p )O‘. a®@hys > 0 for all tensors o’ € T,°M © E,, with
equality holding iff a*® = O Vi, .

The following lemma sheds a little light on the mysterious MA-positivity condition.

Lemma 2.4. The following hold when n =2 (on a complex surface).

(1) Nakano positivity implies MA-positivity.
(2) MA-positivity implies Griffiths positivity.

Proof. Choose a normal holomorphic frame at p. From now onwards we work only in
this frame at this point.

(1) We may write the curvature as i© = Aidz! A dz! + Cidz? A dz? + Bidz* A dz% +
Bfidz? A dz' where A, B,C are r x r complex matrices (with A = A, ¢ = CT).
Nakano positivity is easily seen to be equivalent to the 2r x 2r matrix

A Bt

T =
B C

(2.12)

being positive-definite. Now suppose a' is an r x » matrix of (1,0) forms given by
al = adz' + Bdz? where «, B are r x r matrices of complex numbers. Assume that
az, B and of, B! are the Ith columns and rows of a, 3 respectively. Then we see that

tr (ial (i0) a) + tr (ia'a (i0))
idz1dzlidz2dz?

—tr(aBT8Y) — tr(af'BY) — tr(8Ba’) — tr(Bal B). (2.13)

= tr(aCal) + tr(aa’C) + tr(BABY) + tr(B8TA)

Note that tr(aCal) = alCaI + aQC’a; and likewise tr(afBpg) = oﬂ;Bﬁl + agB,BQ.
Therefore,

tr (ia' (i0) a) + tr (ia'a (i0)) B i11A Bt B
idztdzvidz2dz? a ; [’Bl N } B C —q
2 A B bt
N ; [ﬂl } 4 ((BQ)Z)T >0, (2.14)




10 V.P. Pingali / Advances in Mathematics 360 (2020) 106921

with equality holding if and only if a = 0. Hence Nakano positivity implies MA-
positivity for complex surfaces.

(2) Griffiths positivity means that ©(¢, &) is a positive-definite matrix for all co-vectors
& # 0. Given a &, choose coordinates so that £ = 8%1' So we need to prove that A
is a positive-definite matrix, i.e., vTAv > 0 for all v # 0. Indeed, choose a = dz?3.

Then

tr (ia' (i0) a) + tr (ia'a (i0))

idzdz idz2dz2 = tr(BAB") + tr(8748) > 0, (2.15)

if B # 0. Suppose 3;; = v;v;. Then = Bt and hence

0 < tr(BABY) + tr(BTAB) =2 viv; Ajrvet; = 2[v[*0T Av. (2.16)

Hence for surfaces, MA-positivity implies Griffiths positivity. O

In order to prove existence results, one typically uses the method of continuity. The
following potentially useful lemma shows that for certain kinds of continuity paths Grif-
fiths positivity is preserved.

Lemma 2.5. Let h(t) (wheret € [0,1]) denote a path of metrics on a holomorphic vector

bundle E over a compact complex surface M such that ©,—y is Griffiths positive, and
. 2

@ > 0 as positive-definite endomorphisms (where 1 is any fized volume form). Then

©; is Griffiths positive for all t € [0,1].

Proof. As before, it is enough to prove that O, (¢, €) is positive-definite where by a change
of coordinates we may assume that £ = %. Let T be the first ¢ such that vT0;(£,&)v =0
for some v. Using the same notation as before, note that

(10)? = idz'dz'd2*dz*(AC + CA - BB' — B'B) > 0 (2.17)

Thus, vT(AC + CA)v > vT(BB' + BfB)v. Since v10:(¢,&)v = 0, we see that Av = 0
(A is positive semidefinite). So 0 > || Bv||? + || Bfv||? which is impossible. Hence Griffiths
positivity is preserved. O

It is easy to see that the linearisation of the vector bundle Monge-Ampeére equation
is elliptic if and only if Griffiths positivity holds. So the point of Lemma 2.5 is that for
most reasonable continuity paths, ellipticity is preserved.

3. Consequences of existence

In this section we prove two consequences of existence of positively curved solutions
to the vbMA equation, and thus prove Theorem 1.2.
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3.1. MA stability

Lemma 3.1. Let E denote an indecomposable holomorphic rank-2 vector bundle on a
smooth projective surface M. Le n > 0 be a given volume form. If there exists a smooth
metric h such that (i©)% = nld and tr(i®y,) is positive, then for every holomorphic
subbundle S, ppra(S) < papa(E).

Proof. Suppose @ is the quotient line bundle and S is the second fundamental form.
Then the curvature looks like the following

_|©@s =8B vhos

0= C90gt ey piagl (3.1)
Since (i©)? = nld, we see that
tr(i?(0s — B A BN?) = 2tr(VIOB AVEIBT) =4
= 2(27m)%chy(S) — 2i%tr(058 A BT) — i%tr(VIO3 A V18T = 1, (3.2)
and likewise,
tr(i2(0g — BT A B)?) — 2t (VIR A VOIH) =g
= 2(27)%cha(Q) — 2i%tr(0g BT A B) — i%tr (VOB A VBT = 1. (3.3)

Using (3.2) and (3.3), and integrating we get,

N =

/ (2m)2chy(S) + % / i*tr((©g + ©5)8T A B) = / (27)%chy(E)

M M

M
1 1
= [ (27)%chy(S) + = [ i2mtr(ci(E)BT A B) = = [ (27)%cha(E). (3.4)
AZ 2 / 2 /

M M

The given positivity condition is ¢;(E) > 0 and hence (3.4) implies that ppa(S) <
una(E) with equality holding if and only if E is decomposable. Hence pupra(S) <
,uMA(E). O

In order to prove a version of Lemma 3.1 for coherent saturated subsheaves, we need
to do more work (akin to [13,7,12]).

Proposition 3.1. If (E,h) is an indecomposable Hermitian holomorphic rank-2 vector
bundle on a smooth projective surface M such that (i©1,)? = nId where n > 0, and
tr(1©y,) is positive, then E is MA-stable.
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Proof. Let S C E be a coherent saturated subsheaf. By assumption, the singularities of
S are points (codimension 2). We adapt the discussion following Corollary 4.2 in [12].
Essentially, one takes the singular locus of S, blows it up finitely many times to get
7w : M — M, and takes S to be the saturation of 7*S in 7*(E). It is a subbundle of
E such that T = S/7*S is a torsion sheaf supported on points 3, mz, ,Zio (by the
reasoning in the proof of Proposition 4.3 in [12]). At this point we appeal to Proposition
3.1 of [13] which shows that chy(T) = PD(Z my, ,Zi,0) where PD is the Poincaré dual.

Therefore,

ﬂ'*ChQ(S) = Chg(g) — PD(Z mZi,OZiﬁo). (35)

K3

From (3.5) we see that uasa(S) < puara(S). By Lemma 3.1, para(S) < para(E). Hence
E is MA-stable. O

3.2. Chern class inequality

We prove the following KLBMY-type inequality thus completing the proof of Theo-
rem 1.2.

Proposition 3.2. Let (E,h) be a Hermitian rank-2 holomorphic vector bundle on a com-
pact complex surface such that i©, > 0 in the sense of Griffiths, and (i©1,)? = nld where
n > 0 is a volume form and Oy, is the curvature of the Chern connection of h. Then
2 (E) — 4co(E) < 0 with equality holding if and only if © is projectively flat.

Proof. Choose a holomorphic frame near p which is also orthonormal at p. Then ©15 =
—O41. Moreover, the Griffiths positivity of i©;, implies that we can choose coordinates
near p so that at p, i01;(p) = idz' A dz! +id2% A dz? and iO9s(p) = i\ dz! A dz' +
idadz? A dz? where A1, Ay > 0. Also, n = fidz' A dz' Aidz? A dz?. Thus,

n(p)Id = (i04)*(p)

_ Qidzl N dgl_/\ d22 A d_gz — @12@12(1)) @11@12(]?) + @12@22(1)) B
—@11@12(])) — @12@22(]?) 2i>\1>\2d2’1 A dgl A dZ2 A d52 — @12@12(])) '

(3.6)

Therefore,

1= MXAg,
(©12)22(p) (M + 1) = =(O12)11(p) (A2 + 1), and
2+ (012)11(012)22(p) + (O12)22(012)11(p) — [(O12)32*(p) — [(O12)21*(p) = f(p).
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Substituting the second equation in (3.7) in the third and using the first equation we get

2

2
lORTE) y0,),120) - (©12)10) = £ (33

1

Now,
(=)*(ci(p) — 4e2(p)) = (O11(p) + O22(p))? — 4(011022 + ©12012)(p)
= dz' AdE' A d2? A dF2 (2(1 FADL 4 o) — 400+ Xo) + 4(f(p) — 2)). (3.9)
Using (3.8) and (3.9) we get the following.

i (p) — 4ea(p)
idz! Adz Aidz? A dz?

—hoe (Al - %) 4|05 () — |(©r2)a () — 2

\(@12)11\2(10))
A

<0, (3.10)

with equality holding if and only if ® = wl where w? = 7 (which can be solved because
it is the Calabi conjecture). O

4. Special cases

In this section we discuss some examples.
4.1. Projective space

The projective space CP™ with the Fubini-Study metric wpg = %85 In(1 + |2]?)
(where [z]2 = 3", |2"[?) does satisfy (3=Opg)" = A\wigld where X is a constant. (So, at
least there is one metric on TCP" whose curvature’s power is proportional to identity.)

Indeed, the curvature of the Fubini-Study metric is given by ©rg = O(H '0H) where
iH;;dz' A dz7 = wpg. Therefore,

_ 1 2izi 1 -
Hyj=—— | — - H;:
2m(+ |2?) l P14z 2r(1+ |2[?) Y
iOrg i s o
= — J(H10mH). 4.1
- wFs+27T5( 0H) (4.1)

We calculate O(H'0H):

HJCI = 0 + Zizk
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‘ () Zdt)t
dzFzI zl:

n dz'zI
1+ 22 (14 [2[?)?

IREEE

aﬁkj = = (ﬁilaﬂ-)ij =
B dzidy’ >k zkcfzk)dziéj

= O OH)y = T YT (T )

(4.2)

Since the Fubini-Study metric is symmetric, i.e., there is a transitive group of isometries,
it is enough to prove that (Z%—is)n = M\whg at the point z = 0. Indeed, at z = 0,

©rs —0) = g dsi pdE Lo pdsP
( o >aﬁ(z—0)— 27T5Udz A dz 5a5+27rdz Adz

Z@ n r=n—1 n
= £S (z=0)= Whe(—wrs)" "z A dZP 4 Wi
2w of — \r

i
= Whgbap + (n — 1) (2

™

n—1 . —
> STt adzt .2 ndeI AL
J

n—1
> (:) (=1)" """ 1dz™ A dZP
r=0
n—1
n n n—r— n
= whbap(1+ Y (T) (—1)""1) = 2umg. (4.3)
r=0

Actually, the Fubini-Study metric on CPP? satisfies the positivity condition in Section 2
and hence, for small perturbations 7 of Aw?% g there exist solutions of the vector bundle
Monge-Ampere equation. Indeed, by symmetry it suffices once again to verify this at
z = 0. Suppose [a]ag = @ap,udz" is a 2 X 2 matrix of (1,0)-forms.

. (1OFs iOps . ‘ _
tr (m ( 5 > (z = O)aT> + tr< (?) (z= O)ZaaT> = 2iwpsaap N Gap

1 )
—l—%dza A dZ%iagy A agy + %dzﬁ NdZ7iaas N Gany

o ) 1 _1 . 2 -2 2 2
_%dz ANdz" Nidz® N dz (226:(|aa372| + laag1l?)

Hlary 2”4 azy,1|* = a2q.28171 — Q15,1822 + |aa1.2|*
+\aa2,1|2 — (a1,2002,1 — aa2,1@a1,2>
>0, (4.4)

with equality holding if and only if ang~, =0V o, 3,7.
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4.2. Mumford stable bundles

Suppose a holomorphic vector bundle E over a compact complex surface is Mumford
stable with respect to a polarisation c;(L). Then we prove that E ® L* admits solutions
to the vector bundle Monge-Ampére equation (for a sufficiently large k& depending on
the right hand side):

Theorem 4.1. Assume that a rank-r holomorphic vector bundle E over a compact complex
surface M is Mumford stable with respect to an ample class ¢1(L). Given a volume form

n > 0 such that /77 = /cl(L)Q, there exists a positive integer k such that E® L* has a
M M

metric hy, the curvature Oy of whose Chern connection is Griffiths positive and satisfies

/ 2chy(E @ L*) / 2¢1(E)ei (L) / 2chy (E)

. 2
(f—ﬂ’“) == Id=knpld+ kM pld+ Y yId.
[ [ [

M M M
(4.5)

Proof. By Yau’s solution of the Calabi conjecture, there exists a metric hyp on L such
that its first Chern form wq satisfies w? = 7. Let go be a Hermitian-Einstein metric on
E (which exists by the Uhlenbeck-Yau theorem [14]) with curvature ©y. Every other
metric on F is of the form g = goH where H is a gpo-Hermitian endomorphism of E.
The curvature of g is © = Q¢ +d(H 0o H) (here the matrix for the metric is such that
(s,t) = @) Consider the following family of equations parametrised by i = % for a
Hermitian endomorphism Hy, satisfying [, tr(Hp)voly, =7 [,, c1(L).

/201(E)c1(L) /QChg(E)
. 2
(i(h@o +w0+h8(Hh160Hh))) = nld + ™t nld+ h*Y

o2 / /
™ n

M M

nld.

(4.6)

The above equation (4.6) has a solution Hy = Id at h = 0. The implicit function
theorem proves that for small & (i.e. large k) equation (4.6) has a solution provided the
linearisation at 2 = 0 is an isomorphism. However, it is not prudent to linearise the
above equation directly because the zeroeth order term is 0. Therefore we consider the
linearisation of

T(h,H) = — ( (%(h@o + wo + hé(HlaOH))> —nld
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/QCl(E)Cl(L) /ZChQ(E)
Ay 7 R

fr e

M M

nld

at i = 0. Indeed, T'(0,Id) = 0. The linearisation is
DT(O)I)(h) = 20)0 A\ 580}1

This is of course a self-adjoint map and hence by the Fredholm alternative we need to
prove that it has trivial kernel. Indeed, if DT(0,h) = 0, then /wo A tr(hddoh) = 0.

Integration-by-parts allows us to conclude that h is parallel. Th]grefore7 the eigenspaces
of h are parallel transported to form holomorphic subbundles of E. Since F is stable, it
is indecomposable and hence h = cId. By the normalisation condition, ¢ = 0. Hence we
are done. O

4.3. The vortex bundle

In [6] a construction of a rank-2 holomorphic bundle over a product of Riemann
surfaces ¥ x CP! was given. This bundle had a high degree of symmetry that was
exploited to reduce its Mumford stability to a simple Chern classes inequality. Moreover,
the Hermitian-Einstein equation could be reduced to a single PDE for a single function
on a Riemann surface (to which the Kazdan-Warner theory could be applied). For the
remainder of this paper, we study these Vortex bundles in the context of the vbMA
equation. In particular, we prove Theorem 1.3 in this section. To have notation consistent
with the existing literature on these bundles, we drop the 27 in several of our definitions
below (especially in the Fubini-Study metric).

Consider a genus g compact Riemann surface ¥ endowed with a metric whose (1, 1)-
form is wy = 10Oy where O is the curvature of a metric hy on a degree one line holo-

morphic bundle L. Let CP! be endowed with the Fubini-study metric wpg = (li‘f‘;\‘%;

which is the curvature of a metric hpg on O(1). Consider the rank-2 bundle
V=m1((r + DL) @ m3(r20(2)) © 71 (11 L) @ my((r2 +1)0(2)),

where 11,72 > 2.

Suppose h is a smooth metric on L and f5 is a smooth positive function on 3. Put a
metric H = hy @ go on V where hy = 7§ (hf2h(') @75 (h33) is a metric on 7§ ((r1 +1)L)®
m3(r20(2)) and g2 = 75 (foh(') @ m5(hE21?) is a metric on 75 (r L) @ w5 ((r2 + 1)O(2)).

Using a holomorphic section ¢ € H°(X, L) endow V with a holomorphic structure
through the second fundamental form 8 = 7j¢ ® m3¢ € HY(X,7jL @ n30(-2)) ~

HO(X, L) where ¢ = ﬁ% ® dz.
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4.4. Dimensional reduction to the Monge-Ampére vortex equation

We now reduce the vbMA equation for the Vortex bundle V for certain symmetric
right-hand-sides to a single equation on ¥.. To this end, the Chern connection of (V, H)
is given by the following expression.

_ Ahl B
(% 2) .

Its curvature is

o On, — B A BTn viog
I AL C LY

. O +@f2 —iriwy — 2irsWrs —i|¢|,2LwF5 v1,0¢/\ﬂ.>2k<
—VOlgtn A mict Oy, —irws — (2ra + 2)iwps + il¢l2wrs |
(4.8)

For future use we record that
VOB AVOLBTn = —iWh0p A VO LpTh A wpg. (4.9)

We note that rescaling the metric hg to hgA does not change the curvature i0y = wy.
Assume that hg has been rescaled so that |¢|3 < % Now we dimensionally reduce the
vbMA equation to the Monge-Ampere Vortex equation.

Theorem 4.2. Suppose there is a smooth metric h on L satisfying
l6lh <1,
and solving the following equation.

C+iVE0p A VOLgin

A (142
O = (=0 G, T o @ 1 2 — 10)”

where ¢ > 0 is a given (1,1)-form on ¥ satisfying
/C = 2(7”1(7’2 + 1) + 7"2(7’1 + 1))
®

Then there is a smooth Griffiths positively curved metric H on the Vortexr bundle V
whose curvature © satisfies the voMA equation:

(i0)? = 7 ¢ A mhwpsl. (4.10)
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Proof. Without loss of generality, we may choose the Kéhler form wy, on X to satisfy

Hws = C,

where p is a constant given by the following expression.

j= (2m)? / cha(V) = 2(ra(r1 + 1) + r1(rs + 1)) > 0.
X xCP!

Substituting (4.8) in the vbMA (4.10), we get the following equations.

(iOn, — B A B1n)2 + VO3 A VO 3Tn 0
0 (104, — iBth A B)2 + V018t A V108 | T nld
The above equation can be simplified to yield a system of equations.
2(i0p + 10, + riws)(2re + [9]2) — iV A VLT = pws, (4.11)
and
2(i0 4, + rws)(2r2 +2 — [p]2) — iVIOH A VOLGT = s, (4.12)
From (4.11) and (4.12) we see that
2(i0y, + rws) (1 — [¢7) = iOn(2r2 + |¢]7)
= 0}, + riws = W (4.13)
Substituting (4.13) in (4.12) we see that
61 = (1 off) Jem TR0 VO (1.1

(2r2 + |917) (2 + 2r2 — |97)

By assumption, equation (4.14) has a smooth solution satisfying |¢|? < 1. (Hence
©p, > 0.) We can now solve (4.13) for a smooth f, and thus we can solve the vbMA
equation.

Lemma 4.1. If equation (4.1/) has a smooth solution h satisfying |p|3 < 1, then (/.13)
has a smooth solution fo (unique up to a constant).

Proof. Using local normal coordinates it is easy to prove the following Weitzenbck-type
identity.
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999l = —Onlgli + V' 0p AV, (4.15)
Integrating on both sides we see that
[ el = [ 9106 v0gh

_ /i@ (2ro + [¢|2)(2r2 + 2 — |9]2) B /sz

1— ol
=pu= /i@h ¢l +12_7“2|(¢2|%2 +2)
- [ion [14 2]
1+2f2(z:2+2) _/1i@|’;|% (4.16)

Equation (4.13) is a linear equation and hence has a unique (up to a constant) smooth
solution if and only if the right-hand-side is smooth and the integrals on both sides match
up. Using the expressions (4.14) and (4.13) it is easy to see that the coefficients of the
equation are smooth. It remains to check that the integrals are equal.

/(i6f2 + rws) =1

/ ©n(2r2 +[9l7) _ / iOn (27‘2 +1 1)
2(1—9l%) 2 \1-1¢f;
o 27”2 +1 Z@h
= /

1
T—1of 2

At this juncture we may use equation (4.16) to conclude the proof.

/i@h(2T2+|¢|}2L) _ 2ra+1 pn+1 _l
2(1—|¢]2) 2 1+4+2r(2r2+2) 2

(2r2 +1)@2ri(ra +1) +2r2(r +1)+1) 1

2(2ry +1)2 2
o 27‘1(2T2—|—1)—|—2T2+1 _l
B 2(2ro + 1) 2

=7 = /(i@f2 +riws). O

Therefore, equation (4.10) has a smooth solution H = h;@&gs where hy = 7f(hfoh{")®
m3(he2) and go = 75 (fohf') @ m5(hr2™?). We just need to prove that H is Griffiths
positively curved. Indeed,
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Lemma 4.2. ©g is Griffiths positive.

Proof. We check the Griffiths positivity of the metric H by looking at the (1,1)-form
7t ev.
7tev = |v1|2(®h + Oy, — iriws — 2irowpg — i|¢|,21wpg)

+ |2 2(O, —iriws — (2r2 + 2)iwrs + i|¢lFwrs)

+ 910 VPP AT — Y ITAVARY ALV 7T§§T

= v1]2(On + Oy, — iryws) + |12]?(04, — irws)

+wps([vi[*(=2irz — i|9]7) + vz (= (2r2 + 2)i +19]7))

+ 010V A T3¢ — Dovy VO LT A ¢ (4.17)

The form 71 O7 is positive for all ¥ # 0 if and only if

19, + i@f2 + riwy >0,
i®f2 + riws >0,
(2r2 +2) — |8]5 > 0,

and

(i7TO7)?

0<
2

= Wwrs <|v1|4(27’2 +1¢[7) (104 + Oy, + riws)
+va|*(2r2 + 2 — [8]7)(iO, + riws)

+vrva]? (104212 +2 — |9[7) + (472 + 2)(iO, + riws) — iV A VO pin) > . (4.18)

In our case we may use equations (4.11) and (4.12) to calculate.

67 <1< 2ry+2

. . pws; + iV A VO ptn
1O +10 ¢, + riws = >0
I 2(2r5 + [9]3)

pws, + iVH0p A VO Lt
2(2r2 +2 - [0]3)

(4.19)

’i@fZ +riwy =

As for the inequality (4.18), it is clear that the coefficients of |v1|* and |v,|* are positive.
We will prove that the coefficient of |v1v2|? is non-negative. In what follows, we use
expressions (4.14) and (4.19) to calculate.
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(1Or(2r2 + 2 — [B]7) + (472 4+ 2) (1O, + riws) — V0P A VO 1)
1— |2 Arg +2 _1)
2ry + o7 2(2r2 42— [9l7)
1 e (1=l 1—9f}
=iV A VO lgh <27,2+|¢’“|‘% 2T2+2—}IL¢I%)
2iVH0p A VOLpin (1 — []7)?
T @t 62 +2 - [0f3)

> 0.

> iV A VOl (

Hence, the metric H is Griffiths positively curved as desired. O

Therefore, the vbMA equation has been dimensionally reduced to the Monge- Ampeére
Vortex equation thus proving Theorem 4.2. O

4.5. Existence

Now we set up the method of continuity to solve the Monge-Ampere Vortex equation
(1.6). To this end, we need to choose a good initial metric. We choose it to be hoA
where hy satisfies Qg = wy, and |@|3 < 3 as before, and A is a small scaling factor. This
rescaled metric has the same curvature as the original one.

Let T C [0,1] be the set of all ¢ such that the following equation has a smooth solution
hy = hoe_w‘.

put "ty 4+ itVi’()(b A V?71¢Tht
(2rg +t[@l} )(2+ 2r2 — t|o]})’

iOn, = i(On, + ) = (1~ 4]}, (4.20)

where u = a(1_1|¢|0) and

1 22riro + 11+ 12)
a= = 5 >1
(2r9)(2r9 4+ 2) 4rs 4 4rg

3

if 1 > r3. As we shall see, it is crucial that o > 1 (for Lemma 4.8 to hold).

At t = 0 we have a solution hg, i.e., Yo = 0. If we prove that T is open and closed
then we will be done.

For future use, we record a useful observation:

Lemma 4.3. |97 < 1. Thus Op,(x) >0V teT, e X.
Proof. Recall equation (4.15):

90|6|7, = —O4lol7, + Vi'p AV g (4.21)
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At the maximum point p of g = |¢|%Lt, we know that Vg(p) = 0 and iddg(p) < 0.
Therefore V;¢(p) = 0, and since ¢ is not identically 0, we see that ©;(p) > 0. From
equation (4.20) it is now clear that 1 —[¢[} (p) > 0. Hence g(z) < g(p) <1V 2z € X as
desired. O

Now we prove openness of the set T

Lemma 4.4. The set T C [0,1] such that equation (4.20) has a smooth solution is open.
In particular, there exists a 6 > 0 such that [0,0) C T

Proof. Assume that ty € T. We want to prove that (tg — d,t9 + 0) C T for some 6 > 0
(depending on tp). To this end, let C; denote the open subset of the space of C*“
functions C consisting of functions v such that 2r+2— \g{)ﬁme,w > 0. Let C5 be the space
of C%< (1, 1)-forms. Define the metric h by h = hge~%. Consider the map L : C; xR — Cy
given by

put~tws + itV};OQS A V%l(;STh
(2r2 + t|g]7) (2 + 2r2 — t|0[})

=0 — (1= [¢l3), (4.22)

L(y,t) =0y — (1~ |¢l7)

pul tws itV P oAV O gTh
(2ra+t|ol}) (2+2r2—t]8]3)
and L(t,,t0) = 0. If we prove that Dy Ly, 1, : C — C3 is an isomorphism, then by the

implicit function theorem of Banach manifolds, (tg — d,top + d) C T for some 6 > 0 as
desired. Denote 275 +t|¢|? by I and 2+ 2ry —t|p|2 by I1. Note that 1T — I = 2 — 2t|¢|7.
For the sake of convenience we drop the ¢ subscript from h; from now onwards.

where J = . L is clearly a smooth map between Banach manifolds

Indeed, the derivative along a C*® function w is

it6, V0 AV ph
()

DyLy(w) = i00w — |pfw] — (1 —|¢]})

1 1
—w(1 = e )tePT (= - = 4.2
wit = ook (7 - ;) (123
Now we use equation (4.21) to see that

5u0(V} 00 AV M) = 6,00|0[2 4 6,,(On]8]7)
= 00(—|¢[7w) + 00w|¢[; — Opld|iw. (4.24)

Using (4.24) in (4.23) we get,

2wt|¢|7J
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it(90(~|¢liw) + 00w|g[; — Onlolzw)

—(1— ¢l 4.25
By the Fredholm alternative, if we prove that the kernel of DL*(v) is trivial, then we

will be done. Indeed, a calculation shows that

(DyLy,)" (v)

= 000~ offwd — (1= o)1~ o S 1 (1 - oy Ol
s (—A— [ oo vloR(1 = o)

Zt<¢'%33< oun )*36( (O h)>

= 1000~ 0307 — (1= 1671~ tlo}) T (1 — o) oMLY

(v 1) W= 16B) 5 o n g (2L 161
t( 200 +0 (M ) i+ a6 n (M ))

(4.26)

Using (4.21) and the fact that i©p, = (1 — |¢|?)J we see that

(DyLy)"(v)

= i00v — |¢lpv] — (1= [o[7)(1 — 1) 2(1)175)@%] a- |¢|}2L)itv1102blg\(lvlo)’l¢*hv
_it(a(w;[)—(ﬁ;@) 3N + ol (20 1) >)>

= 09 — [¢fiv] — (1 - [6[7)(1 - >2(”t)'(¢"4) (- |¢|ﬁ)itv1’°f’1§<x‘;’l¢*hv
—it<(1)('¢’;a nalof +00 (1) nato

o003 () + T o 3) (1.27

Now notice that
AV
a(m(m) = marn

L g 20 IR0 teiolef
(Han " (1)2(I1)2

, 1[0z (o1 o)
i+ m (7~ i)

(4.28)

Using this in (4.27) we see that for v € ker(DL*),
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wt|g|3 ] #VL0p A VOLg*ny

B A2 T (1 A2V 12
(1=l se L= 10l o 0 5
—zt( Dun Ov A 0|dlr + Gl d|él; A Ov
vd| 4|7 A Do < 2(1 — |o[)(1 — t|¢|ﬁ)>
—2——2 (] . 4.29
man -\ man 429
Let © = vI. We calculate the derivatives of ¥ now.
0t = tvd|¢|2 + Iv
= 000 = tdv A D|¢|2 + tvdd|p|2 + td|p|2 A dv + 19Dv. (4.30)

At the point p where the maximum of ¥ occurs, i99(p) < 0 and d(p) = dv(p) = 0.
The latter observation implies that

_ 3 2
du(p) = —La}d)lh (4.31)
Hence,
20|62 A |0|? -
0> 2 “N NI ) i of (o) + 00706 A VO 6T () + LidDu(p)
2 21,0 0,1 4t
= 0> -2 LAY ;M voon (p) — tviOn 9|7 (p)
+itoV 0 A VoLt (p) + Ti0dv(p) (4.32)

We suppress the point p in what follows. Substituting (4.29) in the above inequality and
dividing both sides by I we get the following.

LUSEYIO AV (1 |9) Il | it

_ 1V 1,0 0,1 1),
0> -2 7 5 + VAV
2vt|p|3 T itV10p A VOl ny

+ gl + (1 — |¢|%)(1—t)m+(1— l7) (O{D

L 1=lol 5 1— ol 5
+zt( (1)(11?6“ A 9|gl7 + (I)(H;awﬁ A Qv
_uolsl A sl (1 20— o) —t|¢>|i>> .

()(II) ()(UI)

Using (4.31) in the above equation we may simplify it.
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2,1 11291,0 0,1 2 2

2|2 VE I(f A VOLptn B tv(l - |<Z5|Ih)J|¢|h i itTle’OQS A VOt
20t|p|LJ 5 V106 A VOLgny
o T A =18l)

(1)(II) (H(II)

0>—2

+ [glrvd + (1 —|ol7) (1 — 1)

- <2t 12 gjpgrog n g0t

r\"mun
+2¢ﬁvmi?vm¢m(l+ﬂl%%Z;t¢ﬁ»>
— Ai V10¢/\V01¢Th+BN&)( )|¢|h, (4.33)
where
A:_%?%_KHAﬂ%Mﬁ+I+?%+ O%BngﬁMi+lf?i
QK?HZQME2%@(1+ﬂﬂﬁﬂ3%{ﬂwm)
:A:_wf;ya&@%mh++ 2(1 @au;m¢u_%a@@gmi
+;I< _ gz _ R0 (ﬁll—ﬂ¢%>

2 1 1
Z_T_MDUD+1_%DUD+II<I_UMHJ

11 11 1
> —41-———(1+=—)>0
S R ATy 5(+2o>>’

and

HL-19R) . 20— [ - tlel
S T T

1
>——+1 .
= 4-0- >0

Going back to (4.33) we see that v(p) < 0. (Indeed, since L has degree 1, either |V¢|(p) #
0 or ¢(p) # 0.) Thus, Umer < 0. The same argument shows that ., > 0. Hence
¥ = 0 = v, thus proving that ker(DyL;, ;) = {0}. Therefore 7" is open. O

We prove the closedness of T' assuming openness near ¢t = 0, i.e., [0,0) C T for some
§ > 0. Suppose t,, — t is a sequence such that h;, = hge ¥t solves (4.20). We need
to show that a subsequence ¢, — ¥y in C?* and that ; is smooth. If we prove
that ||¢¢||c2.6 < C where C is independent of ¢, then by the Arzela-Ascoli theorem, for
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a < B we have a convergent subsequence. Lemma 4.3 together with elliptic regularity
shows that v, is smooth. So we just need to prove C?? a priori estimates on ;. From
now onwards we suppress the dependence of vy on t. The following lemma reduces the
estimates to a C! estimate.

Lemma 4.5. Suppose ||¢||cr < C. Then ||¢]|c26 < C.

Proof. Under the hypotheses, using Lemma 4.3 it is clear that the right hand side of
(4.20) is uniformly bounded in C°. Therefore, by the LP regularity of elliptic equations,
1 is bounded uniformly in W?2? for all large p. Using the Sobolev embedding theorem
we see that ||¢)||c1.s < C. Thus the right hand side is in C%#. By the Schauder estimates
we are done. O

Now we reduce the C! estimate to a uniform estimate on 1.

Lemma 4.6. If ||{||co < C, then ||[¢|c1(x) < C.

Proof. To produce a contradiction, assume that there exists a sequence v, (correspond-
ing to ¢, — t) such that maxx |dyy,| = |d,(pn)| = M, — oo. Up to a subsequence,
we may assume that p, — p. Choose n large enough so that p,,p lie in a coordi-
nate ball B centred at p with coordinates z (with z = 0 corresponding to p). Define
Vn(2) = b(pn + Min) Now |dt,| < 1 = |di),|(0). Note that

Oy _ 1 0Y O _ 1 0W

0z M, 0z 9z M, 0z
P, 1 O

- = — . 4.34
0202 M2 020z (4.34)
We abuse notation from this point onwards and denote the functions 22 = % by
VI0pAvOtg* 51,0 0,1 4% T A3 3
wy, and s by VP9 A VO ig*. Using (4.34) and (4.20) we see that
we | 0%n  1—1812 | s10,  Son puwsu' i
— — = itV PO ANV = 4.35
Y ERRE e A T T T KA AN S A V7 (4.35)

We observe that since ||¢||2 < 1, the denominator in (4.35) is bounded below.

On a coordinate ball B(0) in the Z coordinates we have |di,| < 1. Using (4.35)
we conclude that |A’L/~1n| < C on Bg(0). Hence, by interior LP regularity and Sobolev
embedding we see that ||, [|c:. 5(0.6Br(0)) < C. Thus by the interior Schauder estimates
[Pnllc2s 0580y < C. Suppose [t |26 (B sn(0)) < Cr for some fixed 3 > 0. For every
fixed R, a subsequence of 1, converges in C'* *(Bg.5r(0)) to a function ¥p for a fixed
a < . Choosing a diagonal subsequence we may assume that for all R we have a single

function . It is easy to see using (4.35) that i g gﬂ > 0. But a subharmonic function
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on C cannot be bounded above unless it is a constant. Hence z/; is a constant. But this
contradicts the fact that |d|(0) = 1. Hence | V1| < C thus implying a C! estimate. O

For the C° estimate we need the following form of Green’s representation for-

mula. Let G be a Green’s function of the fixed background metric ws, such that
—C[1 + |In(dys (P,@))]] < G(P,Q) < 0. Then any continuous function w satisfies the

following equation.

J wws;

w@ ="

+ [ G(P,Q)idow(Q).
/

Next we prove a lower bound on :

Lemma 4.7. The function v satisfies 1 > —C, where C is independent of t.

Proof. Firstly, note that since |p|2e=% < 1,

[vos = [0 s

Using Green’s formula (4.36) we see that

b(P) > / (|62, Jws + / G(P,Q)iddH(Q)

= (o s+ [cr.@i0@ - [ GPQULx(Q).

At this point we note that
pu'~tws + 09|67 + iOn| |7
27"2(27’2 + 1)
= i0,(2r2(2ry + 1) — 1) <0, (2r2(2r2 + 1) — [¢]2)
< pu' ™" +100|¢|}

10, <

p' 1 (Qus(Q) + 001013 (@)

G(P,Q)ion(Q) =2 G(P,Q) 2ra(2rs + 1) — 1

Using (4.39) in (4.38) we get

1= HQ)ws (Q) + i09|¢)2(Q)
27"2(27"2 +1)—-1

w(P) > / (|62, Jws + / G(P.Q)

ul Q)

P L v/ =ANvs
In(|¢1j,) “Z+/G Qg 2r2(2r2+1 - 1

/G P.Qus(Q)

(4.36)

(4.37)

(4.38)

(4.39)

- / G(P.Qwx(Q)
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93 - [ 10fs

27"2(27‘2 + 1 -1

> (ol s+ [ GRQG D —wn@) - [ GPQus@)
1

C2r(2r 1) — 1

Z _07

where we used the Green representation formula again in the third-to-last inequality. O
Finally we prove an upper bound on ¢ thus proving the closedness of T'.
Lemma 4.8. The function ¢ satisfies ¥ < C, where C is independent of t.

Proof. Suppose the maximum of 1) is attained at a point p. At this point, we see that

i00v(p) < 0 and 9 (p) = Y (p) = 0. Thus

pu(p)t'ws(p)

Z’@O(p) = wz(p) > (1 - ‘¢|i(p))m

(4.40)

If the upper bound does not hold and a sequence of ¥, (p,) — oo (with p, — ¢), then
|#|% (¢) — 0. Hence,

s OV a’

T 2ry(2r0+2)  (1—1[6l3,(q)

¢ 5/2
;s za >a%" > 1 (4.41)

We have a contradiction. Hence ¢ < C. O

Therefore T is open, closed, and non-empty. Hence T' = [0, 1] as desired.

Postscript: A slightly unsatisfactory aspect of the above proof is that the method of
continuity used above is tricky to generalise to an arbitrary vector bundle. The usual
method of continuity used for the complex Monge-Ampeére equation is

We, = etfwn.
A naive generalisation of this to the Monge-Ampére Vortex equation (1.6) seems to cause
problems with regard to the upper bound on v, i.e., Lemma 4.8. That being said, it is
quite possible that an involved Moser iteration argument (akin to the one used for Calabi
Conjecture) might circumvent this problem.
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4.6. 71 > 1o assuming existence

We now show that if a solution to equation (1.6) exists, then r; > ro. Indeed, if a
solution exists then it also solves the vbMA equation by Theorem 4.2. Theorem 1.2 shows
that the bundle is MA-stable. This means that

urmA(mi(r1 + 1)L @ w3ra0(2)) < para(V).

We now calculate the second Chern characters of the bundles involved.

ch; (7‘(’1< (’I“1 + I)L))Chl (71'57"20(2))
2

chy (i (r1 + 1)L ® m3r20(2)) =
= (T1 + 1)7"261 (L)[Pl]
cha (V) = chy(mj(r1 + 1)L ® m3r20(2)) + cha(mim L @ 75 (ro + 1)O(2))
= ((ry + D)ro + 71(r2 + 1))y (D)[PY]. (4.42)

Therefore the stability condition translates into the following inequality.

(7"1 + 1)7"2 + 7“1(7"2 + 1)
2

=12 <71 (4.43)

(7’1 —+ 1)7"2 <

Remark 4.1. Interestingly enough, it can be shown that V' is Mumford stable with respect
to ¢1(V). Indeed, by a result of Garcfa-Prada [6] it suffices to check this for the subbundle
S =nf(r1+ 1)L @ m3r0(2).

c1(mi(r1 + 1)L @ m3r20(2)).c1(V)
= ((r1 + Der (D) 4 2r2[PY)).((2r1 + 1V)er (L) + 2(2ro + 1)[P1])
= (2(r1 + 1)(2r2 + 1) + 2r2(2r1 + 1))er (L).[PY]
c1(V).e1(V) =42r1 +1)(2ra + 1)

deg(S) _ deg(V)
1 2

= 2(’1"1 —+ 1)(27"2 + 1) —|— 27"2(27’1 + ].) — 2(2T1 —|— 1)(27"2 —+ ].)

= —2r1 +2ry < 0. (444)

As remarked in the introduction, this explains why a KLBMY-type inequality holds in
this case.

4.7. Uniqueness

To complete the proof of Theorem 1.3 we need to prove uniqueness. Our strategy to
do so is as follows:
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(1) Let by denote the ¢t = 1 solution arising from the continuity path (4.20), i.e.,

put~tws, + itV 0 AV pine

. iy = . a2
iOh, = i(On, +00Y;) = (1= 1|¢3,) (2rs +t|¢|i,,)(2 sy t|¢|%t).

(4.45)

Let hy denote any other solution of the Monge-Ampere Vortex equation satisfy-
ing |cz§|%2 < 1. We wish to run another continuity path backwards starting with
ht:l = hg:
1—t - 1v71,0 0,1 15
ey, wngth]:L O NV plhe
t
(2ra + 1922+ 2r2 — U9I2,)

105, = (O, + 009y) = (1 |¢]7 ) (4.46)
Denote by T C [0, 1] the set of ¢ such that (4.46) has a smooth solution. This set is
non-empty because 1 € 7.

(2) The proof of openness for (4.45) shows that the set 7' C [0,1] is open. The a priori
estimates for (4.45) show that (0,1] C T. The only potential problem can occur at
t = 0 because Lemma 4.8 is no longer valid.

(3) We prove that there exists a “small” ¢y € [0, 1] such that (4.45) has a unique solution
at t = tg. That is, there exists a unique smooth h satisfying |¢>|Z <1 and

puttowsy +itg Vg A VOt

. o 3 _ _ 2
Zeh - Z(eho + aa¢) - (1 ‘¢|h) (27‘2 I t0‘¢|i)(2 + 2ry — t0|¢)‘%z) :

(4.47)

(4) The previous point implies that the two continuity paths (4.45) and (4.46) intersect
at t = tg. Using this observation we prove that hy = ho.

Since steps 1 and 2 are already done, we proceed to step 3:

Lemma 4.9. There exists a number tg € (0,1] depending only on ra, p, ho such that there
is a unique smooth metric h satisfying |¢|? < 1 and the following equation.

putPws +itg V' p A VO gl
(2r2 +tolg[7)(2 + 2r2 — to|g]7)”

10, = i(On, +00Y) = (1 —|9[}) (4.48)
Proof. As we go along the proof, we will choose t( to be a small enough number depend-
ing only on 72, i, hg.

Let h; be the solution hy, coming from the continuity path (4.45). Denote by ba
any other smooth solution of (4.48) satisfying |¢\%2 < 1. Define a function f to satisfy
by = hre F. Let b, = hre™f = h;f)%fs where 0 < s < 1. It is easy to see that

65, = (16]5,)>" ) gl5s < 1. (4.49)

! T 0w +itg Vi CpAV Ot pThs
(I),(I1)s

Let I, = 2ry + to|gl2 , 1T, = 2ry + 2 — to|¢[},, and J, =
Therefore iQy, = (1 — |}|2)Js.
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By assumption, i©y, = (1 — |¢]y,)%J1 and iOp, = (1 — |¢|p,)?J2. Upon subtraction
we get the following equation.

L= 1ol ) )

100f = I

gs)d‘]3> ) (4.50)

ds (1o, .+ (1= 0 ).

o O —__

d <1 (), 1 d(H)s> ito V00 A V1T

ds I, ds II, ds (I)s(I1)s
2Jstoflo2 (1 —to|d|? ) i
= SR, W s O, ) (48

where we used the Weitzenbock identity (4.15) in the last equation of (4.30). Continuing
further,

dJ, _ 2Jstof|9l5, (1 —to|¢lF,) ito N .
ds (I)s(11), (D)D), (00(=1lols,) + 09f|8l5, — O, fI0]5,)
~ 2Jstoflglg, (1 —tol@li,)
(1)s(I1)s
’ _ _
. (VR Aot —af nalgl;, — olof; A 0F). (4.52)

Substituting (4.52) into (4.50) we get the following equation.

1
. 2J, %S(lfto\éb%s)
z&@fz/d8<f|¢|ﬁsjs+(l_ [15.) )51
0
M(—N%Wo%m ~af nalofy, —olely A OF) ). (453)
(0,(1D), 2 | T o

Before we proceed further, we note that the proof of Lemma 4.7 implies the following
lower bound.

f=-Ch, (4.54)

where C7 depends only on rsy, p, hg. Define
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F=r@+1ol), (4.55)

where 8 > 1 is a large enough constant (depending only on rg, i, hg) to be chosen later
on and b is defined as

h— /1 beds = by / 1 ds. (4.56)
0

From (4.49) it easily follows that
7 < 1. (4.57)

Moreover, the curvature of b is as follows.

1
Oy = 0y, —9J1n /efsfds

= Oy, +0—
/efsfds
0
1 1 2 1
/se_sfds /se_sfds /SQe_sfds
= Oy, +00f —— + Of NOf | = - — 2 . (4.58)

1
/e_sfds /e_sfds
0 0

By the Cauchy-Schwarz inequality we see that

1 2 1
/se_sfds /SQe_sfds
0 0
- e <0. (4.59)
/e_sfds /e_sfds
0 0

Therefore,

iOh < (8)iOy, + (1 — (5))iOy, , (4.60)
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where

se %1 ds

o _

0< (s) = <1 (4.61)

e *lds

o _

If the maximum of f occurs at p, then 8f(p) = df(p) = 0. Therefore,

of(p)(B +1l5)(p) = —f(p)0l5 (p)

—f(p)o(l¢ly) ()

BT 10 () (4.62)

= 0f(p) =

Moreover, iddf(p) < 0, i.e.,

0> (B+ |9l (p)iddf(p) + idf(p) A O|¢l; (p) + i0|6|5 (p) A Of (p)
+ F(p) (=i (p)|6]7 (p) + iV, ' B(p) A VO 610 (p))

_ i 210 014t
= 0> (84 6RW)iods(p) — T PIEINY SR AT )

5+ 1P ()
+ F(p)(—iOp|8[3(p) + iV (p) A VO 60 ()
09 _f(p)i@h(p)lé\ﬁ(p) i 1,0 0,1 41, ﬁ—\d)lf,(p)
T ORI T ey Y RV g
o F()iBy, + (1 — (5))i0, ) ) 62(0)
2 100/ (p) = EaPHe
8~ |62(p)

+if(p) Ve () A VT (p) (4.63)

(B + 1815 (p))*’

where we used (4.60) in the last inequality. Expanding further, we get the following.

F(p)((8)iOn, + (1 = (s))iOn,) (p)|]; ()
B+ 1ol (p)
B — el (p)
(B+1¢l5(p)?

0>iddf(p) —

+if(p)V é(p) AV (p)

1—|¢l3,

1) (<>% +(1- <s>>m> OIEHOMEIE

i00f(p) —
= 0>i90f(p) B+ 193 (p)
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P (Vé%(m A VOO () (8 — |83 (0)
B+ 1l3(p) B+ 1913 (p)
(1= [015,) V26 A V019"
- <<S> (D11
4 (1 = (o LRIV O A TGN ) <p>|¢|2<p>> (4.64
(1)1 (1)1 b ’ ’

Before substituting (4.53) in (4.64) we evaluate it at p and simplify it using (4.62).

1
i00f (p ds <f|¢|h
= [
o ORI®) o an (2@ 0 ()
* DI G DT A T (p)< L R o)

/ 9 put =t (p)
> [as( 119, D)D)
0

if (P)VE b (p) A V1T (p)
(1)) I1)s(p)

/N

+ (—to(1 = l2l5,)(p) + |¢|§S(p))> (4.65)

Now we substitute (4.65) in (4.64) to get the following equation.

1
0> [ as (f'“"" ><O(i)< j
0

if (p)Vy b(p) A VO1gT0e (p)
(I)s(p)(I1)s(p)

10) (s et + (1 (D et ) GO @ o)

(—to(1 — l8[5,)(p) + Ifbﬁs(p)))

B+ 9k (p)
i) Vy b(p) A VO1gT0 (p) (B — 612 (p))
B+ 19k (p) B+ 19l (p)
(1= 10[2,) V56 A VO1ghe (1=, ) V1% A VO 1gh: )

(4.66)

We simplify (4.66) further to get the following inequality at p. (We suppress the depen-
dence on p from now onwards.)
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1 1-[613,

1-|9l3
2 14, 1 S apan, T A= ) anan,
0> fd (f . [ms(ms B+ 1o

0

ifVyPs AV gh
(1)s(IT)5
L Vo A V16 (8 — [6]7)
B+ ol B+19l;

(1 —|o[2,) V3 ¢ A VOLgh2
— (D211

(—to(1—l¢lz,) + I25.) )

1—[p2 )V 0 A VOLgh
PR el A ¢ >I¢% .

(D1 (I1)
(4.67)

At this point we choose 5 > 1 to be so large that

1-|g|2 1-1915,
1 <8>ﬁ +(1- <5>)(1)1(I;)1

(D).(I7), B+ o2

XY (R S
D00, DaUD(3+10F)

STy (S S
M., ~ TRDi(3 -+ 10F)

> m. (4.68)

We argue by contradiction. Assume that

f(p) > 0. (4.69)

Using (4.68) in (4.67) we get the following inequality at p.

1
f\¢|%s/w1_to ifvélogb/\vo’lqﬂhs 2 2
02/d8<10(2r2)(2r2+1) + (D00, (—to(l_\¢|hs)+|¢|bs)
0

if (Vi oA VOIeh (3 —|g]7)
+ 2 2
B+ 1ol B+ 1ol
(1- ‘¢|22)Vé’0¢ A V0,1¢h2 (1 _ |¢|21)V1’0¢ A Vo,l(bhl )

(4.70)

Now we relate Vi, ¢ to V¢ using (4.62).
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Vil AVOgT = [ V% —dln /e_sfds ¢ | AVOL] o /e_sfds
0 0

(V30 + ()0f0) A (Vo101 + (5)0f )

1
/efsfds
0
0,1t Fordlel
EERPAH ) A (V P —(s) B+l

1
/efsfds
0

I T AY
I RN

/e_sfds

0

_ AT (| fyehe ol
T B+ (oL '

/e_sfds

0

<
= e
o
<
\
—
»
~
<
©-
2
s
e

(4.71)

Note that whenever < C, ze” is bounded above and below. Therefore, since —tf < tC}
(where C} is the constant appearing in (4.54)),

1

| / (—tf)edt| < K, (4.72)

0

where K depends only on ra, i, hg. This means that

Vo A VLT K\?
S5V 0 A VO < pff (1 )

- =
/e_sfds
0

s
2
< 1913,V o A V1ol (1 + %)

2
<V, ' AVOIgh (1 + %) . (4.73)

Likewise, for Vi, ¢ we have the following relation.
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Vol AV

1 1 -1
v, 00— am( efds | ¢ — aqu) AVOL [ gfoe™ f( esfds)
d ! /

(V30 + (s 6f¢) A (V10 + ((s) = 1)Of ')

=€
/eisfds
0
: F6016)2 fo'hdl9l;
(50— -0 o (70000 -9 -5t
=€

1
/efsfds
0
L PeATeh [ ()~ DfleR’
L B+ ol
/efsfds

0

1 3 2
_ eifvé,o(b VAR YAR - fo (1 —t)fet t)fdt|¢|%)2 (4.74)
I B+ 142 '
/e_sfds
0
By the same reasoning as before,
V6 A VOIgh K\?
G5V 0 A Vg < |glje ! (1 + F)
/e_sfds
0
K\ 2
< |95, Vo A VT (1 + F)
2
< VIO ATOIgh (145 4.75
<V oAV t5 ) (4.75)

Putting (4.73), (4.75), and (4.70) we get the following inequality at p.

1
FlolZ put = if V06 A VOLgh.
V= /d8<10 @ D T (el +1f5,)
0
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ifVy o AVOIeh (5 —[gl7 K\’ (s) (1—(s))
TR\ B e (”ﬁ) ((I) * )”4'76)

For a large enough 8 (depending only on ra, i1, hg) we see that

1
. / s At if VPO A VOGN
*0 1002r2)(2re +1)  ° 2r(2r + 1)

ifVelp A VOLeT (1 - 3 )
B+ 10l 2ra(2r2 + 1)

/ 2 it GfVIOG AVOIG. ) ifVE0s A vOIgh
Z/ds f|¢|hsﬂu —t f hsﬁb ¢ f b ¢ ¢ L(4.77)
10(27‘2)(27“2 + 1) 2’(‘2(27“2 + 1) QB
The following equations describe the relationship between Vy¢ and Vy_ ¢.
Vi lp AV
1 1 -1
= (Vé’%b—(‘)ln (/ e_tfdt) —saf(b) AV qbge_sf ( e_tfdt>
0 0
_ g — 99 0.1 4ty IR TN
=— Vi o+ ((s) = 8)0fo) A (VT + ((s) — 5)df 1)
/eftfdt
0
o (s = () 182\
_ ¢ 1,0 0,1 41 - b
=—YV AVl |14+ ———— 4.78
/e_tfdt
0
Note that
(s — (NFIGR| _ 2 /
0| < Zifllof, [ et
B+loE | =7 J
2
<Zjn-e’
<5l |
Cy
<A ;e ), (4.79)

where we used estimate (4.54). Using (4.77), (4.78), and (4.79) we see that
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2 1—to Cq 2
Tloly e +if Ve A Vgl 1 to ) (1 LAt )>

- 10(27’2)(27"2 + 1) 26 27”2(2’["2 —+ 1 6

Flol2 put—to ifVelp AVOLgh
- 10(27‘2)(27”2 —|— 1) 46

(4.80)

for sufficiently small tg (depending on 3,72, i, hg). As before, since the line bundle is
of degree 1, either ¢(p) # 0 or |V¢|(p) # 0. This implies that f(p) < 0 which is a
contradiction to assumption (4.69). Therefore f < 0. The same argument applied to
a point of minimum of f shows that f > 0. Hence f = 0 showing uniqueness for
small tg. O

Now we complete step 4 and hence the proof of uniqueness.
Lemma 4.10. If there exists a to € [0,1] such that hy, = iLtO then h1 = ho.
Proof. Let S C [dg, 1] be the set of all ¢ such that hy = hy. Then S satisfies the following.

(1) It is non-empty: dp € S.

(2) Tt is open: The proof of openness (Lemma 4.4) and the inverse function theorem of
Banach manifolds shows that locally the solution is unique and hence S is open.

(3) It is closed: The a priori estimates in the proof of existence show that S is closed.

Therefore S = [0g, 1] as desired. O
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