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ON COUPLED CONSTANT SCALAR CURVATURE KAHLER
METRICS

VED V. DATAR AND VAMSI PRITHAM PINGALI

ABSTRACT. We provide a moment map interpretation for the coupled Kéahler-
Einstein equations introduced in [16], and in the process introduce a more gen-
eral system of equations, which we call coupled cscK equations. A differentio-
geometric formulation of the corresponding Futaki invariant is obtained and a
notion of K-polystability is defined for this new system. Finally, motivated by
a result of Székelyhidi, we prove that if there is a solution to our equations,
then small K-polystable perturbations of the underlying complex structure
and polarizations also admit coupled cscK metrics.

1. INTRODUCTION

Our aim in this paper is to study a set of metrics satisfying some coupled equa-
tions on a Kdhler manifold, that generalise constant scalar curvature Kéahler (cscK)
metrics, and the coupled Kahler-Einstein metrics studied in [16, 17, 4, 13, 24, 28].
Throughout the paper we fix a polarized tuple (M, (L;)), i.e., an n-dimensional

Kaéahler manifold M with ample line bundles Lg, L1, - - - , L, and we denote the line
bundle ®*,L; by L. We are interested in metrics w; € 2meq(L;) for i = 0,--- ,m
that satisfy

wg Wy,
1 0 _ ... m
(1) 7 v

Swe = tryew + S,
where S, is the scalar curvature of wg, V; = (2nL;)"/n!, w = wo + w1 + -+ + Wi
and S is a computable constant, namely,

_ _ orn—1
§=n v L) L
Ly

In particular, if M is Fano and L = — K, then S = 0, and it is easy to show that
the above system reduces to the coupled Kahler Einstein system, viz.,

(2) Ric(wp) = Ric(w1) = ... = Ric(wm) = w.
In analogy to the relationship between the Kéhler-Einstein problem and the cscK
problem, we refer to (wg,wi, -+ ,wm) solving (1) as coupled cscK metrics, and

we say that (M, (L;)) admits coupled cscK metrics. The reader should however
be forewarned that coupled cscK metrics will in general not have constant scalar
curvatures (unless of course m = 0).

Our main result is that coupled cscK metrics have a moment map interpretation.
To describe the setting, we fix a Kéhler form wg € 2meq(Lo) and Hermitian metrics
hi,- -+, hy, on the underlying smooth bundles Ly, - - - | L,, respectively, and consider
a subspace M C J X A; X --- A, of “integrable tuples” (cf. section 3 for details),
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where J is the space of almost complex structures on M compatible with wg and
taming it, and A; is the space of unitary connections on L;. There is a natural
almost complex structure I and a compatible symplectic form 2 on M giving it a
formal Kéahler structure. The theorem alluded to above is the following.

Theorem 1. There exists a group G with a Hamiltonian action on (M, Q) such that
if w: M — Lie(G)* is the moment map for the action, then u(J, A1, , Am) =0
if and only if w; = /—1Fa, is a (1,1) form fori=1,--- ,m, and (wo,w1," "+ ,Wm)
are coupled cscK metrics.

In the standard moment map picture of Fujiki [12] and Donaldson [8] for the
cscK problem, the group of Hamiltonian symplectomorphisms play the role of the
gauge group. Inspired by [1], we define our gauge group G as a subgroup of the
group of unitary automorphisms of the vector bundle (F = &, L;, ®;h;) covering
Hamiltonian symplectomorphisms of (M, wp). Details are presented in Section 2.

Remark 2. Naively, one might want to define a coupled cscK system by simply
tracing each of the equations in (2). However, unlike (1), to our knowledge such a
system does not appear to have a natural moment map interpretation.

Analogous to the beautiful perturbation results of Bronnle [2] and Székelyhidi
[26], using some techniques in [14], we apply the moment map picture to obtain a
deformation result for coupled cscK metrics.

Theorem 3. Suppose (M, J,(L;)) admits coupled cscK metrics. Then a sufficiently
small deformation (M, J', (L)) of the complex structure of (M, J, (L;)) admits cou-
pled cscK metrics if it is K -polystable.

We expect that the converse, namely that existence of coupled cscK metrics
implies K-polystability should also be true, but we do not get into these consid-
erations in this paper. We now provide a brief outline of our paper. In section 2
we provide a moment map interpretation of the system of equations (1). In section
3 we use our moment map interpretation to give a definition of a coupled Futaki
invariant on a normal variety, which vanishes precisely when the tuple admits a
coupled cscK metric. We then define the corresponding notion of K-polystability,
and show that when L = —K); our definition coincides with the algebro-geometric
one in [16]. As an aside, we also define a twisted coupled Futaki invariant. Section
4 contains the proof of Theorem 3, following closely the proofs in [26, 2, 14].
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2. A MOMENT MAP INTERPRETATION FOR THE COUPLED CSCK EQUATION

In this section we prove theorem 1. As in the introduction, for ¢ = 0,--- ,m,
let h; be metrics on L; and A; be the space of h;-unitary connections on L;. Let
—+/—1wy be the curvature of a fixed connection Ay € Ay on Lg such that wq defines
a Kahler form with respect to the given complex structure on M. Akin to [1], let
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G; be the gauge group of unitary gauge transformations of (L;, h;) covering the
identity and G be the group of gauge transformations of (E = @™, L;, ®,h;) of
the form g1 @ g2 ... covering Hamiltonian symplectomorphisms of (M,wp). If H
is the group of Hamiltonian symplectomorphisms of (M, wy), then there is a short
exact sequence

0-G xGy... > G —H—0.

Indeed, the last map is onto because of the existence of a horizontal lift of a Hamil-
tonian vector field.

Next, let N' = J x A; x Ay... A, where J is the space of almost complex
structures compatible with and taming wy. For ease of notation, we denote an
element (J, Ay, -+, A;n) simply as the pair (J, A). Note that A can be thought of
as a unitary connection on (E, @™ h;). Let M C N be the subset consisting of
pairs (J, A), such that J is integrable and /—1F}4, is a positive (1, 1) form for each
i. (More accurately, we only deal with the open set consisting of the smooth part
of the subset M.) Note that the tangent space Ta,A; is given by A*(M,iR), which
we identify with A'(M,R). On the other hand, the tangent space of J is given by

T;TJ ={S € End(TM) | ST+ JS =0, wo(SX,JY) +wo(JX,SY) =0},

and so the tangent space 7(;4)N to N at a point (J, A) is given by pairs (S, a),
where S € T;J and a = (a1, ,am) with a; € A*(M,R). The tangent space
of M at an integrable point (J, A) is a subspace T{j )M of T(; 4\ consisting
of infinitesimally integrable pairs. There is a natural almost complex structure I
induced on T4, nN, namely

I(A,J)(Sv CL) = (‘]Sa J*a)v
where J* is the dual action J*a(v) = a(Jv). This complex structure is integrable

1].

Taking cue from [11, 25] we define a 2-form on N as follows.

v 1
Qr,a)((S,a),( Z O/al/\b/\ _1>|

where wy, = —1F4,, and V; = (2#)"% Vi>0.

+ / tr(JST)=C,
M n:

Lemma 4. Q is a symplectic form on M compatible with 1.

Proof. Firstly note that for each 4, wa, (-, J-) defines a Riemannian metric. Non-
degeneracy then follows from the following observation.

m V wn.fl n
Qr4)((5,a),1(5,a)) = —Z 7? /M a; N J a; A nAI + /M Tr([JS]Q)w—O
i—1 7 .

‘ (n—1)! n!
_ U V wj‘l\i 2 W(Sl

S
I\



4 V. V. DATAR AND V. P. PINGALI

unless (S, a) is the zero tangent vector. To show that €2 is closed, we first observe

that € is of the form WSQ + Z 77 §); where

i=1
Vo Wil s / wg
Qi (a,b) = —aANbN —— Q(5,T) = tr(JST)—,

and for i = 0,1,---,m, m; is the projection from M to the i*" factor. These forms

are individually closed [25, 11, 8, 12]. The compatibility of Q with I follows from
the equation JS = —SJ and the fact that w4, is a (1, 1)-form with respect to J for
every i. ([l

The group G acts on A in a natural manner. Namely, if g € G covers feH,
then

g+ (L A) = (f I () Ag™ = (F71)"(dg)g ™).
The following lemma is then obtained by simply tracing through the definitions.

Lemma 5. The action of G restricts to a symplectic action on (M, Q).

Our aim is to show that this action is in fact Hamiltonian and to identify the
moment map. To do this, we need to understand the infinitesimal action of Lie(g)
on the pair (J,A). Let ¢ € Lie(G) generate the vector field ¢ on E, covering a
vector field ¢ on M which is Hamiltonian with respect to wy. We let ("7 denote
the horizontal lift of { to a vector field on F, defined with respect to the connection

A. If ¢ is the local complex coordinate on L;, then it is not difficult to see that
3 hor _ V_Tic A 1 (tl—.),

(3) ¢ =C+ Z:; icAi Im(#' 55

and hence there exist H¢ 4, € C°°(M,R) such that

. m )
4 = ST Hea, 1 (tz—.).
(4) (=¢ ;Mlm o
We write He 4 = diag(He a,, -+, Heoa,,) andwa = vV —1F4 = diag(wa,, -+ ,wa,, )-
We also let H¢ g be the Hamiltonian of { with respect to wg. Our convention is
that

dHC)Q = —igo.)o.
Lemma 6. The infinitesimal action P : Lie(G) — T(s,4)M of Lie(G) is given by
P(&) =& (J,A) = (L¢J,dHa + icwa),

where recall once again that we are identifying Ta, A; by Q'(M,R), and hence the
first term on the right is indeed a real form. In particular, if £ is in the stabilizer
of A, then for each i, ¢ is Hamiltonian with respect to wa, with Hamiltonian H;.

Proof. The second part, namely & - J = L¢J is obvious, and so we focus on the
connection part. Note that locally if we write § - (p,?) = (f(p), [gp] - ¥) for some
diagonal matrix g, (depending of course on the point p), then the action is given
by

g A= o) (f 1) Ailgp) Tt = (f ) dlgp)lgp) "
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Now suppose §; = e'¢ is a path in G such that the corresponding vertical part is
given locally by g, = eV~ then

d
Sl G A=—LcA—Vdn

dtlt=0
= —diCA - iCFA -V —1d77.
Since 7 is the vertical component of ¢, from (3) and (4) it is follows that
n=+v—-1icA— He a,

and so

d _ ) .
V=1 A= pn tfogt A= —icFa+V—1dHc o = V—1(dH¢ A +icwa).

We can now state the main result of this section.

Theorem 7. The action ofg~ on M is Hamiltonian with moment map
(5)
n—1

wh Wl wy w
nanf® = [ o (Hea (3= DY) [ Hep(500,0%8 - o) n ),

Vo Vo

R .) and & generates a vector field 5 on E covering a vector

where A = diag(L2
field ¢ on M.

Proof. We need to show that if (J(¢), A(t)) is a path in M with A(t) = A+ +/—1bt
and J'(0) = T, then

d .
7| .0 (€) = —U(LeJ, € - A), (T, 1))
1

:/Mtr(A(g-AAbA %))—/ tr(JLCJT)—g.

Here b is a diagonal matrix b = diag(by,- - ,by,) of real one forms. In [8, 12] it is
shown that
d wn n
6 — H¢ oS, - =— JLJT —0
(6) p t:O/ €050, 1(6) ) y tr(JLeJT)—
Next, differentiating the first term in z(s(s), a(¢))(¢ (), since % = —db, we have

n—1

t:O%) = /M tr (AH,adb ﬁ)

d A(t) _ dHC,A(t)
il [ (a0 =) = [ (35

dH " n-l
:/ tr(Aﬂ “—A)+/ tr(A(dHcAAbA YA ))
To evaluate the first term, note that % = —i¢b, and so by Lemma 6
d A(t) / L wh Wit
< tr(AH )= | w(rieps2) 5 (A(aHea oA )
dt t=0 /M r( A M 3 ZC n' + 3 A (n — 1)'

:/ tr(/\§ A/\b/\( Wi 11)))

Combining this with (6) above and Lemma 8 below completes the proof. O
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The following observation can be found in [1], and we reproduce the proof for
the convenience of the reader.

Lemma 8. Let A(t) = (A1(t) = A1+ —1b1t, A2(t) = Ay ++/—1bot, . ..) be a curve

of unitary connections. Then,

d _
(7) a (/ tr(HC,A(t))wg —‘r/ nHOtr(wA(t)) /\wg 1> =0.
M M
Proof. Again using the fact that % = —ich and “42 = —db, we see that

- / tr(icb)wy
M

:/ nicwo A tr(b)wg
M

d
—tr(He ag))wo

—/ ndHe o A tr(b) Aw)™?
w

/ nHotr(db) Awy ™!
w

d _
:—/ EnHotr(wA(t))/\wg L
w
O

To finish the proof of Theorem 1, we observe that given any (J, A) € M, Lie(G)
can be identified with C°°(M,R)y x C°°(M,R)™, where the subscript of zero de-
notes functions with vanishing average with respect to wg. Indeed, the discussion
preceding Lemma 6 shows that given any £ € Lie(g), one can associate a tuple
(Heo,He oy, -+, Heoa,) of smooth functions on M. Conversely, given a tuple
(Ho, Hi, -+ ,Hp,), we let ( = V4, Hy, where the gradient is taken with the respect
to the Riemannian metric go = wo(-,.J-). Then (4) defines a vector field ¢ on E
covering ¢, and defining an element & of Lie(G). With this identification, it follows
that (7 4) = 0 precisely when

W _ Wk Yha g

Vo Vi Vin '
Suos = tr, (Wo +wa, +...+wa, )+ 5,

for some constant S. By the Kempf-Ness theorem, as long as a stability condition
holds, one expects a zero to occur in the gauge orbit of the complexified Lie algebra
action. Akin to the case of the Calabi Conjecture [11] and the constant scalar
curvature Kahler equation [8, 12], a zero occurring in the complex gauge orbit is
equivalent to varying the metrics w4, in their Kahler classes.

3. COUPLED FUTAKI INVARIANTS AND K-POLYSTABILITY

In [16, 17], a Donaldson-Futaki type invariant is defined in the context of coupled
Kahler-Einstein metrics, using Deligne pairings and intersection-theoretic formulae
respectively. In this section, we introduce an analogue of the differentio-geometric
Futaki invariant in the context of these coupled equations, and show that this agrees
with the formulae in [16, 17], at least when W is a normal Q-Fano variety. In
fact, we provide twisted versions of these formulae, which we expect will be useful



ON COUPLED CONSTANT SCALAR CURVATURE KAHLER METRICS 7

in studying the continuity method for the existence of coupled Kéhler-Einstein
metrics [24]. Throughout the section, we let W be a normal variety, and L; be
ample line bundles on W with fixed admissible (say, in the sense of [7]) Hermitian
metrics ¢; with curvature currents 3; = v/—190v; € 27meq (L;). We denote a general
Hermitian metric on L; by e~%* and measure its curvature by w,, = v/—199y;.
Let H; be the space of all positively curved admissible Hermitian metrics on Lj;.
Define = 1 + - -« + by ¢ i= @0 + -+ + P and B = By + - + i € 271 (L).
We denote

aw = {w € H' (W, T*°W) | w is Hamiltonian with respect to w; € 2mc;(L;) for all i}

For w € gw, we denote the Hamiltonian of w with respect to w,, by 0,,;, and
let 8,y = 6w+ -+ + 0y m. Our convention is that 6, ; solves

V=1 004 = iypwy,.

Definition 9. Let W be smooth. The (untwisted) coupled Futaki invariant is
defined as a charater Fut.(W, (L;),-) : gw — C, where

n

V) = Z’" (wh _ o

F\utc(VVv (Ll)7 ’LU) - ‘ ,/VV ew,l(‘/in! ‘/Onl VO / ew 0 wo ter ) n|
1 Wl

0 Wo

= § / ew s + / ew 0 wo - ) nl - VO /V[/[e Otrwow +0 ] n

Our first Proposition below shows that Fut.(W, (L;),w) is an actual invariant of
the tuple (W, (L;)), that is, it does not depend on the choice of reference Kéhler
forms in the respective classes 2mwcy (L;).

Proposition 10. Fut. (W, (L;),w) is independent of the choice of metrics w; €
2w (Li). In particular, Fut.(W, (L;), w) vanishes if (W, (L;)) admits coupled cscK
metrics.

Proof. We consider a family of metrics w; s = w; + $1/—1909n;, with corresponding
Hamiltonian functions 6y, ;s = 0.,; +sw(n;), and denote ws = ;" jwi s and by, s =
Yot o buw.i,s. Defining

W s 1 4 wo s
Z/ w,i,s Vn' - Von') + 70 /W 9111,075(5(—00,5 -5 - trwo,sws) nl P

our aim is then to show that f’(s) = 0. We rewrite

?s 1 o Wos  p(s)
w,1, s 910 ,s\Pw - —= - N7
Z/ ‘/O 70, (S 0,s S) n' ‘/O

wo, s W,

7 75

p(s):/ 0,05ty Ws " / 9w,s—' .
w w n.

It is well known that the first two terms in the expression of f(s) are invariants
of the respective Kahler classes, and hence it is sufficient to show that p/(s) = 0.
This is analogous to Lemma 8, and indeed is a consequence of it (cf. Remark 11).
Rather than relying on the moment map interpretation, we give a direct proof here.
In the computation below, all covariant derivatives are taken with respect to wp s,

where
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and we also suppress the dependence of the Hamiltonians on w. Denoting by Ag s,
the contraction by wp s, we compute,

n
wO,s

/ _ W&S kol f‘ug,s
p (8) - w(ﬁo)/\o,sws T HO,SV \% nO(gs)k[ | + 90,8A07S77
w mn. w n: w

wos wos wo,s
+ HO,SAS(‘US A0,5770 ; + w(n) ; + 95Ao,s770 ; )

n

n!

Firstly, for the third term, we notice that

s
(®) [ tnton™t == [ win®e.
w w n.

Next, integrating the second term by parts, and noting that V’“HO,S(QS),J =
¥(gs)r = Vi0
WY (gs) ki Vs

9)
kol Wi wo s I Wos
= | 00sV'Vino(gs)i— = — | OsDosmo—=+ [ b0V 1oVi(gs)ai
w n! w n: w

n!’

n
wO,s
!

n

where we integrated by parts a second time in the first term. Now it is easy to
see (for instance by using normal coordinates for wy ) that, Vi(gs)ur = Vitre, ,ws,

and so
n n

i} wo,s 3 Wo,s
00,sV'no Vi (QS)kZ = 00,sV Wovl’trwo,sws—'
w n. w n.

n n

o A wO,s 00 A A wO,s

= - w(ﬁo) 0,sWs T 0,580,s704)0,5Ws B
w n. w n.

and so
(10)

P wgs wg.s w(r)zs
- 0o,s V'V Wo(gs)kl’—; == 9sA0,s770—,' - w(no)Ao,sws—;

w’ﬂ

0,
- / HO,SAO,SnoAO,SwS ',S .
w n.

Then combining (8) and (10) we see that p'(s) = 0.
O

Remark 11 (Futaki invariant and the moment map formalism). The Futaki in-
variant is essentially the moment map from the previous section, evaluated on a
certain subspace of Lie(G®). More precisely, let K C G be the stabilizer of a tuple
(A1, A, J) € M. Then K is a finite dimensional compact Lie group, and
hence has a complexification, which we denote by K. Note also, that by Lemma
6, since K is a stabilizer for (J, A), each w € K covers a vector field w which is
Hamiltonian with respect to each of w; = wa4,, and so we can identify Lie(KC) as a
subspace of gy. Then it is easy to see that for any w € Lie(K©),

Fut.(W,w) = pi(1,4)(0),

if we normalize 0,0 to have zero mean with respect to fl—‘? Next, observe that
moving (wo, -+ ,wp,) in their Kéhler classes is equivalent to the action of K€ on
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(J,A), and then Proposition 10 is simply the formal statement that if §;, € KC,
then J
<1137, (adg, (@))] = 0,
since adg,w lies in the complexification of the stabilizer of g; - (J, A), and thus
corresponds to the zero vector in Tg,.(7,4)M. Also, note that with this formalism,

p'(s) = 0 in the proof above is essentially equivalent to Lemma 8.

3.1. Donaldson-Futaki invariants and K-polystability. In order to define K-
polystability, it is necessary to extend the above definition of the coupled Futaki
invariant to possibly singular varieties W. While one can probably extend the
techniques in [7] to achieve this objective, following Donaldson [9], we instead prove
an alternate algebro-geometric formula, which in turn can be used as a definition of
the coupled Futaki invariant on singular varieites. So consider a smooth polarized
tuple (W, (L;)) as before, but now with a C* action on each total space L;, covering
a fixed C* action on W generated by a holomorphic vector field w. By the Riemann-
Roch theorem, the dimensions d; j of H°(M, L¥) satisfy the expansion

(27T>ndi7k = aiﬁok" + aiylknil —|— O(kn72),
where

I L? 1 n —Kw)-L"
11)  ao= | & =@z / ) L Ehw) LE
w

w n! nl” 1T n! (2m) 2(n —1)!

Next, note that if w; is the vector field generated by the C* action on L;, then just

as in (4), one can write
Wy = Wi — /=10, it,
hor

where w;'°" is the horizontal lift of w with respect to the Chern connection of e~
(or equivalently the Levi-Civita connection of w;), and ¢ is the canonical vertical
vector field on L;. The fact that w; is holomorphic is then precisely the condition
that 6, ; is the Hamiltonian of w with respect to w;. Now if w; ;. is the total weight
of the action on HO(W, Lf)7 then by the equivariant Riemann-Roch theorem,

(27T)”wi7k = bi70kn+1 + bi71kn + O(knil),

where

wit 1 wi
12 bio=— Hwi—l, bi1=—= Swﬂwi—l.
(12) o= [ 0 b =3 [ 5002

We denote the coefficients corresponding to L by ag,a1,bg and b;. Additionally,
we also need to consider the space of sections of L§ ® L™1, and we denote the cor-
responding dimension and weight by d; j and w; ; respectively. Then by Corollary
A2 in the Appendix we have

(27)"dy ) = agok™ + a1 k"1 + O(K"?)

(2m) " wy g = byok™ T + by k™ + O(K™),

where

_ [ v _ S wo
(13) CLmO = /W H, CLt11 = /W (T — tI‘wOw)H

n 1 n n
beo = —/ 90w—?, bi1 = ——/ 00, —0. +/ [Botro,w + 0] 0.
woo T 2 Jw n! w n!

A simple computation now proves the following
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Proposition 12. Suppose there is a C* action on (W, (L;)) covering a C* action
on W generated by a holomorphic vector field w, then

bio  (ai1bio — aiobe1)
+ 3 ,
i,0 )

Fut.(W, (L;), w) = Fut(W, Lo, w) — E
a;
i=0 "

where Fut(W, Lo, w) is classical Futaki invariant for the class Lo given by

bo,0 — ao,0b
Fut(W, Lo, w) = (a0,100,0 . @0,0 0,1)'
ag,0

Remark 13. Our formula above is analogous to the formula for the Donaldson-
Futaki invariant obtained in [5] in the context of twisted cscK metrics. Moreover
it is also shown in that paper (cf. [5, Lemma 2.30]) that when W is an arbitrary
(possibly non-smooth) normal variety, the dimensions d; ; and the weights w; j, are
given by polynomials of degrees k™ and k™! respectively. Based on this, we can
then use the right hand side of the formula above to define the coupled Futaki
invariant for normal varieties.

In view of the above remark, we can now finally define Donaldson-Futaki invari-
ants for test configurations of polarized tuples with normal central fibres and the
relvant notion of K-polystability.

Definition 14. A test configuration (with exponent r) for (W, Lo, L1, -, L.,),
with L = ®L; as above, consists of a normal variety VW polarized by a tuple
(Lo, -+, L) with the following additional data :

(1) A C* action on W lifting to actions on (Lo, -+, Lm)-

(2) A flat C* equivariant map m : W — P!, where P! has the standard C*
action, such that (7=' (P! \ {0}, Lo, -+, Lm, @M L) is equivariantly iso-
morphic to (W x C,pi, Ly, -+, ol L, Pl L")-

A test configuration is called a product, if W, Lo, -+ , L, @1 L;) is equivariantly
isomorphic to (W xPl,p?,VLB, DL, vy LT). Tt is called a smooth degeneration
if Wy is non-singular.

Definition 15. The Donaldson-Futaki invariant for a test configuration (W, (L;))
of (W, (L;)) is defined as

DF(W, (ﬁz)) = Futc(Wo, (£i70)7 ’LU),

where L; 0 :=L; e and w is the vector field generating the induced C* action
on Wy. In the event that W,y is singular, the coupled Futaki invariant is defined
simply by the right side in Proposition 12 (cf. Remark 13).

Definition 16. A tuple (W, (L;)) is said to be said to be semistable if for any test
configuration (W, (£;)),

It is said to be polystable if, in addition to being semistable, the Donaldson-Futaki
invariant vanishes if and only if (W, (£;)) is a product.
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3.2. Coupled Donaldson-Futaki invariants on Fano manifolds. We now spe-
cialize to the case when W is a normal Q-Fano variety, and L = K;/. Recall that
Kyw is well defined as a Weil divisor, and K, extends as an ample line bundle on
W for some r € N. For simplicity of notation, we assume that r = 1 throughout.
We then call such a polarized tuple (W, (L;)), a polarized Fano tuple. Note that
e~% and e~ ¥ are now Hermitian metrics on K;VI, and hence are volume forms on
W, and also that S =0.

n [17], an intersection-theoretic definition of the Donaldson-Futaki invariant is
given in the context of test configurations for Fano tuples. Our next aim is to show
(cf. Theorem 18) that in this special case, our formula for the Donaldson-Futaki
invariant agrees with the one in [17]. As a first step towards proving Theorem 18,
we obtain a much simpler formula for the coupled Futaki invariant on Fano tuples
analogous to the formula in [15] for the classical Futaki invariant. An advantage is
that even though it is an integral formula (as opposed to an algebro-geometric one),
it is much more transparently well defined on possibly singular normal varieties.
While this paper was in preparation, an analogous formula appeared in the context
of coupled Sasaki-Einstein metrics in [13].

Lemma 17. If (W, (L;)) be a smooth polarized Fano tuple as above, then

1 Wl [y Owe™?
Futc(Wow) = Y3 [ 0,2 - w2t
( ) ; ‘/; W s n| fW e—¥

Proof. Note that S = 0 since L = —Kyy. If hg € C°°(W,R) such that
Ric(wp) — w = V/—180hy,

then
Fut.( i ! / 0 + / Ao — L [ 4 @0
u = W,y I w w 5 w
=0 7, w 0 00T ' ‘/0 w n'
1 wy
= — Gwz h ow _O
;mk g [ )+ 0%

A simply computation (for instance by taking @ on both sides) shows that
Ao bOuwo + 0w +w(h) =c

for some constant ¢, and hence
1
Vo Jw

So it is enough to evaluate the constant c. Integrating, with respect to eowy we

see that

[w(ho) + 6,8 = ¢

n

cwz/[Aw09w0+w(ho —0 /9 —0
w

n
w,

= G0 =Y
w n!

Next, from the definition of hy, it is easy to see that e"°w? = be ¢ for some constant
b, which by integration can be found to be

Vo

b:fwe—sa'
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Together with the formula for ¢ above, we see that

c= 7]{/{/ bue™? .
Jwe®

O

Proposition 18. Let (W, (L;)) be a test configuration with a smooth central fiber
(W, (L;)), and let w be the induced holomorphic vector field on W. Then
n+1 Pl LY (—Kw)n

K2

DFW, (L)) = —

Proof. In the classical case of Kahler-Einstein metrics, such intersection formulae
were first obtained in [30] and [23]. We instead follow the exposition in [21]. Let
(W, V) be any test configuration (so m = 0 in the above definition). The C* action
induces an action on the total space V, covering a C* action on Wy, which we
assume is generated by the vector field w. By the Riemann-Roch theorem,
dimH°(Wy, Vo) = ao(Vo)k™ + a1 (Vo)™ + O(k"2).
Now, C* acts on Vy, so if wx (Vo) is the total weight of the C* action on H°(Wjy, Vo),
by the equivariant Riemann-Roch theorem,
wi, (Vo) = bo(Vo)k" T + by (o) k™ + O(K" 1),

where n is the dimension of Wy. Then it is shown in [21], that

(14) bo(Vo) = %
oy = L

On the other hand, given any Hermitian metric e~ with positive curvature form
—v/—1Q on V,, the C* action on the total space V, induces a Hamiltonian H for
w with respect to 2 and similar to similar to formulae (11)-(12), we have

raN e 27)~" Qv
(15) ao(Vo) = (2) Ly NT = 70!, a1(Vo) = ( 2) /w Sszﬁ
N -n
bo(Vo) = —(2m)™" H(JZV, , b1(Vo) = / HSQ

Applying the second formula in (14) to V = £ and Vy = —Kyw, we see that
Kw/]pl LN = KW L7 — 7T*K]pl L
= —2n!b1(—Kw).

Now applying the first formula in (14) and the formulae in (15) toV € {L1,--- , Ly, L},
we have
En-i—l m

(16) _n-luz —Z / 97“
=0 Z

(Bowyer + 25, L0 - Q0 L) 1 n [ fei(w) AWt = (n w"
= ) ( /Wol( ) A ( +1)/W9 )

(—Kw)" (—Kw)"
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For the second equation if we let h,, be the Ricci potential of w, that is
Ric(w) — w = v/—100h,,,

then,

(17)

(Bowm + X360 (0L 1 ([
_(—KW)”< /W9 - /WeaahW/\ )

(—Kw)"
(Lo o)

- Jw e ?
= fW —
where we have used the well known fact that 6,, satisfies
Qe
Al + 0y + w(h) = Jwbe®
Jwe?

Combining (16) and (17) with Lemma 17 completes the proof of the proposition. [

Remark 19. Proposition 18, and the formula in Lemma 17, in all likelihood also
hold when W is a Q-Fano normal variety. To prove this, one would have to show
that the formulae (13) for the coefficients of the twisted weights also hold in this
generality. This can probably be done by using the equivariant Riemann-Roch
theorem (cf. [9]) to calculate the coefficients that appear in Lemma 2.30 in [5].

3.3. An aside: Twisted coupled Kéahler-Einstein metrics. We continue using
the notation of subsections 3.1 and 3.2 above. In particular, recall that e~ % is a
continuous metric on L; with curvature —v/—105;, and we let ¥ + g + - - - + Vp,.

Definition 20. Twisted coupled Kéahler-Einstein metrics on (W, (1 —¢)%, (L;)) are

a tuple (e=%° ... e ¥m) of positively curved Hermitian metrics on (L1, -« , Ly,)
solving

Wi, o Wy, _ e~ te—(1-t)¢

Vo Von fW e—te—(1-t)y’

where V; = (2w L;)™/n! is the volume of W with respect to the class 2mweq (L;).

The twisted coupled Futaki invariant is defined as a character on the restricted
Lie algebra

gw.y = {w € H*(W, TW) | w generates a C* action, and i,,8; = 0, for all i = 0,1, -

Definition 21. The twisted coupled Futaki invariant is defined by

n—1

- 1 w@i
Futc,(l—t)w(wa U)) = FUtc(VVv ’LU) - (1 - t) Z V W owz(ﬂz - wtpi) A (n — 1)|
i=0 * )

The next proposition shows that the above formulae do define invariants of the
respective Kahler classes.
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Proposition 22. Let ¢, s = @; + s1i, wi s = \/—183%15, O ,is the corresponding
Hamiltonians, and define

" 1/ Wiy Ju Owe™? / s
S) = I ow,i,s ’ 1 t wzs —Wi,s A = .
) ;Vi W n! f e~ ¥s Z ) (n 1!

Then f'(s) =

Proof. This proposition follows easily by rewriting the coupled Futaki invariant in
terms of the classical Futaki invariant. It is a standard fact that for any K&hler met-

ric wg = \/_88@5 € ¢1(W) and any holomorphic vector field w with Hamiltonian
ow,sv

fW ew)se_ws

18 Aews ews hw s) — 5
(18) s+ 0w, +w( w,b) J"We_%
and so
1
f( ) Fut Ww Z—Z/ w,s_|
=0

W,

—(1-1) ; Vi /W Ouw,i,s(Bi = wi,s) A ﬁ

Now the last three terms are clearly invariants of the Kéahler class, as can be seen
by differentiating them. O

4. PERTURBING COUPLED CSCK METRICS

We prove Theorem 3 in this section. In what follows, we assume that (M, J, (L;))
admit coupled cscK metrics (wo, - -+ ,wm,). We fix hermitian metrics h; on L; with
Chern connection A; and curvature —/—1w; to obtain a point (J, A1,---, A,,) €
M. Recall that in section 2 we interpreted coupled cscK metrics as zeros of a
moment map pu: M — Lie(é), and so pu(J, A) = 0. Even though the gauge group
G might not have a complexification, following the ideas in [8], a key point is that
one can make sense of the orbits of such a complexification. First, note that Lie(G)
has a Lie algebra complexification Lie(g~)(C and the infinitesimal action from Lemma
6 has an obvious extension which we still denote by

P : Lie(G)C = 75,4 M.

We then say that (Ao, Jo) and (A1, J1) are in the same GC orbit if there is a path
(A4, Jy) in M and a path & € Lie(G)® such that for all ¢ € [0, 1],

d
E(Ata Ji) = P(&)-

The basic ideas of Bronnle [2] and Székelyhidi [26], with small modifications due to
[18, 6] can now be summarized as follows.

(1) Following Kuranishi [20], one constructs a holomorphic slice ® : By — M

such that ®(z) meets the G€ orbit of every J’ sufficiently close to .J. Here

By is a small ball (whose size is decided as one goes along the proof) in a

finite dimensional space H' “normal” to the action of the complex gauge

group. The finite dimensional subgroup K C G stabilizing (J, A) has a

legitimate complexification K€ and also has a natural action on H'. One
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can then ensure that whenever z, 2 € B lie in a KC-orbit, then ®(z), ®(z’)
lie in the same complex infinite-dimensional gauge orbit.

(2) Using the implicit function theorem, one can perturb the image of ® within
the same complex gauge orbit so that the infinite-dimensional moment map
w(®(z)) € € where ¢ is the Lie algebra of K.

(3) One pulls back the GIT problem from M to H', i.e., one considers H'
with the symplectic form ®;_,Q and the linear Hamiltonian action of K.
By the finite-dimensional Kempf-Ness theorem, there exists a zero of the
corresponding moment map v at a vector vy € H! in any polystable gauge
orbit. It is easy to see that such a vy € B.

(4) Thanks to a small generalisation of an observation of Donaldson (proposi-
tion 9 in [26]), as long as the derivative of the moment map p is uniformly
invertible in a neighbourhood, and p(zg) is small, one can perturb xy to
y such that u(y) = 0. A calculation shows that u(®(tvg)) = O(t%). A
few estimates then show that the assumptions of Donaldson’s lemma are
satisfied and hence there exists a v € B such that p(®(v)) = 0 whenever v
is polystable with respect to K.

(5) This step is due to [6, 18] and it fills a possible gap in the proof of [26].
There exists a v € B so that the slightly deformed tuple that is under
consideration is ®(v). If v is KC-polystable, we are done by the previous
steps. If it is either strictly semistable or unstable, the Hilbert-Mumford
criterion implies that a limiting object is a zero of the finite-dimensional
moment map v (in the unstable case, 0 is the limit). Using the previous
steps we produce a coupled cscK metric on the limiting object (in case the
limit is 0, it already has a coupled cscK metric by assumption). Using a
construction of a test configuration due to [26], we see that K-polystability
implies that the limiting object is biholomorphic to (M, J’, A’) and thus we
have a coupled cscK metric on (M, J’, A").

The first step, i.e., constructing a slice, is accomplished by using proposition 3 of
[14].

Remark 23. Strictly speaking, we need to work with N}, the completion of A/
in the H* norm, instead of /. However, firstly, we can choose a sufficiently large
k so that the resulting objects are highly differentiable. And at the end of the
day, we aim to produce a C'-smooth tuple satisfying the coupled cscK equations.
If [ is sufficiently large, which can be ensured by choosing k sufficiently large to
begin with, elliptic regularity ensures smoothness of the C! solutions. Secondly,
the relevant Hilbert manifolds on which we apply the implicit function theorem are
carefully spelt out in [18]. For the sake of clarity in exposition, we work with A
just as in [26].

Since we restrict ourselves to integrable tuples, we consider the following maps

d; : Tg,aN — Q2(T10) x Q0:2) given by

o J=1
0i(T,b) = (6JT7 91,40 + TEZ) ,

where recall that T is a section of TM ® T*M, and Fg is defined simply by
contracting Fy with the T'M part of T. These maps detect whether infinitesimal
deformations of (J, A) are integrable or not. By repeated applications of proposition
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2 of [14], it can be easily proven that the complex
Lie(G)° T TpaN 2225 QO2(TH0) x Q02 x 002 .

is an elliptic complex. Denote by d the map 01 ®0s.... Let H! be the subspace
H' = ker(A) C T(J,ALW)N where A = PP* + 9*9. Note that H' consists of
infinitesimal integrable deformations that are orthogonal to the complex gauge or-
bit. Let K C G denote the stabilizer of (J, A) and ¢ its Lie algebra. Then K is a
finite-dimensional Lie group, and the kernel of P can be identified with €. Denote
by K© the complexification of K. We can now complete steps 1 and 2 in the above
strategy.

Proposition 24. There exists a small ball centred at the origin B C H' and a
map ® : B — N such that
(1) @ is K-equivariant, holomorphic, and ®(0) = (J, A1,..., An).
(2) The G orbit of every integrable almost complex structure J' near J inter-
sects intersects the image of ®.
(3) If z,2" are in the same KC-orbit and ®(x) is integrable, then ®(x),®(x")
are in the same Qc—orbit.
(4) w(®(z)) € ¢V = € B, where p is the moment map in theorem 7. (We
assume that Lie algebras are identified with their duals using a metric.)

Proof. An application of proposition 3 to each of the line bundles L; yields a map
d,: By — N

satisfying all the requirements except the last. Since pu(®1(0)) = 0 € ¢, just like in
[26], one can hope to perturb ®; within a complex gauge orbit to get a ® so that
n(®(x)) €t

Denote by Eil the Sobolev space (where u,l > 1) of tuples of elements g =
(vV=1g1,vV/=1g2,...,v/=1gm, Hp) such that they are L?>-perpendicular to £ and g; €
H* Y i,Hy € H'. We identify Lie(G) with Lie(G) x Lie(H) treating them purely as
vector spaces. Let U € {?l%l be a small ball around the origin. Consider the map
G: Bl X UU — EllfQ,lle

(19) G(z,9) = (V=1g1,... .V ~1gm, Hy)) = p (F5(®1())),

where F : N' — N is obtained by the unit time flow of the infinite-dimensional
vector field induced by g, i.e., F3(J, A1, As,...) = (J(1), A1(1),...) where

d(J(t), AL(t), A2(t)...)

dt
Denote (J(t), A1(t), ..., Am(t)) by w(t).We now use the implicit function theorem
on Hilbert manifolds to prove that g can be solved for smoothly in terms of x
so that G(z,§(x)) = 0 near z = 0. To this end, we need to prove that D;G(0)

is an isomorphism, i.e., there is no vector v € Ef‘l such that 9€|,_y = 0 where

ds
d?i(ss) |s=0 = v. Indeed,

dG 1L dF;
0= £|S:0 = d,UJ,Al,Ag,.,, (d—Sg|s_0>

dF;
(20) = d<C7Mw(O)> (d—Sgls_0> =0V C S EL-

= Pj),a1)(9)-
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Note that

d(dw/ds)|s=0 dg
(21) 5~ won £|s:0 = Py(0)(v),

where the last equality holds because at s = 0, w(t) = w(0) V t. Since Fj5)(J, A1, Aa,...) =
w(s, 1), we see that

dFy;
(22) d—Sg|s:0 = Pja,,. (v).

Substituting 22 in 20 we see that

(23) 0 = d{¢, (o)) (Pray,...(0) = Qs a,,4,..)(P(C), P(v) V ¢ € £,

thus implying that P(v) = 0, i.e., v € £ which is a contradiction. Hence DzG(0) is
an isomorphism implying that ®(x) = F(;)(®1(x)) is the desired slice. O

Steps 3 and 4 are exactly the same as in [26, 14]. We now complete step 5 and
hence the proof of theorem 3.

Proof. If (M, J’, (L})) is a small deformation of the complex structure of (M, J, (L;)),
then ¢1 (L) = ¢1(L;). In particular, since w € ¢1(Lyg), we can use Moser’s lemma to
modify Lj, and J’ by a small diffeomorphism so that wq is Hermitian with respect
to J’, and also tamed by it. That is, we can assume without loss of generality that
J' € J. Next, since L, is isomorphic to L; as a smooth line bundle, h; is also
hermitian metric on L. Let A} be the corresponding Chern connection on L}. In
this way, we obtain a point (J', A’) € M in a small neighbourhood of (J, A). By
Theorem 24, possibly by modifying (J’, A’) by the action of G€, we can assume
that there exists a v' € B such that ®(v') = (J', 4").

If v’ is polystable for the K€ action then by steps 2 and 3, we have a zero in
the G€ orbit of (J’, A’), and hence coupled cscK metrics on (M, .J’, (L})). If not,
applying the Hilbert-Mumford criterion to v/, we may conclude that there exists a
one-parameter subgroup p : C* — K© such that

-1 !
vy = ili% p(MNv

satisfies
v(vg) = 0.

Such a vg could potentially be located outside B. If so, using an element of K€ we
can bring it inside the ball. Note that since integrability is a closed condition, vy also
represents an integrable point. Since v(vg) = 0, by Step 4 above, we can perturb
vo within its gauge orbit to v such that pu(®(v))) = 0. We let ®(vj) = (Jo, Ao),
and (M, Jo, (L;,0)) denote the corresponding polarized tuple. There is of course a
possibility that vg = 0, in which case we have ®(vg) = (J, A) and hence by the
hypothesis, pu(®(vg)) = 0, and we simply have (Jo, 4g) = (J,A). In any case,
since pu(Joy, Ag) = 0, by Theorem 1, (M, Jo, (Li o)) admits coupled cscK metrics. In
particular, its Futaki invariant also vanishes. As in [26], to complete the proof we
produce a test configuration with (M, Jo, (Li o)) as the central fibre.

The test configuration is constructed as follows. The Kuranishi map & from
Proposition 24, along with p produces an S'-equivariant map from a small disc
F : A — N such that F(t) ~ (J,A1,...) V¢ # 0 and F(0) ~ (J',A]...). Let
7:V=MxA— A, L; = 7fL; Vi > 1 with the almost complex structures
given by F(t) for every ¢, and the holomorphic structure on £; defined by

)
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the connections A}. These structures are integrable because F' is holomorphic. The
Sl action extends to a C*-action which then lifts in a natural manner to the line
bundles (and hence to £ = ®[~,L;). This family is flat over A because V and A
are smooth and the dimension of the fibre is a constant. Hence this is a valid test
configuration in the sense of section 3 with central fibre (M, Jy, (Lio)). The above
discussion shows that the Futaki invariant of (M, Jy, (L; 0)) vanishes, and hence by
K-polystability, (M, J', (L})) is isomorphic to the central fibre which admits coupled
cscK metrics. Pulling these metrics back by the isomorphism, we get coupled cscK
metrics on (M, J’, (L})).

O

APPENDIX A. TWISTED BERGMAN KERNEL

The aim of this appendix is to prove Corollary A2. After the first draft of this
paper appeared online, it was pointed to the authors by Ruadhai Dervan that the
first parts of Theorem Al and Corollary A2, have already been obtained by Keller
in [19] by using the usual method of “peaked sections” of Tian [29]. The equivariant
expansion of the Bergman kernel, as is well known, follows from a small modification
of this proof, and can also probably be proved using a equivariant Riemann-Roch
theorem applied to twisted line bundles (cf. [5]). For the convenience of the reader,
we include an outline of the proof following the exposition in [27]. More general
results of this nature can be found in [22]. Let M™ be a Kéhler manifold with
two ample bundles Ly and L with Hermitian metrics hg = ¢7%° and h = e~ %
with curvatures F,,, F}, such that wy = /—1F}),, w = v/—1F}, are Kihler forms in
2me1(Lo) and 27es (L) respectively. We are interested in the space HO(M, LE® L™1)
of holomorphic sections of L§ ® L~* with the L2-inner product

(560 = [ ts.thger P

Let w be a holomorphic vector field generating a C* action on M and Hamilton-
ian with respect to both wg and w with Hamiltonians 6y and #. Our convention is
that 0y satisfies

vV —1(990 = inQ,

and similarly for 6. The choice of the Hamiltonian 6y is related to a (dual) action
on H°(M, LF) given by

w-s = V(i)vs — v —16ps,

where V(© is the Chern connection of hg. Similarly H induces an action on
HO(M,L~") and together they induce an action on H°(M, L @ L=1) which we de-
note by 2my/—1Ag. Then Ay, is Hermitian. For any orthonormal basis {so, - - , sn, }»
we define the twisted Bergman kernel by

Ny
@)= 3 [sis iy (@)
=0

and the equivariant twisted Bergman kernel by

N
o (x) :=k~* Z(Ak8i78i>h§®h($)'
i=0
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In particular, if {s;} is an orthonormal basis of eigenvectors with eigenvalues {\;},
then

Ny,
1 —
o ) o= K3 Alsilgan (o).
i=0
Theorem Al. As k — oo we have the following expansions

@2r)"pi(z) = 1+ (% - trwow)k* +O(k™2)

(277)"/)51(3:) =—0y— [90(850 - trwow) - 9] E~L 4 O(k3/?).

From general considerations the error in the second line should be O(k~2), but
our proof yields this slightly weaker result which is enough for our purposes.

Corollary A2. With notation as above, we have
(27m)"dy k. = ag ok™ + ar k" + O(K"?)
(27)"Tr(Ag) = beok™ ™ + by 1 k™ + O(K™ 1),

&

[S)

I
=
&
—|e3

&

I
N
~
o|s”

(=g

&

€
~—
— |k

n 1 n
beo = —/ oow—o, biy = ——/ GOSwow—O —|—/ [Botry,w + H]W—O.
Mmoo 2Jm n! M n!

Proof of Theorem A1. The required expansion is obtained using the “peak” sec-
tions method of Tian [29], and we first recall the relevant parts of this technique
following the exposition in [27]. Fixing x € M, the main idea is to construct a
holomorphic section 7 of L§ ® L~! such that ||||z2 = 1 and 7 is almost orthogonal
(with an error of at most O(k~2)) to all holomorphic sections vanishing at x. It is
easy to see that

@ akgn s, o (BT A ) aren (@)
Tz Pk (z) = 2
[Inllx [Inllx

and so the theorem would follow from an expansion of |n|?(x) and k~! A;. Through-
out we denote £(k) to be any error term that is O(k~) for all N.

Suppose there exist normal coordinates (w?!,--- w™) for wg on the unit ball
B ={w e C" | Jw| <1} such that wy = v/—199¢y where

(24) pr () =

3

1 o
po(w) = |wf* — ZRijkTwajwkwl + Qo(w) + Po(w),

where Q is a quintic polynomial, | Py(w)| = O(|w|®) and R;;,; denotes the curvature
of wp. Also we can choose the coordinates so as to diagonalize w, so that 27w =
v =100y, where

plw) =Y Nijw' P+ Q(w) + P(w),

where Q(w) is a cubic polynomial and |P(w)| = O(Jw|*). Note that the factor of 27

in front means that Ay w(z) = >, A;. It is convenient to rescale the coordinates

2t = Vkw', so that ball now becomes B = {|z| < vk} and ®o(z) = kgo(2) is then
given by

= »

o(2) = |2 = = Rigz'# 2" 2 + K722Qo(2) + kPo(k™1/%2).
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Note that e~? is then the metric A¥. The aim is to take an “almost holomorphic
section” gy such that

|oolpegn-1 = e~ Pt
on {|z| < k~/5}, and ||8oo||r = e(k), and perturb it to a genuine holomorphic
section o for £ >> 1. This relies on the invertibility of the Laplacian Az = 0°0+00"
on L* valued (0, 1) forms, where the adjoint is computed using the L?-inner product
above. By the Weitzenbock formula

e ) V-1
Az =V V + Ricgw, + TAkwth(’g@h*l'

Now for k >> 1, we have Ricgy, > —7(kwo). In the usual case, the curvature term
F is simply identity, and so the Laplacian is lower bounded by 1/2, say. In our
case, since \/—_1Fh§®h71 = kwy — w, we have an extra term A, w which goes to
zero as k — oo, and so we also have
1

for £ >> 1. As in the standard case we can then take o = o¢ — E*Aglgao to be
the required holomorphic section. And just as in the standard case, we also have
0(2)[hrn—1 = 1+€(k), |lo = ool[x = €(k), and that for every holomorphic section
7 vanishing at x,

[, o)kl < CR7 |7l
We now claim that

@) ol = em - (2 - asw@)i + o)

Up to an error of £(k) it is enough to compute L? norm of oo on {|z| < k*/°}, which
up to an (k) is the integral
o~ P0(x)+(2) (V=109%(2))"
" n! '

We have the expansions
(26)

RTRE N O 3 IR kU2, 1 P12 4 B LR ilip,a
e =e (1+Q( z) 4+ P( 2)+T iGpg? 222

—k32Qo(2) — kPy(k™1/22)),
(vV=180%¢(2))"
n!

where dV is 2™ times the Euclidean volume, that is,

dV = (vV=1)"dz" Ndz' A--- A d2™ A dzE".

The leading order term in the expansion is given by

(27) - (1 — B Ry 4 k20 (2) + O(k*2|z|4)) dv,
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As in the standard case, there is a contribution of order O(k~1) by the terms

1 L _
/ el (—R-f 7220 2P 21 — quzpzq) dV = —(2n) 5

4 1]pPq

The only “new” terms we need to worry about are the ones involving Q(k~/2z)
and P(k_l/ 22). Now Q is a cubic polynomial, and hence by symmetry

/n e (%) = o122y v = 0.

On the other hand, the leading order term in P(k~1/22) is k=2p4(2), where py4 is a
fourth degree polynomial and hence it follows that

_ ) X 2112
/ e (l ’“>' 'P(k*”%)dl/:O(k*z’).

This completes the proof of (25). As in the standard case, it follows that if E C

HO(M, L ® L) is the co-dimension one subspace of sections vanishing at z, and

7 is the projection of o to the orthogonal complement, then |n(z) }2Lk®hfl =1+¢(k)
0

and

n SW (.I)
(28) I = 2m"[1 - (24
Combined with (24), this gives the expansion of py. It now remains to analyze
Ii_lAk. As in [27, pg. 139-140], if we denote the Chern connection on L& ® L by
V, then

- Awow(a:))k’l +O(k™?)].

(k™' Vu)n(z) = O(k~/2).
The action of k=1 Ay is given by

1 -
k™' Ay = k—\/—_lv_w — 0o + k" 0n

= —0on + k7 10n + O(k™3/?).

Combining this with (24) and (28), and recalling that |77(9c)|ik®h,1 =1+¢e(k), we
0
obtain
i —0p + k710 4+ O(k=3/2))(1 + e(k
T (k5/2)(1 + (k)

Suwg (T _ _
1 (25— Agyw(e) )kt + O(k2)

(—00+k0)(1+ (SWT(“’) — Aup(@) )k + O(k2)) + O(k/2)

— by — (90 (sz(x) - Awow(:v)) - 9)/(1 +O(k™3/2).
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