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ABSTRACT. Given a pair of positive real numbers «, 5 and a sesqui-analytic function K on a bounded
domain Q C C™, in this paper, we investigate the properties of the sesqui-analytic function K(®#) :=
Koth (82-81- log K):’;:N taking values in m x m matrices. One of the key findings is that K(*#) is

non-negative definite whenever K and K” are non-negative definite. In this case, a realization of
the Hilbert module determined by the kernel K©#) is obtained. Let M;, i = 1,2, be two Hilbert
modules over the polynomial ring C[z1,...,2m]. Then C[z1,...,2z2m] acts naturally on the tensor
product M; ® Ms. The restriction of this action to the polynomial ring C[z1, ..., zm] obtained using
the restriction map p +— p|a leads to a natural decomposition of the tensor product My ® Mz, which
is investigated. T'wo of the initial pieces in this decomposition are identified.

1. INTRODUCTION

1.1. Hilbert Module. We will find it useful to state many of our results in the language of Hilbert
modules. The notion of a Hilbert module was introduced by R. G. Douglas (cf. [11]), which we recall
below. We point out that in the original definition, the module multiplication was assumed to be
continuous in both the variables. However, for our purposes, it would be convenient to assume that it
is continuous only in the second variable.

Definition 1.1 (Hilbert module). A Hilbert module M over a unital, complex algebra A consists of a
complex Hilbert space M and a map (a,h) — a-h, a € A,h € M, such that
(i) 1-h=h
(i) (ab)-h=a-(b-h)
(iii) (a+b) =a-h+b-h
(iv) for each a in A, the map m, : M — M, defined by m,(h) = a-h, h € M, is a bounded linear
operator on M.

A closed subspace 8§ of M is said to be a submodule of M if m,h € 8 for all h € § and a € A. The
quotient module Q := 3 /§ is the Hilbert space 81, where the module multiplication is defined to be
the compression of the module multiplication on K to the subspace S+, that is, the module action on
Q is given by my(h) = Psi(mgh), h € 8+. Two Hilbert modules M; and My over A are said to be
isomorphic if there exists a unitary operator U : My — My such that U(a-h) = a-Uh, a € A, h € M;.

Let K : 2 x Q — My (C) be a ses-qui analytic (that is holomorphic in first m-variables and anti-
holomorphic in the second set of m-variables) non-negative definite kernel on a bounded domain
Q C C™. It uniquely determines a Hilbert space (H, K) consisting of holomorphic functions on
taking values in C* possessing the following properties. For w € €,

(i) the vector valued function K (-,w)¢, ¢ € C*, belongs to the Hilbert space J
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(11) (faK(vw)<>j{ = <f(w)7c>(ck ) f € (ﬂ{, K)
Assume that the operator of multiplication M, by the ith coordinate function z; is bounded on the
Hilbert space (K, K) for i = 1,...,m. Then (H, K) may be realized as a Hilbert module over the
polynomial ring C[zq, ..., z,,] with the module action given by the point-wise multiplication:

my,(h) = ph, h € (3,K), p € Clz1, ..., zm).

Let K1 and K5 be two scalar valued non-negative definite kernels defined on Q x €. It turns out
that (H, K1) ® (H, K3) is the reproducing kernel Hilbert space with the reproducing kernel K7 ® Ko,
where K7 @ Ky : (2 x Q) x (2 x ) — C is given by

(Kl ®K2)(z,C;w,p) = Kl(z7w)K2(<ap)v z,C,w, p € Q.

Assume that the multiplication operators M., i = 1,...,m, are bounded on (H, K;) as well as on
(H, K3). Then (H, K1) ® (H, K2) may be realized as a Hilbert module over C[zy,..., z2,,] with the
module action defined by

mp(h) :phv h S (j‘f’ Kl) & (:}C’KQ)v p € (C[Zlv oo ,ng].

The module (H, K;) ® (H, K2) admits a natural direct sum decomposition as follows.
For a non-negative integer k, let Ay be the subspace of (H, K1) ® (H, K3) defined by

(L.1) A= {f € (3, K1) ® (3, Ka) : ((%)° e ))ja =0, lil <k},

. o . o\t ol i . c .
where © € Z, |i| = i1 + -+ + im, (6—4) = 5o and ((8_4) f(z,())IA is the restriction of

(6%)Z f(2,¢) to the diagonal set A := {(z,2) : z € Q}. It is easily verified that each of the subspaces
Ay is closed and invariant under multiplication by any polynomial in C[z1, ..., 22,,] and therefore they
are sub-modules of (3, K1) ® (H, K3). Setting 89 = Ag, S := Ap_1 © Ag, k = 1,2,..., we obtain a
direct sum decomposition of the Hilbert space

(H, K1) @ (H, Ko) @sk

In this decomposition, the subspaces 8 C (H, K1) ® (f}C, Kg) are not necessarily sub-modules. In-
deed, one may say they are semi-invariant modules following the terminology commonly used in
Sz.-Nagy—Foias model theory for contractions. We study the compression of the module action to
these subspaces analogous to the ones studied in operator theory. Also, such a decomposition is sim-
ilar to the Clebsch-Gordan formula, which describes the decomposition of the tensor product of two
irreducible representations, say 01 and g9 of a group GG when restricted to the diagonal subgroup in

G x G:
9) ® e2(g @dkﬂk

where 7, k € Z, are irreducible representation of the group G and di, k € Z, are natural numbers.
However, the decomposition of the tensor product of two Hilbert modules cannot be expressed as
the direct sum of submodules. Noting that Sy is a quotient module, describing all the semi-invariant
modules 8, £ > 1, would appear to be a natural question. To describe the equivalence classes of Sy,
81,... etc., it would be useful to recall the notion of the push-forward of a module.

Let ¢ : © — Q x Q be the map ¢(z) = (z,2), z € Q. Any Hilbert module M over the polynomial
ring C[z1, ..., 2] may be thought of as a module ¢, M over the ring Clz1, ..., zo] by re-defining the
multiplication: my(h) = (pot)h, h € M and p € Clzy, ..., 22;n]). The module ¢, M over C[zy, ..., zom]
is defined to be the push-forward of the module M over Clz1, ..., z,] under the inclusion map ¢.

n [1], Aronszajn proved that the Hilbert space (H, K1 K>3) corresponding to the point-wise product
K1 K5 of two non-negative definite kernels K7 and K5 is obtained by the restriction of the functions
in the tensor product (H, K1) ® (H, K2) to the diagonal set A. Building on his work, it was shown in
[10] that the restriction map is isometric on the subspace 8y onto (H, K K5) intertwining the module
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actions on i (H, K1 K5) and §g. However, using the jet construction given below, it is possible to
describe the quotient modules A;-, k > 0. We reiterate that one of the main questions we address is
that of of describing the semi-invariant modules, namely, 81,8s,.... We have succeed in describing
only 8; only after assuming that the pair of kernels is of the form K®, K? «, > 0, where the real
power of a non-negative definite kernel is defined below.

Let Q@ € C™ be a bounded domain and K : 2 x £ — C be a non-zero sesqui-analytic func-
tion. Let t be a real number. The function K is defined in the usual manner, namely K'(z,w) =
exp(tlog K(z,w)), z,w € Q, assuming that a continuous branch of the logarithm of K exists on 2 x Q.
Clearly, K! is also sesqui-analytic. However, if K is non-negative definite, then K’ need not be non-
negative definite unless ¢ is a natural number. A direct computation, assuming the existence of a
continuous branch of logarithm of K on Q x Q, shows that for 1 <14,5 <m,

K(z, w)@ing(z, w) — 0; K (z, w)ng(z, w)

9;0;log K (z,w) = K(w)? ,

z,w € £,

where 9; and 5]- denote 8%1- and aimjv respectively.

For a sesqui-analytic function K :  x Q — C satisfying K(z,z) > 0, an alternative interpretation
of K(z,w)! (resp. log K (z,w)) is possible using the notion of polarization. The real analytic function
K(z,2)" (resp. log K(z,2)) defined on € extends to a unique sesqui-analytic function in some neigh-
bourhood U of the diagonal set {(z,z) : z € Q} in  x Q. If the principal branch of logarithm of K
exists on Q x €, then it is easy to verify that these two definitions of K (z,w)" (resp. log K(z,w))
agree on the open set U.

In the particular case, when K; = (1 — zw)~® and Ky = (1 — zw)™?, a, 8 > 0, the description of
the semi-invariant modules Sy, k > 0, is obtained from somewhat more general results of Ferguson
and Rochberg.

Theorem 1.2 (Ferguson-Rochberg,[13]). If Ki(z,w) = m and Ks(z,w) = m on D xD for

some , 3 > 0, then the Hilbert modules 8,, and 1, (H, (1 — zw)~(@TB8+20)) are isomorphic.

In this paper, first we show that if K and K?, a, 8 > 0, are two non-negative definite kernels on
Q, then function K(®% : Q x Q — M,,(C) defined by

K@) (z,w) = K“Jrﬁ(z,w)( (0;0; log K)(z,w))yln. o HWE Q,
27-]:
is also a non-negative definite kernel. In this case, a description of the Hilbert module 81 is obtained.
Indeed, it is shown that the Hilbert modules 81 and ¢, (f}C, K(a’ﬁ)) are isomorphic.

1.2. The jet construction. For a bounded domain 2 C C™, let K; and Ky be two scalar valued
non-negative kernels defined on 2 x Q. Assume that the multiplication operators M, i =1,...,m,
are bounded on (H, K7) as well as on (H, K3). For a non-negative integer k, let Ay be the subspace
defined in (1.1).

Let d be the cardinality of the set { € Z7,|i| < k}, which is (m:r:k) Define the linear map
Ty o (M, K1) @ (H, Ka) — Hol(Q2 x Q,CY) by

(1.2) (Jef) (20 =D (&) f(z0) @ei, e (3K @ (3, Ky),
4| <k
where {ei}ieZm li|<k is the standard orthonormal basis of C%. Let R : ran J, — Hol(Q,(Cd) be
+7 —

the restriction map, that is, R(h) = hja, h € ran J;. Clearly, ker RJ; = A;. Hence the map

RJ; : Aé — Hol(©2,CY) is one to one. Therefore we can give a natural inner product on ran R.J,
namely,

<RJk(f)7RJk(g)> = <Pfli-f7 PA%—Q% fag € (9{7 Kl) ® (3{7 K2)
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In what follows, we think of ran R.J} as a Hilbert space equipped with this inner product. The theorem
stated below is a straightforward generalization of one of the main results from [10].

Theorem 1.3. ([10, Proposition 2.3]) Let K1, K5 : © x Q@ — C be two non-negative definite kernels.
Then ran R.Jj, is a reproducing kernel Hilbert space and its reproducing kernel Jy (K7, K3)jres A 18 given
by the formula

i (K1, Ko)jres A (2, w) 1= (Kl(z,w)ﬁiéng(z,w)) z,w € §Q.

k
l4],15]=0

Now for any polynomial p in z,(, define the operator T, on ran RJ}, as

)RS = 3 (D () () %=0) () =0) ) @ f € (00K @ (00 K)

<k q<l

where I = (I1,...,ln),q = (q1,---,qm) € Z7, and ¢ < Il means ¢; < l;, i = 1,...,m and ((l]) =
((1111) e (é’:b) The proof of the Proposition below follows from a straightforward computation using

the Leibniz rule, the details are on page 378 - 379 of [10].

Proposition 1.4. For any polynomial p in C[z1, ..., 29|, the operator Pfli Mp\ﬂi s unitarily equiv-
alent to the operator T, on (ran RJj).

In section 4, we prove a generalization of the theorem of Salinas for all kernels of the form
Ji (K1, K2)jres o~ In particular, we show that if K7, Ko : Q x @ — C are two sharp kernels (resp.
generalized Bergman kernels), then so is the kernel Ji (K, Ko)jres A

In Section 5, we introduce the notion of a generalized Wallach set for an arbitrary non-negative
definite kernel K defined on a bounded domain Q C C™. Recall that the ordinary Wallach set
associated with the Bergman kernel Bg of a bounded symmetric domain 2 is the set {t > 0 :
B, is non-negative definite}. Replacing the Bergman kernel in the definition of the Wallach set
by an arbitrary non-negative definite kernel K, we define the ordinary Wallach set W(K'). More im-
portantly, we introduce the generalized Wallach set GW(K) associated to the kernel K to be the set
{teR: K! (82-@ log K )an:l is non-negative definite}, where we have assumed that K* is well defined
for all t € R. In the particular case of the Euclidean unit ball B,,, in C™ and the Bergman kernel, the
generalized Wallach set GW(Bg, ), m > 1, is shown to be the set {t € R : t > 0}. If m = 1, then it
istheset {t e R : t > —1}.

In Section 6, we study quasi-invariant kernels. Let J : Aut(2) x Q@ — GL;(C) be a function such
that J(p,-) is holomorphic for each ¢ in Aut(2), where Aut(Q2) is the group of all biholomorphic
automorphisms of €. A non-negative definite kernel K : Q x Q — Mj(C) is said to be quasi-invariant
with respect to J if K satisfies the following transformation rule:

J(p, 2) K (¢(2), p(w))J (¢, w)" = K(z,w), z,w € Q, ¢ € Aut(Q).
It is shown that if K : Q x Q — C is a quasi-invariant kernel with respect to J : Aut(Q) x Q —

C \ {0}, then the kernel K (82-@ log K )an:l is also quasi-invariant with respect to J whenever ¢ €

GW(K), where J(p, 2) = J(p,2)!Dp(2), p € Aut(Q), z € Q. In particular, taking Q& C C™ to be a
bounded symmetric domain and setting K to be the Bergman kernel Bq, in the language of [22], we

conclude that the multiplication tuple M, on (3, BS)), where BS)(z,w) := (B4L9,0; log Ba)_1, 18
homogeneous with respect to the group Aut(f2) for ¢ in GW(Bq).

2. A NEW NON-NEGATIVE DEFINITE KERNEL

The scalar version of the following lemma is well-known. However, the easy modifications necessary
to prove it in the case of k X k matrices are omitted.
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Lemma 2.1 (Kolmogorov). Let Q@ C C™ be a bounded domain, and let H be a Hilbert space. If

1,02, ..., 0k are anti-holomorphic functions from Q into H, then K : Q x Q — Mg (C) defined by

K(z,w) = (((;Sj(w), ®i(2)) 4 )szl, z,w € Q, is a sesqui-analytic non-negative definite kernel.

For any reproducing kernel Hilbert space (H, K), the following proposition, which is Lemma 4.1 of
[8] is a basic tool in what follows.

Proposition 2.2. Let K : Q x Q — My(C) be a non-negative definite kernel. For every i € Z'7,
n e CF and w € Q, we have
(11) <f7 8’K(-,w)n>(g{7K) = <(azf)(w)v77>(ck 7f € (ﬂ{, K)

Here and throughout this paper, for any non-negative definite kernel K : Q x Q — Mg (C) and
n € CF, let 0°K(-,w)n denote the function (52-)" -+ (52-)"" K (-,w)n and (9% f)(z) be the function

g \i1 9 \im . . maﬁ)l O
(8_,21) “'(azm) f(z)77/_(Z17"'7Zm)€Z+-

Proposition 2.3. Let Q) be a bounded domain in C™ and K : QxQ — C be a sesqui-analytic function.
Suppose that K and K?, defined on Q x Q, are non-negative definite for some o, 5 > 0. Then the
function

KB (2, w) ( (0:0j10g K)(z,w) )

m
, Z,w € £,
ij=1

)=

is a non-negative definite kernel on  x Q taking values in M,,(C).

Proof. For 1 <i <m, set ¢;(z) = BO;K*(-,2) @ KP(-,2) — aK®(-,2) ® 0;K”(,z). From Proposition
2.2, it follows that each ¢; is a function from Q into the Hilbert space (H, K) ® (3, K?). Then we
have

(9 (w), ¢i(2)) = B20i0; K (2,w)KP (2,w) + o> K*(2,w)0;0; K" (2, w)
— aB (0K (z, w)0; KP (2, w) + 0; K°(2,w)0; K"z, w))
= % (afa — DK 2(2,w)0 K (2,w)0; K (2, w) + a K7 (2, w)8;0; K (2, w))
+ o? (B(B - DK =2(2,w)0 K (2,w)0; K (2,w) + BK* P~ (2,w)9;0, K (2, w))
— 202 B2 K P72 (2, 0)0; K (2, w)0; K (2, w)
= (a®8 + aBP K72 (2, w) (K (z,w)0:0;K (z,w) — 8; K (2,w)0; K (z,w))
= af(a + B)K*P(2,w)d;0; log K (2, w).
An application of Lemma 2.1 now completes the proof. O

The particular case, when a@ = 1 = [ occurs repeatedly in the following. We therefore record it
separately as a corollary.

Corollary 2.4. Let Q be a bounded domain in C™. If K : Q x Q — C is a non-negative definite
kernel, then -
K2(z,w)( (0,05 log K) (z,w) )"

i,j=1
is also a non-negative definite kernel, defined on Q x Q, taking values in M,,(C).

A more substantial corollary is the following, which is taken from [4]. Here we provide a slightly
different proof. Recall that a non-negative definite kernel K : Q x @ — C is said to be infinitely
divisible if for all t > 0, K is also non-negative definite.

Corollary 2.5. Let Q be a bounded domain in C™. Suppose that K : Q x Q — C is an infinitely
divisible kernel. Then the function ( (8i8j log K) (z,w) )Z is a non-negative definite kernel taking

values in M, (C).

=1
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Proof. For t >0, K (2, w) is non-negative definite by hypothesis. Then it follows, from Corollary 2.4,
that ( K?9;0;log Kt(z,w));nj:l is non-negative definite. Hence (K*9,0;log K|z, w))mj:1 is non-
negative definite for all ¢ > 0. Taking the limit as ¢ — 0, we conclude that (8 8 log K (z, w))

non-negative definite.

zyl

Remark 2.6. [t is known that even if K is a positive definite kernel, ( (&-5]- log K)(z,w) )Zr;zl need
not be a non-negative definite kernel. In fact, ( (&-5]- log K)(z,w) );nj:l is non-negative definite if and
only if K is infinitely divisible (see [4, Theorem 3.3]). o

Let K : D x D — C be the positive definite kernel given by K(z,w) =1+ > .72, a;2'@", z,w € D,
a; > 0. For any t > 0, a direct computation gives

> 00 i —i)\2
(Kt(‘)@logK)zw 1+Za,zw 88(Zai2iwi—w+”-)

= (1+talzw+~-)(a1+2(2a2—a%)zu’)+---)
= ay + (dag + (t — 2)ad)zw + -

Thus, if t <2, one may choose ay,as > 0 such that 4ag + (t — 2)&% < 0. Hence (Kt85 log K)(z,w)
cannot be a non-negative definite kernel. Therefore, in general, for ( (Ktaiéj log K)(z,w) )an:l to be
non-negative definite, it is necessary that t > 2.

2.1. Boundedness of the multiplication operator on (9(, K) For a, 8 > 0, let K@% denote
the kernel K‘”ﬁ(z,w)( (0;0;1og K) (2, w) ) . If « = 1 = B, then we write K instead of KD,
1,j=

For a holomorphic function f : Q@ — C, the 6perat0r My of multiplication by f on the linear space
Hol($2,C*) is defined by the rule Msh = fh, h € Hol(Q2,C*), where (fh)(2) = f(2)h(2), z € Q.
The boundedness criterion for the multiplication operator M restricted to the Hilbert space (H, K)
is well-known for the case of positive definite kernels. In what follows, often we have to work with
a kernel which is merely non-negative definite. A precise statement is given below. The first part
is from [24] and the second part follows from the observation that the boundedness of the operator
S, M;M} is equivalent to the non-negative definiteness of the kernel (¢ — (2, w))K (z,w) for some
positive constant c.

Lemma 2.7. Let Q@ C C™ be a bounded domain and K : Q x Q — My (C) be a non-negative definite
kernel.

(i) For any holomorphic function f : Q — C, the operator My of multiplication by f is bounded
n (K, K) if and only if there exists a constant ¢ > 0 such that (c* — f(z)%)[((z,w) is
non-negative definite on Q x . In case My is bounded, | My|| is the infimum of all ¢ > 0 such
that (c* — f(z)m)K(z,w) is non-negative definite.
(ii) The operator M, of multiplication by the ith coordinate function z; is bounded on (H,K) for
1= 1,...,m, if and only if there exists a constant ¢ > 0 such that (62 — (z,w>)K(z,w) 18
non-negative definite.

As we have pointed out, the distinction between the non-negative definite kernels and the positive
definite ones is very significant. Indeed, as shown in [8, Lemma 3.6], it is interesting that if the
operator M, := (M,,,..., M, ) is bounded on (H, K) for some non-negative definite kernel K such
that K(z,z), z € Q, is invertible, then K is positive definite. A direct proof of this statement, different
from the inductive proof of Curto and Salinas is in the PhD thesis of the first named author [14].

It is natural to ask if the operator My is bounded on (I, K), then if it remains bounded on the
Hilbert space (J(,K). From the Theorem stated below, in particular, it follows that the operator M

is bounded on (H,K) whenever it is bounded on (H, K).
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Theorem 2.8. Let Q C C™ be a bounded domain and K : € x 0 — C be a non-negative definite
kernel. Let f : Q@ — C be an arbitrary holomorphic function. Suppose that there exists a constant
¢ > 0 such that (¢* — f(2)f(w))K(z,w) is non-negative definite on Q x Q. Then the function (¢* —

f(z)f(w))zK(z,w) is non-negative definite on ) x Q.

Proof. Without loss of generality, we assume that f is non-constant and K is non-zero. The function
G(z,w) = (¢ — f(z)m)K(z,w) is non-negative definite on 2 x © by hypothesis. We claim that
|f(2)] < cfor all zin Q. If not, then by the open mapping theorem, there exists an open set g C Q
such that |f(2)] > ¢, z € Q. Since (¢ — |f(2)]*)K(z,2) > 0, it follows that K(z,z) = 0 for all
z € Qp. Now, let h be an arbitrary vector in (H, K). Clearly, |h(2)| = | (h, K(-,2)) | < ||h|||IK (-, 2)|| =
I|h|| K (z, z)% = 0 for all z € Qy. Consequently, h(z) = 0 on £y. Since  is connected and h is
holomorphic, it follows that A = 0. This contradicts the assumption that K is non-zero verifying the
validity of our claim.

From the claim, we have that the function ¢? — f(2)f(w) is non-vanishing on Q x Q. Therefore, the
kernel K can be written as the product

K(z,w) = ! —G(z,w), z,w e .
(¢ = f(2) f(w))
Since | f(2)| < ¢ on £, the function m has a convergent power series expansion, namely,
Ly L e, swen
(62 _ f(z)f(w)) vt C2(n+1) )

Therefore it defines a non-negative definite kernel on 2 x 2. Note that

(K(z, w)?9;0; log K (2, w))?}z1

I )m
1

= @ f(z)m)z (K(z, w)? (&-f(z)@jf(w) ):;:1 + G(z,w)? <8i5j log G(z,w) >::1> ,

where for the second equality, we have used that

m

= <K(z,w)28i5j log + (K(z,w)28i5j log G(z,w))

ij=1

_ 1 0:.f(2)9; f (w) -
0;0; lo — = -~ z,we 1<i,j<m.
@) (@ ferm)y S g
Thus
( — f(2)F(w))*K(z,w)
(2.1) m m

- K(z,w)2(a,-f(z)m> v (G(z,w)28i5j log G(z,w))

i =1 ij=1

By Lemma 2.1, the function (9;f(2)9;f(w) )an | is non-negative definite on 2 x Q. Thus the product

K(z,w)?(0;f(2)0; f(w) );nj:l is also non-negative definite on € x €. Since G is non-negative definite
on Q x Q, by Corollary 2.4, the function ( G(z,w)?9;0;log G(z,w) )Zr;zl
on §2 x €. The proof is now complete since the sum of two non-negative definite kernels remains
non-negative definite. O

is also non-negative definite

A sufficient condition for the boundedness of the multiplication operator on the Hilbert space (ﬂ{, K)
is an immediate Corollary.
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Corollary 2.9. Let Q@ C C™ be a bounded domain and K : Q x Q — C be a non-negative definite

kernel. Let f : & — C be a holomorphic function. Suppose that the multiplication operator My on

(H, K) is bounded. Then the multiplication operator My is also bounded on (3, K).

Proof. Since the operator My is bounded on (I, K), by Lemma 2.7, we find a constant ¢ > 0 such

that (¢ — f(2)f(w)) K (z,w) is non-negative definite on  x 2. Then, by Theorem 2.8, it follows that
)2K(z, w) is non-negative definite on 2 x Q. Also, from the proof of Theorem 2.8, we

(¢ = J()Fw)"K(z,w) i

have that (¢ — ‘)‘"(Z)f(w))_1 is non-negative definite on 2 x Q (assuming that f is non-constant).

Hence (¢ — f(2)f(w))K(z,w), being the product of two non-negative definite kernels, is non-negative
definite on Q x 2. An application of Lemma 2.7, a second time, completes the proof. O

A second Corollary provides a sufficient condition for the positive definiteness of the kernel K.

Corollary 2.10. Let © C C™ be a bounded domain and K : Q2 x Q — C be a non-negative definite
kernel satisfying K(w,w) > 0, w € Q. Suppose that the multiplication operator M,, on (H,K) is
bounded for i =1,...,m. Then the kernel K is positive definite on £ x ).

Proof. By Corollary 2.4, we already have that K is non-negative definite. Moreover, since M, on
(H, K) is bounded for i = 1,...,m, it follows from Theorem 2.9 that M., is bounded on (H,K) also.
Therefore, using [8, Lemma 3.6], we see that K is positive definite if K(w,w) is invertible for all w € Q.
To verify this, set

¢i(w) = K (-, w) @ K(-,w) — K(-,w) ® ;K (-,w), 1 <i<m.
From the proof of Proposition 2.3, we see that K(w,w) = £ ({(¢;(w), ¢;(w)) )” ,- Therefore K(w, w)

is invertible if the vectors ¢1(w), ..., ¢m(w) are linearly independent. Note that for w = (wy, ..., wy,)
inQandj=1,...,m, we have (sz —w;)*K(-,w) = 0. Differentiating this equation with respect to
w;, we obtain

(M., —w;)* 0K (-,w) = 6;; K(-,w), 1 <i,j <m.

Thus
(2.2) (M, —wy)* @I)(¢i(w)) = 05 K(-,w) @ K(,w), 1 <i,5<m.

Now assume that ZZ 1 cngz(w) = 0 for some scalars ¢y, ...,¢n. Then, for 1 < j < m, we have that
Sty (M., — wy)* @ I)(¢s(w)) = 0. Thus, using (2.2), we see that ¢;K(-,w) ® K(-,w) = 0. Since
K (w,w) > 0, we conclude that ¢; = 0. Hence the vectors ¢ (w), ..., ¢m(w) are linearly independent.
This completes the proof. O

Remark 2.11. Recall that an operator T is said to be a 2—hyper contraction if I — T*T > 0 and
I —2T*T +T**T% > 0. If K : D x D — C is a non-negative definite kernel, then it is not hard to
verify that the adjoint M7 of the multiplication by the coordinate function z is a 2—hyper contraction
on (K, K) if and only if (1 — zw)2K is non-negative definite. It follows from Theorem 2.8 that if M}
on (H, K) is a contraction, then M} on (H,K) is a 2—hyper contraction.

3. REALIZATION OF (3, K@)

Let Q C C™ be a bounded domain and K : 2 x €2 — C be a sesqui-analytic function. Suppose
that the functions K and K? are non-negative definite for some a, 8 > 0. In this section, we give a
description of the Hilbert space (f}C, K(a’ﬁ)). As before, we set

(3.1) bi(w) = BOKY(,w) @ KP(,w) —aK® (-, w) ® ;K (,w), 1 <i<m, we .
Let N be the subspace of (3, K<) ® (3, K?) which is the closed linear span of the vectors
{qﬁi(w) cw € €, 1§z’§m}.

From the definition of N, it is not easy to determine which vectors are in it. A useful alternative
description of the space N is given below.
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Recall that K ® K# is the reproducing kernel for the Hilbert space (3, K) ® (3, K?), where the
kernel K¢ ® K? on (2 x Q) x (2 x Q) is given by
K*® K%(2,6:2, (') = K*(2,2)K7(¢.(),
z2=(21y--y2m), C = (C1s-- s Cm)y 2 = Zimats -5 22m)s ¢ = (Gt - - - Com) are in . We realize the

Hilbert space (H, K*) ® (3, K”) as a space consisting of holomorphic functions on € x Q. Let A
and Aq be the subspaces defined by

Ao ={f € (3, K*) @ (H,K") : fia =0}
and
Ay ={f € (H,K*) @ (H,K"): fia = (Oms1f)ja == (Oamf)ja =0},

where A is the diagonal set {(z,2) € Q x Q: z € Q}, 0;f is the derivative of f with respect to the ith
variable, and f|a, (0;f)a denote the restrictions to the set A of the functions f, ; f, respectively. It

is easy to see that both A and A; are closed subspaces of the Hilbert space (H, K*) ® (3, K?) and
Aq is a closed subspace of Ag.
Now observe that, for 1 < ¢ < m, we have

3. 0K @ KP)(, (2,¢) = 9K () @ K°(-,(), #/,¢ € @
Om4i(K* @ KP)( (2/.(") = K°(, ) @ O, K°(-.(), 2. e .

Hence, taking 2’ = ¢’ = w, we see that

(3.3) ¢i(w) = BO,(K* @ K7)(-, (w,w)) — adpn1i(K* @ KP)(:, (w, w)).

We now state a useful lemma on the Taylor coefficients of an analytic functions. The straightforward
proof follows from the chain rule [25, page 8], which is omitted.

Lemma 3.1. Suppose that f: Q2 x Q — C is a holomorphic function satisfying f, = 0. Then
Oif)ia+ Omtif)la=0, 1<i<m.
An alternative description of the subspace N of (H, K*) ® (3, K?) is provided below.
Proposition 3.2. N =A50 A;.
Proof. For all z € Q, we see that
bi(w)(z, 2) = afKP (2, w)0; K (z,w) — afK*TP (2, w)0; K (2, w) = 0.
Hence each ¢;(w), w € Q,1 < i < m, belongs to Ay and consequently, N C Ag. Therefore, to complete
the proof of the proposition, it is enough to show that Ag & N = A;.
To verify this, note that f € N+ if and only if (f, ¢;(w)) =0, 1 <i < m, w € Q. Now, in view of
(3.3) and Proposition 2.2, we have that
(Fdiw)) = (1, BO,(K* @ KP)(-, (w,w)) = adi(K* & K7)(-, (w,w)))
=60 f)(w,w) — a(Op+if)(w,w), 1 <i<m, weQ.
Thus f € N+ if and only if the function 3 (9;f)ja — @ (Om+if)ja = 0, 1 < i < m. Combining this with
Lemma 3.1, we see that any f € Ay © N, satisfies
B0if)a — a(Om+if)ia =0,
(0if))a + (Omtif)a =0,
for 1 <4 < m. Therefore, we have (0;f)a = (Om+if)a =0, 1 <i < m. Hence f belongs to A;.

Conversely, let f € Ay. In particular, f € Ag. Hence invoking Lemma 3.1 once again, we see that

(0if)ja + (Om+if)a =0, 1 < i <m.

(3.4)
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Since f is in A1, (Om+if)ja = 0, 1 <i < m, by definition. Therefore, (9;f)ja = (Om+if)ja =0, 1 <
i < m, which implies

B(O:if)a — a(Omyif)a =0, 1 <i<m.
Hence f € Ay © N, completing the proof. O

We now give a description of the Hilbert space (.‘H, K(a’ﬁ)). Define a linear map R; : (H, K¢) ®
(H, KP) — Hol(Q,C™) by setting

1
aff(a+B)

for f € (3, K*) ® (3, K”) and note that

(BOLf — aOmy1f)|a
(3.5) Ri(f) = :
(BOmf — alam f)|a

1 (f, 61 (w))
(3.6) R =—o [ | wen
BB\ (1, g(w))

From Equation (3.6), it is easy to see that ker Ry = N+. We have N = Ag © A;, see Proposition
3.2. Therefore, ker R = Ag & A; and the map Rijapea, — ran Ry is bijective. Require this map to
be a unitary by defining an appropriate inner product on ran R;, that is, Set

(3.7) (R1(f), R1(9)) = (Pagear fr Pavenrg)» f.9 € (3K @ (M, K7),

where Py o4, is the orthogonal projection of (H, K<) ® (3, K”) onto the subspace Ag © A;. This
choice of the inner product on the range of Ry makes the map R; unitary.

Theorem 3.3. Let Q C C™ be a bounded domain and K : Q x Q — C be a sesqui-analytic function.
Suppose that the functions K® and K® are non-negative definite for some a,3 > 0. Let Ry be the
map defined by (3.5). Then the Hilbert space determined by the non-negative definite kernel K(5)
coincides with the space ran Ry and the inner product given by (3.7) on ran Ry agrees with the one
induced by the kernel K(@P),

Proof. Let {e1,...,en} be the standard orthonormal basis of C™. For 1 < 4,j < m, from the proof of
Proposition 2.3, we have

(3.8) (05 (w), ¢i(2)) = aB(a + B)K*(2,w)0;0; log K (2, w)

(3.9) = af(a+ p) < K(@A) (z,w)e;, ei>Cm , Z,w € Q.

Therefore, from (3.6), it follows that for all w € Q and 1 < j <m,

R1(pj(w)) = vVaB(a + BK*A)(.

Hence, for all w € Q and n € C™, K(aﬂ)(', w)n belongs to ran le. Let le(f) be an arbitrary element
in ran Ry where f € Ay © A1. Then

(R KD e ) = s (R, R (05(0)

1
N (f, ¢5(w))

1
- m(ﬁajf(w,w) — O f(w,w))
= <R1(f)(w)’ ej>(Cm 5

where the second equality follows since both f and ¢;(w) belong to Ag © A;. This completes the
proof. O
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We obtain the density of polynomials in (9(, K(aﬁ)) as a consequence of this theorem. Let z =
(21,...,2m) and let C[z] := C|z1, ..., 2] denote the ring of polynomials in m-variables. The following
proposition gives a sufficient condition for density of C[z] ® C™ in the Hilbert space (fH, K(a’ﬁ)).

Proposition 3.4. Let Q C C™ be a bounded domain and K : Q x Q — C be a sesqui-analytic function
such that the functions K and K? are non-negative definite on § x Q for some «, 3 > 0. Suppose
that both the Hilbert spaces (3, K®) and (3, K®) contain the polynomial ring C[z] as a dense subset.
Then the Hilbert space (f}C, K(a’ﬁ)) contains the ring C[z] @ C™ as a dense subset.

Proof. Since C[z] is dense in both the Hilbert spaces (H, K®) and (3, K?), it follows that C[z] ®
C[z], which is C[z1, ..., 22m], is contained in the Hilbert space (3, K¢) ® (I, K”) and is dense in it.
Since Ry maps (H, K®) @ (3, K?) onto (9(, K(avﬁ)), to complete the proof, it suffices to show that
R1(Clz1, ..., 22m]) = C[z] @ C™. Tt is easy to see that Rq(C|z1,...,22m]) € C[z] ® C™. Conversely,
if Y pi(z1,...,2m) @ e; is an arbitrary element of C[z] ® C™, then it is easily verified that the

function p(z1, ..., 29m) = aa—& Yot (zi — Zmi)pi(21, - - ., Zm) belongs to Clzi, ..., z2,) and Ry (p) =
S pi(z1, ..., 2m) @ e; . Therefore Ry(Clzy, . .., 29m]) = C[z] ® C™, completing the proof. O
3.1. Description of the Hilbert module §;. In this subsection, we give a description of the Hilbert

module 8; in the particular case when K; = K® and Ky = K? for some sesqui-analytic function K
defined on Q x € and a pair of positive real numbers «, 3.

Theorem 3.5. Let K : Q x Q — C be a sesqui-analytic function such that the functions K¢ and
KB, defined on Q x Q, are non-negative definite for some o, 3 > 0. Suppose that the multiplication
operators M,,,i =1,2,...,m, are bounded on both (3, K®) and (3, K”). Then the Hilbert module 8

18 1isomorphic to the push-forward module . (9(, K(aﬁ)) via the module map Ryg, .

Proof. From Theorem 3.3, it follows that the map Ry defined in (3.5) is a unitary map from 8; onto
(3, K@), Now we will show that Ry Ps, (ph) = (pot)Rih, h € 81,p € Clz1,...,29m]. Let h be an
arbitrary element of 8;. Since ker R; = 87 (see the discussion before Theorem 3.3), it follows that
R1Ps, (ph) = Ri(ph), p € Clz1, ..., zam). Hence

R1 P, (ph) = Ri(ph)

\/WZ (B0;(ph) — aOp+j(ph))|a ® €;

1
:7zp|A 58}1 a@mﬂ )‘A®€j+2h|A ﬁajp Oéam+]p)|A®€J
1
:WZP'A (BOjh — aOmjh)|a ®e; (since h € 81)
= (po)Rih,
completing the proof. O

Notation 3.6. For 1 < i < m, let Mi(l) and Mi@) denote the operators of multiplication by the
coordinate function z; on the Hilbert spaces (H, K1) and (H, K2), respectively. If m =1, we let MO
and M2 denote the operators Ml(l) and M1(2), respectively.

In case K1 = K® and K9 = KP, let Ml.(a), Mi(ﬁ) and MZ.(OH'ﬁ) denote the operators of multiplication
by the coordinate function z; on the Hilbert spaces (3, K®), (3, K?) and (3, K*B), respectively. If
m =1, we write M@, MB and M+P) instead of Ml(a), Ml(ﬁ) and Ml(aJrB), respectively.

Finally, let ME“’B) denote the operator of multiplication by the coordinate function z; on (I, K(a’ﬁ)).
Also let M(*8) denote the operator Mga’ﬁ) whenever m = 1.
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Remark 3.7. [t is verified that (Mi(a) ® I)*(¢j(w)) = wid;(w) + Boi; K*(-,w) @ KP(-,w) and (I @
MY (65(w)) = @i(w) — a8 K (- w) © KB(,w), 1< 1,5 < m,w € Q. Therefore,

PSI(Mi(a) ®I)|81 :P81(1®M2( ))|S17 Z: 1727"'7m

Corollary 3.8. The m-tuple of operators (Pgl(Ml(a) ® I)|81, . ,Pgl(My(ﬁx) ® I)‘Sl) is unitarily equiv-
alent to the m-tuple of operators (Mga’ﬁ),...,Mgg’B)) on ( H, K(avﬁ)), In particular, if either the

m-tuple of operators M(a),...,My(f) on (H, K%) or the m-tuple of operators M(ﬁ) ,Mr(nﬁ)) on
1 1

(H, KP) is bounded, then the m-tuple (Mga’ﬁ), ... ,Mﬁﬁ’ﬁ)) 1s also bounded on (fH,K( )).

Proof. The proof of the first statement follows from Theorem 3.5 and the proof of the second statement
follows from the first together with Remark 3.7. O

3.2. Description of the quotient module Aj. In this subsection, we give a description of the
quotient module Ai-. Let (3, K+#)3(H, K 5)) be the Hilbert module, which is the Hilbert space
(H, KB (H, K@) equipped with the multiplication over the polynomial ring Clz1, ..., za] in-
duced by the 2m-tuple of operators (11, ..., T, Tin+1,-- -, Tom) described below. First, for any poly-
nomial p € Clz1, ..., 2am), let p*(2) := (po1)(2) = p(z,2), z € Qand let S, : (I, Ko+F) — (H, K(*H)
be the operator given by

Sp(fo) = Om+ip)*) fo ® ej, fo € (3, KTP).

1 m
— 9;p)* —
— ;(ﬁ( p)* — o
M., 0

On the Hilbert space (3, K*t8) @ (H,K®P)), let T; = (Sz~. a )y and Ty = szwz: ]V([]z_), 1<
i < m. Now, a straightforward verification shows that the module multiplication induced by these

2m-tuple of operators is given by the formula:

M«
(3'10) mp(fo D fl) = < Sl;f!zo M£f1> ) fO @ fl € (j{? Ka—l—ﬁ) @ (%,K(a’ﬁ)),

Clearly, this module multiplication is distinct from the one induced by the M, & M,, p € C|z1, ..., 2]
on the direct sum (H, K*8)@(H, K®A).

Theorem 3.9. Let K : Q x Q — C be a sesqui-analytic function such that the functions K¢ and
KB, defined on Q x Q, are non-negative definite for some o, 3 > 0. Suppose that the multiplication
opemtors M,.,i =1,2,...,m, are bounded on both (H, K*) and (H, KP). Then the quotient module
Ai and the Hilbert module (H, KBS (H, K@P)) are isomorphic.

Proof. The proof is accomplished by showing that the compression operator PA% Mp| At is unitarily

equivalent to the operator (NSI’: MO) on (H, K*tP) @ (3, K@) for an arbitrary polynomial p in
P
(C[Zl, e ,ng].
We recall that the map R : (7, K®) ®@ (H,K?) — (H,K*P) given by Ro(f) = fia, [ in
(H,K*) @ (H, K®) defines a unitary map from 8q onto (3, K**#), and it intertwines the opera-
tors PSoMp\sO on 8y and M+ on (I, K°t8), that is, MpRojs, = 5R0|80P80Mp|50- Combining this with

Theorem 3.3, we conclude that the map R = (RO(‘)SO 9%1(\]5 > is unitary from 8o @ 81 (which is A7) to
1

(3, KB @D (3, K(@H), Since 8 is invariant under My, it follows that PSIM;|S = 0. Hence
Ro Ps, M, b s

. |
REpy My 01 R —< 0 R1Ps, M* . R

5, R RoPs, My s R
PIs,
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on 8§ P 8;. We have ROPSOMI’,‘|80RE‘) = (My+)*, already, on (3, K®*#). From Theorem 3.5, we see
that Ry Ps, My s Rf = (My<)* on (H,K(*5). To prove this, note that RoPsy My g Ri = Sj. Recall
that Ri(K@A) (- w)e;) = ¢j(w). Consequently, an easy computation gives

1
RaFao i R0 w)es) = ey (PO ) = @(Breasp ) K )
Set Sf, = lePglMp'SOfRa. Then for 1 < j < m, and w € 2, we get
* « 1 «
(S5 (B2 w)es) = s (B0 (w, 0] = O gp) 0, W) KT ),

For f in (3, K°*58), we have
(Shf(2),e5) = (SEf K™D (-, 2)e5)
= (£, (Sp)* (K*D(:, 2)e;))

1
:7/88]) 2% _aam iP)(%, 2 f7Ka+ﬁ K
e O 2) — 0On) o DK 2)
1
=—— " (B(9ip)(z,2) — a(Omsip)(z,2)) f(2).
e (B 2) — i) (52) )
Hence Sf, = S}, completing the proof of the theorem. O
Corollary 3.10. Let Q2 C C be a bounded domain. The operator Pyy (M@ @ I)|A1L s unitarily
equivalent to the operator (M;?:CB) M(S’ﬁ))) on (H, K8 @(H, K@H), where § = ﬁ and inc

is the inclusion operator from (3, K®8) into (J{,K(O"B)).

4. GENERALIZED BERGMAN KERNELS

We now discuss an important class of operators introduced by Cowen and Douglas in the very
influential paper [6]. The case of 2 variables was discussed in [7], while a detailed study in the general
case appeared later in [8]. The definition below is taken from [8]. Let T := (11, ..., T,,) be a m-tuple
of commuting bounded linear operators on a separable Hilbert space H. Let Dy : H - H P --- D H
be the operator defined by Dr(x) = (Thiz,...,Tnz), © € H.

Definition 4.1 (Cowen-Douglas class operator). Let Q C C™ be a bounded domain. The operator T
is said to be in the Cowen-Douglas class B, () if T satisfies the following requirements:
(i) dim ker Dp_,y = n, w € Q
(ii) ran Dp_,, is closed for all w € Q
(iii) \_/{ ker Dyt w € Q} = H.

If T € B,(R), then for each w € Q, there exist functions 71, ..., 7, holomorphic in a neighbourhood
Qo C Q containing w such that ker Dp_» = \/{y1(w'),..., v, (w")} for all w' € Qq (cf. [7]). Conse-
quently, every T' € B, () corresponds to a rank n holomorphic hermitian vector bundle Er defined
by

Er ={(w,z) € Qx H :x € ker Dp_,,}
and 7(w, ) = w, (w,x) € Ep.

For a bounded domain Q in C™, let Q* = {z : z € Q}. It is known that if 7' is an operator in
B, (2%), then for each w € Q, T is unitarily equivalent to the adjoint of the multiplication tuple
(M,,,..., M, ) on some reproducing kernel Hilbert space (H, K) C Hol(Q2y, C") for some open subset
Qp C Q containing w. Here the kernel K can be described explicitly as follows. Let I' = {v1,..., v}
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be a holomorphic frame of the vector bundle Er on a neighbourhood €2 C 2* containing w. Define
Kr : Qo x Qo — M,(C) by Kr(z,w) = (<’Yj(w)7'7i(2)>)?j:17 z,w € Q. Setting K = Krp, one
may verify that the operator T is unitarily equivalent to the adjoint of the m-tuple of multiplication
operators (M,,,...,M,, ) on the Hilbert space (H, K).
If T € B;(£2*), the curvature matrix Kr(w) at a fixed but arbitrary point w € Q* is defined by
KT(QD) = (825] log H’Y(@\P)Z;:la
where v is a holomorphic frame of Er defined on some open subset € C Q* containing w. If T is
realized as the adjoint of the multiplication tuple (M., ..., M., ) on some reproducing kernel Hilbert
space (3, K) C Hol(Qp), where w € Qy, the curvature X (w) is then equal to
(825] log K(w, w))?szl.
The study of operators in the Cowen-Douglass class using the properties of the kernel functions was
initiated by Curto and Salinas in [8]. The following definition is taken from [26].

Definition 4.2 (Sharp kernel and generalized Bergman kernel). A positive definite kernel K : QxQ —
M (C) is said to be sharp if

(i) the multiplication operator M., is bounded on (H,K) fori=1,...,m,

(ii) ker D(pg, —y)+ = ran K(-,w), w € €,
where M, denotes the m-tuple (My,, M, ..., M., ) on (3, K). Moreover, if ran Dy, - is closed
for all w € Q, then K is said to be a generalized Bergman kernel.

We start with the following lemma (cf. [9, page 285]) which provides a sufficient condition for the
sharpness of a non-negative definite kernel K.

Lemma 4.3. Let Q C C™ be a bounded domain and K :  x Q — My (C) be a non-negative definite
kernel. Assume that the multiplication operator M., on (H, K) is bounded for 1 <1i < m. If the vector
valued polynomial ring Clz1, ..., 2, ® C* is contained in (H,K) as a dense subset, then K is a sharp
kernel.

Corollary 4.4. Let Q C C™ be a bounded domain and K :  x Q — C be a sesqui-analytic function
such that the functions K and KP are non-negative definite on Q x Q for some o, > 0. Sup-
pose that either the m-tuple of operators (Mla),...,Mr(,?)) on (H,K*) or the m-tuple of operators
(Ml(ﬁ), . .,M,(nﬁ)) on (H, KP) is bounded. If both the Hilbert spaces (H, K<) and (3, K”) contain the
polynomial ring Clz1, ..., zm| as a dense subset, then the kernel K(@A) is sharp.

Proof. By Corollary 3.8, we have that the m-tuple of operators (Mga’ﬁ ), e ,M,(ﬁ‘ o )) is bounded on
(f}C, K(a’ﬁ)). If both the Hilbert spaces (3, K®) and (3, K”) contain the polynomial ring Clz1, ..., 2]
as a dense subset, then by Proposition 3.4, we see that the ring Clz1,...,z,] ® C™ is contained in
(7, K(a’ﬁ)) and is dense in it. An application of Lemma 4.3 now completes the proof. ([l

Some of the results in this paper generalize, among other things, one of the main results of [26],
which is reproduced below.

Theorem 4.5 (Salinas, [26, Theorem 2.6]). Let Q C C™ be a bounded domain. If K1, Ky : Q2xQ — C
are two sharp kernels (resp. generalized Bergman kernels), then K1 ® Ky and K1Ky are also sharp
kernels (resp. generalized Bergman kernels).

For two scalar valued non-negative definite kernels K1 and K5, defined on 2 x €2, the jet construction
(Theorem 1.3) gives rise to a family of non-negative kernels Jy (K7, K3)jres a» k = 0, where

Jk(Kl, KQ)‘reSA(Z, w) = (Kl(z, w)(‘)iéng(z, w))k

il jl=0r 5 W € &
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In the particular case when k = 0, it coincides with the point-wise product K7 K5. In this section, we
generalize Theorem 4.5 for all kernels of the form J (K7, K2)|res A- First, we discuss two important
corollaries of the jet construction which will be used later in this paper.

For 1 <i<m, let J,M; denote the operator of multiplication by the ith coordinate function z; on
the Hilbert space (J‘C, Jk(Kl,K2)|resA). In case m = 1, we write J,M instead of J, M.

Taking p(z,() to be the ith coordinate function z; in Proposition 1.4, we obtain the following
corollary.

Corollary 4.6. Let K1,Ky : Q2 x Q@ — C be two non-negative definite kernels. Then the m-
tuple of operators (PAkLl(Ml(l) ® I)IA#...,PA%(MT(,P ® I)lﬂﬁ) 18 unitarily equivalent to the m-tuple
(JeMy, ..., JxM,,) on the Hilbert space (J‘C, Jk(Kl,K2)|resA).

Combining this with Corollary 3.10 we obtain the following result.

Corollary 4.7. Let Q C C be a bounded domain and K : Qx§ — C be a sesqui-analytic function such
that the functions K and K® are non-negative definite on Q x Q for some a, 3 > 0. The following
operators are unitarily equivalent:

(i) the operator Py (M@ @ D)iat

(ii) the multiplication operator JM on (9(, J1 (KQ,KB)‘mSA)
M (etB) 0

dinc  M(@h)

the inclusion operator from (H, K*t8) into (H,K(®5)),

(iii) the operator < > on (H, KB @D(H, K5 where § = ——L— and inc is

afB(a+p)

We need the following lemmas for the generalization of Theorem 4.5.
Lemma 4.8. Let H; and Hs be two Hilbert spaces and T be a bounded linear operator on Hi. Then
ker(T @ Is,) = ker T @ Ho.

Proof. 1t is easily seen that kerT'® Hy C ker(T ® Is,). To establish the opposite inclusion, let x be
an arbitrary element in ker(T' ® Iy, ). Fix an orthonormal basis {f;} of Hs. Note that x is of the form
Y- v; ® f; for some v;’s in 3. Since z € ker(T' ® Iy, ), we have ) Tv; ® f; = 0. Moreover, since {f;}
is an orthonormal basis of Ho, it follows that Tv; = 0 for all . Hence = belongs to ker(T") @ Ha,
completing the proof of the lemma. O

Lemma 4.9. Let Hq and Ho be two Hilbert spaces. If B1,..., B, are closed subspaces of Hy, then

ﬁ(Bl ® Hy) = (ﬁ B,) ® Ho.
=1

=1

Proof. We only prove the non-trivial inclusion, namely, N}, (B; ® Ha) C (N2, B;) ® Ho.

Let {f;}; be an orthonormal basis of H3 and x be an arbitrary element in H; ® Hsy. Recall that =
can be written uniquely as Y z; ® fj, x; € Hy.

Claim: If = belongs to B; ® Hy, then z; belongs to B; for all j.

To prove the claim, assume that {e;}; is an orthonormal basis of B;. Since {e; ® f;};; is an or-
thonormal basis of B; ® Hy and x can be written as ) zjje; ® f; = ZJ(ZZ zije;) ® f;. Then, the
uniqueness of the representation z =) x; ® f;, ensures that z; = ), x;je;. In particular, z; belongs
to By for all j. Thus the claim is verified.

Now let y be any element in N;”, (B; ® Ha). Let > y; ® f; be the unique representation of y in
H1 ® Hy. Then from the claim, it follows that y; € N™, B;. Consequently, y € (N*,B;) ® Hy. This
completes the proof. O

The proof of the following lemma is straightforward and therefore it is omitted.
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Lemma 4.10. Let Hy and Hy be two Hilbert spaces. Let A : Hi — Hq be a bounded linear operator
and B : Hy — Hy be a unitary operator. Then

ker BAB* = B(ker A).

The lemma given below is a generalization of [6, Lemma 1.22 (i)] to commuting tuples. Recall
that for a commuting m-tuple T' = (11, ...,T},), the operator T® is defined by 77" - - Tim  where
t=(i1,...,%m) € ZT.

Lemma 4.11. If K : Q x Q — C is a positive definite kernel such that the m-tuple of multiplication
operators M, = (M,,,..., M) on (H,K) is bounded, then for w € Q and ¢ = (i1,...,im),J =
(J1s---yJm) in 7,

(i) (M7 —w) P K(-,w) =0 if [z] > ],

(i) (M —w)* ¢ K(-,w) = g0 K (-, w) if [2] = |3].

Proof. First, we claim that if i; > j; for some 1 < < m, then (M} — ;)" 9" K (-,w) = 0. The claim is
verified by induction on j;. The case j; = 0 holds trivially since (M} — w;)K(-,w) = 0. Now assume
that the claim is valid for j; = p. We have to show that it is true for j; = p+1 also. Suppose i; > p+1.
Then 4 — 1 > p. Hence, by the induction hypothesis, (M} — ;)" '07 K (-,w) = 0. Differentiating this
with respect to w;, we see that

(i = DMz, = @) "2 (=YK (- w) + (MZ, — @) O K (- w) = 0.

2l

Applying (M}, — ;) to both sides of the equation above, we obtain
(i — DMz, — )" (1)K (-, w) + (M, — @) F T K (-,w) = 0.

Using the induction hypothesis once again, we conclude that (M — )"0} K (-, w) = 0. Hence the
claim is verified.

Now, to prove the first part of the lemma, assume that |¢| > |j|. Then there exists a [ such that
i > j;. Hence from the claim, we have (M} — wl)ilélle(-,w) = 0. Differentiating with respect to all
other variables except @, we get (M} — @;)"d7 K (-,w) = 0. Applying the operator (M} — w)*~ ",
where ¢; is the [th standard unit vector of C™, we see that (M* — w)*d9 K (-,w) = 0, completing the
proof of the first part.

For the second part, assume that |i| = |j| and ¢ # j. Then there is atleast one [ such that i; > j;.
Hence by the argument used in the last paragraph, we conclude that (M?* — @)% K (-,w) = 0. Finally,
if 2 = 7, we use induction on % to proof the lemma. There is nothing to prove if ¢ = 0. For the proof
by induction, now, assume that (M7} — @)*9*K (-,w) = i!K(-,w) for some i € Z™. To complete the
induction step, we have to prove that (M7 — @) 49" K (-,w) = (i + ¢;)!K(-,w). By the first part
of the lemma, we have (M} — w)“ 'K (-,w) = 0. Differentiating with respect to w;, we get that

(M* — @) egite (- w) — (i + 1)(M* — @) K (-,w) = 0.

Hence, by the induction hypothesis, (M} — @)+ 0*“ K (-, w) = (i + ¢;)! K (-,w). This completes the
proof. O

Corollary 4.12. Let K : Q x Q — C be a positive definite kernel. Suppose that the m-tuple of
multiplication operators M, on (H, K) is bounded. Then, for allw € Q, the set { 0K (-,w) 1 i€ 7y }
is linearly independent. Consequently, the matrix (8i5jK(w, w))i,jeA is positive definite for any finite
subset A of Z.

Proof. Let w be an arbitrary point in 2. It is enough to show that the set { O*K (-, w) : i € Z7,|i| < k }
is linearly independent for each non-negative integer k. Since K is positive definite, there is nothing to
prove if k = 0. To complete the proof by induction on k, assume that the set { 0K (-,w) 1 i € 7, |i) <
k } is linearly independent for some non-negative integer k. Suppose that Eli\ <htl a; 0P K (-,w) = 0
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for some a;’s in C. Then (M7 — 0)7(3 ;<41 a; 'K (-,w)) = 0, for all ¢ € Z7 with |q| < k+ 1. If
lg| = k+1, by Lemma 4.11, we have that aq ¢!K(-,w) = 0. Consequently, ag = 0 for all ¢ € Z! with
lg| = k + 1. Hence, by the induction hypothesis, we conclude that a; = 0 for all 4 € ZT7, |i| < k + 1
and the set { K (- w) 1 i€ i) < k+1 } is linearly independent, completing the proof of the
first part of the corollary. N

If A is a finite subset of Z'!, then it follows form the linear independence of the vectors {8’K (,w) :
S A} that the matrix (<5jK(-,w), 8_iK(-,w)> )ijeA is positive definite. Now the proof is complete
since (9K (-, w), 0*K (-,w)) = 90 K (w,w) (see Proposition 2.2). O

The following proposition is also a generalization to the multi-variate setting of [6, Lemma 1.22
(i1)]( see also [7]).
Proposition 4.13. If K : Q x Q — C is a sharp kernel, then for every w € Q)

() ker (M%— @)’ = \/{¥K(,w):|j| <k}
|j|=k+1

Proof. The inclusion \/{)? K (-,w) : |§] < k} C (k1 ker (M7 —w)J follows from part (i) of Lemma
4.11. We use induction on k for the opposite inclusion. From the definition of sharp kernel, this
inclusion is evident if £k = 0. Assume that

() ker (M;—w)? C\/{0K(,w):|j| <k}
ld=k+1
for some non-negative integer k. To complete the proof by induction, we show that the inclusion
remains valid for £+ 1 as well. Let f be an arbitrary element of ﬂm:k oker(M} —w)*. Fixa j € Z1
with |j| = k + 1. Then it follows that (M? — w)’ f belongs to N2, ker(M} — ;). Since K is sharp,
we see that (M} —w)? f = ¢; K(-,w) for some constant ¢; depending on w. Therefore

(M —af (f= 3 HAPK(w)) =K (w)— Y ML 0P PE(w)

lq|=k+1 T lg|=k+1 =~
i1
=¢; K(-,w) — Z cq0jq i K (- w)
la|=k+1
=0,

where the last equality follows from Lemma 4.11. Hence the element f — Z\ al=k+1 %5‘@( (-, w) be-
longs to OJJ'\:’fH ker(M?* — w)J. Thus byit.he induction hypothesis, f — 32,441 %5‘1.?((',20) =
>1jj<k 407 K (-, w). Hence f belongs to /{0 K(-,w) : [j| <k + 1}. This completes the proof. O

For a m-tuple of bounded operators T = (71, ...,T},) on a Hilbert space H, we define an operator
DT H@P - PH — Hby

m
DT(:El,...,l‘m) = ZTil‘i, Ti,...,Tm € H.
=1

A routine verification shows that (Dg)* = DT . The following lemma is undoubtedly well known,
however, we provide a proof for the sake of completeness.

Lemma 4.14. Let K : Q x Q — C be a positive definite kernel such that the m-tuple of multiplication
operators M , on (H, K) is bounded. Let w = (w1, ..., wy) be a fized but arbitrary point in Q and let
Vo be the subspace given by {f € (H,K) : f(w) =0}. Then K is a generalized Bergman kernel if and
only if for every w € €,

(4.1) Vo = {Z;il(zi —w;)gi : gi € (K, K)}-
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Proof. First, observe that the right-hand side of (4.1) is equal to ran D™=~ Hence it suffices to show
that K is a generalized Bergman kernel if and only if V,, = ran D™>="_In any case, we have the
following inclusions

(4.2) ran DM==% — ran (D(p,—wy+)" S ran (Dipg, —y))* = ker D(Mz_w)*J'
C{cK(,w):ceC}*t
=Vy.

Hence it follows that V,, = ran DM==% if and only if equality is forced everywhere in these inclu-
sions, that is, ran (D(pr,—y)+)* = 1an (D(ag, —w)+)* and ker D(Mz_w)*l = {cK(-,w) : c € C}*+. Now
ran (D(pg,—wy«)* = 1an (D(pr, —w)<)* if and only if ran (D(pz, —w)-)* is closed. Recall that, if 31, 3o
are two Hilbert spaces, and an operator T : H; — Hso has closed range, then T™* also has closed
range. Therefore ran (D(pg,—w)-)" is closed if and only if ran Dpz, _y)+ is closed. Finally, note that
ker D(ag, —yy-— = {¢K(-,w) : ¢ € C}* holds if and only if ker D(ps, )« = {¢K(-,w) : ¢ € C}. This
completes the proof O

Notation 4.15. Recall that for 1 <i <m, Mi(l), MZ@), Jp M; denote the operators of multiplication by
the coordinate function z; on the Hilbert spaces (3, K1), (3, K2) and (3, Jp (K1, K2)|res o), Tespectively.

Set MO = (M, MYy, M@ = (MP | MP) and JM = (J, My, ..., JyM,y,). Also, for
the sake of brevity, let H; and Hy be the Hilbert spaces (H, K1) and (H, K3), respectively for the rest
of this section.

The following lemma is the main tool to prove that the kernel Ji (K1, K2)jres A 18 sharp whenever
K7 and Ky are sharp.

Lemma 4.16. If K1, Ky : Q x Q — C are two sharp kernels, then for all w = (w1, ..., wn,) € Q,
(1) _ g )* M) )™
ﬂker(((Mp wp) ®I)|Azf) ﬂ ker (M w)" ® ﬂ ker (M) — w)
p=1 li|=1 li|=k+1
=\ {Ki(,w) ® K (-, w) : i < k}.
Proof. Since K1 and K are sharp kernels, by Proposmon 4.13, it follows that

(4.3) () ker (M —w)" ® () ker(M® —w)*" = \/{K(,w) ® P Kz, w) : |j| < k}.
jil=1 il =k-+1

Therefore, if we can show that

(4.4) ﬁ ker <((MI§1) —wp)* ®I)|Akj_> ﬂ ker (M) — w)** ' ® ﬂ ker (M w)* !
p=1

li|=1 |#|=k+1

then we will be done. To prove this, first note that

pfjlker <((Mzgl) —wp)* ® I)\f%) = ( ﬁ ker ((Mél) — wp)* @])) ﬂf[é—

= (Ker Dipg . @96 ) ()AL
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Here the second equality follows from Lemma 4.8 and the third equality follows from Lemma 4.9. In
view of the above computation, to verify (4.4), it is enough to show that
(4.5) (ker D)y ® ﬁcg> Nt = () ker (MO —w) s () ker (4@ — )
li|=1 li|=k-+1

Since K is a sharp kernel, ker D( MO _yp)* is spanned by the vector Kj (-, w). It is also easy to see that
the vector K1 (-,w) ® 37 Ky(-,w) belongs to Ait and hence, it is in <ker D(M(l)_w)* ® ﬂfg) N A for
all j in Z7 with |j| < k. Therefore, by (4.3), we have the inclusion
(4.6) ﬂ ker (MM — ) @ ﬂ ker (M® — w)** C (ker D gy« @ J‘fg) ﬂflf;

li|=1 li|=k+1

Now to prove the opposite inclusion, note that an arbitrary vector of (ker D( MO e @ J‘fg) N Ai can
be taken to be of the form K (-, w) ® g, where g € Hs is such that Ki(-,w)® g € A,ﬁ. We claim that

such a vector g must be in ;) _; ;4 ker (M@ — )",

As before, we realize the vectors of H; ® Hy as functions in z = (215 y2m), ¢ = (C1y- -, ¢m) in
Q. Fix any 4 € ZT with |i| = £+ 1. Then (( — 2)* = ({g — 2q1)(Cgo — 2g2) = (Cgiy — 2gyy) fOr some

1<q1,492,-.-,qk+1 < m. Since Mi(l) and MZ@) are bounded for 1 < ¢ < m, for any h € H; ® Hs, we
see that the function (¢ — z)*h belongs to H; ® Hy. Then

(Ki(50) @9, G = 20)(Can = 20) G = 2a00)P)
= (M, o) B2 0) ©9), (G = 200) (G — 2 )P )
= (T MP" = M{D" @ DK (,0) @ 9, (G = 2) -+ G — 2R )
= (K w) & Mg = g K () © 9, (Cao = 200) s = a0 )1
= (K (5 w) @ (MP = w040, (G = 2) + Crr = 2 )P ) -

Repeating this process, we get
(K (sw) @ g,(C = 2)h) = (Ki(w) @ (M) = w) g, 1)

Since || = k+1, it follows that the element (¢ — z)*h belongs to Ayj. Furthermore, since K (-, w)®g €
Aﬁ, from the above equality, we have

(Ka(w) (M) — w)g, 1) =0

for any h € Hy ® Hy. Taking h = K1(-,w) @ Ka(-,u), u € Q, we get Kl(w,w)((M(2) - w)*ig) (u) =0
for all u € €. Since K;(w,w) > 0, it follows that (M® — w)*'g = 0. Since this is true for all 5 € YA
with |é| =k + 1, it follows that g € (;_; 4 ker (M® —w)**. Hence K;(-,w) ® g belongs to

ﬂ ker (M) — w)*i ® ﬂ ker (M?) — )",
li|=1 |i|=k+1
proving the opposite inclusion of (4.6). This completes the proof of equality in (4.4). ([l

Theorem 4.17. Let 2 C C™ be a bounded domain. If K1,Ks : Q x Q — C are two sharp kernels,
then so is the kernel Jx(K1, K2)jresa, k 2> 0.
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Proof. Since the tuple M M) is bounded, by Corollary 4.6, it follows that the tuple JpM is also
bounded. Now we will show that the kernel Jy (K1, K2)resa is positive definite on © x . Since

K5 is positive definite, by Corollary 4.12, we obtain that the matrix (aiéng(w, w))‘kﬂ"j‘zo
definite for w € Q. Moreover, since K is also positive definite, we conclude that Ji (K1, K2) res A (w, w)
is positive definite for w € 2. Hence, by [8, Lemma 3.6], we conclude that the kernel Ji (K1, K2)pes A
is positive definite.

To complete the proof, we need to show that

is positive

ker Dy, M—w)+ = 1an Jp (K1, K2)pes A, w), w € Q.
Note that, by the definition of R and Jj (see the discussion before Theorem 1.3), we have
(47) RJk(Kl(vw) ® 52K2(7w)) = Jk(KbK?)\resA('vw)ei’ (XS ZT) |,L| < k.

In the computation below, the third equality follows from Lemma 4.10, the injectivity of the map
RJk‘ AL implies the fourth equality, the fifth equality follows from Lemma 4.16 and finally the last

equality follows from (4.7):

ker Dy, M—w)+ = m ker(Jp M, — wp)*

3
Il
—

[
IDE

ker ((RJ)Pay (MD = wy)* © 1), (RJ)")

S
Il
—

[
IDE

(RJk)(ker (PAi ((M;gl) —wp)* ® I) \Aé))

S
Il
—

m

<ﬂ er PAL 1)—wp)*®I)‘A¢))

IJU
=

—(RJy) (\/{ Ki(w) © 8K w) : | < I} )
=Tan Jk‘(Kla K2)|rosA('7 w).
This completes the proof. O

The lemma given below is the main tool to prove Theorem 4.19.

Lemma 4.18. Let K1, Ky : QxQ — C be two generalized Bergman kernels, and le? w = (Wi,..., W)
be an arbitrary point in Q. Suppose that f is a function in Hi @ Ho satisfying ((a%)zf(z, C))|Z c=w =0
for alli € Z7, |i| < k. Then

F0 =D (z—w)fi(z 0O+ > (=20

Jj=1 lg|l=k+1
for some functions fj,fg inHy@He,j=1,....,m, g€ Z,|q| =k + 1.

Proof. Since K; and Ko are generalized Bergman kernels, by Theorem 4.5, we have that K1 ® Ko is
also a generalized Bergman kernel. Therefore, if f is a function in H; ® Ho vanishing at (w,w), then
using Lemma 4.14, we find functions fi,..., fm, and g1, ..., gm in H; ® Hs such that

m

ZC:Z i —w;)f; + Z

J=1
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Equivalently, we have

m

f(Z,C):Z(Z] i) (fj =+ 95) +Z
j=1 J=1

Thus the statement of the lemma is verified for £k = 0. To complete the proof by induction on k,

assume that the statement is valid for some non-negative integer k. Let f be a function in H; ® Hy

such that (( ) f(z, ())|Z:<:w =0 for all ¢ € Z7, |¢| < k+ 1. By induction hypothesis, we can write

(4.8) F0 = (5 —w)fi( O+ > (z2=Q%Uiz0)

Jj=1 lg|=k+1

for some f],fq €EHi®Hy, j=1,...,m, g€ 27, |q| = k+1. Fix a1 € Z7 with |i| = k+ 1. Applying
(64) to both sides of (4.8), we see that

Jj=1 |q\:k+1
=§;<zj— w) (%) f(2,0) + | 2;12 ) ()P (= — OUZL) TP Fh(=,0).
J= q +1ps?

Putting z = ( = w, we obtain
(&)1 C))|z_<_w = (=)t £ (w, w),
where we have used the simple identity: ( 3@‘ > ™ = Opq( 1)|P\p!,

Since ((a%)if(z, C))|Z:<:w 0, we conclude that fﬁ( w) = 0. Since the statement of the lemma
has been shown to be valid for k£ = 0, it follows that

m m

(4.9) Fi00) = Yz =) (7). ) + DG = ) (D)} (2. €)

7=1 7=1
for some (ff)j, (ff)? € Hy @ Ha, j =1,...,m. Since (4.9) is valid for any 7 € Z7, |i| = k + 1,
replacing the fg's in (4.8) by >0, (2 — )(fq) (2,Q) + 220 (25 — Cj)(fg)g(z,ﬁ), we obtain the

desired conclusion after some straightforward algebralc manipulation. O

Theorem 4.19. Let Q2 C C™ be a bounded domain. If K1, Ko :Q x Q) — C are generalized Bergman
kernels, then so is the kernel Jp (K1, K2)pesa, k > 0.

Proof. By Theorem 4.17, we will be done if we can show that ran Dz, py_q)« is closed for every
w € Q. Fix a point w = (wy,...,wy,) in Q. Let X := (P (M{" ® I)|At,...,PAk+(M£P @ )z )- By
Corollary 4.6, we see that ran Dy, pr—y)- is closed if and only if ran D(x_,~ is closed. Moreover,

since (D(x_y))* = DX =) we conclude that ran D (x ) is closed if and only if ran DX-w) jg
closed. Note that X satisfies the following equality:

ker D(X_w)»«l =ran (D(x_,)*)* = ran DX-w),
Therefore, to prove ran DX )
prove this, note that

is closed, it is enough to show that ker D(X_w)*L C ran DX~ To

m

D(X_U))(gl@@gm) :PAkL(Z(ZZ _wl)gl)7 gi G.Aé_,l = 177m

i=1
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Thus

(4.10) ran DX %) = {PAé_(Z(Zi —Wi)Gi P g1y Gm € A,ﬁ}

i=1
Now, let f be an arbitrary element of ker D, X_w)*L. Then, by Lemma 4.16 and Proposition 2.2, we
have ((%)zf(z,g))|22<:w =0 for all 2 € Z7, |¢| < k. By Lemma 4.18,

m

F0 =D (z—w)fi(z 0O+ > (=020

=1 lal=k+1

for some functions fj,fg in Hy @ Ho,j =1,...,m and q € Z'",|q| = k + 1. Note that the element
> lgl=k+1(Z — C)qu belongs to Aj. Hence f = PAkL(f) = PyL ( >z — w;) f;). Furthermore, since
(1)

the subspace Aj, is invariant under (Mj —wj), j=1,...,m, we see that

f=Pu(7(z —wy)fj) = Pyr (Z;L(Zj —w;) (Pys fi + PAkfj)>
= Py (271 (2 — w))(Pys £7)-
Therefore, from (4.10), we conclude that f € ran DX ~w)  This completes the proof. O

4.1. The class FB5(2). In this subsection, first we will use Theorem 4.19 to prove that, if Q C C,
and K<, KP defined on Q x (, are generalized Bergman kernels, then so is the kernel K(@f) . The
following proposition, which is interesting on its own right, is an essential tool in proving this theorem.
The notation below is chosen to be close to that of [16].

Proposition 4.20. Let 2 C C be a bounded domain. Let T be a bounded linear operator of the form

1(;0 51] on Hyo @ Hy. Suppose that T' belongs to Bo(2) and Ty belongs to B1(2). Then Ty belongs
to B1(9).

Proof. First, note that, for w € Q,

(4.11) (T—w)(xdy) =(To —w)x + Sy) ® (Th —w)y.

Since T € By(D), T — w is onto. Hence, from the above equality, it follows that (T} — w) is onto.

Now we claim that dimker(7; — w) =1 for all w € Q. From (4.11), we see that (z @ y) belongs to
ker(T' —w) if and only if (Tp —w)x+ Sy = 0 and y € ker(T} — w). Therefore, if dimker(77 —w) is 0, it
must follow that ker(7T — w) = ker(Ty — w), which is a contradiction. Hence dim ker(77 — w) is atleast
1. Now assume that dimker(77 —w) > 1. Let v1(w) and vz (w) be two linearly independent vectors in
ker (T} —w). Since (T —w) is onto, there exist u; (w), ug(w) € Hy such that (T —w)u,(w)+Sv;(w) = 0,
i = 1,2. Hence the vectors (uj(w) @ v1(w)), (ug(w) & va(w)) belong to ker(T — w). Also, since
dim ker(Tp — w) = 1, there exists v(w) € Hy, such that (y(w) @ 0) belongs to ker(T — w). It is easy
to verify that the vectors {(u;(w) @ v1(w)), (ug(w) @ va(w)), (y(w) & 0)} are linearly independent.
This is a contradiction since dimker(T" — w) = 2. Therefore dimker(7; — w) < 1. In consequence,
dimker(7T; —w) = 1.

Finally, to show that \_/weg ker(11 —w) = Hy, let y be an arbitrary vector in Hy which is orthogonal
to \/wea ker(Ty — w). Then it follows that (0 @ y) is orthogonal to ker(T — w),w € Q. Consequently,
y = 0. This completes the proof. O

Theorem 4.21. Let Q2 C C be a bounded domain and K : Q x Q — C be a sesqui-analytic function
such that the functions K@ and K? are positive definite on Q2 x Q for some o, 8 > 0. Suppose that the
operators M(®™ on (K, K*) and M®" on (H, K5) belong to By (Q*). Then the operator M(@F)" on
(H,K@P)) belongs to B1(Q*). Equivalently, if K* and K® are generalized Bergman kernels, then so
is the kernel K(®B),
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Proof. Since the operators M(®" and M) belong to Bi(Q*), it follows from Theorem 4.19 that
the kernel J; (K¢, K# )jres A is a generalized Bergman kernel. Therefore, from corollary 4.7, we deduce

that the operator (M(MB)* K im:) belongs to Ba(Q*), where n = ——2—— and inc is the inclusion
G aB(a+B)

operator from (3, K**8) into (3, K(®#). Also, by Theorem 4.5, the operator M(+9" on (H, K*+5)
belongs to By (2*). Proposition 4.20, therefore shows that the operator M@ " on (3, K(@P)) belongs
to Bl(Q*) O

A smaller class of operators FB,(2) from B, (), n > 2, was introduced in [16]. A set of tractable
complete unitary invariants and concrete models were given for operators in this class. We give below
examples of a large class of operators in FBs(2). In case ) is the unit disc D, these examples include
the homogeneous operators of rank 2 in Bs(ID) which are known to be in FBy(DD).

Definition 4.22. An operator T on Ho @ Hi is said to be in FB2(2) if it is of the form [1(;0 ;],
1

where Ty, Ty € B1(2) and S is a non-zero operator satisfying ToS = ST .

Theorem 4.23. Let  C C be a bounded domain and K : Q x Q — C be a sesqui-analytic function
such that the functions K and K? are positive definite on Q x Q for some o, 3 > 0. Suppose that
the operators M@" on (H,K*) and MP)" on (H, KP) belong to By (Q*). Then the operator (J,M)*
on (H, Ji (K% KP) o5 n) belongs to FBy(2*).

Proof. By Theorem 4.19, the operator (J1M)* on (X, Jl(Ka,Kﬁ)|resA) belongs to By(2*), and by

Corollary 4.7, it is unitarily equivalent to (M(QOW)* 1\217(;”;)* > on (H, K8 @(H, K(*#). By Theorem

4.5, the operator M©@+9 on (H, K°#) belongs to By (2*) and by Theorem 4.21, the operator M(®#)"
on (H, K(#)) belongs to By (2*). The adjoint of the inclusion operator inc clearly intertwines M (@t+p)*
and M(®P)" Therefore the operator (J; M)* on (K, J; (K?, Kﬁ)\resA) belongs to FBy(2*). O

Let Q C C be a bounded domain and K : 2 x  — C be a sesqui-analytic function such that
the functions K, K2 K1 and K® are positive definite on Q x Q for some a5, 3; > 0, i = 1,2.
Suppose that the operators M ()" on (H, K*) and MP)™ on (H, KP), i = 1,2, belong to B;(Q*).
Let A (v, ;) be the subspace A; of the Hilbert space (3, K%) ® (3, K?) for i = 1,2. Then we have
the following corollary.

Corollary 4.24. The operators (M(al) ® I) I*Al(ocl )t and (M(OQ) ® I)

*

r(az,Ba) - OTE unitarily equiv-

alent if and only if aqn = ao and B = Ba.

Proof. If a1 = a9 and B; = o, then there is nothing to prove. For the converse, assume that

the operators (M(O‘l) ® I)TAI(OC1 )L and (M(O‘2) ® I)‘*Al(062 PRYEE L unitarily equivalent. Then, by

Corollary 3.10, we see that the operators (M(a10+61)* NZEQ(:“EI);) on (H, K1+ @(H, K181 and

M(az+B2)* n2 (inc)3 ) ag+F2 (a2,82) : 3 3 B
( . Viiam e ) OB (H, K )P (H, K ) are unitarily equivalent, where 1; = HEE

and (inc); is the inclusion operator from (H, K%tPi) into (H,K(®-#)), i = 1,2. Since M(@)™ on
(H, K“) and MB)* on (H, K5, i = 1,2, belong to B;(22*), by Theorem 4.23, we conclude that the
operator <M(ai+6i)* m(a(i.n;))?*> belongs to FB2(Q*) for i = 1,2. Therefore, by [16, Theorem 2.10], we
obtain that ’ e

(4.12) Kypor+on* = Kpyjag+sm)x  and n ||(I|T;)H12( Vl = ||(I|T;)H22( 2l )

where K (a;+8)%, © = 1,2, is the curvature of the operator M(ai+5i)*, and t; and ¢y are two non-
vanishing holomorphic sections of the vector bundles Ejjca,.6)* and FEyga, .., respectively. Note
that, for i = 1,2, t;(w) = K5 (. w) is a holomorphic non-vanishing section of the vector bundle
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Eyga;sp*» and also (inc)f(K@8) (- w)) = K%+Fi(. w), w € Q. Therefore the second equality in
(4.12) implies that
anal-l—ﬁl (w7w) - 772Ka2+52(w7w)
Ke1tB1 (w, w)d0 log K (w,w)  K22+82(w, w)d0 log K (w, w)

or equivalently 71 = 2. Furthermore, it is easy to see that X, ai+6)* = K} (aqtsy+ if and only if
aq + 1 = ag + [B2. Hence, from (4.12), we see that

, wE §,

(4.13) a1+ P01 =ax+ P2 and 7 =n.

Then a simple calculation shows that (4.13) is equivalent to a; = @ and 1 = [, completing the
proof. O

5. THE GENERALIZED WALLACH SET

Let Q be a bounded domain in C™. Recall that the Bergman space A2%((2) is the Hilbert space of all
square integrable analytic functions defined on €. The inner product of A?(€2) is given by the formula

(f. ) = /Q (2)3(2) dV(2), f.g € AX(9),

where dV(z) is the area measure on C™. The evaluation linear functional f — f(w) is bounded on
A%(Q) for all w € Q. Consequently, the Bergman space is a reproducing kernel Hilbert space. The
reproducing kernel of the Bergman space A2(12) is called the Bergman kernel of 2 and is denoted by
Bq.

If @ ¢ C™ is a bounded symmetric domain, then the ordinary Wallach set Wq is defined as
{t > 0 : B is non-negative definite}. Here B, ¢t > 0, makes sense since every bounded symmetric
domain 2 is simply connected and the Bergman kernel on it is non-vanishing. If 2 is the Euclidean
unit ball B,,,, then the Bergman kernel is given by

(5.1) Bg,, (z,w) = (1 — (z,w))" "™V 2 weBg,,

and the Wallach set Wg,, = {t € R : ¢t > 0}. But, in general, there are examples of bounded symmetric
domains, like the open unit ball in the space of all m x n matrices, m,n > 1, with respect to the
operator norm, where the Wallach set is a proper subset of {t € R: ¢ > 0}. An explicit description of
the Wallach set Wq for a bounded symmetric domain (2 is given in [12].

Replacing the Bergman kernel in the definition of the Wallach set by an arbitrary scalar valued
non-negative definite kernel K, we define the ordinary Wallach set W(K) to be the set

{t >0: K" is non-negative definite}.

Here we have assumed that there exists a continuous branch of logarithm of K on 2 x Q and therefore
K', t > 0, makes sense. Clearly, every natural number belongs to the Wallach set W(K). In [4], it is
shown that K* is non-negative definite for all ¢t > 0 if and only if (82-@ log K (z, w))znj.:l is non-negative
definite. Therefore it follows from the discussion in the previous paragraph that there are non-negative
definite kernels K on Q x € for which (82-@ log K (z, w))?jzl need not define a non-negative definite

kernel on € x . However, it follows from Proposition 2.3 that K'1 12 (&-5]- log K (z, w)):.r;.:l is a non-
negative kernel on  x Q as soon as t; and to are in the Wallach set W(K). Therefore it is natural to

introduce the generalized Wallach set for any scalar valued kernel K defined on 2 x Q as follows:
(5.2) GW(K) :={t e R: K'"?K is non-negative definite},

where, as before, we have assumed that K’ is well defined for all ¢+ € R. Clearly, we have the following
inclusion

{tl + 19 1 11,02 € W(K)} - GW(K)
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5.1. Generalized Wallach set for the Bergman kernel of the Euclidean unit ball in C™.
In this section, we compute the generalized Wallach set for the Bergman kernel of the Euclidean
unit ball in C™. In the case of the unit disc D, the Bergman kernel Bp(z,w) = (1 — zw)~? and
dd1og Bp(z,w) = 2(1—2zw)~2, z,w € D. Therefore t is in GW(Bp) if and only if (1— zw)~?**2) is non-
negative definite on D x . Consequently, GW(Bp) = {t € R: t > —1}. For the case of the Bergman
kernel Bg, of the Euclidean unit ball B,,, m > 2, we have shown that GW(Bg,, ) = {t € R: t > 0}.
The proof is obtained by putting together a number of lemmas which are of independent interest.

Before computing the generalized Wallach set GW(Bg,,) for the Bergman kernel of the Euclidean
ball B,,, we point out that the result is already included in [23, Theorem 3.7], see also [19, 15]. The
justification for our detailed proofs in this particular case is that it is direct and elementary in nature.

As before, we write K > 0 to denote that K is a non-negative definite kernel. For two non-negative
definite kernels K7, Ko : © x Q@ — M (C), we write K7 < Ko if K5 — K; is a non-negative definite
kernel on € x 2. Analogously, we write K; = Ky if K1 — K> is non-negative definite.

Lemma 5.1. Let Q be a bounded domain in C™, and Ao > 0 be an arbitrary constant. Let {Kx}y,
be a family of non-negative definite kernels, defined on Q2 x Q, taking values in My (C) such that

(i) ’if)\ > )\/ > )\0, then K)\/ = K)\,

(ii) for z,w € Q, Kx(z,w) converges to Ky,(z,w) entrywise as A — Xo.
Any f : Q — CF which is holomorphic and is in (3, K)) for all X > g belongs to (¥, Ky,) if and
only if supys.y, ||f||(g.(7K>\) < 00.

Proof. Recall that if K and K’ are two non-negative definite kernels satisfying K < K’, then (3, K) C
(3, K') and [|h]|3¢,x7) < [|Pllc,x) for b € (3, K) (see [24, Theorem 6.25]). Therefore, by the hypoth-
esis, we have that

(5.3) (3, Ky) € (3 Ky) and |[Allger,) < I0llgok, )

whenever A > X' > X\g and h € (H, Ky ).
Now assume that f € (3, Ky,). Then, clearly || f|l¢ x,) < ||f||(g{7K}\0) for all A > A\g. Consequently,
supys, 1 o,y < HfH(?{,KAO) < oo. For the converse, assume that supy.y, ||fll¢3¢,x,) < oo. Then,

from (5.3), it follows that limx ., || fll(3 k) exists and is equal to supys, I|fll(gK,)- Since f €
(H, Ky) for all A > Ao, by [24, Theorem 6.23], we have that

) = 1B K (2 ).
Taking limit as A\ — ¢ and using part (ii) of the hypothesis, we obtain
F)f(w)* = sup || flIfse e, Ko (2, w).
A>)No
Hence, using [24, Theorem 6.23] once again, we conclude that f € (H, K),). O

If m > 2, then from (5.1), we have

— m
((BIthaiaj log B]Bgm)(z,w))‘ .
ij=
1-— Zj?él ZjW; 2oW1 cee ZmW1
m-+1 21W2 1- Zj7é2 Zjw; .- Zm W2
(1 _ <Z, w>)t(m+1)+2 : : :

21 Wy, 290, e 11— Z#m 210
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Form >2, A€ R and z,w € B,,, set

1-— Zj?ﬁl ZjW; ZoW1 cee ZmW1
1 Z1W2 1- Zj;ﬁ2 Zjwj - Zm W2
5.5 K =
( ) )\(va) (1 — <z,w>)’\ . :
21Wm 29Wm R Zj?ém ZjW;

In view (5.4) and (5.5), for A > 2, we have

2 t _ t
K :7< BZ )20,9;log B?
A t(m + 1) ( Bm) 8 aj 0g B >

m

ij=1

where t = r)ﬁ;ﬁl > (. Since B]%/j is positive definite on B,, x B,, for ¢ > 0, it follows from Corollary
2.4 that K, is non-negative definite on B,, x B, for A\ > 2. Since K, (z,w) — Ka(z,w), z,w € B,,,
entrywise as A — 2, we conclude that K is also non-negative definite on B,,, x B,,.

Let {e1,...,en} be the standard basis of C"™. The lemma given below finds the norm of the vector
zo ®eq in (H,K)) when A > 2.

Lemma 5.2. For each \ > 2, the vector zo ® eq belongs to (3, Ky) and ||z2 @ e1]| (3¢ k) = ﬁ

Proof. By a straight forward computation, we obtain
élK)\(',O)eg =22 ®e; + ()\ — 1)2’1 X e
and -
DKA(-,0)e1 = (A — 1)z ® e1 4 21 @ ey.
Thus we have
(5.6) ()\ — 1)52K)\(', 0)61 — 51K)\(',0)€2 = ()\2 — 2)\)22 X er.

By Proposition 2.2, the vectors 32K (-, 0)e; and 91K, (-, 0)ez belong to (3, Ky). Since A > 2, from
(5.6), it follows that the vector zo ® e; belongs to (H,Ky). Now, taking norm in both sides of (5.6)
and using Proposition 2.2 a second time, we obtain

(A2 = 22)%[[z2 ® ex”
(5.7) = (A = 1)%(920:K(0,0)e1, e1) — (A — 1)(019:K (0, 0)er, e2)
— (A = 1){019K(0,0)ez, e1) + (0101 K (0,0)ez, e2)
By a routine computation, we obtain
9;0;K(0,0) = (A — 1) Ly, + Eji,

where 6;; is the Kronecker delta function, I, is the identity matrix of order m, and Ej; is the matrix
whose (7,7)th entry is 1 and all other entries are 0. Hence, from (5.7), we see that

(A% — 20222 ® eq])?
=A=12A=1)-20=-1)+(\—1)
=(A=1)(A\2=2)).

Hence ||z ® e1|| = ﬁ, completing the proof of the lemma. O

Lemma 5.3. The multiplication operator by the coordinate function zo on (H,Ks) is not bounded.

Proof. Since Ka(+,0)e; = e1, we have that the constant function e is in (3, Ks). Hence, to prove that
M., is not bounded on (H, Ky), it suffices to show that the vector z; ® e; does not belong to (H, Kz).
Consider the family of non-negative definite kernels {Ky},,. Observe that for A > \" > 2,

(5.8) Ky (2, w) — Ky (z,w) = ((1 ~ (zyw)) AN 1) Ky (2, w).
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It is easy to see that if A > X, then (1— (z,w))~ A=) —1 = 0. Thus the right hand side of (5.8), being
a product of a scalar valued non-negative definite kernel with a matrix valued non-negative definite
kernel, is non-negative definite. Consequently, K < K. Also since Ky(z,w) — Ka(z,w) entry-wise
as A — 2, by Lemma 5.1, it follows that 22 ®e; € (3, Kz) if and only if sup,, [|22 ®e1 |5 x,) < 00. By

lemma 5.2, we have [|22 ® e1[|(3x,) = ,/ﬁ. Thus supyss [|22 @ e1]|gk,) = 0o. Hence the vector
zo ® e1 does not belong to (H,Ksy) and the operator M,, on (H,K)) is not bounded. O

The following theorem describes the generalized Wallach set for the Bergman kernel of the Euclidean
unit ball in C™, m > 2.

Theorem 5.4. If m > 2, then GW(Bg,,) = {t e R: ¢t > 0}.

Proof. In view of (5.4) and (5.5), we see that t € GW(Bg,,) if and only if Ky(;,11)42 is non-negative
definite on B, x B,,. Hence we will be done if we can show that K, is non-negative if and only if
A > 2.

From the discussion preceding Lemma 5.2, we have that K, is non-negative definite on B,, x B,,
for A > 2.

To prove the converse, assume that Ky is non-negative definite for some A < 2. Note that Ky can
be written as the product

(5.9) Ko(z,w) = (1 — (z,w)) P VK, (z,w), z,w € By,

Also, the multiplication operator M., on (H, (1 — (z,w))~(>*=") is bounded. Hence, by Lemma 2.7,
there exists a constant ¢ > 0 such that (¢? — zpws)(1 — (z,w))~?~ is non-negative definite. Conse-
quently, the product (¢? — z0w3)(1 — (z,w)) =~ VK,, which is (¢2 — 201W3)Ks, is non-negative. Hence,
again by Lemma 2.7, it follows that the operator M., is bounded on (3, Ky). This is a contradiction
to the Lemma 5.3. Hence our assumption that K is non-negative for some A < 2, is not valid. This
completes the proof. O

6. QUASI-INVARIANT KERNELS

In this section, we show that if K a is quasi-invariant kernel with respect to some J, then K'—2K
is also a quasi-invariant kernel with respect to J := J(¢, 2)!Dp(2)", ¢ € Aut(Q), z € Q, whenever ¢
is in the generalized Wallach set GW(K). The lemma given below, which will be used in the proof of
the Proposition 6.2, follows from applying the chain rule [25, page 8] twice.

Lemma 6.1. Let ¢ = (¢1,...,0m) : @ — C™ be a holomorphic map and g : ran ¢ — C be a real
analytic function. If h = g o ¢, then

< (9:0;h )(2)>:'

where (D) (2)™ is the transpose of the derivative of ¢ at z.

m

= (D6(2)"( (299 )(())) " _ (De(=)),

=1 i,j=1

Proposition 6.2. Let 2 C C™ be a bounded domain. Let K : Q x Q — C be a non-negative definite
kernel and J : Aut(2)xQ — C\{0} be a function such that J(ip,-) is holomorphic for each ¢ in Aut(2).
Suppose that K is quasi-invariant with respect to J. Then the kernel K'*"?K is also quasi-invariant
with respect to J whenever t € GWq(K), where J(p,2) = J(¢,2)!Dp(2)", p € Aut(Q), z € Q.

Proof. Since K is quasi-invariant with respect to J, we have

log K (z,2) = log |J(p, 2)|> + log K (p(2), ¢(2)), ¢ € Aut(Q), z € Q.
Also, J(p,) is a non-vanishing holomorphic function on , therefore 9;9; log |.J(,2)|? = 0. Hence
(6.1) 9;0;log K (2, 2) = 0,05 log K (p(2), ¢(2)), ¢ € Aut(Q), z € Q.
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Any biholomorphic automorphism ¢ of Q is of the form (¢1,..., ), where ¢; : & — C is holo-
morphic, i = 1,...,m. By setting g(z) =log K(z,z), z € Q, and using Lemma 6.1, we obtain

(0505 log K (p(2), 9(2))) ;51 = Dp(2)" (010, log K) (¢(2), ¢(2))) |, Do (2)-
Combining this with (6.1), we obtain
(6.2) (0:0;log K (2,2)) ", = Do(2)" (919 log K) (¢(2), 9(2))) 1 _ D).
Multiplying K (z, z)! both sides and using the quasi-invariance of K, a second time, we obtain
( K(2,2)'0;,0;log K(2,2) )."

ij=1
= J (0, 2) Dp(2)" K (9(2), 9(2))" ((919p log K ) (0(2), 0(2) ) _ I (. 2)! Dop(2).

Equivalently, we have

(6.3) K'7%(2,2)K(z, 2) = J(0, 2) K72 (i0(2), 0(2) ) K(0(2), (2))I (0, 2)",
where J(p,2) = J(p,2)'Dp(2)", p € Aut(Q2), 2z € Q. Therefore, polarizing both sides of the above
equation, we have the desired conclusion. O

Remark 6.3. The function J in the definition of quasi-invariant kernel is said to be a projective
cocycle if it is a Borel map satisfying
(6.4) (e, z) = m(p,¥)J (¥, 2)J (0, 92), ¢, € Aut(Q),z € Q,
where m : Aut(Q) x Aut(QY) — T is a multiplier, that is, m is Borel and satisfies the following
properties:

(i) m(e,p) = m(p,e) = 1, where ¢ € Aut(Q) and e is the identity in Aut(2)

(i) m(p1, p2)mp1p2, ©3) = m(p1, p23)m(p2, ©3), P1, P2, 3 € Aut(Q).
J is said to be a cocycle if it is a projective cocycle with m(p,1) =1 for all p,1 in Aut(Q).

If J : Aut(Q) x Q — C\ {0} in the Proposition 6.2 is a cocycle, then it is verified that the function
J is a projective co-cycle. Moreover, if t is a positive integer, then J is also a cocycle.

For the preceding to be useful, one must exhibit non-negative definite kernels which are quasi-
invariant. It is known that the Bergman kernel B of any bounded domain €2 is quasi-invariant with
respect to J, where J(p, z) = det Do(z), ¢ € Aut(Q2),z € .

Lemma 6.4. ([18, Proposition 1.4.12]) Let @ C C™ be a bounded domain and ¢ : Q& — Q be a
biholomorphic map. Then

Bq(z,w) = det Dp(z)Ba(¢(2), p(w))det Do(w), z,w € Q.

The following proposition follows from combining Proposition 6.2 and Lemma 6.4, and therefore
the proof is omitted.

Proposition 6.5. Let Q be a bounded domain C™. Ift is in GW(Bq), then the kernel

Bg)(z,w) = ( Bg(z,w)0;0;log Ba(z, w) )ijmr

is quasi-invariant with respect to (det Dp(2))!Dp(2)", » € Aut(Q), z € Q.
For a fixed but arbitrary ¢ € Aut(f2), let U, be the linear map on Hol(€2, CF) defined by

(6.5) Up(f) = (97" ) f o™, f€Hol(2,C).

The following proposition is a basic tool in defining unitary representations of the automorphism
group Aut(Q). The straightforward proof for the case of unit disc D appears in [17]. The proof for
the general domain €2 follows in exactly the same way.

Proposition 6.6. The linear map U, is unitary on (3, K) for all ¢ in Aut(Q) if and only if the
kernel K is quasi-invariant with respect to J.
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Let @Q : Q@ — M (C) be a real analytic function such that Q(w) is positive definite for w € Q. Let
H be the Hilbert space of C* valued holomorphic functions on € which are square integrable with
respect to Q(w)dV (w), that is,

H = {f € Hol(Q,C") : [I£||* := /Q(Q(W)f(w),f(w)>(ckd\/(w) < oo},

where dV is the normalized volume measure on C™. Assume that the constant functions are in K.
The operator Uy, defined in (6.5) is unitary if and only if

1Uf1” /Q<Q(w)(Ugof)(w), (Up f)(w))dV (w)

- /Q T 0 Q)T (o™ w) f (o~ (w)), fo~ (w))dV (w)
- /Q (Q(w) f(w), f (w))dV (w),

that is, if and only if Q) transforms according to the rule

(6.6) T L w) " Qw)J (¢!, w) = Qo (w))|det(Dp ™) (w) 2.

Set J(p~ ', w) = det(De~ (w)) Do~ (w)* and Q) (w) := Bg(w,w) *K(w,w)~", where K(z,w) :=
(aiéj log BQ(z,w))Zﬁ;.zl, t > 0. Then QW transforms according to the rule (6.6) since K trans-
forms according to (6.2) and Bq transfomrs as in Lemma 6.4. If for some ¢ > 0, the Hilbert space
Lﬁol(Q, Q® dV') determined by the measure is nontrivial, then the corresponding reproducing kernel
is of the form B (z, w)X(z,w).

Let 2 be a bounded symmetric domain in C™. Note that if K : Q x Q — M(C) is a quasi-invariant
kernel with respect to some J and the commuting tuple M, = (M,,,...,M,,,) on (K, K) is bounded,

then the commuting tuple M, := (M,,, ..., M, ) is unitarily equivalent to M, via the unitary map
Uy, where ¢ = (¢p1,...,¢m,) is in Aut(Q2). If t is in GW(Bgq) and the operator of multiplication

M., by the coordinate function z; is bounded on the Hilbert space (I, Bg 2), then it follows from
Corollary 2.9 that the operator M, on the Hilbert space (9(, Bg)) is bounded as well. Therefore, in
the language of [22], we conclude that the multiplication tuple M, on (K, Bg)) is homogeneous with
respect to the group Aut(2). In particular, if Q is the Euclidean unit ball in C™, and ¢ is any positive
real number, then the multiplication tuple M, on (X, B]tB/j ) is bounded. Also, from Theorem 5.4, it

follows that Bgib is non-negative definite. Consequently, the commuting m - tuple of operators M ,
must be homogeneous with respect to the group Aut(B,,).
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