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Abstract This work analyses the hydrostatic equilibrium
configurations of strange stars in a non-minimal geometry-
matter coupling (GMC) theory of gravity. Those stars are
made of strange quark matter, whose distribution is gov-
erned by the MIT equation of state. The non-minimal GMC
theory is described by the following gravitational action:
f (R, L) = R/2 + L + σ RL , where R represents the cur-
vature scalar, L is the matter Lagrangian density, and σ is
the coupling parameter. When considering this theory, the
strange stars become larger and more massive. In particular,
when σ = 50 km2, the theory can achieve the 2.6 M�, which
is suitable for describing the pulsars PSR J2215+5135 and
PSR J1614-2230, and the mass of the secondary object in the
GW190814 event. The 2.6 M� is a value hardly achievable
in General Relativity, even considering fast rotation effects,
and is also compatible with the mass of PSR J0952-0607
(M = 2.35 ± 0.17 M�), the heaviest and fastest pulsar in
the disk of the Milky Way, recently measured, supporting
the possible existence of strange quark matter in its compo-
sition. The non-minimal GMC theory can also give feasible
results to describe the macroscopical features of strange star
candidates.

1 Introduction

Recent observations regarding type Ia supernovae [1–3]
and cosmic microwave background radiation [4–6] indicate
that, presently, our universe is going through an accelerated
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expanding phase. Within the General Theory of Relativity
(GR) context, the inclusion of the cosmological constant �

into the Einstein gravitational field equations is the standard
way to explain the cosmic acceleration and provide a good
agreement with the observed data. However, the inclusion
of � faces a major setback due to a considerable mismatch
of 120 orders of magnitude between its observational and
theoretical values [7,8].

This situation engaged different researchers in more
sophisticated gravity theories by modifying the Einstein-
Hilbert action, which gave rise to a new avenue known as
modified/extended gravity theories. These theories offer a
great opportunity to solve problems that still do not have
convincing explanations within the GR framework. In this
regard, T. Harko and F.S.N. Lobo generalized the well-known
f (R)-type gravity model [9,10] by assuming that the grav-
itational Lagrangian is given by an arbitrary function of the
Ricci scalar R and the matter Lagrangian L , in the so-called
f (R, L) theory [11]. The dynamics in such a theory can only
exist in the presence of matter, which suggests a deeper link
between spacetime and matter. In fact, the f (R, L) gravity is
a subclass of the geometry-matter coupling (GMC) theories
[12–14], i.e., theories that allow geometry and matter scalars
to be mixed in the gravitational action.

The viability of f (R, L) gravity as an alternative explana-
tion for cosmic acceleration was analyzed from a dynamical
system approach in [15]. Some constraints were obtained to
f (R, L) theories using the COBEFIRAS measurement of the
cosmic microwave background spectral radiance [16]. The
application of the energy conditions in the f (R, L) gravity
can be seen in [17,18]. Harko et al. have discussed the non-
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conservation of the energy-momentum tensor in f (R, L)

models in [19,20] and related it to a mechanism responsible
for gravitationally induced particle production. Very recently,
the f (R, L) gravity was studied from a thermodynamic per-
spective [21].

In reference [22], it was indicated that the f (R, L) the-
ories of gravity possibly be regarded as a subclass of the
f (R, T ) gravity theories [23], in which T is the trace of the
energy-momentum tensor, with the latter theory also allow-
ing for the GMC. In addition, in [24], the f (R, L) gravity
action was generalized by inserting on it a scalar field. More-
over, a further model with GMC was proposed by Harko [25].
In [26,27], it was shown that GMC models can be candidates
to solve fundamental issues of standard gravity, without con-
sidering dark energy [28,29] and dark matter [30–32]. Note
that it is generally believed that dark energy is the cause of
accelerated expansion. On the other hand, dark matter is an
exotic matter that does not interact with light but interacts
gravitationally and strongly affects the galactic and inter-
galactic dynamics. For a review of generalized GMC theo-
ries, one can also check [33].

A well-behaved extended or alternative theory of grav-
ity must also show a significant effect on the stellar astro-
physics regime. In other words, a given alternative theory
of gravity should exhibit substantial effects on the cosmo-
logical and galactic scales, as well as predict the existence
of observable stable, compact stellar objects, such as white
dwarfs, neutron stars and black holes. In fact, the study and
analysis of compact objects are of great importance in astro-
physics because these objects provide an excellent labora-
tory to study dense matter in extreme conditions, such as the
strong gravity regime. Neutron stars were already studied in
f (R, L) gravity, providing a remarkable increase in the max-
imum mass limit [34,35]. In [34], the matter inside neutron
stars was described by a relativistic polytropic equation of
state (EoS) and also a Skyrme type EoS known as SLy4. It
was shown in this theory that the mass of massive pulsars
can be achieved, such as PSR J2215 + 5135, for both equa-
tions of state. It was pointed out that results for mass–radius
relation in GMC gravity strongly depend on the stiffness of
the EoS. In this theory, a further investigation of neutron
stars considering several realistic nuclear matter equations
of state was performed in [35]. NS masses and radii obtained
were subject to observational constraints from massive pul-
sars, the gravitational wave event GW170817 and the PSR
J0030+0451 mass–radius from NASA’s Neutron Star Interior
Composition Explorer (NICER) data. It was shown that in
this theory of gravity, the mass–radius results could accom-
modate massive pulsars. The mass–radius relation in GMC
theory shows a sharp increase in the star mass around one
solar mass up to 2.25 M� with a minimal change in the
star radius, which is ∼ 13 Km for a strong gravity mat-
ter coupling. These results agree with the NS radius region

constrained by PSR J0030+0451 and by the very massive
PSR J0740+6620 obtained in NICER observations [36–38],
and also in accordance with the GW170817 event [39]. Very
recently, the mass of the pulsar PSR J0952-0607, the fastest
known spinning neutron star (NS) in the disk of the Milky
Way, has been measured [40]. This pulsar was firstly reported
in [41], and it has a spin period of P = 1.41 ms. It is a
“black widow” pulsar with a low-mass (substellar) compan-
ion being irradiated and evaporated by the pulsar’s luminos-
ity. The mass measurement of PSR J0952-0607 indicates a
maximal mass of 2.52 M� (M = 2.35±0.17M� [40]). This
high mass value presents for sure the most severe constraint
on the dense-matter equation of state, and can also indicate
the existence of exotic matter in its interior, a possibility that
we will explore in this work.

The hydrostatic equilibrium configurations of quark stars
in a non-minimal GMC model have not been investigated.
The strange quark matter, made up of approximately equal
numbers of unconfined up, down and strange quarks, may
be the absolute ground state of the strong interaction [42–
45]. There may exist objects entirely made of strange matter
[46,47]. Note that three flavor strange quark matter is more
stable than the two flavor non-strange ones [48,49]. As a
result, a new class of compact objects has been postulated to
exist, namely quark stars, almost self-bounded systems with
an energy density at the star surface – given in the MIT model
by the confined Bag energy B – in contrast with NSs that are
bounded by gravity. Some constraints have been put on quark
stars from gravitational waves [50,51], particularly from the
GW170817 event [39].

In the present work, we are particularly interested in ana-
lyzing quark stars in a non-minimal GMC model, which shall
be presented in Sect. 2.1. In Sect. 2.2 the hydrostatic equilib-
rium equations for the concerned theory will be reviewed. In
Sect. 3, we will present the equation of state (EoS) that we
shall consider for numerically solving the hydrostatic equi-
librium equations in Sect. 4. In Sect. 5, we present our con-
clusions.

2 Basic formalism

2.1 A non-minimal geometry-matter coupling theory

The concerned modified form of the Einstein-Hilbert action
reads [11]:

S =
∫

d4x
√−g f (R, L), (1)

being f (R, L) an arbitrary function of R and L . The con-
stants 8πG and c, with G being the Newtonian gravitational
constant and c the speed of light, are taken as 1. One can
observe from Eq. (1) that when f (R, L) = R/2 + L , the
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standard form of Einstein-Hilbert action is retrieved, which
leads to the standard Einstein’s field equations: Gμν = Tμν ,
where Tμν is the energy-momentum tensor.

Following [52,53], we consider a GMC model defined
by f (R, L) = R/2 + L(1 + σ R). Furthermore, we will
assume L = −p [54], where p is the pressure of the fluid.
Applying the variational principle in (1), and considering
the considerations above, it follows that the field equations
become [11,34]

(1 − 2σ p)Gμν + 1

3
Rgμν − σ p

3
Rgμν

= (1 + σ R)

(
Tμν − 1

3
Tgμν

)
− 2σ∇μ∇ν p. (2)

Furthermore, the covariant derivative of the energy-
momentum tensor reads [11,34]

∇μTμν = (−pgμν − Tμν

)∇μ ln(1 + σ R). (3)

2.2 The hydrostatic equilibrium equations in a
non-minimal geometry-matter coupling model

The hydrostatic equilibrium equations in the concerned GMC
theory were previously derived by adopting a spherically
symmetric metric in its canonical form,

ds2 = eα(r)dt2 − eβ(r)dr2 − r2
(
dθ2 + sin2 θdφ2

)
, (4)

with α(r) and β(r) being the potentials depending on r only.
The energy-momentum tensor of a perfect fluid is defined
as Tμν = diag(eαρ, eβ p, r2 p, r2 sin2 θp), where ρ is the
matter-energy density. From the substitution of (4) into (3)
one can find that the energy-momentum tensor is covariantly
conserved independently of the functional form assumed for
f (R, L). Detailed derivation is presented in [34].

The equilibrium configurations are obtained from the 00
and 11 components of the field equations,

(1 − 2σ p)

r2

[
r(1 − e−β)

]′ + (1 − σ p)
R

3

= (1 + σ R)

(
2

3
ρ + p

)
+ σe−βα′ p′, (5)

(1 − 2σ p)

r2

[
e−β(1 − α′r) − 1

] + (σ p − 1)
R

3

= (1 + σ R)
ρ

3
− 2σe−β

(
p′′ − β ′

2
p′

)
, (6)

where prime represents the derivative regarding radial coor-
dinate r .

Given the metric of equation (4), the energy-momentum
tensor for perfect fluids provides T11 = −pg11, T22 =
−pg22 and T33 = −pg33 (for a static case, where ui = 0), so,
the term (−pgμν − Tμν) is zero in those cases. Furthermore,
for the static case, we have ∇0ln(1 +σ R) = 0. This leads to
the covariant conservation of the energy-momentum tensor

in (3). Another way to a conservative energy-momentum ten-
sor is to have σ R << 1. Calculating the Ricci scalar from the
field equations, we obtain |Rmax| ≈ 7 × 10−3 km−2. Now,
for σ = 50 km−2, the term σ R becomes at most 0.35, hence
non-negligible for quark stars. On the other hand, for white
dwarfs the curvature and σ are smaller [55], and the condi-
tion σ R << 1 is always respected. For quark stars, if we
impose the condition σ Rmax << 1, this implies σ << 135
km−2, or σ ∼ 1 for corrections up to 1%.

p′ = −(ρ + p)
α′

2
. (7)

Another equation can be derived from the trace of the field
equations and reads

(1 + 2σ p)R = −(1 + σ R)T − 6σ�p, (8)

where � is the D’Alambertian operator, defined as

� = −e−β

(
d2

dr2 − β ′

2

d

dr
+ α′

2

d

dr
+ 2

r

d

dr

)
. (9)

To obtain the hydrostatic equilibrium configurations, (8)
must be included in the system of differential equations (5),
(6) and (7). The unknowns are R, α, β, ρ and p. An EoS
must be provided to solve the set of differential equations.
Details about the numerical procedure to solve the system of
equations (5), (6), (7) and (8) are given in [34].

In previous works on compact stars in geometry-matter
coupling theories of gravity [34,35,55], authors have used
the following formulation to determine the stellar mass

M =
∫ R�

0
4πr2ρdr, (10)

where R� represents the stellar radius, which is by definition
the point where pressure vanishes, p(R�) = 0. However, Eq.
(10) gives the baryonic mass of the star. Without matter (vac-
uum), the matter Lagrangian L vanishes, and the new terms
arising from the GMC theory disappear, so, from R� forward
the metric must obey the exterior Schwarzschild solution.
The gravitational mass may differ from the baryonic one due
to additional contributions from the theory. To obtain the
gravitational mass one can make use of the junction condi-
tion, i.e.,

e−β(R�) = 1 − 2M

R�

, (11)

which means that at the surface the interior solution must
smoothly connect to the exterior one. Hence, from (11) one
can calculate the gravitational mass (perceived by a distant
observer) as

M = (1 − e−β(R�))R�

2
. (12)
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In particular, Eq. (12) gives smaller values for the mass in
comparison with (10) for a given central energy density ρC ,
which indicates that the gravitational mass has negative con-
tributions from the GMC theory, thus becoming smaller than
the baryonic one.

3 Equation of state for nuclear matter inside quark
stars

The EoS for the matter inside the star is considered to be that
of quark-gluon plasma, dubbed the MIT bag model [56]. This
EoS describes a fluid composed of quarks with up, down and
strange flavors only. To consider hadronic masses in terms
of their constituents, the MIT bag model considers that the
quarks are inside a “bag” which reproduces the asymptotic
freedom and confinement, i.e.,

p = ω(ρ − 4B), (13)

where ω is the EoS parameter and B is the bag constant,
which we take asB = 60 MeV/fm3 in allusion to [57], among
many others. We need to point out that the value of the bag
constant used here is consistent with the value that is taken
to explain the spectrum of heavy mesons and light hadrons,
B = 55 − 60 MeV/fm3 [58,59]. Furthermore, the value of
B needs to assure that strange matter consisting of the three-
flavored quarks needs to be stable (for ms = 250 MeV, the
maximum bag constant is B ∼ 60 MeV/fm3), while the two-
flavored quark matter is unstable for B > 57 MeV/fm3 [56].
The value of ω is related to the Quantum Chromodynam-
ics coupling constant, and the strange quark mass [60]. For
ω = 0.28, the mass of the strange quark is ms = 250 MeV,
and ω = 1/3 for massless quarks. In this work, we adopt
ω = 0.28. Temperature effects are neglected in our work,
but [61] has shown that the inclusion of temperature leads
to smaller maximum masses, although for a particular value
of mass, the star has a smaller radius, which means higher
compactness. In that sense, we expect similar results if we
include temperature effects in geometry-matter coupling the-
ories. Such investigation would put even stronger constraints
on the coupling constant, σ .

4 Results

In Fig. 1, we present the mass–radius relation for quark stars
in the GMC theory of gravitation for four values of σ , the
GMC parameter. Blue circles mark the maximum mass points
for each value of σ . The two horizontal lines represent the
values of mass 2.3 and 2.6 M�, which correspond to the
mass of PSR J2215+5135 [62], and the mass of the lighter
object in the GW190814 event [71], respectively. When σ

equals zero, GR results are retrieved. From the figure, it is

Fig. 1 Mass–radius relation of quark stars for different values of σ

Fig. 2 Mass-central energy density relation of quark stars for different
values of σ

possible to see that the radii of the stars range from 7 to 13 km
approximately. This radius interval lies within the expected
values of compact star radii constraints from observed X-ray
binaries, and GW170817 gravitational wave event [72,73].

Figure 1 also shows that maximum mass points change
according to the value of σ . For larger σ , more massive stars
are found. The radii corresponding to the maximum masses
also increase with increasing σ . This is similar to the effects
of charge on the stellar structure of compact objects [74–77],
where increasing total charge increases the minimum radius.
It is important to stress that in the GMC theory, the maximum
star mass is not only a function of the bag constant but also
depends on σ , while in GR, the quark star mass increases
with the star volume almost up to the maximum star mass
that is only a function of the bag constant [78–80].

A remarkable feature of the GMC theory is that large val-
ues for the coupling parameter (30 km2 and 50 km2, for
instance) do not produce a region with dM/dR > 0. A pri-
ori, for these values of σ the theory does not have a max-
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Table 1 Maximum masses
with their correspondent radii,
central energy densities and
central pressures for some
values of σ

σ (km2) Maximum mass (M/M�) Radius (km) ρC (MeV/fm3) pC (MeV/fm3)

0 1.76 10.19 1284 292

10 1.88 10.62 1370 316

Fig. 3 Compactness and surface red-shift as function of the star’s cen-
tral energy density

imum mass limit, since it does not have a maximum mass
point. However, the mass will be constrained by Buchdahl,
Schwarzschild and causal limits. Increasing σ also leads to
increased compactness. From Fig. 1, it is clear that the maxi-
mum mass stars have radii between 9–12 km, indicating that
the Buchdahl and Schwarzschild limits are respected, so the
mass will be restricted by causality.

Figure 2 presents the mass-central density relation for the
same four values of σ as in Fig. 1. By increasing σ , maximum
masses are always found for larger central energy densities.
At smaller densities, the GMC results become closer to GR
ones (σ = 0). This indicates that GMC effects are more
evident at a high density regime, so, in less compact systems,
such as non-compact stellar objects or in the solar system

Fig. 4 Profiles of pressure and energy density inside a quark star with
central pressure of 500 MeV/fm3. This is an example to illustrate that
the GMC theory yields to well-behaved scenarios, where it is straight-
forward to show that energy conditions are respected

regime, GMC outcomes would be the same as the GR ones.
Table 1 is a list of the stellar parameters of the maximum mass
quark stars in GMC theory, where we can see that the central
energy densities of the maximum mass stars are between 2–
20 times the nuclear saturation energy density (ρ0 ∼ 140
MeV/fm3).

We see that GMC theory can enhance maximum masses,
allowing compact stars to sustain more mass against gravi-
tational collapse, which indicates that the theory is capable
of describing the data of massive compact stars, such as PSR
J2215+5135 [62] and PSR J1614-2230 [63].
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Table 2 Physical parameters of observed strange star candidates derived using σ = 30 km2 and B = 60 MeV/fm3

SS candidate Observed mass M/M� Predicted radius (km) M/R� Zs ρC (MeV/fm3) pC (MeV/fm3)

PSR J2215 + 5135 2.27+0.17
−0.15 [62] 10.74+1.28

−0.94 0.312 0.631 2760 705

PSR J1614-2230 1.97 ± 0.04 [63] 12.22+0.01 0.238 0.382 711 132

Vela X-1 1.77 ± 0.08 [64] 12.08+0.08
−0.06 0.216 0.328 562 90

4U 1608-52 1.74 ± 0.14 [65] 12.06+0.12
−0.16 0.213 0.320 546 86

PSR J1903+327 1.667 ± 0.021 [66] 11.99+0.004
−0.01 0.205 0.303 510 76

4U 1820-30 1.58 ± 0.06 [67] 11.87±0.09 0.197 0.284 478 67

Cen X-3 1.49 ± 0.08 [64] 11.72 ± 0.13 0.188 0.265 451 59

EXO 1785-248 1.3 ± 0.2 [68] 11.36+0.4
−0.5 0.169 0.229 402 45

LMC X-4 1.29 ± 0.05 [64] 11.34 ± 0.1 0.168 0.227 400 45

SMC X-1 1.04 ± 0.09 [64] 10.71 ± 0.2 0.143 0.184 356 32

SAX J1808.4-3658 0.9 ± 0.3 [69] 10.28+0.8
−1.1 0.129 0.161 336 27

4U 1538-52 0.87 ± 0.07 [64] 10.17 ± 0.2 0.126 0.157 331 28

HER X-1 0.85 ± 0.15 [70] 10.11 ± 0.5 0.124 0.153 329 25

Table 3 Physical parameters of
the strange star candidate LMC
X-4 for different values of σ and
B = 60 MeV/fm3

σ (km2) Predicted radius (km) M/R� Zs ρC (MeV/fm3) pC (MeV/fm3)

0 10.38 0.184 0.257 454 60

10 10.74 0.178 0.246 432 53

30 11.34 0.168 0.227 400 45

50 11.91 0.160 0.213 379 39

Recently, the LIGO (Laser Interferometer Gravitational
wave Observatory)/VIRGO experiments have detected the
GW190814 event [71], which is a binary merger of two com-
pact objects, with one of them being possibly a neutron star or
a strange quark star with a mass of 2.6M�. This mass value
can be attained with σ ≈ 40, which sets an observational
upper limit to the GMC parameter.

In Fig. 3, we present the compactness and surface redshift
as a function of the central energy density of the stars. These
quantities are given by

u = M

R�

and Zs = 1√
1 − 2M/R�

− 1, (14)

respectively. It is observed that as the parameter σ increases,
the compactification degree is higher. The surface redshift is
also shown to increase with central energy density and with
σ .

In Fig. 4, we show the energy density and pressure pro-
files for a strange quark star with a central pressure of 500
MeV/fm3 in the GMC theory. Pressure and energy density
are shown to decrease as radial coordinate increases. In the
cases where σ �= 0, density and pressure are larger and take
longer to diminish. This yields a larger mass according to
increasing σ and a slightly larger radius. Moreover, the vari-
ations of pressure and energy density are always negative,
indicating that the energy conditions [81] are respected.

In Table 2, we have used σ = 30 km2 and B = 60
MeV/fm3 to derive the radius, compactness, surface redshift,
central energy density and the central pressure of strange star
candidates. The table shows that the stars have high surface
redshift (0.15–0.63) and compactness (0.12–0.31), which is
reinforced by the results for central energy densities (2–20
ρ0, where ρ0 represents an average value for nuclear sat-
uration energy density). From Fig. 1 and Table 2, one can
observe that most stars have radii within the range of 10–
11 km, which can be a good marker to analyze strange quark
stars in GMC theories.

In Table 3, we took as a test the mass of the strange star
candidate LMC X-4 (M = 1.29 ± 0.05 M�) to predict its
radius, compactness, surface redshift, central energy density
and central pressure for different values of σ and B = 60
MeV/fm3. The LMC X-4 is an object extensively pointed as
a strange star candidate due to its structure and characteristics
[82–86].

5 Conclusions

In this work, we have studied strange stars in the background
of a GMC theory, particularly, the one described by the grav-
itational action f (R, L) = R/2 + L + σ RL . The effects
of the theory on strange star macroscopic properties are that
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the stars become larger and more massive, leading to larger
compactness and surface redshift. One important feature of
the theory is that it recovers GR for energy densities smaller
than 250 MeV/fm3, not depending on the value of σ .

In addition, the space-time metric outside the stars is
described by the exterior Schwarzschild solution, which
means that the space-time outside is neither AdS nor de Sit-
ter, as it is in some f (R) models. Furthermore, the GMC
theory explored here has, as a property, energy-momentum
conservation, which is an advantage compared to various
other modified theories of gravity.

In particular, when σ = 50 km2, the GMC theory can
achieve 2.6 M�, which can describe, e.g., the mass of the pul-
sars PSR J2215+5135, PSR J1614-2230, PSR J0952-0607
and of the secondary object in the GW190814 event, if those
objects are considered to be strange stars. The theory can also
describe strange quark star candidates with feasible physical
properties, as detailed in Tables 2 and 3.

When calculating the mass of the object for the GMC the-
ory described here, we considered that the mass is calculated
according to (12). This means, in particular, that the gravi-
tational mass is obtained by requiring a smooth connection
between the interior and exterior metrics, i.e., junction condi-
tions are respected. So, definition (12) gives the gravitational
mass as perceived by a distant observer, which can be com-
pared to observational data. This smooth connection between
the interior and exterior metrics is a consequence of the GMC
theory because, at the star surface, the pressure vanishes and
all the new terms coming from the GMC theory go to zero.
Thus, at the surface of the star, the interior metric must have
the form of the Schwarzschild one, so there is not a spherical
vacuum layer where the scalar curvature is non-zero [87].
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