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In this paper we present a finite element analysis for a Dirichlet boundary control problem governed by the
Stokes equation. The Dirichlet control is considered in a convex closed subset of the energy space H'(Q). Most
of the previous works on the Stokes Dirichlet boundary control problem deals with either tangential control
or the case where the flux of the control is zero. This choice of the control is very particular and their choice
of the formulation leads to the control with limited regularity. To overcome this difficulty, we introduce the
Stokes problem with outflow condition and the control acts on the Dirichlet boundary only hence our control is
more general and it has both the tangential and normal components. We prove well-posedness and discuss on
the regularity of the control problem. The first-order optimality condition for the control leads to a Signorini
problem. We develop a two-level finite element discretization by using P, elements (on the fine mesh) for the
velocity and the control variable and P, elements (on the coarse mesh) for the pressure variable. The standard

3.5
energy error analysis gives % + % order of convergence when the control is in H>*°(Q) space. Here we have

improved it to % + 6, which is optimal. Also, when the control lies in less regular space we derived optimal order
of convergence up to the regularity. The theoretical results are corroborated by a variety of numerical tests.

1. Introduction In Section 2, we elaborate on the aforementioned problem. We propose
a finite element approximation of the state and the control variable
in order to discretize the above system. The first discussion on dis-
cretization of optimal control problems governed by partial differential

equations was in the papers of Falk [14], Gevici [16]. Subsequently,

In this paper, we consider the following Dirichlet boundary control
problem governed by Stokes equation

min J(u,y) = 1 flu— “d||2 +P IVyl2 a.1) many significant contributions have been made to this field. A control
’ 2 0Q "9 0.0 can act in the interior of a domain, in this case, we call distributed, or
subject to, on the boundary of a domain, we call boundary (Neumann or Dirich-
let) control problem. We refer to [11,22] for distributed control related

—Au+Vp=f inQ, problem, to [6,11] for the Neumann boundary control problem.
Vou=0 inQ The Dirichlet boundary optimal control problems play an important
? role in the context of the computational fluid dynamics, see, e.g., [15,
u=y onlg, 1.2) 21]. The a priori error analysis for such problems can be traced back
u=0 onl, to [7]. The literature on Dirichlet boundary control problem outlines
’ various approaches. One typical method is to choose control from the

g—z —pn=0 on 'y, L%(0Q)-space:

with the control constraints

Yo <7Yo(y)<y,onTc.
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Au=f inQ, u=y on Q. (1.4)

Due to the fact that the Dirichlet data is only in space L?(dQ), we need
to understand the state equation (1.4) in an ultra-weak sense. This ultra
weak formulation is easy to implement and usually results in optimal
controls with low regularity. Especially, when the problem is posed on
a convex polygonal domain, the control y exhibits layer behavior at the
corners of the domain. This is because, it is determined by the normal
derivative of the adjoint state, whereas in a non-convex polygonal do-
main the control may have singularity around a corner point, for more
details one can see [7]. Another approach, as in [8], is the Robin bound-
ary penalization which transforms the Dirichlet control problem into a
Robin boundary control problem.

One other popular approach is to find controls from the energy
space, i.e., H'/2(0Q):

min =
yeH/2(0Q)

(1.5)

1 p
Jw.y) =3 flu = ualloq + 5“"21/2(09)’

we refer [24] for this approach. We can define the standard weak
solution for the state equation (1.4) with this choice of control. This ap-
proach introduces the Steklov-Poincaré operator to establish a new cost
functional. The Steklov-Poincaré operator transforms the Dirichlet data
into a Neumann data by using harmonic extension of the Dirichlet data;
but this type of abstract operator may cause some difficulties in nu-
merical implementation. It is well known that for a given y e H 12(902)
there exists a harmonic extension u, € H'(Q) such that || 1725, can
be equivalently defined as

a0 - = Hvuy”(),g'
This motivates to choose the control from H'(Q) space as in (1.1), i.e.,

min =
yeH\(Q)

J(w,y) : % [l = ug |5, + g 19312 (1.6)
This approach for Dirichlet boundary control problem was first intro-
duced in the paper [9]. Since the control is sought from the space H!(Q)
they do not need the Steklov-Poincaré operator and hence this method
is computationally very efficient. In the paper [9], one can find only un-
constrained control, an improved analysis for constrained control can be
found in [19].

In this article, we consider a Stokes equation with mixed bound-
ary conditions and the control acts on the Dirichlet boundary only. In
the literature of Stokes Dirichlet control problem, we can see that two
types of control are chosen. The first one is tangential control i.e., the
control acts only in the tangential direction of the boundary (see [17]).
In [17] the authors propose hybridize discontinuous Galerkin (HDG)
method to approximate the solution of a tangential Dirichlet bound-
ary control problem with an L? penalty on the boundary control and
here the controls are unconstrained. The second one is that the flux of
controls is zero (i.e., /my -n=0) [18]. The zero flux condition comes
naturally on control since we have an impressibility condition and we
have only Dirichlet boundary condition in the PDE. So, to hold this
zero flux condition, the authors choose only tangential control as the
first choice and as the other choice the authors take zero flux condition
itself as a constraint in the space. Also, it is observed in many Navier-
Stokes Dirichlet control problem that the authors use either tangential
control or the zero flux condition on the control, for e.g., one can see
[15,20]. This zero flux condition on the control reduces the regularity
of the control discussed in [18]. To overcome this difficulty we intro-
duce the Stokes equation with outflow condition and the control acts
on the Dirichlet boundary only. Hence our control is more general and
it has both the tangential and normal components. Also, we have intro-
duced constraints in the control. Due to these constraints in the control,
the optimal control satisfies a simplified Signorini problem:

in Q, (1.7a)

(1.7b)

—pAy =0

y=0 on TI'puly,
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Y. <vo(y) <y, a.e.onT, 1.7¢)
further the following holds for almost every x € I'.::

ify, <y(x)<y, then (uy))x) =0, 1.7d)
ify, <y(x)<y, then (u(y)x) 20, (1.7€)
ify, <y(x)<y, then (u(y))x) <0, .79

where the contact stress u(y) = pj—z — ‘;—4’ —rn, (¢,r) is the adjoint vari-

able and y,, y, are vectors in R? and ', ', and Ty, are subsets of dQ.
As a result of this inequality in the contact boundary I'¢, if we apply the

standard error analysis for [|V(y —y,)llo o, wWe only achieve % + % 6>0)

order of convergence, when y € H%M(Q). However, this is not the op-
timal rate of convergence. Using the ideas in [12], we have derived in
Theorem 4.3 that the control error || V(y —y;)llo o has % + 6 order of con-
vergence, which is optimal. Even if the control in the less regular space
i.e., y € H(Q) with 1 <7 <3/2 we derive an optimal order of conver-
gence up to the regularity. It is well known that it is challenging to find
an inf-sup stable finite element pair for the Stokes problem. The degree
of the polynomial and the regularity of the solution determine the or-
der in which the solution converges. We were looking for a lower order
polynomial (the best would be P, /P,) to approximate the Stokes equa-
tion because the regularity of our control problem is somewhat limited.
We know that Taylor-Hood elements P, /P,_; and Q,/Q,_, with k >2,
P,-bubble/ P, and etc. finite element are stable. Unfortunately the low-
est order pair P; /P, is not inf-sup stable because of the dimension of
the discrete pressure space is far too rich for discrete divergence map to
be onto. So our aim is to reduce the dimension of the pressure space so
that the discrete divergence map becomes onto. So, we have used a two-
level finite element method for the Stokes problem where the velocity
and the control are approximated by a piecewise linear finite element
space on a fine mesh and the pressure is approximated by a piecewise
constant space on a coarse mesh. To this end, this way the point-wise
control constraints are well respected. The theoretical results are cor-
roborated by a variety of numerical tests

The rest of the article is structured as follows. In Section 2, we prove
the existence and uniqueness of the solution of the optimal control
problem and derive the continuous optimality system. In Section 3, we
discuss the discrete optimal control problem. We derive a priori error es-
timates in Section 4. Section 5 is devoted to the numerical experiments.

2. Continuous control problem

In this section we briefly discuss the precise formulation of the opti-
mization problem under consideration. Furthermore, we recall theoreti-
cal results on existence, uniqueness, and regularity of optimal solutions
as well as optimality conditions. Before going to the analysis we need
the following definitions:

2.1. Notations

Let Q be a bounded convex polygonal domain in R?. Any function
and space in bold notation can be understood in the vector form e.g.,
X 1= (x1,%,), L2(Q) := [L2(Q)]? and H'(Q) := [H'(Q)]?. The norm and
inner product on those spaces are defined component wise. The norm
in the L?(Q) space is denoted by || - [lo.o- Also, the norm on the Sobolev
space H¥(Q) is denoted by || - lx.o(k > 0), see [10]. The trace of a vec-
tor valued function x € H'(Q) is defined to be y,(X) : = (75(x;), 7(x2)),
where y, : H'(Q) — L*(I') is the trace operator whose range is H'/2(I').
Let x and y be two functions, we say that x <y iff x; <y, and x, <y,
almost everywhere in Q.

Before going to the optimal control problem first, we will discuss
the Stokes problem defined in (1.2). Here we will describe the prob-
lem more precisely. We have the following Stokes problem with mixed
boundary conditions:
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I'p

INY

I'p

Fig. 2.1. The domain Q.

—Au+Vp=f inQ, (2.1a)
V-u=0 inQ, (2.1b)
u=y onTg, (2.19)

u=0 onlp, (2.1d)
6_u_pn:0 on I'y. (2.1e)

on

Here T'p, I'c and 'y are three non-overlapping open subsets of the
boundary 9Q with 0Q=T-UT, Uy, Fig. 2.1 depicts an example of
such a domain. We assume that, I' be a straight line segment and one
dimensional measure |T'¢| > 0. The interior force f € L>(Q).

Remark 2.1. The choice of the domain Q in this problem is very spe-
cific because of the mixed boundary conditions in the Problem 2.1. It is
known that the Neumann-Dirichlet transition points always impair the
regularity of the solution. The singularity of those transition points de-
pends on the data as well as the interior angle at that point. Here, we
have taken the angle between I'j, and I'y is always z/2 and I'; is a
straight line segment so that, we can get a regular solution.

Define the test and trial space V by

V:=H} (@ ={xeH' @) :y;x)=00onTHUTc}.
We choose controls from the following space:
Q:={xeH(Q) :y,x)=00onTHuTy}.

For given y € Q, the weak formulation of (2.1) is as follows: find (w, p) €
V x L*(Q) such that

u=w+y, (2.2a)
a(w,z) + b(z,p)=(f,z) — a(y,z) forallzeV, (2.2b)
b(w,q) =—b(y,q) for allg e L*(Q), (2.20)

where a(w,z) = [, Vw : Vz dx, b(z,p) = — [, pV - z dx, and the matrix
product A : B := ¥ _, a;;b; when A= (a;)i <, and B = (b;)1<ij<n
with (-,-) denotes the L2(Q). The Babuska-Brezzi theorem [5,10] en-
sures the existence and uniqueness of the solution of (2.2). We define
the solution map S by S(f,x) :=u, where x € Q be given and u=w +x
solves (2.2).

Here we consider the energy cost functional J : H'(Q) x Q - R, which
is defined in the equation (1.1). There the constant p > 0 is the regu-
larizing parameter and u, € L*(Q) is a given target function. We seek
control from the following constrained set:

Qu :={xeQ:y,<yox)<y,ae onl},

where y, = (y},32), ¥, = (},y2) € R? satisfying y! < y2 and y, < y2.
Furthermore, whenever the set I';, is nonempty, for compatibility we
assume that y!,y} <0 and y2,y? > 0 in order that, the control set Q,, is
nonempty.
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2.2. The model problem

Find (u,y) € H} (Q) X Q,, such that

J(u,y) = min J(Vv,X), (2.3)
(vx)EH] (QXQuq

subject to the condition that v = S(f,x).

The reduced cost functional j : Q — R defined as

0 1= 5 2+ 2w 0 2.4

J) =S ISE0) ~ gl o+ SIVEIZ G x€Qu. p>0. :

Differentiating the reduced cost functional j, we obtain

w =(S(f,y) —uy, SO,%)) + pa(y,x).

7' (M) =lim
=0

Theorem 2.2 (Existence and uniqueness of the solution). There exists a
unique solution of the control problem (2.3).

Proof. It is clear that the cost functional J is non negative. Set,

inf

J(v,X).
(vX)EH (QXQuq

m=
Then there exists a minimizing sequence (u,,y,) such that J(u,,y,)
converges to m and u, = S(f,y,). Since, the sequence J(u,,y,) is conver-
gent we can say that the sequences ||u, —u,|loo and || Vy,lloq are also
convergent and hence bounded. Now, y, € Q,, by using the Poincaré
inequality we can conclude that the sequence y, is bounded in Q. Then
there exists a subsequence of y,, still indexed by n to simplify the no-
tation, and a function y, such that y, converges to y weakly in Q. It is
clear that the set Q,, is closed and convex so it is weakly closed. Hence,
y € Q4. A priori estimate of the Stokes problem (2.2) from [4], we get

IVW,lloq + lI2alloq < Ciflloq + | V¥allo0): (2.5

where u, =w, +y,. Since, the sequence y, is bounded in Q and using
(2.5) we can conclude that the sequence w, is bounded in H(l)(Q). So,
we can extract a subsequence of it and name it by w, and it converges
to w. Thus we can extract a subsequence of p, (call it p,) corresponding
to the subsequence of w, such that, p, weakly converges to p in L*(Q).
Now we need to show that w is the corresponding candidate for the
control y. We have

/an:Vv+/p,,V-v=/f~v—/Vy,,:Vv forallveV.
Q Q

Q Q

Using the above weak convergences, we can conclude that

/Vw:Vv+/pV-v:/f—v—/Vy:Vv forallve V.
Q Q Q Q

Hence, u=w +Yy is the corresponding state for the control y. The weak
lower semi continuity of the norm gives, || Vylloq <liminf,_ . ||Vy,|oq-
Using the above weak convergences of w, and y, we can conclude that
both sequences converge strongly in L*(Q). Thus, u, converges to u
strongly in L?(Q). Hence, we have

.1 ) P, . 2
Jy) < lim Slu, —uyllgo + 2 Himinf | Vy,[lp g =m.

This proves the existence of a control y such that J(u,y) = m. The
uniqueness of the solution follows from the strict convexity of the cost
functional. [

The following proposition establishes the first order optimality system:
Proposition 2.3 (Continuous optimality system). The state, adjoint state,

and control ((u, p). (¢, r),y) € (H](Q) x L2(Q)) X (V X L*(Q)) X Q4 satisfy
the optimality system
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u=w+y, weyV, (2.6a)

a(w,z) + b(z,p)=(f,z) —a(y,z) VZ€V, (2.6b)
bu.g)=0 VgeLQ). (2.6¢)

a(z, ) —b(z,r)=(u—ug,z) VZEV, (2.6d)
b.q)=0 Vg€ LQ), (2.6e)

pa(y,x—y)2a(x—y, ) —b(x—y,r)—(u—-ug,x-y) Vx€Q,,.
(2.60)

Proof. The equations from (2.6a) to (2.6e) are optimal state and ad-
joint state equations. We only need to prove the last inequality (2.6f).
The first order necessary optimality conditions yields

(u—ug,SO.x-y)+paly,x—-y)20 Vx€Q,.
The solution of the adjoint problem is defined by
a(z,¢) — b(z,r)=(u—-uy,z) forallzeV,

b(¢,q)=0
Since S(0,x —y) — (x —y) € V and a(S(0,x —y), ¢$) =0, we obtain

for all g € L*(Q)

(w-uy,SO,x-y)=@—-ug,50,x-y) - (x—-y)+u—uyg,x—-y)
=(u-ug,x—-y)—ax-y,¢)+bx—y,r).
This completes the proof. []

Remark 2.4 (Control satisfies Signorini problem). The optimal control y
is the weak solutions of the simplified Signorini problem (1.7) defined
in the introduction.

Remark 2.5 (Regularity of Signorini problem). The numerical analysis of
any finite element method applied to the Signorini problem (1.7) re-
quires the knowledge of the regularity of the solution y. Since the work
by Moussaoui and Khodja (see [23]), it is admitted that the Signorini
condition may generate some singular behavior at the neighborhood
of ['c. There are many factors that affect the regularity of the solution
to the Signorini problem. Some of those factors are the regularity of
the data, the mixed boundary conditions (e.g., Neumann-Dirichlet tran-
sitions), the corners in polygonal domains and the Signorini condition,
which generates singularities at contact-noncontact transition points. In
our model problem we assume I'- be a straight line segment. Let p be a
contact-noncontact transition point in the interior of I';., then the solu-
tion of Signorini problem (1.7) y € H'(V,,) with 7 < % and V], be an open
neighborhood of p (see [1, subsection 2.3], [2, section 2] and [23]). Let
pelcnTly and ¥, be a neighborhood of p in Q such that y vanishes
on ¥, nT¢ then the elliptic regularity theory on convex domain yields
y € HZ(VP) (see [1, subsection 2.3] and [25]). Now if y does not van-
ish on ¥, nT'¢, then p be a contact-noncontact type transition point and
hence y € H* (V) with 7 <5/2 (see [1, subsection 2.3] and [25]). The
best we can expect is to obtain y € H'(V1,) with 7 <2 and V¢, is an
open neighborhood of ' (see [1,23]).

Remark 2.6 (Regularity of the adjoint state variables). The strong form of
the adjoint state is the following:

-A¢p+Vr=u—-u,; inQ,

V.¢=0 inQ,
¢=0 onI'pul,,
0
—¢—rn=0 on I'y.
on

Since our domain under consideration has z/2 angle at Neumann-
Dirichlet transition points and the given data are sufficiently regular
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so using Theorem A.1 of the paper [3] we can conclude that ¢ € H*(Q)
and r€ H(Q).

Remark 2.7 (Regularity of the state variables). We have seen from the
Remark (2.5) that the control variable can have regularity up to H*(Q).
So, if we assume y € H>(Q) and since we have 7/2 angle at each
transition (Dirichlet-Dirichlet and Neumann-Dirichlet) points and load
f € L2(Q) then, from the equations (2.6b)-(2.6¢c) we can conclude that
3 1
weH2*(Q) and p e H2*(Q) with 6 > 0 (see, [25]). Therefore, the ve-
3
locity u e H27(Q).

3. Discrete control problem

Let 7, be a shape-regular triangulation of the domain Q into trian-
gles K such that Uger, K = Q see [5,10]. Also let 7, be a refinement
of 7, by connecting all the midpoints of 7. The collection of interior
edges of 7}, is denoted by S;l. The collection of Dirichlet, Neumann and
Contact boundary edges of 7, are denoted by Sz*D s SZ’N and SZ’C re-
spectively. We define &, =& ;, u é‘,’:’D u é‘,’:’N U 8Z’C. A typical triangle is
denoted by K and its diameter by Ay. Set h = maxgey, hp. The length of
any edge e € &, will be denoted by h,. The collection of all vertices of
7,, is denoted by V. The set of vertices on T'p, I'y and ' are denoted
by Y2, V) and V{. Define the discrete space for velocity V,, c V by

V, :={v,eV:vlreP(K) VK eT,},

and the discrete space for pressure is

My = {py € L*Q) : pyly € Py(K) VK €Ty},

and the discrete control space Q, C Q by

Q, :={x,€Q : x4ly €P|(K), VK ET,},

where Py(K) is the space of constant polynomials on K and P,(K) is the
space of polynomials of degree <1 on the triangle K. The approxima-
tion of the control set is as follows

Q! :={x,€Q, 1y, <x,(2) <y, forall ze V<}.

It is easy to check that QZ,, C Q,,- Define the Lagrange interpolation
T, C(Q) - Q, by J,(v) = Zzev,, v(z)¢$,, where ¢, are basis functions
of Q,, and C(Q) is the space of continuous functions on Q. From now
on it will be assumed that C > 0 be a constant independent of the mesh
size h.

Proposition 3.1 (Discrete optimality system). There exists a unique
(Wi D1y (@1 1), Y1) € (Vi X M) X (V) X My ) x Q1 solves the fol-
lowing:

U, =W, +y, W, €V, (3.1a)
a(wy,,z,) + bz, py) = E,2,) — a(y,,z,) forallz, €V, (3.1b)
b(uy,qy)=0 forallqy € My, (3.10)
a(zy,, pp) — bz, ry) =@, —uy,z,) forallz, eV, (3.1d)
b(py.qg)=0 forallqgy € My, (3.1e)

pa(yp.Xp = Yp) 2 a(Xy — Y, Pp) — DXy —¥p,rpy)
—(u, —uy,x, -y, forallx,e di. (3.19)

Proof. Before going to prove the existence of the optimal solution we
need to check the inf-sup stability of the bilinear form b. The bilinear
form b is inf-sup stable for the pair (V,, M) because of the existence
of the Fortin operator (see [13, Section 4.2.2]) =), : V- V,, defined by:
For any vertex of the fine triangle which is a mid point of an edge E of
the coarse triangle, we define
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/(n:hv—v):()‘

E

Also, we define x,v at the vertices {a,,a,,a;} of the coarse triangle
by using Scott-Zhang interpolation. Let E; be an edge containing the
vertex a;. The set {d)},q&iz} denotes the restriction to E; of the local
shape functions associated with the nodes lying in E;. Now consider
the corresponding L2— dual basis of {¢},¢?} is {w/,y?} such that

/y/}quj:ak, 1<k1<2.
E,

i

Conventionally, set ¢! = ¢, and y! = y; for the node g;. The nodal vari-
ables at vertices are defined by: ,v(a;) = /| 5 ViV Whenever ¢; is at the
boundary and in the intersection of many edges, it is important to pick
the one edge such that E; C 0Q. The map x, defined above is a well
defined operator. The H! stability of x,, can be derived using standard
scaling argument see, [13, Section 1.6.2]. The standard theory of op-
timal control problem [26,27] can be used to prove the existence and
uniqueness of the solution. []

4. Error analysis

In this section is devoted to a priori error estimates. The convergence
rate of the finite element approximation of the control problem depends
on the regularity of the solution. It is clear from Remark 2.5, 2.6 and

3 1
2.7 that one can assume the solution u e H2™(Q), pe H2"(Q), ¢ €
3 1 3
H2™(Q), re H2*(Q) and y € H2™(Q), where 0 < § < 1/2. To derive
a priori error analysis, we introduce some projections as follows: Let
P,weV,,P,¢peV,, Rype My and Ry re€ My, solve

a(P,w,z,) + b(z,, Ryp)=(f,2,) — a(y,z,) forallz, €V, (4.1a)
b(P,w,qy)=—b(y.qy) forallgy € My, (4.1b)

a2, Ppd) — by(zy, Ryr)=(u—uy,z,)y,, forallz, €V, (4.1¢)
by(Prd.q)=0 forallgy € My. (4.1d)

The following theorem is the first step to get error estimates.

Theorem 4.1 (Energy error estimate of control and L*-estimate of veloc-
ity). Let y,u be the continuous optimal control and state satisfy (2.6), y;.,u,,
be the discrete optimal control and state satisfy (3.1). Then there holds

PIVEY = yllg o +lu =, 15 o < Claty,y — x4) — a(x, =y, ) + b(y — X 7)
—(u—-uy,x, -yl
+C(IVG =Xl + IV =PI )

+C (IPyw = Wi o + [l = Rerrllg + Iy = x4l 0 )

(4.2)
for all x, €Q",.
Proof. A selection x=y, € Q" cQ,, in (2.6f), yields
pa(y.y,—Y)2a(y,—y,$) - by, —y.r) —(@—ugy, —y). 4.3
Using (3.1f), we have
pa(Yp,Y = Yp) 2 —pa(yp,Xp = Y) +a(X, =¥, @p) — b(Xp = Yp.7pr)
—(u, —uy, X, —yp) VxheQZ‘d. (4.4)

Adding the equations (4.3) and (4.4), we find that for any x;, € QZ ”

pa(y, =YY —¥p) = —pa(yp.Xp = Y) + a(X, = Yy, p) — bXp = Y. )

—(uy —uy,x, —yy) +aly, =y, P) — by, —y,r)
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—(u—ugy,—y)

Zpa(y —Yp.Xp —Y) —pa(y.x, —y) +ax, — Y, ¢, — $)
+a(x, —y.$)+aly —Yp. $p— ) = bXp = Yp.rg — 1)
—b&Xp —¥p. ) = by~ Yporg — 1) — (W —uy, X, —y)
—(u, —w,y —y,)

> (pa(y.y — xp) +a(x, -y, @) + b(y — x;.7)
—(u—uy,x, —y)) + pa(y = Yp. X, —¥)

+ax, —Y, ¢ — G +aly -y, b5 — Pyd)

+a(y = Yp Ppd = ) = b(X), =¥, r g —1) = by = Yy rg = 1)
—(uy —wx, —y) + lu—wy|fo o + (w —u, Wy, — W)

> (pa(y.y — xp) + a(x, — ¥, @) + b(y — X;.7)
—(u—uy, X, —y)) + pa(y = Yp. X, —¥)

+a(x, =y, ¢p — ) — by, —y.r — Ryr)

+a(y =y, Py — ) — b(x, —y.rg —7)

—(u, —u,x;, —y)+|ju— uh||(2).Q + (u, —u,Pw—w).
(4.5)

Using Cauchy-Schwarz inequality and Young’s inequality in the equa-
tion (4.5), we obtain
1V =¥)llo.0+ u—uslls o <C (paty.x, —¥) + aly = X ) + bix;, —y.7))
— -y %) + [V - %)
+ly = %ulloq + 1@~ #nlloq
V@ =B+ = Rurllga
+ ||’_rH||é,n + ||PhW—W||(2),9' (4.6)

We need to estimate the terms ||V(¢ - ¢;)||oq and ||r = ry||oq- Intro-
ducing the projection we have

V@ = dnlloq <1V =Pid)lloq + Vb~ 1)]loq- 4.7)
A subtraction of (2.6d) from (4.1c) yields

a(Vp, Py — ) + b(vy, ry — Rygr) = (W —1uy, v,).

By taking v, =P,¢ — ¢, in the above equation and using the fact that
b(Pp—¢y.ry —Ryr) =0, we get a(P,dp— ¢, Prp— ) = (-, P,
¢;). Applying Cauchy-Schwarz inequality we find

V®yd =)o < lu—urlloq- (4.8)
Hence,
V(@ = dnlloo <V -Prd)lloq + [0 —usllog- (4.9)

To estimate the term ||r — r ||, o> We introduce the projection

Ir=rullo <= Rurllog + 1Rar = rilloq- (4.10)
Using the inf-sup condition, we have
BlIRyr —rylloq < lu—upllgq + || V®,p— Plloq <2lu—u,llgq.

(4.11)

In the above we have used the equation (4.8). Hence we have the fol-
lowing:

I =il = llr= Rurlog + 2= wlog. @12

Substituting (4.9) and (4.12) in (4.6) we get the desired result. []
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Before going to derive the estimates for the terms on the right hand
side of the equation (4.2) we need to introduce few notations. Let K be
a triangle which shares an edge with I'., define

N={xeKnl¢:y,<yx)<y,},

and

C={xeKnT¢c:yx)=y,Ju{xeKnlc: yx)=y,}.

The sets C and N are measurable as the function y|r. is continuous
on ;. Let |C| and |N'| be their measures. Now we prove the following
lemma, which will be useful in the error estimation of the control.

Lemma 4.2. There holds

lpa(y,x, —y) +a(y — X, ) + b(x, —y,r) — (@ —u,,y — x,)|

<Ch1+25 2 + 2 +Ir 2
SCRUP(IIR o 1915 o+,

Proof. A use of adjoint PDE (in Remark 2.6), equation (1.7), and inte-
gration by parts yields

pa(y.x, —y)+aly —x;,.¢)+ b(x, —y.r)—(u—-u,y—Xx,)

= /#(y) (xp —yds. (4.13)
e}
Choose x;, = J,y € Q,,, then the right hand side of (4.13) reads as and
equals

/ KTy —y)ds= Y / KT,y = y)ds.

e KeThgAre

Therefore it remains to estimate the following:

/ uY)(Jpy —y)ds forallK eT,. (4.14)

KNle

Fix a triangle K, sharing an edge with I'.. Denote the length of the edge
e=TnI¢ by h,. Clearly, |C|+|N'| = h,. Now, if either |C| or |N'| equals
zero, then it is easy to see that the integral term in (4.14) vanishes. So
we suppose that both € and N have positive measure in the following
estimation of (4.14). Now we will derive some estimates for the term
(4.14):

Estimate of (4.14) depending on N': Applying Cauchy-Schwarz inequal-
ity, and estimation in (4.27) in Lemma 4.10 (see the subsection 4.1),
and a standard interpolation estimate yields

/ HO(TRy = Vds < Wl kare |TnY — y”O,KnFC
KATe

1 lis .
=he W s kare DY s kore
|NV12
1

1

N2

Estimate of (4.14) depending on C: Using interpolation error estimation of

J,, and estimations (4.27) and (4.30) in Lemma 4.10 (see the subsection
4.1), we obtain

<C

26(

3
5+
<cC he (1MW ko + V15 kor ). (415)

/ HY)(Tny = Y)ds < uWllo.xare 170 = ¥llo ko,
KAl

L
< ClleWllo.knr, he “y,”Ll(Knl"C)

1h§

1 e

ICI2

+26

<C (4.16)

2 2
(I3 ore + 1Y kore)-

5,9)'
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It is clear that either || or |C| is greater than or equal to 4,/2. Now
by choosing the compatible estimation (4.15) or (4.16), we obtain

/ HW(TRY = ¥)ds < Ch (101G gor, + V'3 kor,)-
Knl¢

By summing over all the triangles sharing an edge with I'- and applying
trace results we obtain

/ Oy s <ChY (L) + 1y 2, )
T'c

<Chl+26 2
< LT

2 2
+ +|Ir .
1913 o+ ||%+m>

Q

This completes the proof. []

Theorem 4.3 (Energy error estimate of control and L*-estimate of veloc-
ity). Let y,u be the continuous optimal control and state (2.6), y,.u, be the
discrete optimal control and state (3.1). Then there holds

1
PV =Yg + lu =yl <C (2% |yl 1isg

1
+h2*||r|l

1
148
+h2 ”¢”%+5,9 3+6.0

3 3.,
546 5+6
TRl o+ R Nl g )-

2
Proof. From Theorem 4.1 we have,

PIVEY = yIIg o+l =, 5 o < Claty,y — xp) — a(xy, =y, @) + b(y — Xp.7)
— @ =uy %= I+ C(IVE =X o +HIV@ — Bl )

= 2
+C (IPyw =W + Ir = Rygrllg + Iy =413 ).
(4.17)

for all x, € QZ‘ 1 The first term in the right hand side of (4.17) has
been estimated in Lemma 4.2. The estimate of || V(¢ —P,¢)llgq, IP,W -
wlloo, and ||r = Ryl q follows from [13]. A selection, x, = J,y gives
the required estimate of the second and the last term. Using all the
estimates together we achieve the desired estimate. []

Theorem 4.4 (Energy error estimate of velocity). Let u be the continuous
optimal velocity satisfies (2.6a) and u,, be the discrete optimal velocity sat-
isfies (3.1a). Then there holds

1
+h2 "l

+6,Q 3 +6,Q

1
+h2* |15

1
[V —w)]oq <C (A2 Iyl 3 :

2+«5,Q

3 3
5+6 5+6
RT3 50+ h2 7 Tl

2450 )

Proof. Splitting the state u=w +y and the discrete state u, =w;, +y,,
we have

[V@-ulpq <[V =wpllpq + VY = ¥iloq-

Introducing the projection in the first term of the above equation we
obtain

[V =willoo < [V =Pywloq + [V, = Wi)lpq-

Subtraction of (3.1b) from (4.1a) yields

aP,w—w;,2,)+ bz, Ryp—py)=aly, —y.z,) forallz,eV,. (4.18)

By taking z, = P,w — w;, in the above equation and using the fact that
bP,W—W;,. Ry p—pyy) =0 we get [V, w —wy)|[o o = a(y, —y.P,w—w,,).
Applying Cauchy-Schwarz inequality we find
[V®,w = w)lloo < IVEL = Doq- (4.19)

Hence,
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[Va—uploq <[[VOV=PW]lgq +2[|VE =¥l

Using the estimate of ||V(y —y,)||o.o from Theorem 4.1 and estimate of
|Vw - Phw)”oyQ from [13] we have the required result. []

Theorem 4.5 (Error estimate of pressure). Let p be the continuous optimal
pressure satisfies (2.6b) and py be the discrete optimal pressure satisfies
(3.1b). Then there holds

5 8 ]
o= pillyq <C(R7* ||y||a+m+hz+ 1911350+ h2 2+ 171145

345
L (P +h2* a3

+5£2)

Proof. Introducing the projection we have, ||p —py||oq < ||p = Ruploo+
|Rerp = prloq- The estimate of || Ry p — py o follows from the follow-
ing:

b(v,, Ryp—py)
BlIRyp—pullog £ sup ——————

V4EV), AR
a(y, —y.v,) —aPpw—w;,v,)
< sup
VeV, vl
<IVG =ywlloa +[[V®,wW =Wyl - (4.20)
Using (4.19) in the above equation we have ||p —py ||o o <[P —Rup|lo o+

2|IV(y = ¥p)lloo- Using the estimates of ||p— Ryp|lo, from [13] and
IV = yp)lloq from Theorem 4.3 we get the desired result. []

Theorem 4.6 (Error estimate of adjoint velocity). Let ¢ be the continu-
ous optimal adjoint velocity satisfies (2.6d) and ¢,, be the discrete optimal
adjoint velocity satisfies (3.1d). Then there holds

V(@ -l <C

+5 +6 Lis
(h? ||y||a+m+hz 1813450+ 020

+ ?Jlull3

145
h2 ”y“%+5,9+ +59)

Proof. Introducing the projection P, ¢, we obtain

V@ =dnlloq <1V —Pid)lloq + VP~ )]l q- (4.21)

A subtraction of (2.6d) from (4.1c) yields

a(Vp Py — ) + vy, rr — Rypr) = (=, vp).

By taking v, = P,¢ — ¢, in the above equation and using the fact that
bPyp—dp.ry — Ryr) =0, we get a(Pyd— ¢, P dp— ) = (u—u,, Py —
;). Applying Cauchy-Schwarz inequality we find

||V(Ph¢_¢h)||o,9 < ||“_“h||0,9~ (4.22)
Hence,

V@~ dnlloq <[V —Prd)lgq+lu—wsllq- (4.23)
Using Theorem 4.3 and the estimate || V(¢ —l_’h<l))||0’Q < h%“ﬁ ||(i)||;+5’Q

from [13, Section 4.2], we achieve the desired result.

O

Theorem 4.7 (Error estimate of adjoint pressure). Let r be the continuous
optimal adjoint pressure satisfies (2.6d) and ry; be the discrete optimal ad-
joint pressure satisfies (3.1d). Then there holds

+6 +6 +6
I = rulloq <C(h7 ||y||a+m+hz ||¢||3+m+hz [T

245
+h27 Iyl + Rt *Jlulls
3450

+m)

Proof. Similar to the proof of Theorem 4.5. []

132

Computers and Mathematics with Applications 129 (2023) 126-135

Remark 4.8. If the domain is not so smooth, e.g. the angle at transition
(Dirichlet-Dirichlet and Neumann-Dirichlet) point is greater than = /2 or
some bad polygonal structure, then there is a possibility that the solu-

3 3 1
tion could be less regular i.e., u e HT‘S(Q), Pe HT‘s(Q), re H 5’5(9),
3
and y € Hi_‘s(Q), where 0 < § < 1/2. Then all the above a priori esti-
mates hold true except Lemma 4.2. It is clear that if the solutions have

the above regularity then (4.13) is not true because the right hand side
of (4.13) does not make sense. So, to estimate the term

[ (paly.x, —y)+a(y = X;. @) + b(x;, —=y.r) — (u—uy.y — X)) | (4.24)
we use the following idea:
pa(y.x, —y)+aly —x;,.¢)+b(x, —y.r)—(u—-u,y—Xx,)
Jy
= Pﬁ “on —rm,x, —Y>5,rc
<N sy [Ixx - y”a,rc .
(4.25)

Choosing x;, = J,y, we have ||y—Jhy||5,rC < 1" |lyll3 2-50- Using
the trace estimate (discussed in Section 2) we have ||u(y)|| ey <
C( I¥ll3/2-5.0 + 1@ll3/2-50 + I7ll1 2-5.0 ). Putting all these estimates in
(4.25) we have

V) +aly =X, )+ b(x, —y,r) — (W—ug,y —x,)| S A7,
(4.26)

lpa(y,x, —

Thus, we have an optimal order (up to the regularity) of convergence
of the term (4.13). Hence, Theorems 4.3-4.7 show the optimal order
(up to the regularity) of convergence of control, state and adjoint state
variables.

Remark 4.9. For the simplicity of the error analysis we choose the
domain Q very specific as shown in Fig. 2.1. But it is clear from the
Remark 4.8 that our error analysis also works for solution with low
regularity. This ensures that we can also work with another type of
polygonal domain.

4.1. Some local L* and L' estimate for u(y) and y’

Lemma 4.10. Let h, be the length of the edge K NI, and |C| > 0 and
|N'| > 0. Then the following estimates hold:

1

el xnre < INI‘/Z |H(Y)|5 Knleo 4.27)
|C|
DN L1 kare) < INI'/Z |M(Y)|5 KnCe» (4.28)
1 l
1" llo.xrre < icl2 ne" |Y |5.knre (4.29)
|N['/2
”Y/”Ll(Kan) < |C|—'/2 ¢ 1¥'lskares (4.30)
¢

where u(y) = p— -
yon KnTl¢.

mandy’ =y, 1 yz) be the tangential derivative of

Proof. Let us start with the L2-estimate of u(y)

O e, = [ P

KAl¢

= / @ *dE  (uy)=0 on N)
C
1 2
= - dnd
V] / / |u(Y)(&) — u(y)(m)|“dn d&
C N

sup ¢ - n|‘+25/
C N

HE))I?

|u(y)(&) - dn dé

|é: — n|l+26

INI
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<—
INI

which proves (4.27). Now we prove (4.28) as follows

/ lu(y)| = / Uy,

KNTe

hy22 )1 ko

<1 1l »

<|c|'? ||Il()’)||o,knrc .
<l
|N|1/2

The L2-estimate of y’ is derived as follows

|Il(y)|5 KN+

1Y 6.k = / ly'(&)12dé

KNl

=/|y’(§)|2d§ (y'=0o0n C)

=% / / ly'@& -y (m)|*dn d&

C
2

ﬁsup & — n|1+25// ly'(&) - |)I+(2n§)| dndé
< —

1426
|C| h Iy |z> ,Knle?

which proves (4.29). One can easily derive the estimate (4.30) by using
(4.29). O

5. Numerical experiments

In this section, we are going to validate the a priori error estimates
for the error in the control, state, and adjoint state numerically. Here
we consider two model examples with known exact solutions. For the
numerical experiments we slightly modify the optimal control problem
which is as follows:

. ~ 1
minimize J(w.x) = 7 Iw =yl o + 21V = yo)ll3 .

subject to the PDE,

—Aw+Vp=f inQ, (5.1a)
V-w=0 inQ,
w=x onlg,
w=0 onl),
the control set is given by
Q. ={xeH'(Q) : yy(x)=00nT),y, <yy(x) <y, a.e.on [},
where the function y, is given and the boundary 0Q =T UT . Conse-

quently, the discrete optimality system takes the form

u,=w,+y, W,€EV,,
a(wy.zp) + bz, py) = (£,2,) — a(yy,, z,) for allz, €V,
b(uy,,qy)=0 forallgy € My,

a(zy,, py) — b(zy,ry) =y, —uy,z,) forallz, €V,

b(¢;,qy)=0 forallgy € My,
pa(yp.Xp = Yp) 2a(Xy = Yp. §p) = b(Xp, = Y. i)
—(u, —uy,x,—y,) forallx, e Qad,

133

Computers and Mathematics with Applications 129 (2023) 126-135

Table 5.1

Energy errors and convergence rates of the state variable for Example 5.1.
h [V -upllog order H P =pulloa order
0.2500 1.2670 0 0.5000 0.3327 0
0.1250 0.7124 0.8307 0.2500 0.7025 -1.0782
0.0625 0.3502 1.0243 0.1250 0.3584 0.9709
0.0312 0.1770 0.9843 0.0625 0.1878 0.9323
0.0156 0.0888 0.9955 0.0312 0.0949 0.9852

Table 5.2

Energy errors and convergence rates of the adjoint state variable for Exam-
ple 5.1.

h IV —dlloa order H Ir=rulloq order
0.2500 2.3420 0 0.5000 0.0153 0
0.1250 1.3102 0.8380 0.2500 0.7643 -5.6448
0.0625 0.6934 0.9181 0.1250 0.3786 1.0136
0.0312 0.3537 0.9711 0.0625 0.1975 0.9386
0.0156 0.1777 0.9928 0.0312 0.0995 0.9890

where, V;, 1= {v, € H{(Q) : v4|y €P{(K) VK €7, } and Q", = Q, N Q-
The set Q, is defined by Q, = {x, € H'(Q) : yo(x) =00onTp, x,|r €
P,(K), VK €T},}.

Example 5.1.Let the computational domain Q = (0,1)?, and I'p =
0,1) x {0}, T = dQ\T'p,. We choose the constants p = 1072, y, = (—4,0),
and y, = (0,2.5). The state and adjoint state variables are given by

u=y= ( ~exp()(yeos(y) + sin(y)) > . p=sinQrx)sin2ry), (5.3)
exp(x)ysin(y)
and
_ (sin(zx))? sin(zy) cos(zy) . .
= < —(sin(ey))? sin(mx) cos(xx) ) ,  r=sin(2zx)sin(2zy). (5.4)

We choose u and ¢ such that V-u=V-¢=0 inQand ¢ =0 on 9Q.
The data of the problem are chosen such that f = —Au+ Vp, u; =u+
A¢p+Vrandy, =y.

The discrete solution is computed on several uniform grids with
mesh sizes h = 2, ,i =2,...,6 for the velocity variable and mesh sizes

=2h for the pressure variable. To solve the optimal control prob-
lem numerically, we have used the primal-dual active set algorithm.
The continuous and discrete approximations for the state velocity vari-
ables using conforming P, (in fine mesh) finite elements are shown
in Fig. 5.1. The continuous and discrete approximations for the pres-
sure variables using conforming P, (in coarse mesh) finite elements are
shown in Fig. 5.3(A). The continuous and discrete approximations for
the adjoint state velocity variables using conforming P, (in fine mesh)
finite elements are shown in Fig. 5.2. The continuous and discrete ap-
proximations for the pressure variables using conforming P, (in coarse
mesh) finite elements are shown in Fig. 5.3(B). The continuous and dis-
crete approximations for the control variables using conforming P, (in
fine mesh) finite elements are shown in Fig. 5.4.

Tables 5.1 and 5.2 show the computed errors and orders of con-
vergence of the state and adjoint state variables respectively for the
Example 5.1. The errors and orders of convergence of the control vari-
able are shown in Table 5.3. The numerical convergence rates with
respect to the energy norm for the state, adjoint state and control vari-
ables are linear as predicted theoretically.

Example 5.2. In this example, we report the results of numerical tests
carried out for the L-shaped domain Q = (—1,1)% \ ((0,1) X (—1,0)) and
I'c = 0Q. We choose the constants p = 1072, y,=(=3,-3),y,=(4,4) and
the exact state

o (d+a)sin@)w(8) + cos(B)w’ (6)
Y 20 + @) cos(@)w(0) + sin(@)w (6)
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h
2

Fig. 5.1. (A) Discrete state (ui‘) and continuous state (u;) for Example 5.1 (B) Discrete state (u;') and continuous state (u,) for Example 5.1.

9 2

h

2 2

Fig. 5.3. (A) Discrete pressure (p;;) and continuous pressure (p) for Example 5.1 (B) Discrete adj-pressure () and continuous adj-pressure (r) for Example 5.1.

V) v,
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2 -2
a4l 4
TN — 1T T 2
>~ S ~~ ~ 1
0.5 ~ 05 05 ~_ ‘/05
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(a)

h

Y, )

Fig. 5.4. (A) Discrete control (y{') and continuous control (y,) for Example 5.1 (B) Discrete control (yg‘) and continuous control (y,) for Example 5.1.

Table 5.3
Energy errors and convergence rates of
the control variable for Example 5.1.

h V& =¥)lloa order
0.2500 1.2307 0
0.1250 0.6167 0.9969
0.0625 0.3085 0.9993
0.0312 0.1543 0.9998
0.0156 0.0771 1.0000

p=—r"(1+a) 0 (0) + " (©)/1 - a),

where
w(0)=1/(1+ a)sin(a + 1)) cos(aw) — cos((a + 1)0)
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+1/(1 + a)sin(a — 1)0) cos(aw) — cos((a — 1)6)
and a = 856399/1572864 and w =3z /2. The adjoint variables ¢, r are
considered as same as in Example 5.1.

f=—Au+Vp-y, andu, =u+A¢+ Vr. (5.5)

This problem is defined on the L-shaped domain, and the derivative
of u and p have singularity at the origin. The velocity u and the control
y are in H'+5(Q) and the pressure p is in the space H*(Q) with 0 <s < 1.
In the same way as in Example 5.1, we produce a sequence of meshes.
Tables 5.4 and 5.5 show the computed errors and orders of convergence
of the state and adjoint state variables respectively for Example 5.2. The
errors and orders of convergence of the control variable are shown in
Table 5.6. It can be observed that the convergence rate for the state
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Table 5.4

Energy errors and convergence rates of the state variable for Example 5.2.
h [V -u)loo order H lp=pulloq order
0.3536 1.5056 0 0.7071 0.8023 0
0.1768 1.1718 0.3616 0.3536 0.6433 0.3187
0.0884 0.8519 0.4600 0.1768 0.3239 0.9898
0.0442 0.6001 0.5054 0.0884 0.1773 0.8691
0.0221 0.4170 0.5252 0.0442 0.1073 0.7249

Table 5.5

Energy errors and convergence rates of the adjoint state variable for the Exam-
ple 5.2.

h Ve =dloa order H [Ir=rulloe order

0.3536 5.4415 0 0.7071 0.0265 0

0.1768 3.0894 0.8167 0.3536 0.7780 -4.8773

0.0884 1.8792 0.7172 0.1768 0.8775 -0.1735

0.0442 0.9968 0.9147 0.0884 0.4986 0.8154

0.0221 0.5065 0.9768 0.0442 0.2572 0.9553
Table 5.6

Energy errors and convergence rates
of the control variable for the Exam-

ple 5.2.
h ||V(y - Yh)”o,n order
0.3536 1.3446 0
0.1768 0.9556 0.4926
0.0884 0.6677 0.5172
0.0442 0.4624 0.5302
0.0221 0.3187 0.5370

and control have been deteriorated for the above choice of non-regular
solutions.

6. Conclusions

In this article, we propose an energy space based approach to for-
mulate the Dirichlet boundary optimal control problem governed by
the Stokes equation. Most of the previous work in the Stokes Dirichlet
boundary control problem authors took either tangential control or flux
of control is zero. This choice of control is very restrictive and those con-
ditions on the control reduce the regularity of the control. To overcome
this difficulty we introduce the Stokes problem with mixed boundary
conditions and the control acts on the Dirichlet boundary only hence
our control is more general and it has both the tangential and normal
components. We discuss well-posedness and regularity results for the
control problem. The first order necessary optimality condition results
in a simplified Signorini type problem for control variable. We develop
a finite element discretization by using P, elements (in the fine mesh)
for the velocity and control variable and P, elements (in the coarse
mesh) for the pressure variable. The standard error analysis gives % + g

order of convergence for the control. Here we have improved it to % +6,
which is optimal up to regularity. The theoretical results are corrobo-
rated by a variety of numerical tests.
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