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Abstract: In this study, a robust and effective preconditioner for the fast method of moments-based hierarchal electric field
integral equation solver is proposed using symmetric near-field Schur's complement method. In this preconditioner, near-field
blocks are scaled to a diagonal block matrix and these near-field blocks are replaced with the scaled diagonal block matrix
which reduces the near-field storage memory and the overall matrix–vector product time. Scaled diagonal block matrix is further
used as a preconditioner and due to the block diagonal form of the final preconditioner, no additional fill-ins are introduced in its
inverse. The symmetric property of the near-field blocks is exploited to reduce the preconditioner setup time. Near linear
complexity of preconditioner set up and solve times is achieved by near-field block ordering, using graph bandwidth reduction
algorithms and compressing the fill-in blocks in preconditioner computation. Preconditioner set up time is reduced to half by
using the symmetric property and near-field block ordering. It has been shown using a complexity analysis that the cost of
preconditioner construction in terms of computation and memory is linear. Numerical experiments demonstrate an average of
1.5–2.3× speed-up in the iterative solution time over null-field-based preconditioners.

1 Introduction
With the continuous increase in compute power and system
memory, the need for solving large and complex electromagnetics
problems accurately and efficiently has grown in the last few
decades. Few of the complex problems are real-world radar cross-
section (RCS) computation, complex antenna and system-level
design. System-level design technology trends like system-in-
package and system-on-chip are becoming increasingly complex
and relevant. To ensure the functionality and reliability in chip-to-
chip communication and system-level performance, package-board
electrical performance parameters like signal integrity, power
integrity, electromagnetic interference are critical. Obviously, for
solving all these complex and large problems an accurate and
stable three-dimensional (3D) fast solver is the prime requirement.

The 3D full-wave computational tools have gained in
importance over the last couple of decades. Based on the
formulation used, 3D electromagnetic solvers can be classified
under differential and integral forms. Differential equation-based
methods include finite element method (FEM) [1] and finite
difference time domain (FDTD) [2] whereas integral equation-
based techniques include boundary element method or method of
moments (MoM) [3]. FEM and FDTD require a volumetric
discretisation bounded by an absorbing boundary or a perfectly
matched layer. This leads to an increase in matrix size. Integral
equation-based methods, on the other hand, require only a surface
mesh leading to a smaller number of solution unknowns. However,
due to the Green's function interactions, the MoM system matrix is
dense, and with increasing problem size, the solution presents a
time-memory bottleneck. As shown in Table 1, for a matrix size of
N × N, the conventional LU-based direct solver requires O(N3)

LU factorise time and O(N2) solve time, whereas a regular

iterative solver takes O N
2 × p × np for np right-hand-side (RHS)

and p is an average number of iterations per RHS. Over the last
few decades, several fast-iterative solver techniques have been
developed with the complexity of O(NlogN) matrix fill time and
matrix–vector product time for each iteration. Few of the fast
solvers are multilevel fast multipole algorithm (MLFMA) [4, 5],
low-rank based methods like singular-value-decomposition
(SVD)/QR compression method [6, 7] and multilevel adaptive
cross approximation (MLACA) method [8, 9], pre-corrected FFT-
based technique [10] and adaptive integral method (AIM) [11]. In
this work, we have used multilevel re-compressed adaptive cross
approximation (ACA) based hierarchal matrix (H-matrix) electric
field integral equation (EFIE) solver.

The fast-solver algorithms [4–11] accelerate the MoM matrix–
vector product to near linear-complexity under the framework of a
Krylov subspace-based iterative solution. Therefore, the solution
time for these methods is highly dependent on the number of
iterations (p) required for convergence. The rate of convergence
depends on the system-matrix condition number or more
specifically, on the distribution of matrix eigen-values. For the
EFIE [12]-based MoM solution, the fast solver iterative solution
for large unknown leads to a high number of iterations which
results in large solve-times particularly for multiple RHS or
multiport excitation chip-package-system analysis.

However, the EFIE system-matrix may become ill-conditioned
when solving electrically small structure size [13] leading to a low-
frequency breakdown, which can be addressed by incorporating
loop-star or loop-tree basis function [14, 15]. Further, high mesh
density [16] and poor quality mesh [17] can also lead to ill-
conditioning of the MoM matrix, which may be rectified by
Calderon preconditioners [18]. In a realistic scenario, all structures
are closed and may lead to an ill-conditioned EFIE matrix due to
internal resonance [19, 20]. This can be addressed by using
combined field integral equations (CFIE) [19, 20].

In this work, a system-matrix preconditioner that can be used in
conjunction with other preconditioning schemes like low-
frequency or dense-mesh preconditioners is presented. The
proposed method can be used either as a left (1) or right (2)
preconditioned system:

Table 1 Matrix setup and solve time complexity
Method Setup time Solve time
Direct O(N2) O N

3 + O N
2 × np

Iterative O(N2) O N
2 × p × np

fast iterative O(Nlog N) O Nlog N × p × np

 

IET Microw. Antennas Propag., 2020, Vol. 14 Iss. 14, pp. 1846-1856
© The Institution of Engineering and Technology 2020

1846

 17518733, 2020, 14, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/iet-m

ap.2020.0292 by L
ibrarian In-C

harge, W
iley O

nline L
ibrary on [14/12/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



P
−1

Z x = P
−1

b (1)

Z P
−1

x
~ = b (2)

where P is the preconditioner matrix, Z is the EFIE MoM matrix, b
is excitation vector, x and x

~ are the solution vectors, where x
~ is

[P]x. Different system-matrix preconditioning techniques for fast
MoM solution have been proposed in [21–24]. The diagonal
preconditioner and block-diagonal preconditioner have low setup
time but their effectiveness is limited for large scale problems with
high iteration count. Approximate inverse methods like the sparse
approximate inverse (SAI) method [22] tries to predict [P−1]
directly based on the least square method. They are particularly
attractive for parallel applications but is sometimes limited by the
high preconditioner setup cost. In a threshold-based incomplete LU
(ILUT) method [23, 24] fill-ins are dropped based on a threshold
and/or a fill-in count. The effectiveness of ILUT is limited by the
selection of the control parameters, threshold value and fill-in
count which may not be uniform for different problem types. Also
due to the sparse LU factorisation, ILUT is serial in nature,
therefore, restricting its use in a parallel framework. Typically, an
inverse of the near-field MoM blocks can act as a good
preconditioner. Block diagonal forms of preconditioner is proposed
in [25, 26] where the null-field method is used to scale the
symmetric near-field matrix to diagonal blocks. In the case of the
null-field method, the fill-in blocks for scaling is not considered
which limits the effective scaling of the near-field to diagonal
block thus giving high storage and matrix–vector product time.
Schur's complement [27] is a well-known method in linear algebra
for block diagonalisation of matrices and has been applied to form
a domain decomposition method for symmetric MoM [28]. As
preconditioners, the Schur's complement method has been applied
in conjunction with SAI [27] and for sparse FEM matrices [29].

In this paper, building upon [30], a Schur's complement
preconditioner with near-linear time and memory complexity is
proposed in conjunction with a re-compressed ACA [31, 32] based
fast edge-based MoM [12] solution. In the proposed method,
symmetric near-field is completely block diagonalised by using the
Schur's complement technique. The complexity of the
preconditioner set up time is reduced by adapting bandwidth
reduction graph-based algorithms and exploiting the symmetric
property of the Schur's method. Furthermore, compressing the fill-
in blocks in the scaling coefficient matrix–vector product time and
storage can be reduced. The new scaled near-field is block diagonal
and can be used as an effective preconditioner since no fill-in is
introduced during LU factorisation of the preconditioner matrix.
Since Schur's complement is known to be efficient for
parallelisation [33], the preconditioner setup process can be
parallelised efficiently. The proposed method is purely algebraic
and can be applied to higher-order MoM like locally corrected
Nyström method implemented with EFIE, MFIE or CFIE [34, 35].

The paper is structured as follows: in Section 2, a brief
description of 3D full-wave MoM re-compressed ACA based H-
Matrix is presented. In Section 3, the proposed near-field Schur's
preconditioner is presented along with the method to reduce the
preconditioner set up time and matrix–vector product time. In
Section 4, complexity analysis of computation cost and memory
requirement for preconditioner, storage is presented and in Section
5, the efficiency and accuracy of the proposed preconditioner are
validated by comparing the results with null-field preconditioner,
ILUT and a commercial solver. Section 6 concludes the paper.

2 Re-compressed ACA-based hierarchal 3D MoM
solver
An arbitrary shaped 3D conductor electromagnetic problem can be
solved using full-wave EFIE-based MoM. In EFIE boundary
condition on the conducting surface s  is given as:

Es + Ei tan = 0 (3)

where Es is the scattered electric field produced by the currents
induced on the conducting body, Ei is the incident electric field and
the subscript tan denoted the tangential component on the
scattering surface. The scattered electric field can be written as

Es = − jωA r − ∇ϕ(r) (4)

where ω is the angular frequency, A(r) is vector potential and ϕ(r)
is scalar potential. Potentials A r  and ϕ r  are given as

A r =
μ

4π
∫

e− jk r − r′

r − r′
J(r′)ds′ (5)

ϕ r =
1

4πε
∫

e− jk r − r′

r − r′
ρ(r′)ds′ (6)

where J(r′) and ρ(r′) represent the current density and charge
density on the surface, respectively, k is the wave-number, r and r′
represent the observer and source points, μ is the permeability and
ε the permittivity of the background material. The current density
is modelled by Rao–Wilton–Glisson (RWG) basis function f s [12]
and Galerkin testing strategy is employed. Applying the continuity
(4) the resultant MoM matrix entry for the ith observation and jth
source basis is given by:

Z i, j =
jωμ

4π ∫∫
i

f e− jk r − r′

r − r′
⋅ f jds′ds

+
1

jω4πε ∫∫
∇

f i
e− jk r − r′

r − r′
⋅ ∇ f jds′ ds .

(7)

The MoM matrix thus formed is dense and presents a time and
memory bottleneck. An iterative solution of the MoM matrix can
be accelerated exploiting the physics of Green's Function
interactions using a variety of techniques. Methods like MLFMA
[4, 5] are kernel dependent whereas low-rank matrix compression-
based methods [6–10] are purely algebraic. The memory and solve
time complexity of MoM can be mitigated by adapting low-rank
matrix compressed H-Matrix decomposition. For the H-Matrix
construction, the compression scheme can be applied on an oct-tree
based 3D geometry decomposition [36, 37], where the matrix
compression is applied for block interaction satisfying the
admissibility condition given as follows:

min dia(Ωt), dia(Ωs) ≤ η dis(Ωt, Ωs) . (8)

The admissibility condition states the minimum of the block
diameter of the test (Ωt) and source block (Ωs) should be less than
or equal to the admissibility constant (η) times the distance
between the test and source blocks. The oct-tree partition of the
geometry is carried out until the number of elements in the block is
less than leaf size [38]. At the leaf level, the block interaction not
satisfying admissibility condition is considered as a near-field
interaction. In the case of the multilevel oct-tree, the far-field block
interacted at a higher level will not interact at the lower level.
Figs. 1a and b show the oct-tree, level 3, H-Matrix partition for the
2D strip and a square plate where the green blocks are the
admissible blocks (far-field blocks) at different levels and can be
compressed by using various compression technique like ACA. 
The red blocks are the non-admissible blocks (near-field blocks) at
the leaf level and form the dense near-field matrix interaction.

In this work, the re-compressed ACA method [31, 32] is
employed for the computation of H-Matrix. For the m × n

rectangular sub-matrix Zsub
m × n representing the coupling between

two well-separated groups of m observer bases and n source bases,
in the full MoM matrix, the ACA algorithm aims to approximate
Zsub

m × n by A
m × n. In particular, the algorithm constructs A

m × n in
product form as:

A
m × n = U

m × r × V
r × n (9)
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where r is the effective rank of the matrix Zsub
m × n such that

r ≪ min (m, n), U
m × r and V

r × n are two dense rectangular
matrices, such that:

∥ R
m × n ∥ = ∥ Zsub

m × n − A
m × n ∥ ≤ ε∥ Zsub

m × n ∥ . (10)

For a given tolerance ε, where R is termed as the error matrix and
.  refers to the matrix Frobenius norm. Traditional ACA-based

methods suffer from higher rank and error for the desired tolerance.
To overcome this, a re-compression scheme is suggested in [30],
where the orthogonal components inU and V are extracted and re-
compressed by applying SVD. The compression cost for each sub-
matrix is given by r

2(m + n) and the storage and matrix–vector
product cost by r(m + n). This compression scheme is applied in
this work on an oct-tree based geometry decomposition using a
multilevel algorithm to reduce the overall matrix setup cost to
O(Nlog N) and matrix–vector product cost to Nlog N × p × np.
However, the mere application of the re-compression ACA is not
enough since for a large number of RHS vectors np, the algorithm
efficiency can rapidly degrade if the number of iterations p is high,
necessitating an effective preconditioning strategy. Further
processing is required as described in the following.

3 Schur's complement preconditioner
In this section, an efficient computation of diagonal block
preconditioner from a symmetric near-field matrix using Schur's
complement method is presented. Conventional H-Matrix near-
field interaction is not symmetric in nature and symmetric property
of the near-field matrix can be achieved by incorporating the
procedure given in [28]. The Schur's complement method [39] is a
popular method in linear algebra for diagonalising and solving
block matrices. In [28], Schur's complement method is applied on
symmetric block MoM matrices for decoupling the diagonal blocks
in domain decomposition framework. In this work, Schur's
complement method is applied to the near-field matrix, scaling it to
diagonal block form. In the following subsection, the details of
Schur's complement preconditioner computation process along
with the ways to make it faster for setup and matrix–vector product
is presented.

3.1 Near-field Schur's complement

For the preconditioner computation first, the geometry is divided
into blocks based on the same oct-tree as used in the compression
algorithm. In a multi-level H-Matrix compression scheme, as
described in Section 2, the MoM matrix [Z] can be represented as a
combination of the near-field interaction [ZN] at the leaf level and
the compressed far-field interaction [ZF] obtained at multiple levels
of far-interaction

Z x = ZN + ZF x = b (11)

where x represents the unknown coefficient vector, b is the
excitation vector. To explain the Schur's complement
preconditioner setup, a demonstrative leaf-level cube structure
comprised of 4 cubes, as shown in Fig. 2, is considered. 

For Fig. 2, block interaction between 1 and 4 forms the far-field
interaction and rest form the near-field interaction. So near-field
block matrix [ZN] in the case of Fig. 2 is given as:

[ZN] =

Z11 Z12 Z13 0

Z21 Z22 Z23 Z24

Z31

0

Z32

Z42

Z33

Z43

Z34

Z44

. (12)

Now the near-field can be scaled completely to a diagonal block by
using the left and right scaling coefficients. Right scaling
coefficient [α1] for scaling the first row blocks Z11 and Z13 can be
represented as:

[α1] =

I 11 α12 α13 0

0 I22 0 0

0

0

0

0

I33

0

0

I44

(13)

where I11 I22 I33 and I44  are the identity block matrices. In the
null-field method [25, 26] either left or right scaling is performed
for the near-field scaling to diagonal blocks ignoring the fill-in
blocks. In contrast, in the proposed Schur's complement method
both left and right scaling are performed simultaneously
considering fill-in blocks for complete near-field scaling to
diagonal block. The fill-in blocks in the scaling matrix are further
compressed and are discussed in further sub-sections. For row
scaling [α1] can be given as:

[α1] =

I11

0

0

0

−Z11
−1

Z12

I22

0

0

−Z11
−1

Z13

0

I33

0

0

0

0

I44

. (14)

Similarly, for the complete scaling of column blocks Z21 and Z31 the
left scaling coefficient [α1′] is used and [α1′] can be given as:

[α1′] =

I 11 0 0 0

α12′ I22 0 0

α13′

0

0

0

I33

0

0

I44

(15)

[α1′] =

I11

−Z21Z11
−1

−Z31Z11
−1

0

0

I22

0

0

0

0

I33

0

0

0

0

I44

. (16)

Now, (12), (13) and (16) can be combined to scale the first row and
column block of [ZN] to diagonal block and the system of the
equation can be given as:

Fig. 1  H-matrix partition of
(a) Two-dimensional strip, (b) A square plate for oct-tree level 3

 

Fig. 2  Representative leaf-level cubes for illustration of Schur's process
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[Z
~

N
1

] =

I11

α12′

α13′

0

0

I22

0

0

0

0

I33

0

0

0

0

I44

Z11

Z21

Z31

0

Z12

Z22

Z32

Z42

Z13

Z23

Z33

Z43

0

Z24

Z34

Z44

×

I11

0

0

0

α12

I22

0

0

α13

0

I33

0

0

0

0

I44

.

(17)

Equation (17) can be represented as:

[Z
~

N
1

] = α1′ ZN [α1] . (18)

Performing the block multiplication in (17), [Z
~

N
1

] can be
represented as a block matrix form as:

[Z
~

N
1

] =

Z11

0

0

0

0

Z22 − Z21Z11
−1

Z12

Z32 − Z31Z11
−1

Z12

Z42

0

Z23 − Z21Z11
−1

Z13

Z33 − Z31Z11
−1

Z13

Z43

0

Z24

Z34

Z44

. (19)

Equation (19) gives the Schur's complement of the first row and
column block near-field matrix. Likewise, each row and column
block can be scaled to form a diagonal block matrix and is of the
form as given in the following equations:

[Z
~

N] = [ α3′ ][ α2′ ][ α1′][ZN][α1][α2]][α3] (20)

[Z
~

N] =

Z11

0

0

0

0

Z
~

22

0

0

0

0

Z
~

33

0

0

0

0

Z
~

44

. (21)

Equation (21) gives the complete scaled diagonal form of the near-
field matrix. For solving the complete system of equations with left
and right scaling coefficients the final system of (11) can be
represented as:

[α3′][α2′][α1′] [Z][α1][α2]][α3] x
~ = b

~
. (22)

Now [b] and [x] in (11) can be extracted by

b
~

= [α3
T][α2

T][α1
T][b] (23)

[x] = [α1][α2]][α3][x
~] . (24)

Equation (22) can be defined as the sum of the near and far-field as
in (10) and is given as:

[α3′][α2′][α1′] [ZN + ZF][α1][α2][α3] x
~ = b

~
(25)

where ZF  is the far-field compressed ACA matrix blocks and ZN

is the dense near-field block matrices. Equation (25) can be further
simplified by as:

[α3′] [α2′][α1′][ZN][α1][α2][α3] x
~

+[α3′][α2′][α1′][ZF][α1][α2][α3] x
~ = b

~
.

(26)

The first part of the above equation represents the block diagonal
near-field as in (20) and then the equation can be further simplified
as:

[Z
~

N] x
~ + [α3′][α2′][α1′][ZF][α1][α2][α3] x

~ = b
~

(27)

where Z
~

N  is a scaled near-field diagonal block matrix which
reduces the near-field matrix–vector product time. However, due to
the block diagonal nature of Z

~
N , it can be used as a

preconditioner thus giving no fill-ins during factorisation. The final
preconditioned system of equation can be represented as

Z
~

N
−1

[Z
~

N + [α3′][α2′][α1′][ZF][α1][α2][α3]] x
~ = Z

~
N

−1
b
~

. (28)

An efficient preconditioner must have a low set-up, factorisation
and solve time. Diagonal block nature of the proposed
preconditioner gives low factorisation and solve time. In the next
subsection, methods to reduce preconditioner set-up and overall
matrix–vector product time is presented.

3.2 Symmetric Schur's complement

The preconditioner computation time can be reduced by exploiting
the symmetric property of the near-field matrix. Due to the
symmetric nature of the near-field matrix in (12) block matrix Z21

will be transpose of Z12 and Z31 will be transpose of Z13, i.e. lower
diagonal blocks will be transpose of upper diagonal blocks. This
gives a symmetric scaling coefficient blocks in the Schur's
preconditioner computation process. In the blocks scaling
coefficients left scaling coefficient [α1′] in (14) will be transpose of
right scaling coefficient α1] in (16). Similarly [α2′], [α3′] and [α4′]
will be transpose of scaling coefficient α2], α3] and [α4]. Therefore,
we can save scaling coefficient computation time by only
computing right hand side coefficients. Time saving in
precondition computation due to symmetric property of near-field
matrix is shown in Table 2 for 5 λ × 5 λ with 5985 unknowns. 

3.3 Near-field block ordering

In the present approach, the generation of fill-in blocks may be
efficiently reduced by using graph ordering algorithms. Graph
ordering algorithms are well-known methods to reduce fill-ins in a
sparse matrix [40]. Using this approach, the following example is
presented.

Consider the near-field block of a 5 λ × 5 λ plate with 5985
unknowns, as shown in Fig. 3a computed from the leaf level oct-
tree near-field bock interaction. By using left and right field scaling
coefficients Fig. 3b can be generated. However, it can be further
modified using the bandwidth reduction algorithm as described in
Algorithm 1 (see Fig. 4) to reduce precondition computation time,
fill-in blocks and number of non-zeros (NNZ) elements in the
scaling coefficients matrix. 

The sparsity pattern generated by Cuthill–Mikee (Fig. 5),
Reverse Cuthill–Mikee (Fig. 6), King's (Fig. 7), and Sloan's

Table 2 Precondition setup time
Time, s

non-symmetric near-field 140.02
symmetric near-field 90.59
 

Fig. 3  Matrix sparsity pattern of
(a) Near-field block matrix, (b) Combined left and right scaling coefficients without
ordering
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(Fig. 8) graph ordering algorithms for bandwidth reduction on the
near-field and scaling coefficients blocks are shown. It can be
observed from the scaling coefficient sparsity pattern figures that
the ordering of near-field blocks affects the fill-in's in the scaling
coefficient matrix.

Effect of various graph ordering algorithm on the precondition
computation time is shown in Table 3. Here all the precondition
computation exploits the symmetric property of the near-field
matrix. It can be observed that precondition computation time is

reduced to half the convention computation time (Table 1) using
Sloan's ordering algorithm.

Likewise, the effect of the graph ordering on the near-field
block and scaling coefficients are summarised in Table 4 for oct-
tree levels 2 and 3. It can be observed that the graph ordering of
near-field blocks has a significant effect on precondition
computation time and memory. Sloan's graph ordering gives better
performance in terms of precondition computation time, memory
and scaling coefficient matrix–vector product time.

3.4 Compression of fill-in blocks in scaling coefficient matrix

The major cost of the iterative solver consists of the matrix–vector
product time. In the proposed method, the scaling coefficient
vector product time can take a significant chunk of the overall
matrix–vector product time as shown in (26). It is well known that
far-field block matrices can be compressed efficiently while
maintaining the accuracy of the final solution. In this section, it is
demonstrated that the scaling coefficient fill-in block matrices can
also be similarly compressed using low-rank techniques for the
given threshold. This leads to the reduction of scaling coefficient
matrix–vector time and storage. Considering the previous example,
5 λ × 5 λ plate of 5985 unknowns with uniform meshing, the
following observations are in order.

Left and right scaling coefficient combined sparsity pattern
along with near-field blocks for 5 λ × 5 λ plate are shown in
Figs. 3b to 8b. The red region outside the square box in Figs. 3b to
8b show the fill-in blocks in the scaling coefficients which can be
compressed efficiently. Table 5 shows the compressed rank along
with row and column size for the compression tolerance of 1×10−3

and 1×10−2 for some of the scaling coefficient fill-in blocks from
Fig. 3b. 

Fig. 4  Algorithm 1: Near-field block ordering
 

Fig. 5  Matrix sparsity pattern of
(a) Near-field block matrix, (b) Combined left and right scaling coefficients with
Cuthill–Mikee ordering

 

Fig. 6  Matrix sparsity pattern of
(a) Near-field block matrix, (b) Combined left and right scaling coefficients with
reverse Cuthill–Mikee ordering

 

Fig. 7  Matrix sparsity pattern of
(a) Near-field block matrix, (b) Combined left and right scaling coefficients with
King's ordering

 

Fig. 8  Matrix sparsity pattern of
(a) Near-field block matrix, (b) Combined left and right scaling coefficients with
Sloan's ordering

 
Table 3 Precondition set-up time
Graph ordering Time, s
--- 90.1414
Cuthill–Mikee 123.2073
reverse Cuthill–Mikee 72.8518
King's 123.1237
Sloan's 71.3759

 

Table 4 Scaling coefficient NNZ and Mat–Vec time
Graph
ordering

Oct-Tree(2) Oct-Tree(3)
NNZ Mat–Vec

time, s
NNZ Mat-Vec

Time, s
— 12,458,028 0.014804 5,275,335 0.011576
Cuthill–Mikee 12,730,712 0.015036 5,576,282 0.012470
Reverse
Cuthill–Mikee

12,346,152 0.014649 5,075,171 0.011508

King's 12,775,196 0.016496 5,710,696 0.012697
Sloan's 12,337,473 0.014363 5,144,096 0.011240
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Saving in terms of NNZ's in scaling coefficient and scaling
coefficient matrix–vector product time is shown in Table 6 for
1×10−3 and 1×10−2 compression tolerance for oct-tree levels 2 and
3. It can be observed that compression of the fill-in blocks in
scaling coefficients give memory savings as well as time-saving in
scaling coefficient matrix-–vector product time.

4 Complexity analysis
In this section, the linear order complexity for preconditioner setup
time, preconditioner matrix–vector product time and memory are
demonstrated. For the complexity analysis, a uniform distribution
of N RWG bases in 3D is considered. The basis functions are
grouped in a cube and following a multi-level oct-tree
decomposition, each cube is recursively subdivided into 8 cubes
starting from level 0 to level L. Therefore, at the lowest level there
are 8L leaf-level cubes. Assuming a uniform distribution, the
number of basis functions in each leaf-level cube is N /8L. Also,
following the theory of most fast solver algorithms, it can be
shown that for optimal efficiency of matrix storage and matrix–
vector product cost L = log8 N. The preconditioner setup cost
includes: (a) computation of left and right scaling coefficients α′
and [α] as in (14) and (16) which can be represented as CSCC; (b)
the second cost of preconditioner computation includes the scaling
of the near-field to the diagonal block form by α′ ZN α

operation, for each row and column blocks in (18) and (20) which
can be represented as CS. Therefore, the total cost can be summed
up as:

CTOTAL = CSCC + CS . (29)

4.1 Scaling coefficient computation cost

For the scaling coefficient computation, the major cost includes the
inversion CMI  cost for diagonal block and the solving the inverse
(CSOL) for the row and column block near-fields as in (14) and
(16). Therefore, CSCC can be further be divided as the summation
of inversion and solution cost as:

CSCC = CMI + CSOL . (30)

Inversion cost includes the single matrix inversion of a diagonal
block for scaling near-field of each row and column blocks.

Therefore, the matrix inversion cost of one matrix of a diagonal
block at leaf level is given as:

CMI
1 = k1 ×

N

8L

3

(31)

where k1 is a constant, the total cost for matrix inversion for the
leaf level blocks is given by

CMI = ∑
i = 1

8L

CMI
i = k1 ×

N

8L

3

× 8L (32)

CMI = k1 × N = O(N) . (33)

For the computation of scaling coefficient, the inverted matrix has
to be solved for all row and column near-field blocks. Cost of
matrix solution for one block at leaf level can be given as:

CSOL
1 = k2 ×

N

8L

2

×
N

8L (34)

where k2 is a constant, for a 3D structure, each block is surrounded
by 26 near-field blocks. Therefore, the matrix solution cost for each
row is given by:

CSOL
1R = k2 ×

N

8L

2

× 26 ×
N

8L
. (35)

The total cost of the matrix solution at the leaf level blocks is the
summation of the cost of each row and is given as:

CSOL = ∑
i = 1

8L

CSOL
iR = k2 ×

N

8L

2

× 26 ×
N

8L
× 8L (36)

CSOL = k2 × 26 × N = O(N) . (37)

4.2 Near-field scaling cost

For the complete scaling of the near-field to diagonal block, the
near-field blocks have to be multiplied by the left and right scaling
coefficient by performing α′ ZN [α] operation in (17) and (19) for
each row. This procedure can be performed in two steps. First,
computing ZN [α] and let it be represented by ZN′  and the second
process includes α′ [ZN′ ] which leads to the complete
diagonalisation of the near-field matrix. Right scaling in (18) for
each row can be given as

[Z1′] =

Z11

Z21

Z31

0

Z12

Z22

Z32

Z42

Z13

Z23

Z33

Z43

0

Z24

Z34

Z44

I11

0

0

0

−Z11
−1

Z12

I22

0

0

−Z11
−1

Z13

0

I33

0

0

0

0

I44

(38)

Z1′ =

Z11

Z21

Z31

0

0

Z22 − Z21Z11
−1

Z12

Z32 − Z31Z11
−1

Z12

Z42

0

Z23 − Z21Z11
−1

Z13

Z33 − Z31Z11
−1

Z13

Z43

0

Z24

Z34

Z44

. (39)

Now for the first block diagonalisation left scaling has to be
performed. Now (17) can be written as:

[Z
~

1] =

I11

−Z21Z11
−1

−Z31Z11
−1

0

0

I22

0

0

0

0

I33

0

0

0

0

I44

[Z1′] . (40)

Table 5 Compressed scaling coefficient rank
S. No Row Column Rank, 1×10−3 Rank, 1×10−2

1 363 385 18 13
2 385 385 20 12
3 363 363 17 13
4 385 363 21 14
5 363 363 23 13
6 363 363 16 11
7 385 363 20 13
8 363 363 21 14
9 363 385 19 12
10 363 385 17 11

 

Table 6 Scaling coefficient NNZ and Mat–Vec time
Oct-Tree NNZ Mat-Vec Time, s

no compression 2 16,839,988 0.019313

compression, 1×10−3 2 12,458,028 0.014804

compression, 1×10−2 2 12,266,298 0.014433

no compression 3 8,616,302 0.016844

compression, 1×10−3 3 5,275,335 0.011576

compression, 1×10−2 3 4,497,586 0.009997
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Equation (39) decouples the Z11 from the rest of the near-field
block thus leading to a diagonal block formation. The major cost of
the diagonalisation comes from the right-hand scaling (38) which
leads to the Schur's complement (39). Equation (38) mainly
performs block matrix mutilation of the near-field of the first block
with the right scaling coefficient. Therefore, the first-row scaling
cost is given as

cS
1 = k3 × 26

N

8L
× 26

N

8L
×

N

8L
× 26

N

8L (41)

where k3 is a constant, therefore the total cost of scaling the near-
field blocks with the right scaling coefficients blocks can be
represented as

CS = ∑
i = 1

8L

CS
i ≃ O(N) . (42)

In the case of left scaling in (40) Z21 and Z31 can be replaced by null
blocks in (38) thus saving the cost. The above three sub-sections
theoretically demonstrate that the overall cost of preconditioner
generation, for a uniform 3D distribution of basis functions is
O(N). This experimentally shown in Fig. 9 for the increasing

number of unknowns and the size of the plate structure. Further,
the cost can be reduced by exploiting the symmetric property of
(39).

4.3 Scaling coefficient matrix–vector product cost

Each left and right scaling coefficient consists of mainly the near-
field blocks and come fill-in blocks which is compressed for 1 × 
10−2 threshold. Therefore, the scaling coefficient matrix–vector
product cost is given by:

CSMVP = k5 ×
N

8L
× 26

N

8L
× 8L . (43)

Since the preconditioner matrix is a diagonal block in nature and
the factorisation and solve time of the diagonal block matrix in of
O(N). The O N  complexity of scaling coefficient matrix–vector

product time is shown experimentally in Fig. 10 for the increasing
number of unknowns and size of the plate structure. 

4.4 Memory: scaling coefficient and preconditioner

The final matrices to be stored along with the compressed matrices
includes the diagonal near-field which is used as a preconditioner
matrix and the group of left and right-scaling coefficient matrix
which sparse in nature. Each row of the scaling coefficient matrix
consists of 26 sub-matrix blocks and 1 identity block matrix all of
the size N. Therefore, the storage cost for one row-block of the
scaling coefficient matrix is given by:

MSC
1 = k4 × 26

N

8L
×

N

8L
+

N

8L (44)

where k4 is the storage coonstant for each matrix elements. The
total storage for the scaling coefficient can be represented as:

MSC = ∑
i = 1

8L

MSC
i = k4 ×

N

8L

26N

8L
+ 1 × 8L (45)

MSC = k4 × 27 × N = O(N) . (46)

The storage of block-diagonal preconditioner is of O(N). The O(N)
memory complexity of scaling coefficient matrix is shown
experimentally in Fig. 11 for the increasing number of unknowns
and size of the plate structure. 

5 Numerical results
In this section, numerical results are presented to validate the
accuracy and efficiency of the proposed method. For all case
studies, a GMRES tolerance of 1 × 10−6 is considered. In the case
of Schur's complement computation, Sloan's graph ordering is used
to order the near-field blocks and the compression tolerance in
scaling coefficients is kept as 1 × 10−2. All the simulations for the
results present in this work are carried for double-precision data
type on the system with 128 GB memory and Intel Xeon E5-2670
processor.

Fig. 9  Preconditioner setup time
 

Fig. 10  Left and right scaling coefficients combined matrix–vector product time
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5.1 Validation of the proposed method with commercial tool

In this example, the proposed preconditioner is applied in alliance
with an in-house re-compressed ACA-based H-Matrix. The results
are validated with a commercial solver [41].

5.1.1 Microstrip line: A shorted microstrip with air background is
considered with trace-width 0.05 mm, length 10.0 mm and
thickness 15.0 μm. The ground plane is of width 1.0 mm, length
10.0 mm and thickness 15 μm. Trace to ground plane distance is
30.0 μm. The structure is meshed using uniform triangular
elements generating 9681 RWG basis functions. In Figs. 12 and 13
the magnitude and phase of S11 and S12 parameters are correlated
with those generated from a commercial tool [40] using direct
solver for EFIE dense matrix in a broadband simulation from 1 to
20 GHz. 

The Eigen-value distribution before and after near-field Schur's
complement preconditioning is shown in Fig. 14 for the MoM
matrix at 1 GHz. 

5.1.2 Aircraft: In this example, a model aircraft of length 4 m and
wingspan of 5 m is taken. The structure is meshed using uniform
triangular elements of size 0.1 λ generating 83307 RWG basis
functions. In Fig. 15 the monostatic RCS at 1 GHz for plane wave
incident at θ = 90° and ϕ = 0° to 180° is shown. The numerical
result from our method compares well with the result obtained
from the commercial solver [40]. In the case of commercial solver,
EFIE MLFMA was used for matrix filling and for solving Bi-

CGSTAB with stopping tolerance of 1 × 10−6 was used. For the
commercial solver along with ILU preconditioner, the total time
taken to solve 180 RHS is 1150 h.

5.2 Comparison with ILUT [23] and null-field preconditioner
[26]

In this section, the efficiency of the proposed method is validated.
The performance of the proposed preconditioner is compared with
that of ILUT and the null-field method. For ILUT the parameters
are chosen as given in [24] and null-field with far-field assist [26]
is used for the comparison. As discussed in [26] the relative
efficiency of a preconditioner depends on some key parameters: (a)
tsm: MoM matrix setup time; (b) tsp: preconditioner setup time; (c)

p: average number of iterations required for convergence for 1
RHS; (d) n: number of RHS vectors; (e) tmm: MoM matrix–vector
product time; and (f) tmp: preconditioner operation time per
iteration, which for the Schur's complement preconditioner
includes tmpp: preconditioner solve time and tmps: scaling
coefficient matrix–vector product time. The total matrix-setup and
solve cost is given by:

ttotal = tsm + tsp + [p × n × (tmm + tmp)] . (47)

5.2.1 Microstrip meander line (MML): A shorted meander line
microstrip with air background, as shown in Fig. 16, is considered
with the trace of width 0.05 mm, length 10.0 mm and thickness
15.0 μm. The ground plane is of width 5.0 mm, length 10.0 mm

Fig. 11  Left and right scaling coefficients combined memory
 

Fig. 12  S11 of Microstrip Line
(a) Magnitude, (b) Phase
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and thickness 15 μm. Trace to ground plane distance is 30.0 μm.
The trace length is kept as 4.0 mm and each bend-width is kept as
0.5 mm. The speed-up comparison is done at 5 and 40 GHz with

different mesh size and frequency on the same structure. The
comparison is shown in Table 7. 

Fig. 13  S12 of Microstrip Line
(a) Magnitude, (b) Phase

 

Fig. 14  Eigenvalue distribution
(a) Before, (b) After preconditioning of MoM matrix

 

Fig. 15  Monostatic RCS of Model aircraft with VV polarised plane wave incident with θ = 90° and ϕ = 0° to 180° at 1 GHz
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5.2.2 Multiport traces (MTs): In this subsection, a multiple port
via problem, as shown in Fig. 17, is considered. The height and
diameter of via are 1.0 mm and 1.0 μm, respectively, and the
antipad size is 0.3 mm in diameter. The trace-width is 50 μm and
the thickness of the trace and ground plane layers are 20 μm. The
size of the ground plane is 10 mm × 5.0 mm and the distance
between the ground planes is 50 μm for the set of 2 ports. The
comparison is done for 4 ports at 20 GHz and is shown in Table 7.

5.2.3 Aircraft (AC): In this subsection, a model aircraft with
dimensions given in Section 5.1.2 is considered for the speed up
comparison meshed at 1 GHz with 0.1 λ mesh size. The
comparison is shown in Table 7.

5.2.4 Cube (CU): In this subsection, a cube of length 6.0 λ is
considered for the speed up comparison meshed at 1 GHz with
0.1 λ mesh size. The comparison is shown in Table 7.

6 Conclusion
In this paper, a new preconditioning technique is proposed based
on the Schur's complement method. The proposed precondition
computation method scales complete near-field in a compact block-
diagonal form with an associated left and right scaling matrices.
The scaled block-diagonal matrix is further used as a
preconditioner. 2× speed for precondition computation is achieved
by exploiting the symmetric property of near-field and using graph
ordering algorithm. The saving will be further exaggerated with an
increase in the number of RHS vectors. The overall cost of the

solve time is dominated by the preconditioner set up time which
can be resolved by efficient parallelisation which will further
improve the speed-up.
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