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1. Introduction of the third, the celebrated AdSs x S [1,2]. The construction of a

Lorentz covariant action for type IIB SUGRA has been historically a
challenge due to the presence of a self-dual RR 5-form flux. On the
other hand, the equations of motion of the type IIB SUGRA on any
background are unambiguously known. Ergo, on AdSs x S these
EOM can be dimensionally reduced to effective 5d equations (along
the AdSs), which can be interpreted as Euler-Lagrange equations
¥ Correspondi of a 5d effective Lagrangian. This effective action obtained without
orresponding author. X R X K . . K
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The type IIB supergravity in 10-dimensions has famously three
known maximally super-symmetric vacua - two of which (10d Flat
spacetime and PP-wave background) can be interpreted as a limit
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The field content (bosonic)' of type IIB SUGRA is as follows [3-
5]

e The spacetime metric g4, (a,b=0,1,---,9).

e The dilaton ¢.

e The Kalb-Ramond 2-form B®® whose field strength is denoted
as H® =dB®@.

e The Ramond-Ramond fluxes (field strengths) - F(V, F®) FG),
Among these the 5-form is self-dual, i.e. F® =xgF®).

The solutions of these fields that give us AdSs x S° background
are given as (throughout this paper, we use = to mean “equal on-
shell”)

ds?y = gap dx?dx’
= p? (dshys, +92).
FO® =4p1 (€5 + *g€s)
BO=FD =@ =54=0. (1)

Here, the line element of AdSs and the S° are denoted by dszzxds5
and le_% respectively, €5 is the epsilon tensor in AdSs, p is the
radius of AdSs space given by p* = 4wa’?g;N, o is the Regge
slope parameter, gs is the string coupling, and N corresponds to
the units of RR 5-form flux in the background geometry.
The 5d effective action evaluated in this background gives

8 4
S5 = 22 vol (AdSs) . (2)

2K
Here x5 is Newton’s constant in 5d. Alternatively, in terms of the
10d gravitational constant, we have

408 1 4yol (S°
S5 = L;vol (AdSs) , where — = piz() . (3)
K10 2K 2K

Here we are deliberately using the same convention for the 5d on-
shell action as [6] for ease of comparison later. This is indeed con-
sistent with AdS/CFT, which predicts the 5d on-shell action must
be given by the conformal a-anomaly of the A =4, SU(N) Super-
Yang-Mills theory living on the boundary S* [7-12].

The Ricci scalar for the AdSs x S° metric can be checked to be
vanishing for the full 10d, i.e., R = 0 (the AdSs and S° spaces have
exactly equal and opposite scalar curvature). This means that along
with the Einstein-Hilbert term, if one writes the usual Maxwell-
like term for the only non-zero field strength as the action for type
IIB SUGRA, then it will trivially vanish on the solution.

But this vanishing does not make use of the details of the so-
lution for the field strength. For any self-dual form, i.e. F =»gF,
the Maxwell action F A xgF = F A F identically vanishes irrespec-
tive of the exact form of the field strength! In fact, this is precisely
the obstacle that prevented the community from writing down a
manifestly Lorentz covariant action for type IIB SUGRA. The most
commonly adopted workaround in the literature has been to in-
stead work with a pseudoaction that uses a Maxwell-like term and
imposes the self-duality constraint by hand on the equations of
motion. While the pseudoaction is perfectly reasonable to work
with in obtaining the EOM, it, by construction, is not the correct
action for the type IIB SUGRA.

1 Throughout this paper, we focus only on bosonic parts of the field content.
The fermionic parts are fixed completely from supersymmetry once the answers
are known for the bosonic part.
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The vanishing of the on-shell 10d pseudoaction and the non-
vanishing of the on-shell 5d effective action is presented as a puz-
zle in [6]. It was argued there that this puzzle requires resolution
even within the framework of pseudoaction since the quantity in
question is an on-shell one.

We can extend the puzzle as follows - any claim for the cor-
rect action for type IIB SUGRA must give a non-zero on-shell value
on AdSs x S°, which is consistent with the AdS/CFT predictions
once the sphere directions are integrated out. In fact, assuming the
strongest form of the AdS/CFT conjecture, we can, in fact, claim
that the spacetime action for full type IIB strings (i.e. type IIB
string field theory action [13]) must on-shell give a non-zero value
consistent with AdS/CFT prediction.

In this paper, we investigate and resolve the aforementioned
puzzle by working with the action for type IIB SUGRA given by
Sen in [14]. Our resolution for this puzzle echoes the core princi-
ple of the proposal in [6], i.e. the type IIB SUGRA action must be
supplemented with a suitable boundary term, which will not affect
the equations of motion but give a non-vanishing value to the on-
shell 10d action. In fact, while our proposed boundary term has a
different structure off-shell, on-shell, it matches precisely with the
corresponding answer in [6].

Another recent paper in [15] has given a new action for type
IIB SUGRA (in fact, the proposed action describes both type IIA and
type IIB on the same footing). It was briefly discussed there how
the proposed action for type Il SUGRA already contains a term that
on the AdSs x S° background for type IIB gives the expected an-
swer. Given the result of the papers [6,15], one may wonder why
anyone should try to resolve the puzzle again using a different ac-
tion. We give three following reasons.

e Sen’s action is naturally related to the spacetime action for
superstrings, viz. type IIB SFT action [13]. Therefore we will
see the resolution of this puzzle in Sen’s formalism provides a
benchmark for the structure of boundary terms for full string
theory. In fact, in light of the recent result presented in [16],
any insight into structures of possible boundary terms in string
field theory at this point is a considerable step forward. In
contrast, it is not clear how the action proposed in [15] is em-
bedded into the full string theory while [6] only works with
the pseudoaction.

e The resolution of the puzzle should not be dependent on a
particular approach to describe type IIB SUGRA. While each
approach has its relative advantages, all approaches must
agree on every physical result. The on-shell action evaluated
on the AdSs x S° background is one such physical result, and
it needs to be solved within Sen’s formalism independently.

e Sen’s construction can be used to write down the action for
any self-dual 2k + 1-form field strengths in 4k + 2 dimensions
[17]. The result of this paper also leads to an understanding
of possible boundary terms for other chiral p-form theories.
Since Sen’s construction prima facie is a little unusual, it is
interesting in its own right to understand the structure of
boundary terms within this formalism.

The structure of this paper is as follows. In section 2 we give a
summary of Sen’s formalism for any self-dual form field that will
be needed to follow the main result of this paper. In section 3
we give the action for type IIB SUGRA due to Sen and show that
despite not having a Maxwell-like action, it still vanishes on-shell.
We also show in this section that this is true for any chiral p-form
described in this formalism. Therefore in section 4, we supplement
Sen’s action by a pure boundary term and show how it leads to
a consistent result with AdS/CFT prediction. With the resolution at
hand for type IIB SUGRA, we outline what can we learn about the



S. Chakrabarti, D. Gupta and A. Manna

resolution of the puzzle in full type IIB string theory in section 5.
We conclude with some comments and a summary in section 6.

2. A quick review of Sen’s formalism

In this section, we briefly review the string field theory in-
spired Lagrangian description for any self-dual (2k 4+ 1)-form field
strength in (4k + 2) spacetime dimensions due to Sen [14,17]. In
this formalism, the self-duality condition holds off-shell, the action
is polynomial, while preserving manifest Lorentz invariance at the
cost of introducing a single additional unphysical field that com-
pletely decouples from the dynamics. Some recent works using
this formalism in various dimensions at both classical and quan-
tum level are [18-26].

The action in this formulation contains a 2k-form field P, a self-
dual (2k + 1)-form field strength Q satisfying

*Q =Q (4)

and a linear map M(Q) that maps self-dual forms to anti-self-dual
forms. That is for all xQ = Q, we have

*M(Q) =—-M(Q). (5)

The Hodge star operation * is defined with respect to the flat met-
ric and not with the actual background metric. The Hodge dual
with respect to the dynamical metric will be denoted by x¢. See
[14,17,19] for more details on the explicit construction of the map
M(Q). We will not require its explicit form in this paper.

The action for the self-dual field takes the following form

S:%/dP/\*dP—/dP/\Q+/Q/\M(Q). (6)

In the canonical formalism, it was shown in [17] that the Hamilto-
nian splits into a sum of a free Hamiltonian with only non-physical
degrees of freedom and an interacting Hamiltonian containing only
the physical degrees of freedom. The gravitational coupling to the
dynamical metric enters only through the map M(Q), and the ex-
tra non-physical field does not couple even to gravity. The form
field P contributes solely to the non-physical field.

The invariance of the action in equation (6) under diffeomor-
phisms is not manifest due to the non-standard coupling to the
background metric. Nonetheless, the diffeomorphism symmetry of
the action is indeed preserved, as shown in the original references
[14,17].

Due to the unusual self-duality condition on Q and the pres-
ence of Hodge star in the kinetic term of P, the fields entering
the action in equation (6) are not standard differential forms on
the background manifold. We refer to them as pseudoforms follow-
ing [19]. Even though Q and M(Q) are individually not physical
forms on the manifold, the following specific linear combination
is a proper (2k + 1)-form and satisfies the self-duality constraint
w.r.t. the background metric g

Q —4M(Q) =#g(Q —4M(Q)). (7)

This particular combination, on-shell, matches with the physical
self-dual field strength obtained via a pseudoaction formalism. For
our case, this implies the physical RR 5-form flux Fs of type IIB
SUGRA action in 10d will be given by the above combination on-
shell.

We conclude our discussion on Sen’s action by emphasizing
that this formalism does not need to evoke any notion of gauge
potential anywhere. Rather everything (including possible inter-
actions with other fields) is completely captured by the field-
strength-like field. While this may seem unusual, as pointed out in
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the original paper [14], this is a highly desirable feature from the
string theory perspective, where it is known that the strings and
the D-branes are only sensitive to the RR-fluxes and not the RR-
potentials. We also like to reiterate that the action in equation (8)
contains, along with the physical interacting degrees of freedom,
a free, completely decoupled, unphysical extra field. For more de-
tails, we refer the reader to the original papers [14,17] (also see
[19,21]).

3. Sen’s action for type IIB SUGRA

For our purpose, it is enough to work with the bosonic part of
the type IIB SUGRA action. Furthermore, since we are only inter-
ested in the on-shell value of the action for AdSs x S® background,
it is sufficient to look into those terms of the action that do not
trivially vanish once we go on-shell following equation (1). We will
be following the normalization conventions of [17] along with the
notation of [19,21] for the gravitational coupling term. The relevant
terms in the action are

1
5=55D+55H=§fdPA*dP—/dPAQ

+/Q/\M(Q)+SEH- (8)
Sey is the Einstein-Hilbert action, which once again gives zero

contribution on-shell since the Ricci scalar is zero for the AdSs x
S5 background.

This action gives the following equations of motion (we are not
writing Einstein’s field equations here)

dxdP —dQ =0
1
3 (dP —xdP) +2M(Q) =0
3.1. On-shell action of type IIB SUGRA in Sen’s formalism
We can make use of the equations of motion to obtain the on-

shell value of the action given in equation (8).
For example,

—/dP/\Q:—%/(dP—*dP)/\QEZ/M(Q)/\Q
—-2[erm@

=>—/dP/\Q+/QAM(Q)E—/Q/\M(Q)
(10)

Similarly, we can do integration by parts of the kinetic term for
the 4-form P and write it as

1/dP/\*dP:—1/P/\d*dP§—1/P/\dQ
2 2 2
1 1
:E/dPA*dPEE/dPAQ (11)

%/dP/\*dP’:V/Q/\M(Q)

Plugging in the answer from equation (11) and equation (10)
into the action we get
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SSD:%fdP/\*dP—/dP/\Q+/Q/\M(Q)

z/QAM(Q)—/QAM(Q) (12)

=0.

Therefore, we see that the part of Sen’s action involving the self-
dual field evaluated explicitly on-shell is identically zero.

It is curious that even though this action does not contain any
Maxwell-like term, it still vanishes on-shell due to the fact that
on-shell the contribution from the parts of the action depending
on the field Q exactly cancels the contribution from the part of
the action independent of Q.

The rest of the terms in type IIB SUGRA all vanish on-shell since
they are the same terms that appear in the pseudoaction.

The result of equation (12) actually holds for any self-dual form
described by Sen’s action in any appropriate dimensions. There is
a shorter way of understanding why this is so, which we explain
now.

3.2. Why Sen’s action vanishes on-shell?

Consider the following (infinitesimal) transformation of the
field variables P and Q

P— (1+¢€)P,
(13)
Q—>(1+€)Q; €= const., € <<1.
Under this transformation, the action transforms as
S[P+€P,Q +€Q]
1
=i(l—i—e)/dPA*dP—(l—i—e)/dP/\Q
(14)

e +€)/QAM(Q)+O(62)

=(1+€)S[P, Q]+ 0(€?).

When evaluated on-shell, i.e. P = Py and Q = Qq, the LHS of
equation (14) gives back just S[Pg, Qo] due to the variational prin-
ciple, and we have

S[Po, Qol = (1+€)S[Po, Qol

(15)
= S[Pg, Qo]=0.

So, the on-shell action in Sen’s formalism vanishes identically for
any solution of any self-dual p-form theory coupled to a non-
dynamical curved background. For a dynamically curved back-
ground, Sen’s action needs to be supplemented by the Einstein-
Hilbert action and the usual Gibbons-Hawking-Yorke boundary
term. These terms, while they did not contribute anything on-shell
for type 1IB on AdSs x S° may contribute to other self-dual theo-
ries coupled to dynamical gravity in other dimensions.

4. The boundary term

It is now clear that to obtain a non-zero on-shell action we
must supplement the action with a boundary term. Since on-shell,
there is a clear link between Sen’s action and the equations of mo-
tions obtained from the pseudoaction, it is tempting to think the
proposal given in [6] will work here as well. However, the pro-
posed term in [6] is a boundary term off-shell, if and only if we
think of the RR 5-form flux variable as an exact form (i.e. a field
strength of a gauge potential). As mentioned in section 2 that this
is not possible in Sen’s action. So we need to look for a different
resolution.

Physics Letters B 835 (2022) 137578

The boundary term we propose is

Sb:de[Q AP], (16)

where « is a constant which will be fixed by demanding consis-
tency with AdS/CFT prediction. Being a boundary term, clearly, this
does not affect the equations of motion. To check how it indeed re-
solves the apparent mismatch, we need to find its on-shell value.
It is a necessary evil of this formalism that any possible boundary
term, even when evaluated on-shell, will contain a contribution
from 3 types of terms. Firstly, terms which are purely built out
of physical fields. Secondly, terms which are completely built out
of the non-physical field. Finally, there can be terms which have
a mixing of physical and the non-physical field. However, AdS/CFT
correspondence is only cognizant of the physical field and nothing
else. Therefore it stands to reason that only the completely physi-
cal part of the on-shell action in Sen’s formalism should reproduce
an answer consistent with holography.

Recall from section 2, that on-shell the self-dual RR 5-form flux
is captured by the following specific linear combination

F®=Q —4M(Q) dF® =o. (17)

On-shell our boundary term, ergo, reduces to

SbEK/P/\d*dP—i-ZK/Q/\M(Q). (18)

Evidently, the first term is purely non-physical, and we can disre-
gard it. Let us now focus on the second term. First of all, note that
we can replace Q by F® in the integrand. Next, we note that on
the background of interest, the RR 5-form splits into a direct sum
F® = Fpgs @ Fgs, with Fags = gFgs. This allows us to write

SbA:’KfP/\d*dP-i—ZK/F;mg/\M(Q)g

+2/</F55 AM(Q) ads - (19)

Finally, we can use equation (17) and the fact that F 45 = *gFgs to
obtain

1
Sb'\z’K/P/\d*dP-i-EK/FAds/\QSS

1 1
+EK/F55/\QAd5+EK/FAd5/\FSS. (20)

As discussed, the first term is purely built of the non-physical
field, the second and third are of mixed type, and the final term
is the purely physical part, which matches precisely with the pro-
posed term in [6]. The constant k¥ can now be fixed exactly along
the line of [6] by comparing with equation (2) (and using the so-
lution for F® from equation (1)). Also, note that we are using
a normalization for the physical form field where a Maxwell-like
term would be written as ~ %F A *gF. The value of the constant
is

1

Thus we see that the proposed boundary term makes the on-shell
action non-zero, and it is indeed consistent with the AdS/CFT pre-
diction.

There are a few comments we want to make here. Firstly, on-
shell, our proposal coincides precisely with the proposal of [6].
However, the off-shell realization is very different, which is ex-
pected since the pseudoaction, and Sen’s action is inequivalent off-
shell. Secondly, unlike [6], our boundary term does not require a
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decomposition of the forms into the electric or the magnetic part,
nor does it invoke the knowledge of the factorized nature of the
background geometry prior to going on-shell. This feature of our
proposed term is also shared by the formalism introduced in [15].
Third, in [6] it was shown that their boundary term follows from
gauge invariance in the PST formulation of type IIB SUGRA [27,28]
and a similar observation was echoed in [15]. In contrast our ap-
proach required us to introduce this term by hand. This, in fact,
is to be expected for Sen’s formulation given its proximity to the
complete spacetime action of type IIB string theory [13,14] (for
a review see [29-31]). In the next section, we will point out ex-
actly what can be said about the on-shell spacetime action of the
full type IIB string on AdSs x S> from our analysis. Finally, it is
quite straightforward to see that our proposed boundary term will
be equally valid for any other solution with the product structure
of spacetime manifold, exactly like [6]. Once again, both proposals
will agree on the value of the on-shell action.

5. The on-shell spacetime action of type IIB string theory on
AdSs x S°

Recently, it has been shown that the closed string field theory
action must vanish on-shell up to possible boundary terms [16].
This is consistent with the known results for the effective action
in spacetime obtained from worldsheet sigma models [32-36] How
will the boundary terms in SFT look is an open question. On the
other hand, there are known cases where on-shell actions in string
theory are related to a non-zero quantity of physical interest, such
as black hole entropy [37,38], D-brane tensions, and partition func-
tions in dual matrix models [39,40]. These results strongly suggest
that the closed SFT action for certain backgrounds needs to be sup-
plemented with an appropriate boundary term.

Given that the type IIB SUGRA action considered here was con-
structed with direct motivation from the closed type IIB SFT action
([13]) and the AdSs x S° background is one for which the on-shell
action must be non-zero (assuming the validity of AdS/CFT), the
result obtained here provides a crucial benchmark for the possible
boundary term that needs to be added to the type IIB SFT action
in this case.

AdSs x S5 is also expected to be an exact background for the
complete type IIB superstring. Therefore the only non-zero back-
ground fields for AdSs x S° solution for type IIB strings are also the
metric and the RR 5-form flux. Therefore, any string field on-shell
must reduce to terms containing only these two massless fields.
Therefore, on-shell, even for the full string theory, the boundary
term that resolves the puzzle is the same one we proposed. This
also suggests that any possible boundary term in the full type IIB
string field theory action must reduce to our proposal, up to possi-
ble field redefinitions, once it is evaluated on-shell. We can express
this as (in the following Sp is the boundary term for type 1IB SFT
action)

Sb = Sp on-shell ’ (22)
where Sy is our proposal given in equation (16).

Additionally, even at the off-shell level, once we integrate out
all the massive states following the procedure outlined in [41]
(also see [42]), the SFT boundary term must reduce to our pro-
posed boundary term,

- Wilsonian RG
Sp —— Sp . (23)

Of course, this resolution assumes the strongest form of
AdS/CFT conjecture. Conversely, an explicit construction of the SFT
boundary term Sy, that satisfies the conditions given in equations
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TypellBSFT [ S + extra field
Physical fields (SFT boundary term)
Willsonian RG \ \
Type IIB SUGRA
yp ) ] + Sy + extra field
Physical fields (SUGRA boundary term)
Dimensional h J
Reduction on S° : & ‘
v = - v
5D effective phys extra
+ | S +| S + | 5D extra field
theory on AdSs g b

Predicted by AdS/CFT

Fig. 1. The main findings of the paper determined the green portion such that
the result is consistent with AdS/CFT. The red portion highlights the parts where
AdS/CFT is assumed.

(22) and (23) would provide a piece of strong evidence in favour
of the holographic principle. However, there is a glaring techni-
cal difficulty that must be overcome before such a construction is
attempted.

The structure of equation (16) suggests that the corresponding
term in SFT should also be a bi-linear in string fields, and one of
the string fields must be the extra string field that is needed for
the R-sector [13]. However, all SFT actions are based on homo-
topy algebraic construction (for a review, see [30,31], and bi-linear
terms for any given pair of spacetime fields look naturally like
~ [d1% ®1(x)D®;(x), where D is some differential operator. In
fact, one can ask the same question with regards to homotopy
algebraic formulation of familiar local QFTs (see [43] for a re-
view and references therein). Deciphering how to represent a total
boundary term in terms of the higher products and the symplec-
tic form (the two essential ingredients used in writing down an
action in homotopy algebraic construction) will be the crucial first
step in a complete construction for the boundary term in SFT.

6. Conclusion and outlook

The main result of this paper is how by adding a boundary term
to Sen’s action for type IIB SUGRA, we can ensure matching with
the AdS/CFT prediction for the on-shell action. This, in turn, also
gives powerful insight into the possible reconciliation of the full-
string theory on-shell action with the AdS/CFT prediction. Fig. 1
gives a qualitative summary of the main result.

As discussed earlier, our proposed boundary term can also
be written for any background geometry which is of the form
M; x M¢, where M, is a non-compact manifold, and M, is a com-
pact manifold. The same boundary term would lead to a non-zero
on-shell action for the effective theory on My, and it will match
the answer presented in [G]. An interesting question raised in [6]
was if the boundary terms will have «’-corrections once we start
including the massive states of type IIB string theory. A natural
answer to that, at least for our proposal, will be given by the con-
struction of the string field theory boundary term.

From the SUGRA side in Sen’s formalism, there is no reason
why the action should be supplemented by this specific bound-
ary term. In fact, without AdS/CFT to guide us, there is no a priori
reason to add any boundary terms. This is in contrast with the
approaches in [6,15] where such a boundary term is seen to be
expected from gauge invariance. On the other hand the result of
[16] clearly demonstrates that for the present formulation of the
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SFT action we must include a boundary term to find an agreement
with AdS/CFT prediction. It is possible that the SUGRA in Sen’s for-
malism may not know about any possible constraint that uniquely
fixes the boundary term. Nonetheless, assuming the technical ob-
stacle in constructing the SFT boundary term is overcome, the
expectation would be that given the conditions in equations (22)
and (23), one would hopefully end up with a unique candidate for
Sp in SFT. One would expect that the full SFT should know about
AdS/CFT, even though that information might be non-trivially en-
coded. A unique boundary term for type IIB SFT on AdSs x S°
which matches with AdS/CFT predictions would therefore provide
crucial evidence for the strongest form of AdS/CFT conjecture.

Another possibility is to try and make explicit connection be-
tween the Sen’s formulation [14] and the PST formulation [27,28]
or the formulation proposed in [15]. This explicit connection will
definitely help in identifying the required consistency condition for
singling out the boundary term we proposed in equation (16). In
turn, it would also shed light into how the alternative formulations
are embedded in the full string theory.

Another interesting direction to pursue is the connection of the
on-shell spacetime action for superstring with the sphere partition
function of the worldsheet theory. Typically, due to the division by
the volume of the PSL(2, C), the zero point function in world-
sheet theory is naively thought to be zero. However, to be con-
sistent with the non-vanishing of the on-shell spacetime action,
the worldsheet zero point function should be suitably regularised
such that it matches the spacetime answer. Important advances in
this direction have already been made in the literature for open
strings [39] and non-critical strings [40]. It is likely that the com-
plete construction of the boundary term in full SFT will lead to an
understanding of the zero point function in the worldsheet per-
spective, especially since SFT is known to act as a natural regulator
for the worldsheet theory [44].
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