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Stochastic gravitational waves can be induced from the primordial curvature perturbations generated
during inflation, through scalar-tensor mode coupling at the second order of cosmological perturbation
theory. Here we discuss a model of warm inflation in which large curvature perturbations are
generated at the small scales because of inflaton dissipation. These overdense perturbations then
collapse at later epoch to form primordial black holes, as was studied in our earlier work (Ref. Arya
(2020)), and therefore may also act as a source to the second-order tensor perturbations. In this study,
we calculate the spectrum of these secondary gravitational waves from our warm inflationary model.
We find that our model leads to a generation of scalar induced gravitational waves (SIGW) over a
frequency range ~ (1-10%) Hz. Further, we discuss the detection possibilities of these SIGWs, taking
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1. Introduction

The inflationary paradigm of the early Universe is a widely
known phase of a rapid accelerated expansion, which resolves
many issues of the Standard Model of cosmology [1-5]. Addition-
ally, it also generates density perturbations for all the structures
we see today. During inflation, the primordial (scalar, vector,
tensor) perturbations of a vast range of wavelengths are gener-
ated. According to the decomposition theorem, at the linear order
of cosmological perturbation theory, these perturbation modes
evolve independently. The scalar fluctuations are imprinted as the
temperature anisotropies in the Cosmic Microwave Background
(CMB) radiation and further become the seed density perturba-
tions that grow into large-scale structures (LSS) at the late time.
On the large scales 107 Mpc™! < k < 1 Mpc~!, the amplitude of
the primordial scalar curvature perturbations has been precisely
measured to a value A% (kp) = 2.1 x 1072 [6]. The tensor per-
turbations signature on the CMB as B-mode polarization have not
been detected till date. However an upper limit has been imposed
on the amplitude of the primordial tensor fluctuations, through
the observable tensor-to-scalar ratio r. The latest observations of
BICEP/Keck have put a constraint on r < 0.036 at 95% confidence
level [7]. A detection of primordial gravitational waves would
provide information about the energy scale of inflation and thus
is important to understand the physics of early Universe. For a
review on inflationary cosmology, see Refs. [8-12].
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Besides the linear theory, the scalar perturbations can also
couple to the tensor perturbations and generate secondary grav-
itational waves at the second order of cosmological perturbation
theory [13-15]. These SIGWs are inevitably associated with the
primordial black hole (PBH) production from different inflation-
ary models and are used to constraint the abundance of PBHs
[16-22]. Primordial Black Holes [23-26], i.e. black holes with a
primordial origin, serve as a probe to a huge range of small scales,
unexplored by the CMB and LSS observations. They can form
in a number of ways — by the collapse of overdense fluctua-
tions [24,25], from the collision of bubbles [27], by the collapse of
strings [28,29] or domain walls [30], etc. As for PBH generation,
the amplitude of the primordial curvature power spectrum at
small scales is hugely amplified ©(1072), it is quite evident that
these large scalar perturbations then act as a source term to the
second-order tensor fluctuations. In literature, the generation of
primordial black holes and the associated secondary gravitational
waves has been investigated for many inflationary models, for
example, running mass inflation [31,32], double inflation [33],
axion curvaton model [34], hybrid inflation with chaotic poten-
tials [35], inflation with gravitationally enhanced friction [36],
chaotic inflation [37], models with noncanonical kinetic term [38,
39], Gauss-Bonnet-corrected single field inflation [40], inflection
point models [41], ultraslow roll and punctuated inflation [42],
k and G inflation [43], etc. The spectrum of these scalar induced
gravitational waves (SIGW) can be constrained through various
ongoing and future gravitational wave experiments [44-46], such
as Pulsar Timing Array (PTA [47], NANOGrav [48], and SKA [49]),
second-generation GW interferometers (advanced LIGO, VIRGO,
KAGRA [50]), space based GW interferometers (LISA [51], DE-
CIGO, BBO [52]), third-generation GW interferometers (Einstein
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Telescope (ET) [53], Cosmic Explorer (CE) [54]). For a review, see
Refs. [55,56].

In this study, we consider a scenario, known as warm in-
flation [57-59], in which the dynamics of the Universe is gov-
erned by the dissipative and non-equilibrium effects in a coupled
inflaton-radiation system. In this description, the inflaton inter-
actions to the other fields are not neglected during inflation,
unlike in the standard cold inflation, and there is a non-zero
temperature in the Universe throughout the inflationary phase.
The background evolution as well as the perturbations of the
inflaton field are modified due to its coupling with other fields. As
a result, the primordial power spectrum and thus the predicted
observables in warm inflation differ from those in cold inflation.
(For a review, see Refs. [60,61].) Warm inflation is well-motivated
for multiple reasons, as will be discussed in Section 2. In the
literature, many warm inflationary models are constrained in the
context of CMB observations [62-67], however the small scale
features of warm inflation are not well explored. Recently, we had
studied the formation of primordial black holes during radiation
dominated era, in a model of warm inflation [68]. We found that
for some parameter space, we can successfully explain the CMB
on large scales as well as generate light mass PBHs (nearly 10° g)
of a significant abundance. More recently, the authors of Ref. [69]
carried out a study on the secondary gravity waves and PBH
production in a scalar warm little inflaton model. They found that
PBHs with mass lighter than 10° g and a spectrum of GW peaked
at ~(10° — 10%) Hz could be generated in their model.

In this work, we aim to discuss the secondary gravitational
waves induced by the large scalar curvature perturbations in
warm inflation. To this extent, we consider a quartic potential
(V(¢) = r¢*) and a dissipation coefficient cubicly dependent on
temperature (¥ o T3). The motivation of considering this po-
tential is that it is the simplest single-field warm inflation model
which, for some parameter space, is consistent with the CMB
observations and also predicts a large amplitude of scalar power
spectrum on the very small scales, leading to PBH formation.
Further, as the second order tensor modes are coupled with the
first order scalar modes, we expect a spectrum of secondary grav-
itational wave induced by the large scalar fluctuations. Indeed, we
find that our warm inflationary model leads to a GW spectrum
with a significant amplitude over the frequency range ~ (1 —
10%) Hz, which may be explored in the future high frequency
detectors, such as the levitated-sensor detector [70], microwave
cavities [71], decameter Michelson interferometers [72], resonant
mass detectors [73]. We will discuss it in detail in Section 4.

This paper is organized as follows: In Section 2, we discuss
the basics of warm inflation theory, the background evolution
of inflaton, dissipation coefficient and the primordial curvature
power spectrum of warm inflation. Then in Section 3, we discuss
the spectrum of induced gravitational waves sourced by the scalar
curvature perturbations. After this, we discuss our model of warm
inflation and the results obtained in Section 4 and then finally
summarize the paper in Section 5. We also present an Appendix
for the calculation of dissipation coefficient in warm inflation.

2. Warm Inflation

Warm Inflation is a description of inflation in which one
considers dissipative processes during the inflationary phase. In
contrast to the standard cold inflation, where one neglects the
inflaton couplings to other fields during the slow-roll inflationary
phase, warm inflation is a more general and natural description,
where the inflaton interactions to other fields are considered.
In this picture, the inflaton dissipates its energy into radiation
fields, and as a result of which there is a non-zero temperature
in the Universe during the inflationary phase. Depending on the
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strength of inflaton dissipation, warm inflation is classified into
two dissipative regimes — weak and strong, characterized by
a dissipation parameter Q defined as the ratio of the inflaton
dissipation rate to the Hubble expansion rate.

Warm inflation is motivated for multiple reasons: At first, it is
a more complete picture of inflation and has cold inflation as its
limiting case. As particle production takes place simultaneously
with the expansion during warm inflation, a separate reheating
phase may not be required in some models [74]. Warm inflation
predicts unique and distinct characteristics from cold inflation
on the CMB. For certain inflationary models, which are ruled out
from Planck observations, the tensor-to-scalar ratio predictions
are lowered in the warm inflation description, and thus they are
viable models for some range of dissipation [63-67]. Besides the
Gaussian two-point correlations, warm inflation can also lead to
non-Gaussianities because of the inflaton interactions and hence
can be tested in the future CMB experiments [75,76]. In warm
inflation, the conditions for slow roll are modified due to an
extra friction term in the inflaton equation of motion. Thus, warm
inflation is less restrictive in the flatness of the potential, and
thus may relax the n problem [77]. Warm inflation models, like
in Refs. [78-81] might also provide a unified explanation for
inflation, dark matter and/or dark energy, and thus interesting to
explore. Also, warm quintessential inflation model can generate
a unique spectrum of high frequency primordial gravitational
waves, which could be tested in future GW missions [82]. It has
been found that some models of warm inflation can also explain
the baryon-asymmetry of the Universe [83,84].

Further, warm inflation predicts interesting signatures at the
small scales. In Ref. [68], we found that the primordial power
spectrum is blue-tilted (n; > 1) on the small scales, and has
a large amplitude, which leads to the formation of primordial
black holes. This feature of warm inflation was further explored
and the spectrum of scalar induced gravitational waves associated
with PBH production was analysed in Ref. [69]. Furthermore, as
inflation is a low energy effective field theory, it has to obey some
criteria, such as the swampland distance and de-Sitter conjec-
tures, in order to embed it in a UV complete theory. It has been
found that single-field slow roll cold inflation, with a canonical
kinetic term and a Bunch Davies vacuum, is not in accordance
with the swampland conjectures. However, recent studies show
that warm inflation models with a large value of the dissipation
parameter [85,86] can satisfy the swampland conjectures, thus
making it in agreement with a high energy theory. All these
above features arise from the fundamental feature of treating the
dynamics of inflaton as that of a dissipative system, and hence
makes warm inflation interesting. Thus, a comprehensive study
of the warm inflation scenario is necessary to understand the
physics of the early Universe.

2.1. Background evolution equations

In the warm inflation description, one considers the dissipa-
tive processes during inflation based on the principles of non-
equilibrium field theory for interacting quantum fields [87,88].
The inflaton is assumed to be near-equilibrium and evolving
slowly as compared to the microphysics timescales in the adia-
batic approximation. The effective equation of motion of inflaton
field is obtained using the Schwinger-Keldysh close time path
formalism of thermal field theory. (For a review, see Refs. [89,90]).
Due to its couplings, the equation of motion is modified by an
additional friction term Y ¢(t) and is given by [88,91]

B(t) + 3Hp(t) + Tp(t) + V'(¢) = 0. (1)

Here a dot (*) and a prime (/) represents derivative of the quantity
w.r.t time and field ¢, respectively. The dissipation coefficient
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T(¢, T) depends on the mechanism of inflaton dissipation, such
as the channel of decay, the coupling strengths, and the multi-
plicities of the fields involved. We define a dissipation parameter
Q = 7 /3H and rewrite Eq. (1) as

$(t) + 3H(1 + Q)g(t) + V/(¢) = 0. (2)

When the dissipation parameter is smaller than the Hubble ex-
pansion rate (Q < 1), it is the weak dissipative regime, and when
it is larger (Q > 1), then it is the strong dissipative regime of
warm inflation.

From the continuity equation, we can also write the energy
density of the inflaton p, and radiation p; as,

P + 3H(py + py) = —T . (3)

pr+4Hp = T . 4)

The negative sign on the right-hand side of Eq. (3) shows that the
inflaton dissipates its energy with time. As a result of the dissipa-
tion, radiation is produced along with the expansion during warm
inflation, as can be seen on Eq. (4). Assuming that the radiation
thermalizes quickly after being produced, we have p, = %gﬂ4
where T is the temperature of the thermal bath, g, is the number
of relativistic degrees of freedom present during warm inflation.

2.1.1. Slow roll parameters and conditions

The flatness of the potential V(¢) in inflation is measured in
terms of the potential slow roll parameters, similar to the ones
defined for cold inflation

Mg (V')? My (V"
= —_— N = — _— . 5
= Ton (v "= \v )

In addition to these, in warm inflation there are other slow roll
parameters defined as [92,93]
M (T/ V’) v TYr

b=—1, =T (6)
st \ 1TV v’ T

Br =

Here the subscript r represents derivative of the quantity w.r.t T.
These additional slow roll parameters are a measure of the field
and temperature dependence in the inflaton potential and the
dissipation coefficient. The stability analysis of warm inflationary
solution shows that the following conditions should be satisfied
during the slow roll [93]

€ K 1+Q,

0<b<<L,

1+Q
As can be clearly seen, for large Q, these conditions relax the
requirement for the potential to be extremely flat, as the upper
limit on the slow roll parameters €4, 14 is increased. Therefore,
the n problem is not as severe in warm inflation.

nyl K1+Q, [BrIK1+Q,

lc] < 4. (7)

2.1.2. Evolution equations in the slow roll approximation

In the slow roll approximation, we can neglect ¢ in Eq. (2)
which gives
: —V'(¢)
P~ (8)

3H(1+Q)

and since p, is smaller than the other terms in Eq. (4) throughout
inflation, we can approximate p, ~ 0 and obtain

T . 3 .
por = ﬁff’z = ZQ‘PZ- 9)
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2.2. Dissipation coefficient

The microphysics of the coupled inflaton-radiation system
results into a dissipation coefficient in the inflaton equation of
motion. Depending on the interaction Lagrangian, the channel
of inflaton decay, the coupling strengths, and the multiplici-
ties of the fields involved, there are different model construc-
tions of warm inflation. In the earlier ones, it was realized that
it is difficult to obtain a successful strong dissipative regime,
as the thermal corrections to the effective potential are large
[91,94]. Therefore, subsequent studies considered models, such
as the supersymmetric distributed mass model in the context of
string theory [59,95], or a two-stage decay mechanism of inflaton,
where the inflaton couples to a heavy intermediate catalyst field
which then further couple to the light radiation fields [96,97] or
recently discrete interchange symmetry in the warm little infla-
ton model [98,99] to control these corrections, and attain a strong
dissipation regime of warm inflation. Here we will consider a
two-stage decay of the inflaton in a supersymmetric inflation
model [100,101]. In this, we have three superfields @, X, and Y,
whose scalar and fermion components are (¢, V), (x, ¥,) and
(o, V), respectively. The interacting superpotential is given as

W = g®X? + hXY?, (10)

where g and h are the coupling strengths between @ — X, and
X — Y, respectively. The scalar inflaton is coupled with the inter-
mediate bosonic and fermionic components of the X superfield
(also called catalyst fields), which subsequently decay into the
scalar and fermionic components of the Y superfield (called ra-
diation fields). The radiation fields are considered to be lighter
than the catalyst fields. The scatterings of decay products o, ¥,
with masses m,, my, < T is sufficient to keep them thermalized
and constitute the thermal bath, as shown in the Appendix C
of Ref. [102]. The inflaton particle states are also assumed to
thermalize with a same temperature, for some range of effective
couplings [102]. The scalar part of the Lagrangian is given as

—Ls = |0 W|* + [0xW|* + [0y W/|?
=g xI* + Pl |* + 4g° | x P16
+ 4ghRe[¢" x o1 + 4h?|x |*|o | (11)
The scalar fields ¢, x, o are chosen to be complex, x = (x1 +
i Xz)/ﬁ, and similarly for others. When the background scalar
field ¢ takes an expectation value ¢/+/2, the mass of the x field

is given as: m,, = \/ig(p, my, = ﬁgq). The Yukawa interactions
are obtained as

1 ZwW 1 *wt
=3 Z TRTRULLS Xm: 8¢ o ,LWRW’“ (12

where ¢ refers to the superfields @,X,Y and P, = 1 — P =
(1 4 y5)/2. For the superpotential given in Eq. (10), the Yukawa
interactions are given as

—Ly = gqﬁzfowa +28x IZ%PL\”X +hx l_ﬁaPL‘ﬁo"‘ZhU\_ﬁxPLl/fﬁ'i‘hf-

(13)
For these interaction terms, the dissipation coefficient is calcu-
lated, as shown in Appendix. In this study, we choose the special

case, when the intermediate catalyst fields are heavy, which gives
Y = CyT3/¢? in the low temperature limit.

2.3. Primordial curvature power spectrum

In warm inflation description, as there is a temperature in
the Universe throughout the inflationary phase, therefore the
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fluctuations in the inflaton field are also sourced by the ther-
mal noise, unlike in the cold inflation where the inflaton has
only quantum fluctuations. The total primordial curvature power
spectrum for warm inflation by including both quantum and
thermal contributions to the inflaton power spectrum is given
as [64,92,98,103-106]

2 Hf)z (@) 24370
Aﬂm_(h@ et n) Bramg |

(14)

Here is the description of each term present in this equation:
2
is the primordial curvature power

Hi
e The prefactor (Zn;k

spectrum in the cold inflation. It shows that in the limit
Q — 0and T — 0, we recover the standard cold inflation
from warm inflation.

e Due to the presence of the radiation bath in warm inflation,
the inflaton can also be excited from its vacuum state to

Bose-Einstein distribution, given as n, = —
exp(T—‘)—1

system of inflaton particles and radiation fields is assumed
to thermalize with a same temperature, and the scattering
rates are shown in Ref. [102].

e Due to the thermal noise contributions to the inflaton fluctu-
ations, the primordial power spectrum has terms dependent
on the dissipation coefficient and the temperature of the
thermal bath, as given by the third term in the square
bracket.

e The perturbations in the radiation can also couple to the
inflaton perturbations and lead to a growth in the primordial
power spectrum [103]. This growth factor G(Qx) depends on
the form of dissipation coefficient and is obtained numer-
ically [64,98]. For the form of dissipation coefficient under
consideration 7" o< T3,

G(Qr) = 1+ 4.981Q%* +0.127 Q3. (15)

In the weak dissipation regime, the growth factor does not
enhance the power spectrum significantly. But in the strong
dissipation regime, the power spectrum is considerably en-
hanced due to the growth factor.

Further, it is interesting to note that in the strong dissipation
regime, the shear effects in radiation also become important
which cause damping of the power spectrum [104], and therefore
the overall growth in the power spectrum is reduced. In the
expression for the primordial power spectrum given above, we
do not account for any shear effects.

3. Scalar induced gravitational waves spectrum

In this Section, we briefly review the gravitational waves spec-
trum induced from the scalar perturbations at second order of
cosmological perturbation theory. For a more detailed derivation,
we suggest Refs. [14,15,107,108]. To start with, we consider a
perturbed metric in the longitudinal gauge with vanishing vector
perturbations as

hi 1.
ds* = —a* (1 +2®) dn? + a? [(1 —2W) 8 + 2’} dx'dx’ (16)

where a is the scale factor and 7 is the conformal time. Here &,
¥ are the scalar and h;; correspond to the tensor metric perturba-
tions, respectively. In our notation, the spatial coordinates i, j, k,
etc. can take values 1, 2, 3. In this work, we focus our analysis
for vanishing anisotropic stress for which @ = ¥. However,
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in Ref. [15], it has been found that effect of anisotropic stress,
i.e, @ # W, is very small.
The second order action for graviton can be given as

MZ
S= 37;' / d’x dy @ (hhj; — hyjchy) (17)
where Mp; = 1/+/87G is the reduced Planck mass, h;; , represents
derivative of h; w.r.t. spatial coordinate and in this Section a
prime represents the differentiation of any quantity w.r.t. con-
formal time n. We do a Fourier decomposition of tensor h(n, X)
as

d’1 ,
hu(n,X)zf 2 (e (KR (n) + e (K)hy: ()] €™ (18)
(2m)?

where e;T (k) and e;(k) are time independent, traceless, trans-
verse vectors. These quantities are defined in terms of orthonor-
mal basis, ej(Kk), e;(k) as

1 o
e; (k) = G [ei(K)e;(Kk) — &i(k)g;(K)] (19)
and e (k) = % [ei(K)gj(K) + &;(K)ej(K)] . (20)

Further, the power spectrum of tensor perturbation is defined as

/ 272
(DA () = 581008k + K )Py, ) 1)

where, A, A’ = +, x corresponds to the polarization index and
Pr(n, k) is the dimensionless tensor power spectrum. In our cal-
culation, we assume parity invariance, which provides the same
result for both the polarizations.

To obtain Py(n, k), we first need to explore the dynamics
of tensor mode, which can be obtained by using the Einstein’s
equation. The evolution of tensor mode sourced by the scalar
perturbation is given as [108]

hye(n) 4+ 2#HM (n) + K hi(n) = 4Si(n) (22)

where # is the conformal Hubble parameter, and Sk(n) is the
source term with quadratic contributions from scalar perturba-
tions given by

d3q
Sk(n) = | ——ei(K)qiqj | 2PqPx—q
(27)2
4 -1 / —1 ’

305w (H' @y + Dq) (H ' Pp_q + ¢k_q)] . (23)
Further, to estimate (hﬁ(ﬁ)hﬁ:(ﬂ)), one needs to evaluate
{(Sk(m)Sw(n')), which in turn requires the dynamics of potential
field @. The evolution of @ is calculated using the Einstein's
equation and is given as [108]

2
a
D+ 3H(1 + )Py + [2H + (14 3cHH® + 2K Py = - 78S
where ¢2 = g—ﬁ) is the square of the speed of sound and
S

8S is the entropy perturbation. The pressure and energy density
perturbation are related as P = c2§p + ©6S. To simplify the
analysis, we assume that 6S = 0 and sound speed is constant,
¢ = w. Further, we parameterize the scalar field as & =
@ (kn)pk, where ¢ is its primordial fluctuation and @ (kn) corre-
spond to the transfer function. The two point correlation function
for primordial fluctuation is given as

2

27T 3+ 3w 2
(Pudw) = =570 (k+k)<5+3w) P (k) (24)
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where P, (k) is the primordial curvature perturbations. Equipped
with this expression, we will next obtain Pp(n, k).

The solution for hy(n) can be obtained by applying the Green'’s
function method in Eq. (22) as

i = o [ di G iy ati s (25)

where Gk(n, ) is the solution of differential equation

Guln, )+ [kz _2 (”)} Gu(m, 71) = 8(n — 7). (26)
a(n)

Then, using Egs. (21) and (25), we get! [15]

16
= /dm/ dny a(ny)a(nz)

X Gk(’lﬂ?l )Gie (17, 12){S(m)Sw (1)) (27)

Morever, to estimate the correlation function, (Sk(n)Sk (7)), we
do not consider non-Gaussianity in the primordial curvature

(ha(mhie (n

power spectrum. With this assumption, we equate Eq. (21) with
Eq. (27) and after some simplification obtain [15,108]
|1+v\ 4% — (14 v? — u?)? 2
o< o], ol )
1— 4Uu
(v, u, x)P;(kv)P;(ku) (28)

where, u = |k — k|/l< and v = k/k are the dimensionless variable
in which k corresponds for the wave vector associated with the
scalar source @j. In this expression, x = kn and the function
I(v, u, x) is given as

I(v,u,x) = /x dx @ k Gk(n, n) f(v, u, X). (29)
0 a(n)

The function f(v,u,X) consists of @ terms and is given in
Ref. [108]. Further, after redefining the variable s = u — v and
t = u+ v — 1, we may rewrite the Eq. (28) as

t+2)s2—-1) 717
P, k) = /dt/ [1+c+sx +r—s)}

(v, u, X)P;(kv)P, (ku). (30)

The gravitational wave energy density defined as pcw(n) =
f dInk pcw(n, k) can be estimated for the subhorizon modes
as [109]
2

o
Fzzmij,k hij 1) (31)

where the overline correspond to the oscillation average. The
fraction of gravitational wave energy density per logarithmic k
interval to the total energy is given by

1 dpew(n) _
 prot(n) dink B
_1 (k>2p( ) (32)
—24 \a(pH(p) "

where poi(n) is the total energy density and Py(n, k) is the dimen-
sionless power spectrum averaged over time, estimated using
Eq. (30). In this calculation, we have summed over both the
polarization modes. For a radiation dominated Universe, in the

Pew =

pew(n, k)

Lcw(n, k) o)
tot

1 In the rhs. of this obtained equation, there is a discrepancy of a factor of
16 in Ref. [15] and Ref. [108]. This is because the source term in the evolution
equation of hy in Eq. (22) are differently defined in the two references.
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late time limit, x — oo, the function I%(v, u, x) can be simplified

as [108]
9 (12 +v2-3)\°
_— X
2x2 4u303

3 — 2
|: (—3uv + (u? +v* — 3)log %

2(v, u,x — 00) =
>z

+ 72 4+ v® — 320U+ v — V/3) ] . (33)

Substituting Eq. (33) in Eq. (30) and carrying out the integral for
Pu(n, k), we finally obtain 2¢w(7, k) from Eq. (32).

The observationally relevant quantity is the energy spectrum
of induced gravitational waves 2w o(k) at the present time given
by

1

Powok) =039 (29L) 0 | 2utne. b (34)
’ 106.75 ’
where 2, 0h> = 4.18 x 107> is the present radiation energy

density, and g,(T;) is the effective number of relativistic degree of
freedom in the radiation dominated era. Also, 7. is the conformal
time at the epoch when perturbation is inside the horizon after
re-entry during radiation dominated era. Morever, the frequency
of gravitational wave is related with the comoving scale as

!
;}) Hz. (35)
1 Mpc™

Using this relation, we express 2gw,o(«) in terms of frequency of
the gravitational wave.

k
f:—:1.5><10“5<
2

4. Analysis and discussion

We consider a monomial potential (V(¢) = A¢*) of warm
inflation with the dissipation coefficient ¥ = C4T>/¢*. Monomial
potentials of inflation are single parameter models and are in-
teresting as they predict a large value of primordial gravitational
waves, which leads to their testability in future CMB experiments.
In our earlier work [65], we had considered this model and esti-
mated the parameter space of model variables consistent with the
CMB observations. We found that unlike cold inflation, where A¢*
potential is ruled out, there is a parameter space in warm inflation
for which this potential can be a viable model for describing infla-
tion. Also, the predicted value of the tensor-to-scalar ratio in this
model can be tested in the future CMB polarization experiments.
Next, in another work [68], we found that interestingly this warm
inflation model has features with a blue-tilted spectrum and a
large amplitude of the primordial power spectrum at the small
scales. This leads to the formation of PBHs with mass Mpgy ~
10° g. Further, we found that some parameter space of our warm
inflation model is consistent with the bounds on the PBH mass
fraction and thus interesting to explore. Furthermore, we expect
that associated with the enhanced scalar power spectrum, there
would be second order tensor modes. To complete the picture,
we now extend our previous studies and explore the secondary
induced gravitational waves from our warm inflation model.

4.1. Primordial curvature power spectrum

We first show the evolution of dissipation parameter as a
function of number of efolds of inflation and the growth factor
G(Qy) in Fig. 1. Here the number of efolds are counted from the
end of inflation (N, = 0) such that the pivot scale corresponds to
Np = 60. In this model of warm inflation, we have [65]

1
2 3\ > N6/5 6/5
do _ . (9’g./30° )" Q%°(1+ Q) (36)
dN 64C; 1 (1+7Q)
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Fig. 1. Left: The evolution of dissipation parameter Q, versus number of efolds of inflation for our warm inflation model and Right: the growth factor G(Q) versus

Q, given in Eq. (15) are shown here.
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Fig. 2. The primordial curvature power spectrum for different values of
dissipation parameter Qp as a function of the scale k.
Source: Figure taken from Ref. [68]

The negative sign of dQ /dN implies that the dissipation parame-
ter Q increases as the inflation proceeds such that it evolves from
weak dissipative regime at the pivot scale to a strong dissipative
regime near the end of inflation, as can be seen in Fig. 1. As
the growth function is proportional to the dissipation parameter
through Eq. (15), there is a huge enhancement in the G(Q) (Fig. 1)
and subsequently the primordial power spectrum near the end of
inflation, as shown in Fig. 2.

We can see from Fig. 2 that the primordial power spectrum
is red-tilted (n; < 1) for the CMB scales and for some range of
Qp values, it is consistent with the ny — r bounds from Planck
observations. Along with, it has features that it is blue-tilted
(ng > 1) at the small scales with a large amplitude, due to a large
growth factor. The enhanced amplitude of scalar fluctuations at
small scales then source the formation of primordial black holes
and furthermore secondary gravitational waves.

4.2. Spectral index and tensor-to-scalar ratio

In Fig. 3, we plot the scalar spectral index, defined as the tilt
of primordial power spectrum at the pivot scale,

_ dln AZ (k)

37
dink (37)

ng — .
k=kp

We see that only weak dissipative regime can be consistent with
the ng values in this model. In the same Figure, we also plot the
tensor-to-scalar ratio, defined as the ratio of the amplitude of

the tensor power spectrum to the amplitude of the scalar power
spectrum at the pivot scale

_ Alkp)
~ A% (kp)

We can see that the value of r decreases as the dissipation
parameter increases.

We find that for parameter space [6.31 x 107* < Qp < 0.02],
our warm inflation model is consistent with the observationally
allowed ng — r values. Therefore, we will explore the small scale
features of our warm inflation model for this range of Qp values.

. (38)

4.3. Induced gravitational wave spectrum

Using Egs. (30), (32), and (34), we calculate the induced grav-
itational wave spectrum for the primordial power spectrum of
warm inflation given in Eq. (14). Then using Eq. (35), we plot
the present spectral energy density of the produced secondary
gravitational waves as a function of the frequency in Fig. 4. We
also include the theoretical constraints on £2¢y o and sensitivity
curves for the present and future gravitational wave detectors in
the figure. For details, see Ref. [44-46,109-111] and references
therein. Here is a summary of various constraints on the spectral
energy density and sensitivities of different gravitational wave
detectors.

Constraints on the primordial gravitational wave background

e Big-Bang Nucleosynthesis (BBN): The presence of large
amplitude of gravitational waves at the time of BBN, alters
the light nuclei abundances predicted by the standard BBN.
This gives a constraint on the GW background as, 2¢w,0 <
1.5 x 10~ corresponding to frequency v > 107 Hz
today [109,112].

e Cosmic Microwave Background (CMB): The presence of
extra relativistic degrees of freedom or large energy density
of GW at the time of recombination may change the epoch
of matter-radiation equality and acoustic oscillations [113].
This gives an upper bound on the GW background as £2¢w o
< 2.7 x 1078 corresponding to frequencies v > 10~ Hz
[114,115].

e Second generation GW detectors — LIGO/VIRGO [50]: The
bounds on energy density of the gravitational waves from
direct ground based detectors are 2cwo < 6.9 x 107°
through LIGO S5 run with a maximum sensitivity at fre-
quency ~ 100 Hz [44], 2cw.o < 107° in Advanced LIGO/
VIRGO at frequency v ~ 30 Hz [116], 2cwo < 1071 in
LIGO++ [117].
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Fig. 3. Left: The spectral index or tilt of the primordial curvature power spectrum for our warm inflation model. The colored band represents the allowed 1 — 20
range of n; from the Planck observations. Here the number of efolds of inflation equals to 60. Right: Tensor-to-scalar ratio as a function of Qp is plotted here.
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Fig. 4. The spectrum of secondary gravitational waves 2y at the present
time, generated for our warm inflation model as a function of the frequency
of gravitational wave. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Source: The sensitivity plots of various detectors are taken from Ref. [111] and
references therein.

e Space-based GW detectors — LISA [51], BBO, DECIGO [52]:
LISA is a planned space GW detector, which is expected to
detect primordial gravitational wave background to 2¢w o <
107 at v ~ 1 mHz [118,119]. BBO [120] and DECIGO [121]
are also future projects with proposed ability to detect GW
down to 2cw.0 ~ 1071° at frequency v ~ 1 Hz.

e Pulsar Timing Array (PTA) Experiments [47]: Pulsars can
be used as very stable clocks. These objects emit radio
signals as pulses. By measuring the time of arrival of the
radio pulses on Earth, one can detect perturbations due to
gravitational waves. For v ~ 1078 Hz, the bound on GW
energy density is Q2cw.o < 4 x 1078 [122].

e Third generation ground-based GW detectors — Einstein
Telescope [53] Cosmic Explorer [54]: ET is a proposed
project with three detectors in triangle geometry, similar to
LISA, whereas CE is a L-shaped geometry similar to advanced
LIGO. The ET puts a limit on GW energy density 2cw.o <
4 x 1071 and from CE the bound is 2w, < 1.6 x 10713,

In Fig. 4, the solid colored lines (red, blue, magenta, black)
correspond to various values of the parameter Qp for our warm
inflation model (Qp = 10717, 10718, 1071, 10729, respectively).
For these Qp values, our model simultaneously explain the large
scale CMB observations, as well as leads to the generation of PBHs
and SIGW at the small scales. From the figure, it is evident that for
stronger dissipation (large Qp), the strength of the gravitational
waves §2qw is large. Also, it is important to note that a majority

of contribution to the primordial gravitational wave spectrum in
Eq. (30) comes from the modes exiting the horizon near the end of
inflation. These small scale modes with a large amplitude induce
significant secondary gravitational waves over a frequency range
f = (1 — 10%) Hz. This behavior can also be confirmed from
Eq. (35).

Further, from the sensitivity curves of various observatories
plotted in Fig. 4, we infer that the scalar induced gravitation
waves produced from our model is quite feeble to be detected
withing the current and near future interferometer GW detec-
tors, operational for frequencies typically less than ~ 10 kHz.
However, with the new detection techniques designed for com-
parably larger frequency range, such as levitated-sensor-based
gravitational-wave detector [70], microwave cavities [71], de-
cameter Michelson interferometers [72], resonant mass detectors
[73] (also see Refs. [123,124] for a comprehensive review), one
hopes to scrutinize these models more efficiently and better
understand the rich physics of the early Universe.

5. Summary

The inflationary paradigm of early universe uniquely predicts
a spectrum of primordial gravitational waves. These have not
been detected yet, however are important to understand the
inflationary physics. Likewise, the small scale spectrum of pri-
mordial perturbations is not well measured and therefore an
important aspect to explore the inflationary dynamics. Primordial
black holes are one such remarkable probe of the small scales,
that provide constrains on the primordial curvature power spec-
trum, and thus different inflationary models. As the amplitude
of primordial curvature power spectrum is enhanced by many
orders of magnitude for the formation of PBHs, there are also
associated second-order tensor fluctuations sourced by the scalar
fluctuations. The focus of this paper is to study these scalar
induced gravitational waves from a model of warm inflation.

Warm Inflation is a well-motivated and general description
of inflation where the dissipative and non-equilibrium processes
are present during the inflationary phase. In this scenario, the
inflaton dissipates into radiation fields during inflation, which
modifies both the background inflaton dynamics as well as its
perturbations. The primordial power spectrum of warm inflation
is sourced dominantly by the thermal fluctuations, and thus has
different predictions of observables than the cold inflation. Here
we discuss a model of warm inflation with a quartic potential and
a dissipation coefficient T o T3. In this model, we find that the
dissipation parameter increases from weak dissipative regime at
the pivot scale (Q < 1) to strong dissipative regime near the
end of inflation (Q > 1). Accordingly, the growth factor in the
primordial power spectrum G(Q ), characterizing the backreaction
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of radiation fluctuations to the inflaton fluctuations, also increase
tremendously. Thus, for certain parameter space of this model,
there is a huge growth in the scalar curvature power spectrum
on very small scales, leading to the formation of primordial black
holes, as well as secondary gravitational waves.

We find that the strength of these secondary gravitational
waves is directly proportional to the dissipation parameter, i.e. a
large amplitude of present GW energy density implies a stronger
dissipation, and vice-versa. Also, the modes exiting the hori-
zon near the end of inflation with a large amplitude contribute
majorly to the GW energy density. This corresponds to a GW
spectrum over the frequency range 1 — 10 Hz in our model. It
is found that the generated spectrum does not lie in the sensi-
tivities of different ongoing and future laser interferometer GW
detectors. However, some more sensitive GW detectors, such
as the levitated-sensor detector, microwave cavities, decameter
Michelson interferometers, resonant mass detectors, will explore
the high frequency spectrum of our proposed model and might
test the feasibility of warm inflation model in future.
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Appendix. Calculation of dissipation coefficient for our warm
inflation model

Here we follow the lecture notes [125] and Refs. [61,100-
102] to show the calculation of dissipation coefficient for our
model. We also refer the reader to see Refs. [69,91,95,99,126,127]
for derivation of dissipation coefficient in other warm inflation
models.

On accounting for the interactions of the inflaton with inter-
mediate scalar boson x and fermion v, as given in Egs. (11), (13),
the dissipation coefficient at leading order is given as [101]

2¢/

+ 2 / (2;; trloy, (. PV nE(@) (1 — np(@)).

@, D) + pyy (@, PY*1 x np(@)(1 + np(w))

(A1)
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Here ng(w), ng(w) are the Bose-Einstein and Fermi-Dirac distri-
butions, respectively, and py,, py, are the spectral functions for
the intermediate y, v, fields.

i i

w,p) = —
Px(@.P) p>+m g +imx,  p?+ml, —ilmz,
B 21Imx,
(P2 +m2 ¢ + (ImX, )2
4wyl
= o (A2)

2 22 2 2’
(—w +wp) +4w; I

where I, is the decay width of the y field and is related to the
imaginary component of the self energy X,, wj = |p*| +m?, p is
the dispersion relation of the x field, and mi’R = mi +ReX, is
the effective, renormalized mass of the y field.

The spectral function for fermionic field v, is given by

i i
p+my, r+ilmX, p +my, g —ilmXy

where my, g = my, +ReX, is the effective, renormalized mass,
and X is the self energy of the v, field.

Thus, to calculate the dissipation coefficient, we need to com-
pute the masses of y, ¥, fields and their decay width at finite
temperature. The decay width of the x, v, fields has contribu-
tions from direct, inverse as well as thermal scatterings (Landau
damping). The response timescale of the system is associated
with the decay width as t — 1/I'. For explicit calculations
and expressions of the field self energy and decay widths, see
Ref. [101].

In certain approximations, the dissipation coefficient given
in Eq. (A.1) reduces to simplified expression. In one regime,
the poles of the spectral function dominate the integral and is
called the pole approximation. In the other regime, the integra-
tion is limited to low-momentum and it is referred to as the
low-momentum approximation.

. (A3)

Py, (w, p) =

A.0.1. Low temperature limit

In this regime, the temperature of the thermal bath is much
less than the masses of the intermediate catalyst fields, x and
Yy, le. T < my g, My, g, but is higher compared to the radiation
fields, T > mg g, my, g. The thermal corrections to the effec-
tive masses of the x, wx fields can be neglected in this regime,
i.e. m? R:m = 2g%¢p? andm R:mW = 2g2%¢?. For large
values of my /T the dominant contrlbutlons to the dissipation
coefficient given in Eq. (A.1) come from virtual y fields with low
energy and momentum, o, [p| ~ T <« m, which leads to the
low-momentum approximation. Then, (w? — a)ﬁ)z ~ m;‘(, and
the spectral function for the scalar boson in Eq. (A.2) becomes
oy =~ =T, which gives a leading order contribution to the

dissipatioxn coefficient, given in Eq. (A.1), oc T? /m? [100-102]. The
fermionic contribution is calculated to be subleading in T in the
low temperature limit (o T5/mfpx) [100,101].

A detailed analysis including thermal corrections to the yx
mass and finite decay width of yx field in the spectral function
gives [102]

T3
T = Cd)&,
where C; = Nny, which depends on the multiplicities of X
and Y superﬁelds and coupling between them.

(A4)

A.0.2. High temperature limit

In this limit, the intermediate catalyst fields are lighter, m, g,
my, g << T. The main contribution to the dissipation coeffi-
cient comes from the pole in the spectral function at @ = w,
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and a resonant production of on-shell x particles take place. In
the pole approximation, the bosonic spectral function becomes
o = 5 w’;FX 8(w — wp). Substituting this in Eq. (A.1) for the
scalar ﬁeld,pthe dissipation coefficient gets a contribution which
is linearly dependent on the temperature of the thermal bath
T ~ 0.691 ‘i—;T [100]. On accounting all the fermionic and
bosonic contributions in Eq. (A.1), the total dissipation coefficient
is obtained to be [100]

2

o g
Cr =~ 0.97 =h
By knowing the value of Cr, one can calculate the order of ratio
of couplings g/h, which is useful in model building.

T = GT, (A5)
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