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Abstract A curvature inequality is established for contractive commuting tuples of opera-
tors T in the Cowen—Douglas class B, (€2) of rank n defined on some bounded domain
€ in C™. Properties of the extremal operators (that is, the operators which achieve equal-
ity) are investigated. Specifically, a substantial part of a well-known question due to R. G.
Douglas involving these extremal operators, in the case of the unit disc, is answered.

1. Introduction

For a fixed n € N, and a bounded domain © € C™, the important class of operators
B,(2%), Q* = {z : z € Q}, defined below, was introduced in the papers [4] and [5] by
Cowen and Douglas. An alternative approach to the study of this class of operators is
presented in the paper [6] of Curto and Salinas. For w = (wy, wa, ..., wy,) in %, let
Dr—wr: H — H SIH D--- D H be the operator: Dy (h) = &F_, (Tx —wi I)h,
hedt.

DEFINITION 1.1

A m-tuple T = (T1, T, ..., T),) of commuting bounded operators on a complex sepa-
rable Hilbert space J is said to be in B, (Q2*) if

(1) dim(y= ker(Tx — wg 1)) = n for each w € Q*;
(2) the operator Dr_y1, w € ¥, has closed range; and
(3) Vypear (Mi=; ker(Tx —wil)) = H

For any commuting tuple of operators T in B,(2*), the existence of a rank n holo-
morphic Hermitian vector bundle E7 over Q* was established in [5]. Indeed,

m
Er:= {(w, Ve xH:ve ﬂ ker(Ty — wkl)}, m(w,v) = w,
k=1
admits a local holomorphic cross-section. In the paper [4], for m = 1, it is shown that
two commuting m-tuple of operators T and S in B, (2*) are jointly unitarily equiva-
lent if and only if E7 and Eg are locally equivalent as holomorphic Hermitian vector
bundles. This proof works for the case m > 1 as well.
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Suppose K = K (ET, D) is the curvature associated with canonical connection D
of the holomorphic Hermitian vector bundle E7. Then relative to any C * cross-section
o of ET, we have

m
K()= Y X" (0)dz ndZ;.

ij=1
where each K%/ is a C*® cross-section of Hom(ET, ET). Let

Y@ =(12).....va(2))

be a local holomorphic frame of E7 in a neighborhood Q7 C 2 of some w € Q*. The

metric of the bundle E7 at z € Qf w.r.t. the frame p has the matrix representation
hy(2) = ((v; @ v @)); =y

We write 0; = % and 9; = a%-' The coefficients of the curvature (1, 1)-form K w.r.t.

the frame y are explicitly determined by the formula

K@) ==, (1 2) 0y ). 2 < 9.

Set Ky () = (Ky’ (2)).

For a bounded domain 2 in C and for 7" in B, (2*), recall that N,f,k) is the restric-
tion of the operator (T — w/) to the subspace ker(T — wl)**1. In general, even if
m = 1, it is not possible to put the operator N,S,k) into any reasonable canonical form;
see [4, Section 2.19]. Here we show how to do this for any m € N, assuming that k = 1.
The canonical form of the operator le,l), we find here, is a crucial ingredient in obtain-
ing the curvature inequality for a commuting tuple of operator T in B, (2*), which
admits Q*, the closure of Q*, as a spectral set.

A commuting m-tuple of operator T in B,(2*) may be realized as the m-tuple
M*=(M Z*l o.M Z*m), the adjoint of the multiplication by the m coordinate functions
on some Hilbert space of holomorphic functions defined on €2 possessing a reproducing
kernel K (cf. [4, 6]). The real analytic function K(z,z) then serves as a Hermitian
metric for the vector bundle E7 w.r.t. the holomorphic frame y;(Z) := K(-,z)e;, i =
1,...,n, Z in some open subset Qé of Q*. Here the vectors e;, i = 1,...,n, are the
standard unit vectors of C". For a point z € 2, let K7 (Z) be the curvature of the vector
bundle E7. It is easy to compute the coefficients of the curvature Kr(Z) explicitly
using the metric K(z,z) form =1, n = 1, namely,

2

JC;:j(E) :_8 logK(U), w)|w=z

w,‘aﬂ)j

NP0, K 0K = (Ko 0K (0, K Ke)

(K(z.2)) ’ '
(In this paper, the curvature (1,1) form is always denoted by K. However the
m x m array of coefficients of K is sometimes denoted by K7 and at some other times
by K, . The choice depends on whether we wish to emphasize the dependence of the

curvature on the operator 7' or the frame y.)
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First, consider the case of m = 1. Assume that Q* is a spectral set for an operator
T in B;(*), @ C C. Thus, for any rational function r with poles off Q*, we have
|7 (T)|l < |I7]l@*,00- For such operators T, the curvature inequality

Kr (i) < —4r?(Sq+ (0, W))", b € Q*,

where Sq~ is the SZego kernel of the domain *, was established in [10]. Equivalently,
since Sq(z,w) = Sg=(w, 2), z, w € R, the curvature inequality takes the form
2

(1.1) 10gK(w,w)Z4n2(SQ(w,w))2, w e Q.

Jwow

Let us say that a commuting tuple of operators T in B, (2*), @ c C™, is con-
tractive if Q* is a spectral set for T'; that is, || f(T)|| < || f|l@*.co for all functions
holomorphic in some neighborhood of Q*.

In this paper (see Theorem 2.4), we generalize the curvature inequality (1.1) for a
contractive tuple of operators T in B, (2*), which include the earlier inequalities from
[13] and [12].

Let U, be the forward unilateral shift operator on £2(N). The adjoint UZ is the
backward shift operator and is in B;(ID). Let ds be the arc length measure on the unit
circle of the complex plane, and (H?(ID), ds) denotes the Hardy space. The unilateral
shift U4 is unitarily equivalent to the multiplication operator M on the Hardy space
(H?(D), ds). The reproducing kernel of the Hardy space is the SZego kernel Sp(z,a)
of the unit disc D. It is given by the formula Sp(z,a) = m, z,a € D. A straight-
forward computation gives an explicit formula for the curvature X Ut (w):

2

9
Ky (w) = =5 log Sp(w.w) = —4r%(Sp(w,w))*, weD.

wow
Since the closed unit disc is a spectral set for any contraction 7" (by von Neumann
inequality), it follows, from Equation (1.1), that the curvature of the operator U} dom-
inates the curvature of every other contraction T in By (D):

Kr (w) < Ky (w) =—(1- w?)™>, weD.

Thus, the operator U} is the extremal operator in the class of contractions in By (D).
The extremal property of the operator U prompts the following question due to R. G.
Douglas.

QUESTION 1.2 (R. G. Douglas)
For a contraction T in B;(ID), and a fixed but arbitrary wg in D, if
-2
Kr(wo) = —(1—wol?) ",
then does it follow that 7 must be unitarily equivalent to the operator U} ?
It is known that the answer is negative, in general; however, it has an affirmative answer

if, for instance, 7 is a hqmogeneous contraction in B;(D); see [9]. From the sim-
ple observation that K7 (¢) = —(1 — [¢|?)™2 for some ¢ € D if and only if the two
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vectors IQ and 51&; are linearly dependent, where Kuw(z) = (1 — zw0) Ky (2), it fol-
lows that the question of Douglas has an affirmative answer in the class of contrac-
tive, co-hyponormal backward weighted shifts. In this paper, we answer Question 1.2
for all those operators T in B (D) possessing two additional properties, namely, 7*
is 2 hyper-contractive and (¢(7"))* has the wandering subspace property for any bi-
holomorphic automorphism ¢ of D mapping ¢ to 0. This is Theorem 3.6 of this paper.

If the domain €2 is not simply connected, it is not known if there is a positive
definite kernel K defined on €2 x £2 such that

2

dwow
is valid for all w € 2. Indeed, Suita has shown that the inequality in Equation (1.1) is
strict for the SZego kernel Sq and all w € €2 whenever 2 is not simply connected (cf.
[17]). Thus, the adjoint of the multiplication operator on the Hardy space (H?(Q2),ds)
is not an extremal operator in this case. It was shown in [10] that for any fixed but
arbitrary wy € €2, there exists an operator 7' in B;(2*) for which equality is achieved,
at w = wy, in the inequality (1.1). The question of the uniqueness of such an operator
was partially answered recently by the second named author in [15]. The precise result
is that these “point-wise” extremal operators are determined uniquely within the class
of the adjoint of the bundle shifts introduced in [1]. It was also shown in the same
paper that each of these bundle shifts can be realized as a multiplication operator on
a Hilbert space of weighted Hardy space and conversely. Generalizing these results,
in this paper, we prove that the local extremal operators are uniquely determined in a
much larger class of operators, namely, the ones that include all the weighted Bergman
spaces along with the weighted Hardy spaces defined on €2. This is Theorem 5.1. The
authors have obtained some preliminary results in the multi-variable case which are not
included here.

log K (w,w) = 47*(Sq(w, w))2

2. Local operators and generalized curvature inequality

Let Q be a bounded domain in C” and T = (11, T5, ..., T;;) be a commuting m-tuple
of bounded operators on some separable complex Hilbert space . Assume that the
tuple of operator T is in B, (2*). For an arbitrary but fixed point w € Q*, let

m
2.1) My = () ker(Ti —w;)(T; —w)).
i,j=1
Clearly, the joint kernel (;—, ker(7; — w;) is a subspace of M,,. Fix a holomorphic
frame y, defined on some neighborhood of w, say Q; C Q*, of the vector bundle Er.
Thus, y(z) = (y1(2),...,yn(2)), for z in QF, for some choice y;(z), i = 1,2,...,n,
of joint eigenvectors; that is, (7; —z;)yi(z) =0, j =1,2,...,m. It follows that

(2.2) (T —w_,-)(akyi(w)) =y(w)jx, i=12,...,n,and jk=1,...,m.

The eigenvectors y (w) together with the derivatives (1 (w), ..., d, ¥ (w)) are a basis
for the subspace My, .
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The metric of the bundle Er at z € QF w.r.t. the frame p has the matrix represen-
tation

hy(2) = ((v; (@), vi@)); ;-

Clearly, ¥ (z) = (y1(2), ..., ¥n (Z))h,,(w)_l/2 is also a holomorphic frame for E7 with
the additional property that y is orthonormal at w; that is, iy (w) = I,. We therefore
assume, without loss of generality, that /1, (w) = I,.

In what follows, we always assume that we have made a fixed but arbitrary choice
of a local holomorphic frame y(z) = (y1(2), ..., yn(2)) defined on a small neighbor-
hood of w, say ¢ € %, such that h, (w) = I,,.

Recall that the local operator N, = (N1(w),..., Ny (w)) is the commuting m-
tuple of nilpotent operators on the subspace M,, defined by N;(w) = (T; — w;)|m,, -
As a first step in relating the operator T to the vector bundle E7, pick a holomorphic
frame p, satisfying A, (w) = I, for the holomorphic Hermitian vector bundle E7
which also serves as a basis for the joint kernel of T'. We extend this basis to a basis
of My,. In the following proposition, we determine a natural orthonormal basis in M,
such that the curvature of the vector bundle Er appears in the matrix representation
(obtained with respect to this orthonormal basis) of V.

PROPOSITION 2.1

Let y be a holomorphic frame of Et defined in a neighborhood of a fixed but arbi-
trary w € 2, and JC;, (2) be the transpose of the curvature matrix (K7 (6 216:9)) iFmy
Suppose that y is orthonormal at the point w. Then there exists an orthonormal basis

in the subspace My, such that the matrix representation of N;(w) with respect to this

basis is of the form
O P ¢

Omnxn Omnxmn

where
ti(w)
(Gt @)') = t@)t@) " =~} ()"
tm (W)
Proof
Foranyk=(p—Dn+qg,1<p<m+1,and 1 <g <n, set vg := 0p_1(yq(w))
and V; := (V(—1)n+1s-- -+ V(i—1)n+n). Thus, v; is also 9;_1p, where y = (y1,...,¥n).

Hence, the set of vectors {vg, 1 <k < (m + 1)n} forms a basis of the subspace M,,.
Let P be an invertible matrix of size (m + 1)n x (m + 1)n and

P11 Pip ... Pim+

P> Prr ... Prmi
(ag,...,0n+1) = (V1,..., Vim+1) . .

Puniin Py oo Puiimi
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where each P; ; is a n x n matrix. Clearly, (uy,...,u,41) is a basis, not necessarily
orthonormal, in the subspace My, . The vectors u := (uy, ..., U, +1) are an orthonormal
basis in M, if and only if P P! = G~!, where G is the (m + 1)n x (m + 1)n, Gramian
(({vj,vi))); that is,

hy(w)  Othy(w) ... Omhy(w)
| duhyw) 81dihy(w) .. B1dmhy(w)
5mh;,(w) émalf}y(w) 5mam}zy(w)

In particular, we choose and fix P to be the upper triangular matrix corresponding
to the Gram—Schmidt orthogonalization process. Following Equation (2.2), the matrix
representation of N;(w) w.r.t. the basis v = (Vi,...,Vp41) is [Ny (w)]y = (N1 (w);i))),
[ =1,2,...,m, where

0 i,J LLI+1 ..
Ni(w)y; =4 " (.J_)?é( ), 1<i,j<m+1.
1, @, j)y=0,1+1
Therefore, w.r.t. the orthonormal basis (uy,...,W;+1), the matrix of Ny is of the
form
Onxn 1} (w) ... 1™(w)
Onxn Onxn +++ Onxn 0 t;(w)
(2.3) N(w)| =] . ) . = ( e ) ,
[ l( )]U N ' Omnxn Omnxmn
Onxn Onxn .. Oan
where each tli (w) is a square matrix of size n, for [,i = 1,2,...,m and t;(w) is a
n X mn rectangular matrix. It is now evident that for /,r = 1,2, ..., m, we have

[Ni(w)N, (w)*], = 0 [Ny (w)], G~ [N, (w)], 0",

where Q = P~1. To continue, we write the matrix G~1 in the form of a block matrix:

*nxn  *nxn  *nxn ... Kaxn
*nxn Rl,l R1,2 Rl,m
% k
(2.4) G l=|*mxn R21 Rzp ... Ropm|= nxn nxmn )
. . . . . *mnxn R
*nxn Rm,l Rm,2 Rmm

s

where each R; ; is a n x n matrix. Then we have

Ql,lRl,ratl,l Onxmn )

[N[(U))Nr(w)*]u = ( Omnxn Omnxmn

Since P is upper triangular with Py ; = I, we have uy = v P11 = vy; that is,

(u1,uz,...,up) = (V1,02,...,0p).

Since Pi,1 = I, it follows that Q1 = I,. Hence, w.r.t. the orthonormal basis
(ug,...,uy41) of the subspace My, the linear transformation N;(w)N,(w)* has the
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matrix representation

R 0
2.5) [N (w) N (w)*], = (0 b ) :
mnXxn mnxXmn
Let t(w) be the mn x mn matrix given by
t1(w)
tz(w)
tw)=1 .
tn (W)

Now combining Equation (2.3) and Equation (2.5), we then have
(2.6) t(w)t(w) = R.

To complete the proof, we have to relate the block matrix R to the curvature matrix
Ky (w) w.r.t. the frame y. Recalling Equation (2.4), we have that

— *nxn *nxmn
G '= :
*mnxn R

The Gramian G admits a natural decomposition as a 2 x 2 block matrix, namely,

hy(w) Dby (w) ... by (w)

_ alh,,(w) 8181h,,(w) 818mh7(w) . ]’ly(U)) anmn

B N Lmnxn Smnxmn '
Omhy(W)  Imdrhy(wW) ... mdmhy(w)

Computing the 2 x 2 entry of the inverse of this block matrix and equating it to R, we
have

R'=8—Lh,(w)'X
= ((8:0,hy W) 2y = ((Bifry () hy (W)™ (3 1y W))));;
= ((hy (w)3; (hy (w) ™01y (w))))
= —((hy W)X () ()))

where (K7 (y)(w)));”].=1 denote the matrix of the curvature X at w € QF w.r.t. the
frame y of the bundle E7 on Q and ,K; (w) = (K7 (¥)(w)));"; =, Also, by our

choice of the frame y we have &, (w) = I,. Hence, it follows that
—1r —1
2.7) tw)t(w) =R=—(X,(w)) .
This completes the proof. O

The matrix representation of the operator T4, W.r.t. the orthonormal basis u =
(uy,...,u,4+1) in the subspace M, is of the form

[Tiww]u:(wiln ti(w)), i=1,...,m.

Omnxn Wi Imn
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It is well known that the curvature (1,1) form determines the local equivalence
class of a holomorphic Hermitian vector bundle. Since the class of such vector bundles
and those of commuting m-tuples of operators in B;(£2) are in one to one correspon-
dence, one would expect to find a direct proof that the curvature determines the unitary
equivalence class of these m-tuple of operators. Such proofs exist (see [4] for the case
ofm=n=1,[5] form =2,n =1, and finally, [11, Theorem 2.1] for arbitrary m but
still # = 1). It shows that the curvature is indeed obtained from the holomorphic frame
and the first order derivatives using the Gram—Schmidt orthonormalization. However,
the relationship between the curvature invariant and the operator is not very direct if
the rank of the vector bundle is not 1; see [4, Section 2.19]. Nevertheless, using the
description of the local operators N; (w) := [Ti | Mw]u’ 1 <i < n, we obtain the follow-
ing theorem.

THEOREM 2.2

Suppose that two m-tuples of operators T and T in B, (2) are unitarily equivalent.
Let y (resp. y) be a holomorphic frame for Et (resp. EF). Assume, without loss of
generality, that the frames y and y are orthonormal at w € Q2. Then the curvature
Ky (w) is unitarily equivalent to K5 (w), w € 2.

Proof
LetV = ﬂ:":l ker(7T; —w;) € My,. With respect to the decomposition My, =V & VL,
the local operator (7; — w;)|u,, is of the form

Ornxn t; (w) .
T, —w; 1 = =12,...,m,
[( P )le] (Omnxn Omnxmn )’ ' "

where t; (w) is a n X mn rectangular matrix; see Equation (2.3).

Suppose that T and T are unitarily equivalent via the unitary U. Since V' and v
are joint eigenspaces of T' and T, respectively, U must map V' onto V. Thus, the matrix
representation of U |, is of the form

Aan anmn )
U = .
[ LMw] (Omnxn Cmnxmn
But M, is finite dimensional and U], is a unitary. Hence, B = 0 and A, C are
unitary. Since UT; = T; U, we have At; (w) = t; (w)C,i=1,2,...,m. It follows that
- - - —tr
At (w)t; (w) AT =t; (w)tj(w) .

Let X be the block diagonal unitary matrix A ® I, := Diag(A4,..., A). Finally, we
have

Xt(w)tw) X" = tw)tw) -

Thus, using Equation (2.7), we conclude that the curvature K, (w) is unitarily equiva-
lent to K5 (w). O
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Assume that the joint spectrum of the tuple T is contained in Q*. Then it follows that
for any function f € O(Q*), we have

ST m, = f(T1uc)

_ (f(w) v.f(w) - t(w)
0 fw)

where T, is the m-tuple of operator T | 4, and
V() - t(w) =9y f(w)ty(w) + -+ + I f (W)t (w)
= ((alf(w))lm s (amf(w))ln)(t(w))

)= £

= (In ® v [ () (t(w)).
From Equation (2.7), we also have
238) tw)tw) " = —(K5w)) .

As an application, it is easy to obtain a curvature inequality for those commuting tuples
of operators T in the Cowen—Douglas class B, (Q*) which admit Q* as a spectral set.
This is easily done via the holomorphic functional calculus.

If T admits Q* as a spectral set, then the inequality 7 — f(T)* f(T ) = 0 is
evident for all holomorphic functions mapping Q* to the unit disc ID. As is well known,
we may assume without loss of generality that f(w) = 0. Consequently, the inequality
I — f(Ty)* f(Ty) >0 with f(w) =0 is equivalent to

—_—1r
(2.9) (In ® V(W) ) (In ® v f(w)) < —(K; (w)).
Let V € C™" be a vector of the form
V1 Vi(1)
V=] - |, whereV,= . e C".
Vin Vi(n)

DEFINITION 2.3 (Carathéodory norm)
The Carathéodory norm of the (matricial) tangent vector V € C™" at a point z in 2 is
defined by

(CSZ ,Z ( V))2

=sup{{(Tn @ V /@) ) (In @ V@)V, V): f € OQ). | flloo < 1, f(z) = 0}

= sup{ 3 i S0 FEV;. Vi) i f € O@). I f o = 1. /(2) =0}
i,j=1

2
14

= sup| Hé 3, f()V;

L f €0 IS e = 1. £(2) =0}.
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Now we compute the Carathéodory norm of the tangent vector V' € C™" in the case of
Euclidean ball B™ and of polydisc D™. For a self map g = (g1,82,-..,8m) : 2 — Q
and

4]

Vin
let g.(z)(V) be the vector defined by
> j d;81(2)V;

g+(2)(V) =

> 0;8m(2)V;
From the definition, it follows that Cgq ¢(-)(g«(2)(V)) < Cq - (V); that is, the Cara-
théodory metric is norm decreasing. In particular we have that Cq ;) (¢«(2)(V)) =
Cq .z (V) for any biholomorphic map ¢ of 2. The group of biholomorphic automor-
phisms of both these domains B and D™ act transitively. So, it is enough to compute
Cq.,0(V), since there is an explicit formula relating Cq - (V) to Cq0(V), 2 =B™ or
D™ . From the Schwarz lemma, it follows that the set

{(VFO): feO®B). | flloo <1.f(z) =0}

is equal to the Euclidean unit ball B” (cf. [12, Lemma 1.1]). Now for a = (a1,42,...,
am) € B™, note that

m
HZaJV]
Jj=1

From this it follows that the Carathéodory norm of the tangent vector V' € C™" at the
point O in the case of the Euclidean ball B™ is equal to the Hilbert—Schmidt norm of
V; that is, || V||12{Si2?:1 Y1V (i)|?. Similarly, in case of polydisc D™, we have
{(VAO): f € OD™), | flloo <1.f(z) =0} is equal to the £! unit ball of C™. For
a=(ay,az,...,am): |la|l1 <1, we note that

m
|20,
Jj=1

Thus, we conclude that the Carathéodory norm of the tangent vector V' € C™" at the
point 0, in the case of the polydisc D™, is equal to max{||V;|,2: 1 < j <m}. A more
detailed discussion on such matricial tangent vectors V' and the question of contractiv-
ity, complete contractivity of the homomorphism induced by them, appears in [12].

From the definition of the Carathéodory norm and Equation (2.9), a proof of the
theorem below follows.

Z‘Z%V(l)( < llallZ, Z|V(z)\

i=1j =1

= llaller max [Vl ez-
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THEOREM 2.4
Let T be a commuting tuple of operator in B, (Q*) admitting Q* as a spectral set.
Then for an arbitrary but fixed point w € Q*, there exists a frame y of the bundle ET,

defined in a neighborhood of w, which is orthonormal at w, so that following inequality
holds:

(K (w)V. V) < —(Cg*,w(l/))2 for every V e C™",

Now we derive a curvature inequality specializing to the case of a bounded planar
domains Q*. Using techniques from Sz.-Nagy Foias model theory for contractions,
Uchiyama [18] was the first one to prove a curvature inequality for operators in B, (D).
To obtain curvature inequalities in the case of finitely connected planar domains €2,
he considered the contractive operator Fy,(T), where Fy, : @ — DD is the Ahlfors map,
Fy (w) = 0, for some fixed but arbitrary w € Q2. The curvature inequality then follows
from the equality F, (w) = Sq(w,w). However, the inequality we obtain below fol-
lows directly from the functional calculus applied to the local operators. More recently,
K. Wang and G. Zhang (cf. [20]) have obtained a series of very interesting (higher
order) curvature inequalities for operators in By, (£2).

In the case of a bounded finitely connected planar domain with Jordan analytic
boundary, the Carathéodory norm of the tangent vector V' € C" at a point z in 2 is
given by

(Ca:)* =supl| F/@F V.Vt £ € 0@ flloo < 1. £2) = 0}
= 4ﬂ2(SQ(Z»Z))2<V’ Ve

(cf. [3, Theorem 13.1]), where Sq(z,z) denotes the SZego kernel for the domain 2
which satisfy

278q(z,z) = sup{|r’(z)} :r €Rat(Q), |7]leo < 1,7(z) = 0}.

In consequence, we have the following.

THEOREM 2.5

Let T be a operator in B, (Q*) admitting Q* as a spectral set. Then for an arbitrary but
fixed point w € Q¥*, there exists a frame y of the bundle ET, defined on a neighborhood
of w, which is orthonormal at w, so that the following inequality holds:

Ky(w) < —47T2(SQ* (w, w))zln.

3. Curvature inequality and the case of unit disc

As is well known, an operator T in B;(ID) can be realized as the adjoint of multi-
plication M by the independent variable on a reproducing kernel Hilbert space #g
consisting of holomorphic functions on D determined by a positive definite kernel
K : D x D — C. Without loss of generality, we assume that the vector K,, # 0 for
every w € D. Let wy, ..., w, be n arbitrary points in D and ¢y, . .., ¢, be arbitrary com-
plex numbers. Using the reproducing property of K and the property that M*(Ky,) =
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w; Ky,; we will have

”M*(Z Ci w,)” Zwlw,K(w,,w])c]c,,

i,j=1 i,j=1
n

|3 e

i,j=1

Let K (z,w) be the function (1 — z) K (z, w), z, w € D. Now it is easy to see that the
operator M * on the Hilbert space #k is a contraction if and only if K is non-negative
definite.

2 n
‘ = Z K(w;,wj)cje;.
i,j=1

LEMMA 3.1
Let T be a contraction in By (D) and H g be an associated reproducing kernel Hilbert
space. Then for an arbitrary but fixed { € D, we have Kt ({) = —W if and only

if the vectors K I3 oK ¢ are linearly dependent in the Hilbert space J .

Proof _
Assume Ky« (£) = —m
that the function K : D x D — C defined by

for some ¢ € . Contractivity of the operator M * shows

K(z,w)y=(1-z0)K(z,w) z,weD,

is a non-negative definite kernel function. Consequently, there exists a reproducmg ker-
nel Hilbert space ¥, cons1stmg of s complex valued function on ID such that K becomes
the reproducing kernel for J¢. Also note that K(z,z)=(1— |z|)K(z,z) #0,forz €D
which gives us K, # 0. Let ¢ be an arbitrary but fixed point in D. Now, it is straightfor-
ward to verify that K7 ({) = — \Z\z)z if and only 1f log K(z,2)|,= ¢ = 0. Since

we have
? e K | Kel? 19K 1> — |(Ky. 0Ke) 2
—log K(z,2)|;=¢ = — £ ¢l 25 e
9z (K(.0)
using the Cauchy—Schwarz inequality, we see that the proof is complete. O
REMARK 3.2

Lete(w) = %(1& ® 0Ky — 0Ky ® Kyy) for w € D. A straightforward computation
shows that ||e(w)||2 _ = K(w, w)2—2 log K(z,2)|z=w. Now if we define

FK(Z, w) :=(e(2),e(w)) o5 forz,weD,
then clearly Fk is a non-negative definite kernel function on D x ID. In view of this, we

conclude that K7 (¢) = —(1 — |¢]?)~2 if and only if Fx(¢,¢) = 0.

PROPOSITION 3.3
Let T be a unilateral backward weighted shift operator in By (D), which is contractive,
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co-hyponormal. If for some wg € D, the curvature K1 (wq) = —(1 — |wo|?)~2, then
the operator T is unitarily equivalent to U3, the backward shift operator.

Proof

Let T be a contraction in B;(ID) and #k be the associated reproducing kernel Hilbert
space so that 7 is unitarily equivalent to the operator M * on #g. By our hypothesis on
T, we have that the operator M on Hk is a unilateral forward weighted shift. Without
loss of generality, we may assume that the reproducing kernel K is of the form

o0
K(iz,w)= Zanz”u")”, z,w €D; where a, >0 foralln > 0.

By our hypothesis on the operator 7', we have that the operator M on g is a con-
traction. So, the function K defined by K(z,w)=(1-zw)K(z,w) is a non-negative
definite kernel function. Consequently, following Remark 3.2, the function Fg (w,w)
defined by Fg(w,w) = K(w, w)2 10g K(z,2)|;=w is also non-negative definite.
The kernel K(w,w) is a welghted sum of monomials z%¥wX, k = 0,1,2,.... Hence,
both K (w, w) and Fg(w, w) are also weighted sums of the same form. So, we have

o
Fg(w,w) = ch|w|2”,

for some ¢, > 0. Now assume K7 ({) = —W for some ¢ in D.
Case 1: If ¢ # 0, then following Remark 3.2, we have

Fr(t.0) = chmz" =0

Thus, ¢, =0 for all n > 0 since ¢, > 0 and |{| # 0. It follows that Fg is identically

zero on D x D; that is, WlogK(z z)|z=¢ = 0 for all w € D. Hence,

2 32
—log K(z,2)| ;=0 = —=
020z gk 2)lz= 020z
Therefore, K7 (w) = JCU:E (w) for all w € D, making T = U}.
Now let’s discuss the remaining case; that is, K7 (¢) = —m, for( =0€D.

log Sp(z,2)|,=¢ forallw eD.

Case 2: If ¢ = 0, then by Lemma 3.1, we have that K 05 oK, o are linearly dependent.
Now,

K(z,w):=(1—-zw)K(z,w) = anz"u_)"

where by = ag and b, = a, —an—1 >0, for all n > 1. Consequently, we have I%O(z) =
bo and 3K, (z) = b1z. Now Ko, 0K, are linearly dependent if and only if b; = 0 that
isag=aj.

Since {\/a,z"}32, is an orthonormal basis for the Hilbert space #x, the operator

an
an+1

M on Hg is an umlateral forward weighted shift with weight sequence w, =
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for n > 0. So the curvature of M* at the point zero is equal to —1 if and only if
wo =,/ Z—? = 1. Now if we further assume M is hyponormal (thatis, M*M > MM ™),

then the sequence w, must be increasing. Also contractivity of M implies that w, < 1.
Therefore, if K+ (0) = —1 for some contractive hyponormal backward weighted shift
M* in B{(D), then it follows that w, = 1 for all n > 1. Thus, any such operator is
unitarily equivalent to the backward unilateral shift U, completing the proof of our
claim. g

The proof of Case 1 given above actually proves a little more than what is stated in the
proposition, which we record below as a separate lemma.

LEMMA 3.4
Let T be any contractive unilateral backward weighted shift operator in B1(D). If
Kr(wo) = —(1 — |wo|?)~2 for some wo € D, woy # 0, then the operator T is unitarily

equivalent to U7, the backward shift operator.

Let T be a contraction in B;(ID). Let a be a fixed but arbitrary point in D and ¢, be an
automorphism of the unit disc taking a to 0. Then ¢,(z) is of the form B(z —a)(1 —
az)~! for some unimodular constant 8. For any operator 7 in B; (D) and w € I, the
operator (7 — w) is Fredholm and the index of (7" — w) is 1 by definition. Note that

(1 —aw)(1 =aT)($a(T) — pa(w))
= ﬂ((T —a)(1 —aw)—(w—a)(1l —c'lT))
= B(1 = |al’)(T —w),

w e D.

Thus, the operator (¢4(T) — ¢o(w)) is the product of the Fredholm operator
(T —w) of index 1 and the invertible operator (1 — |a|®)(1 — aw)™ (1 —aT)™';
therefore, it is Fredholm with the same index as that of the operator (T — w).

Also, if v € ker(T — w), then for any polynomial p, p(T)(v) = p(w)v. Conse-
quently, we have that v € ker(¢4(T) — ¢4 (w)). Hence,

ker(T —w) C ker(¢a (T) — ¢a (w)).
Since ¢, ! 0 ¢4 (T) = T, in a similar fashion we will have
ker(¢a(T) — ¢a(w)) S ker(T —w).
Thus, we get that ker(¢,(T) — ¢q(w)) = ker(T — w). In consequence,
\/ ker(q&a (T)— ¢a(w)) = \/ ker(T —w) = H,
web weD

which proves that ¢, (T) is in By (D).
Let y (w) be a frame for the associated bundle E7 of T so that T'(y(w)) = wy(w)
for all w € D. Now it is easy to see that ¢,(T)(y(w)) = ¢q(w)y(w) or equivalently
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$a(T)(y o (w)) =w(yog, (w)). So, y o¢; ! (w) is a frame for the bundle Eg, (1)
associated with ¢, (T'). Hence, the curvature Ky, (7 (w) is equal to

d _ 2
soa=log|y e gy (w)
v, 2 0% 2
= |¢a (w)i 9203 IOg“ V(Z) H |z=¢;1 (w)
—17, )2 -
= |pz " ()" Kr (7' (w)).
This gives the following transformation rule for the curvature:
3.1) Ko (ry(9a(2)) = K1 (2)| ¢ (2)| 7. zeD.
Since |¢.(a)| = (1 —|a]*)~!, in particular, we have that
(3.2) Kpa(r)(0) = Kr(a)(1—[af?)>.

Normalized kernel: Let T be an operator in B1(2*) and T has been realized as
M* on a reproducing kernel Hilbert space #x with non-degenerate kernel function
K. For any fixed but arbitrary ¢ € €2, the function K(z, ¢) is non-zero in some neigh-
borhood, say U, of ¢. The function ¢¢ (z) := K(z,¢) "' K(¢, £)Y/2 is then holomorphic.
The linear space (#, K(;)) := {¢¢ f : f € Hk} then can be equipped with an inner
product, making the multiplication operator My, unitary from Kk onto (#, K(z)). It
then follows that (#, K(¢)) is a space of holomorphic functions defined on U € 2, and
it has a reproducing kernel K ;) defined by

Kg(z,w) = K OKE )T K wKw, )™l zwel,

with the property K(¢)(z,{) =1, z € U. Finally, the multiplication operator M on #x
is unitarily equivalent to the multiplication operator M on (¢, K(¢)). The kernel Kz,
is said to be normalized at (.

The realization of an operator 7' in B1(2*) as the adjoint of the multiplication
operator on Jk is not canonical. However, the kernel function K is determined up
to conjugation by a holomorphic function. Consequently, one sees that the curvature
Kk is unambiguously defined. On the other hand, Curto and Salinas (cf. [6, Remarks
4.7 (b)]) prove that the multiplication operators M on two Hilbert spaces (¥, K(¢))
and (#, K (¢)) are unitarily equivalent if and only if K¢y = K (¢) in some small neigh-
bourhood of ¢. Thus, the normalized kernel at { (that is, K(z), is also unambiguously
defined. It follows that the curvature and the normalized kernel at ¢ serve equally well
as a complete unitary invariant for the operator 7" in By (22*).

To answer Question 1.2, we have to impose two additional conditions on the oper-
ator 7. These are not too restrictive. However, we don’t know if the second of these
two conditions follows from the other hypothesis.

First, let us recall the definition of 2 hyper-contraction (cf. [2]). An operator A
acting on a Hilbert space J is said to be 2 hyper-contraction if / — A*A > 0 and
A*?A2 —24*A + I > 0. For example, every contractive subnormal operator is a 2
hyper-contraction (cf. [2, Theorem 3.1]). The following lemma will be very useful in
establishing our next result.
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LEMMA 3.5
Let A be a2 hyper-contraction and ¢ be a bi-holomorphic automorphism of unit disc D.
Then ¢(A) is also a 2 hyper-contraction.

Proof

Let A be a 2 hyper-contraction. Let ¢ be the automorphism of the unit disc D given by
@(2) = A{=5; for some unimodular constant A and a € . So ¢(A) = A(4 —a)(l —
aA)~!. Since A is a contraction, using von Neumann’s inequality, we have that ¢(A)
is also a contraction. Thus,

P(A)*20(A)? —20(A)*p(A) + 1

=(1—aA*) > {(A* —a)*(A—a)* —2(1 —aA*)(A* —a)(A—a)(1 —aA)

+ (1 —aA*)*(1—aA)*}(1—ad)—?

=(1—aA*) > {(A* —a)*(A—a)> — (A* —a)(1 —aA*)(1 —aA)(A —a)
—(1—aA*)(A* —a)(A—a)(1 —ad) + (1 —aA*)*(1 —aA)*}(1—aA)~>

=(1—ad") (A" - {(A* —a)(A—a) — (1 —aA*)(1 —aA)}(A—a)
—(I—ad"{(A* —a)(A—a)— (1 —aA*)(1—aA)}(1 —aA)}(1—aA)~>

=(1—ad*) {4 —a)(A*A-1)(1 —|a]*)(4A —a)
—(1—aAd*)(A*A-1)(1—|al) A —aA)}(1—ad)~>

=(1—aA*) (1 —|a|*){(4* —a)(A*A—1)(4 —a)
—(I—aA*)(A*A-1)(1—aA)}(1—-ad)~>

=(1—ad*)2(1—|a?){(1 —|a?)(A** A% —24* A+ )} (1 —aA) >

= (1—ad*)2(1 —|a|?)(A*? A2 = 24" A+ ) (1 —|a|?) (1 —aA) 2.

Since A is a 2 hyper-contraction, it follows that ¢(A) is also a 2-hyper-contraction,
completing the proof. 0

Second, recall that an operator A in B(#) is said to have wandering subspace property
if the linear span of {A" (ker A*) : n € Z4} is dense in # (cf. [16]). The following
theorem provides a partial answer to Question 1.2.

THEOREM 3.6

Fix an arbitrary point ¢ € D. Let T be an operator in B1(D) such that T* is a 2 hyper-
contraction. Suppose that the operator (¢z(T))* has the wandering subspace property
for an automorphism ¢¢ of the unit disc D mapping ¢ to 0. If X1 (§) = —(1 — [{[*) 72,
then T must be unitarily equivalent to U, the backward shift operator.
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Proof
Let T be an operator in By (ID) such that the adjoint 7* is a 2-hyper-contraction and
(¢¢(T))* has the wandering subspace property for an automorphism ¢; of the unit disc
D mapping ¢ into 0. Let P be the operator ¢¢ (T'). We have seen that P is in By (ID) and
from Lemma 3.5, it follows that the adjoint P* is a 2-hyper-contraction. Now assume
K7 (¢) = —(1 —|¢|?)~2. Following Equation (3.2), we see that K p (0) = —1.

Without loss of generality, we assume that P is unitarily equivalent to the operator
M * acting on the reproducing kernel Hilbert space #g, where the kernel function K
is normalized at 0. Since M™* € B{(D), we have ker M* = {a K(-,0) :a € C}. As K
is normalized at O (that is, K(z,0) = 1 for all z in some neighborhood of 0), we have
ker M* = C. By our assumption, P* has the wandering subspace property. As the
operator M on Jk is unitarily equivalent to P*, the operator M on Jk also has the
wandering subspace property. Thus, polynomials are dense in Hx .

Now we claim that dK (+,0) = z. As Hk consists of holomorphic function, for any
f € Hg, we have

s )] 9/ K (-
f(z):Zajzj, where a; = / ;!(0) =< ’811§(!,0)>.

Jj=1

Let V; = w To prove Vi = éK(-,O) = z, it is sufficient to show that
(V1,V;) =0forall j >0, except j = 1. First note that since K(z,0) =1 = K(0,z),
we have 9K (0,0) = 0. It follows that (V;, Vp) = 0. Since K is normalized at 0, we
also have K p(0) = —39K(0,0) = —|| V4 ]|%. Hence, we find that ||V |2 = 1. Now to
show (V1,V;) =0 for j > 2, we need the following lemma.

LEMMA 3.7

Let V and W be two finite dimensional inner product spaces and A:V — W be a
linear map. Let {v1,va,...,Vi} be a basis for V and Gy (resp. G 4,) be the Gramian
({vj,vi)v)) (resp. ({Av;, Av;)w))). The linear map A is a contraction if and only if
GAv = Gv.

Proof

Let x = cjvy 4+ cavp + -+ + ¢4V, be an arbitrary element in V. Then the easy ver-
ification that ||Ax||%,V < ||x||%, is equivalent to (G 4yc,c) < (Gyc,c) completes the
proof. ]

Differentiating (M * — w) K (-, w) = 0, we find that (M* — w) éKj;'!’w)) = 5K{j7_]1(')’;u))
forall j > 1. So, we have M™*(V;) = V;_; for j > 1 and M *(V,) = 0. We also have
|M*| < 1. Applying Lemma 3.7 to the vectors {Vp, V1,..., V,}, we see that the dif-

ference

(Vo. Vo) (Vi,Vo) -+ (Va, Vo) 0 0 0
Vo, Vi) (Vi,Va) -+ (Vau, V1) B 0 (Vo.Vo) -+ (Va1,Vo)
VoVa) (ViVa) o aVid) \0 (VouVaet) - (Ve Vo)

is non-negative definite.
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Since || Vp]|> = K(0,0) = 1 and ||V4]|?> = 1, the (2,2) entry of this difference is
0. Also, this difference being a non-negative definite matrix, we see that the 2nd
row and 2nd column must be an identically zero (for a non-negative definite matrix
B with (Bey,e;) = 0 gives «/Eez = 0. Hence, Be, = 0). Consequently, we get that
(Vi,Vi) =(Vj—1, V) forall j =2,...,n. But as K(z,0) =1 = K(0, z), it follows
that 9K K(0,0) = (V¢, Vo) = 0 for all k > 1. Hence, we get that (V;, V1) = 0 for all
j>2,V1 =0K(-,0) =z, and ||z]|2> = | V1||*> = 1. We also have Vo = K(-,0) = 1 with
111> = Vol = K(0,0) = 1.

By our assumption, the operator M on Hk is a 2-hyper-contraction. In particular,
M is also a contraction and ||1]| 5, = 1. Hence, we have ||z"|| 5, <1, forall n > 1.
Since M on H is a 2 hyper-contraction (that is, I —2M*M + M*>*M? > 0), equiv-
alently, ||f||§€K —2||Zf||§€K + ||22f||§€[( >0, forall f € Hk. Since ||1]| =|z|| =1,
taking f = 1, we have ||z2]|| > 1. But we also have ||z2|| < 1, which gives us ||z2| = 1.
Inductively, by choosing f = z¥, we obtain ||z¥*2|| = 1 for every k € N. Hence, we
see that ||z || = 1 for all n > 0.

We use Lemma 3.7 to show that {z" | n > 0} is an orthonormal set in the
Hilbert space #k. Consider the two subspace V and W of H#k, defined by V =
VAl.z,....z5} and W = \/{z,22,...,z%*1}. Since M is a contraction, applying the
lemma we have just proved, it follows that the matrix B defined by

_ ((Zj+1,Zi+1))k

B =((z/.2); i.j=0

i,j=0
is positive semi-definite. But we have ||z’ || = 1, for all i > 0. Consequently, each diag-
onal entry of B is zero. Hence, tr(B) = 0. Since B is positive semi-definite, it fol-
lows that B = 0. Therefore, (z/,z') = (z/*1, zi*1) for all 0 <i,j < k. We have
Ko(z) = 1. So, M*1 = M*(Ky) = 0. From this it follows that for any k > 1, we
have (z¥,1) = (z¥=!, M*1) = 0. This together with (z/,z%) = (z/+1 zi+1) for all
0 <i,j <k inductively shows that (z/,z%) = 0 for every i # j. Hence, {z" | n > 0}
forms an orthonormal set.

Since polynomials are dense in Hg, the set of vectors {z" | n > 0} forms an
orthonormal basis for #g. Hence, the multiplication operator M on Hk is unitar-
ily equivalent to U, the unilateral forward shift operator. Consequently, P is unitarily
equivalent to U. But by U being a homogeneous operator, we have that U is uni-
tarily equivalent to ¢§_1(Uj;) (cf. [9]). Hence, we infer that T = ¢>§_1(P) is unitarily
equivalent to UJ. O

COROLLARY 3.8

Let T be an operator in B1(D). Assume that T* is a 2 hyper-contraction and that
(p(T))* has the wandering subspace property for every automorphism ¢ of the unit
disc D. If X1(£) = —(1 — |£|?) 72 for an arbitrary but fixed point ¢ in D, then T must
be unitarily equivalent to U, the backward shift operator.

4. Bergman bundle shifts

Let €2 be a finitely connected bounded domain in the complex plane C whose boundary
consists of n + 1 analytic Jordan curves. Let dv be the Lebesgue area measure in
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the complex plane C and ds be the arc length measure on the boundary 92 of the
domain 2. For a positive continuous function /2 on © which is integrable w.r.t. the area
measure dv, the weighted Bergman space (A%(Q2),h dv) consists of all holomorphic
function f on Q satisfying | f |7 = [o | f(2)[*h(z) dv(z) < oco. In this section we
study the operator M of multiplication by the coordinate function on the weighted
Bergman space (A%(R2),hdv).

NOTATION 4.1
Let b be the set of functions

{h : h is a positive continuous integrable (w.r.t. area measure) function on Q}
and similarly let 6 be the set of functions
{ﬁ ‘hisa positive continuous function on 9$2}.
Finally, let 7, 5> be the class of operator defined by
F1={M on (A*(Q),hdv):heb}
and
Fr = {M on (HZ(Q),ﬁds) he 6}

Set ¥ =F1 U F>.

It was shown in [15] that the class of operators in %5 includes the bundle shifts intro-
duced in [1]. We conclude this section by showing that the class %7 includes all the
Bergman bundle shifts of rank 1 introduced in [7]. Let § be the class of operators
contained in ¥ defined by & = {M on (A%(Q), h dv): logh is harmonic on Q}. After
recalling the definition of of Bergman bundle shift (cf. [7]), we proceed to establish
the existence of a surjective map from § onto the class of a Bergman bundle shift of
rank 1.

Let 7 : D — Q be a holomorphic covering map. Bergman bundle shifts are real-
ized as multiplication operators on a certain subspace of the weighted Bergman space
(A%2(D), |n’(z)|?>dv(z)). Let G denote the group of deck transformation associated
to the map 7 that is G = {4 € Aut(D) | w o A = 7}. Let @ be a character—that is,
o € Hom(G, S'). A holomorphic function f on unit disc I satisfying f o A = a(A) f,
forall A € G, is called a modulus automorphic function of index «. Now consider
the following subspace of the weighted Bergman space (A%(D), |’(z)|? dv(z)) which
consists of a modulus automorphic function of index o, namely,

A*(D, ) ={f € (A*(D), n/(z)|2dv(z)) | foA=a(A)f, forall A€ G}.

Let T, be the multiplication by the covering map 7 on the subspace A%(DD,«). The
operator T, is called a Bergman bundle shift of rank 1 associated to the charac-
ter o.

Like the Hardy bundle shift (cf. [1]), there is another way to realize the Bergman
bundle shift as a multiplication operator M on a Hilbert space of multivalued holomor-
phic function defined on € with the property whose absolute value is single valued.
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A multivalued holomorphic function defined on €2 with the property whose absolute
value is single valued is called a multiplicative function. Every modulus automorphic
function f on ID induces a multiplicative function on €2, namely, f o 7w~!. The con-
verse is also true (cf. [19, Lemma 3.6]). We define the class A2(Q2) consisting of a
multiplicative function in the following way:

AZQ):={forn"| feA*D.a)}.

So the linear space A2 (£2) consists of those multiple valued functions / on €2 for
which |h| is single valued, |A|? is integrable w.r.t the area measure dv on w, and h is
locally holomorphic in the sense that each point w € Q2 has a neighborhood Uy, and a
single valued holomorphic function g, on Uy, with the property |gy, | = |h] on Uy, (cf.
[8, p. 101]). It follows that the linear space A2 (2) endowed with the norm

112 = /Qlf(Z)\zdv(Z)

is a Hilbert space. We denote it by (A2(Q),dv). In fact, the map f + fox lisa
unitary map from A%(D, ) onto (A2(2), dv) which intertwines the multiplication by
7 on A%(D, @) and the multiplication by coordinate function M on (A2(2),dv). Thus,
the multiplication operator M on (A2(2), dv) is also called a Bergman bundle shift of
rank 1.

Let & be a positive function on Q with log 4 harmonic on Q. Now we show that the
multiplication operator M on the weighted Bergman space (A?(2),/ dv) is unitarily
equivalent to a Bergman bundle shift 7;, for some character «. In this realization, it is
not hard to see that all the Bergman bundle shifts of rank 1 are in the same similar-
ity class. First note that / is bounded both above and below. So, there exist positive
constants p, g such that 0 < p < h(z) < ¢ for all z € Q. Consequently, we have

pl-lh=1-lle=qll -l

Thus, the norm on the weighted Bergman space (A%(Q2), 1 dv) is equivalent to the norm
on the Bergman space (A%(R2), dv). It follows that the identity map is an invertible
operator between these two Hilbert spaces and intertwines the associated multiplication
operator. This shows that every operator in the class § is similar to the multiplication
operator M on the Bergman space (A%(Q), dv).

The following lemma is the essential step in proving the existence of a bijective
map from § to the class of a Bergman bundle shift of rank 1.

LEMMA 4.2

Let h be a positive function on Q such that logh is harmonic on Q. Then there exists
a function F in HJ°(S2) for some character y such that |F|?> =h on Q. In fact, F is
invertible in the sense that there exist G in H;’il () so that FG =1 on Q. Further-

more, given any character y there exists a positive function h on Q such that log h is
harmonic on Q and h = |F|? on Q for some F in HPo(Q).
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Proof
The proof of the first half of the lemma follows using techniques similar to the ones
used in the proof of Lemma 2.4 of [15]; therefore, we omit the proof here.

For the proof of the second half of the lemma, recall that there exist functions
w; (z) which are harmonic in . For each j = 1,2, ..., n, the boundary value of these
functions is 1 on d€2; and O on all the other boundary components. Since the boundary
of € consists of Jordan analytic curves, we have that the functions w;(z) are also
harmonic on Q. Let p; ; be the period of the harmonic function w; around the boundary
component 0€2;; that is,

0
p,-,jz—/ —(a)j(z))dsz, fori,j=1,2,...,n.

99, 0Nz
The negative sign appears in the equation as it is assumed that dS2 is positively
oriented—that is, the boundary components d2;, j = 1,2,...,n, except the outer

one, namely 02,41, are oriented in the clockwise direction. So the period of the
harmonic function u(z) = ajw;1(z) + aw,(z) + -+ + apw,(z) around the boundary
component 9€2; is equal to Y ; pi,joj. Itis well known that the n x n period matrix
((pi,;)) is positive definite and hence invertible (cf. [14, Section 10, Ch 1]). Thus, it
follows that for any n-tuple of a real number, say (b1, ba,...,b,), we have a harmonic
function 1 on € such that its period around the boundary component d2; is equal to
b;. Let g be the positive function on Q defined by g(z) = exp(2u(z)), z € Q. Now
following the first part of the lemma, we have that there exists an F in H;°(£2) such
that | F|?> = g on Q. Furthermore, the character y is determined by

y; =exp(ib;), forj=12,...,n.
As this is true for an arbitrary n-tuple of real number (b1, b2, . .., by,), the result follows.
O

As a consequence of the previous lemma, we have the following theorem.

THEOREM 4.3
There is a bijective correspondence between the multiplication operators on the
weighted Bergman spaces § and the bundle shifts in B.

Proof

Let / be a positive function on Q such that log/ is harmonic on Q. We see that there
isan F in H°(Q) with |F|> =hon Q and a G in H$2, () with |G|>=h"" on Q.
Now consider the map M : (A%(Q2), hdv) — (AZ(R2), dv), defined by the equation

Mp(g)=Fg. ge<(A*(Q).hdv).

Clearly, M F is a unitary operator and its inverse is the operator M¢. The multiplication
operator MF intertwines the corresponding operator of multiplication by the coordi-
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nate function on the Hilbert spaces (A2(2), h dv) and (Af, (2),dv). The character y is
determined by y; (k) = exp(ic;(h)), where c;(h) is given by

9 /1 .
c,»(h)z_/mj i (Elogh(z)>dsz, for j =1,2,....n.

Conversely, following the second part of Lemma 4.2, for any character y there
exists a positive function # on € such that log / is harmonic on Q and 4 = |F|? on Q
for some function F in H;°(£2). Thus, we have established a surjective map from the
class § = {M on (A%(RQ),h dv): log h is harmonic on €} onto the class B of Bergman
bundle shifts of rank 1, namely, the multiplication operators M on (A)Z, (2),dv), where
y is in Hom(m (R2),S1). O

Also, the following corollary is an immediate consequence of [7, Theorem 18].

COROLLARY 4.4

Let hy, hy be two positive function on Q. Suppose that logh;, i = 1,2, is harmonic on
Q. Then the operator M on (A%(2), hy dv) is unitarily equivalent to the operator M
on (A%(Q),hadv) ifand only if y; (hy) = y; (h2) for j =1,2,...,n.

5. Curvature inequality in the case of finitely connected domain

Let & be a positive continuous function on € which is integrable w.r.t the Lebesgue
area measure dv on §2. Consider the weighted Bergman space (A2(2),h dv). For any
compact set C C €2, the function /4 is bounded below on C. It follows that evaluation
at any fixed but arbitrary point in 2 is a locally uniformly bounded linear map on
(A2(R2),h dv). Consequently, (A(2), h dv) is a reproducing kernel Hilbert space. Let
K(z,w) be the kernel function for (A?(S2),% dv). Clearly, the multiplication operator
M by coordinate function on (A2(R2), % dv) is a subnormal operator and € is a spectral
set for M. In this section, we will establish the following strict curvature inequality:

9,0, log K(z,2)|z=w > 4728 (w, w)2.

Let w be an arbitrary but fixed point in Q. Let €, be the closed convex set in
H = (A%(Q),hdv) defined by €, = {f € H : f(w) =0, f'(w) = 1}. Consider the
following extremal problem:
inf{|[ 17 £ € €w}.
Let &, be the subspace of J# defined by

Ew=1{fed: f(w)=0,f'(w)=0).

Since f + g € €, whenever f € €, and g € &, it is evident that the unique func-
tion F' which solves the extremal problem must belong to S,j From the reproducing
property of K, it follows that

fw)=(fKCw),  f(w)=(f£IK(w)
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Consequently, we have SUJ; = V{K(,w), dK(-,w)}. A solution to the extremal prob-
lem mentioned above can be found in terms of the kernel function as in [10]:
2 -1

log K(Z,Z)|Z=w>}

)
inf {1 /1% f €} = {Kw.w)(52

Now consider the function g in # defined by

2(z) = Ky (2) Fy(2)

= , Q,
2 S(w, w)K(w, w) Ze

where Fy,(z) = i;’;iﬁ % denotes the Ahlfors map for the domain €2 at the point w (cf. [3,

Theorem 13.1]). Note that | Fy,(z)| <1 on Q and |Fy,(z)]=1 on 0Q2. As g € ¥, we
have the inequality

92 -
{K(w,w)(azaz logK(z,z)|z=w)} '
<l
1 > )
:47‘[2S(U),w)2K(w,w)2/Q}FW(Z” {K(Z,LU)| h(z)dv(z)
1

/ |K(z,w)|*h(z) dv(z)
Q

= 4728 (w, w)? K(w, w)?

_ 1

C4n2S(w,w)2K(w,w)’
where the strict inequality follows from the inequality |F,,(z)| < 1 on 2. Hence, we
have 9,9, log K(z,2)| ;=w > 4728 (w, w)2, which is the strict curvature inequality. We
obtain the uniqueness of the extremal operator within the class ¥, defined in Section 4,
by combining this with Theorem 2.6 of [15].

THEOREM 5.1

Let ¢ be an arbitrary but fixed point in Q and T be an operator in B1(2*). Assume
that the adjoint T* (up to unitary equivalence) is in ¥ . Then X (£) < —4n2Sq(¢, )%,
where equality occurs for a unique operator modulo unitary equivalence.
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