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A B S T R A C T 

Outward transport of angular momentum, as well as viscous and thermal stability, are the necessary criteria for the formation 

of an accretion disc and to radiate steadily. Turbulent motions originating from magneto-rotational instability or hydrodynamic 
instability can do the required transport. We explore the effect of a large-scale magnetic field (LSMF) o v er the turbulent transport 
in an optically thin adv ectiv e accretion disc. In this work, turbulent transport is represented through the usual Shakura–Sunyaev 

α-viscosity. The evolution of the magnetic field and other variables is found by solving v ertically inte grated height-av eraged 

magnetohydrodynamic equations. Depending on its configuration, the LSMF can support or oppose α in outward transport of 
angular momentum. Once outward transport of angular momentum is assured, i.e. formation of the disc is confirmed through the 
combined effect of α-viscosity and the LSMF, we explore the impact of the LSMF in thermally stabilizing the disc. As found 

earlier, we also find that the advection of heat energy becomes zero or negative with an increasing accretion rate. That is why, at 
or abo v e a critical accretion rate, the optically thin adv ectiv e disc becomes thermally unstable. We sho w, ho we ver, that with the 
addition of a strong enough magnetic field, the disc regains its thermal stability and Joule heating turns out to play the key role 
in that. Throughout our analysis, the plasma- β ( βm 

) remains within the range of 5–10 

3 , which does not impose any restriction 

in the simultaneous operation of the LSMF and the turbulent transport. 

Key words: accretion, accretion discs – black hole physics – (magnetohydrodynamics) MHD – radiation mechanisms: non- 
thermal – X-rays: binaries. 
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 I N T RO D U C T I O N  

utward transportation of angular momentum is the necessary 
equirement for the formation of accretion disc in a low-mass X- 
ay binary where matter flows from the binary companion to the 
ompact object through Roche lobe o v erflow. Molecular viscosity 
s too inefficient to meet the requirement of necessary transport 
Section 4.7 of Frank et al. 2002 ). Shakura & Sunyaev ( 1973 )
ntroduced the idea of α-viscosity: Viscous stress tensor σ

′ 
ik is 

ssumed to scale with local gas pressure, and α is the constant of
roportionality. In that work itself, they invoked the turbulent, chaotic 
otion of matter and/or magnetic field as the possible reason for the

rigin of α. Till now, many works have focused on understanding 
he origin of turbulent transport, which possibly gives rise to α.

ost promising is the magneto-rotational instability (MRI: Velikhov 
959 ; Chandrasekhar 1960 ; Balbus & Ha wle y 1998 ). A few works
Ghosh & Mukhopadhyay 2021 and references therein) showed that 
ydrodynamic instability could also be a plausible reason if some 
xtra force is applied to the system. 

Ho we ver, some other works explored the role of the large-scale
agnetic field (LSMF) in the transportation of angular momentum. 
ostly they focused on the launching of outflows and jets from
 E-mail: sudebd@iisc.ac.in (SRD); tushar.mondal@icts.res.in (TM); 
m@iisc.ac.in (BM) 
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he disc with the help of the LSMF, and the outflows or winds (least
ollimated outflow) help in transporting angular momentum outward 
s the y leav e the disc. Zhu & Stone ( 2018 ); Mishra et al. ( 2020 ); and
acquemin-Ide, Lesur & Ferreira ( 2021 ) did the global simulation
f the geometrically thin turbulent accretion disc in the presence 
f a net vertical magnetic field. The whole region of the flow is
eing divided vertically into regions with a separated dominance 
f turbulent and laminar (LSMF) transports. Ho we ver, these works
ssumed the presence of a vertical magnetic field to focus on the
aunching of winds and showed that wind does not significantly help
n transporting angular momentum outward and in the accretion 
f the matter. Most of the accretion occurs through the coronal
tmosphere where βm 

< 1, i.e. the magnetically dominated region 
hich lies abo v e the turbulent disc. It is found that radial laminar

orque associated with the LSMF can play a crucial role in angular
omentum budget. Mukhopadhyay & Chatterjee ( 2015 ) explored the 

ole of the LSMF in transporting angular momentum in an optically
hin adv ectiv e accretion disc, and without ev en the presence of α-
iscosity, the disc was shown to be formed. This result and the
imulations are quite encouraging in establishing a key role of the
SMF in transport. 
In this work, we explore the contribution of the LSMF in

ransporting angular momentum in optically thin adv ectiv e accre- 
ion disc along with turbulent transport (approximated through 
-prescription). Jacquemin-Ide et al. ( 2021 ) nicely separated out 

he contribution of the laminar term (or LSMF or mean-field) 
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a  
nd turbulent part (fluctuations of velocity and magnetic field) in
ngular momentum transport. To simplify the situation and focus
n the LSMF, we approximate the turbulent transport through α-
rescription and solve for the evolution of the magnetic field and its
ffect strictly by solving magnetohydrodynamic equations in pseudo-
ewtonian potential. 
Besides the transportation of angular momentum, the disc has

o be viscously and thermally stable to exist in nature and give
adiation steadily. We know that without advection, optically thin
ows are, though viscously stable, thermally unstable (Pringle 1976 ;
hapiro, Lightman & Eardley 1976 ; Piran 1978 ; Abramowicz et al.
995 ). Optically thin flows lead to incomplete thermalization of ions
nd electrons, resulting in two-temperature flows (Chakrabarti &
itarchuk 1995 ; Narayan & Yi 1995 ; Mahade v an & Quataert 1997 ;
anmoto, Mineshige & Kusunose 1997 ; Nakamura et al. 1997 ;
arayan, Kato & Honma 1997 ; Mandal & Chakrabarti 2005 ;
ajesh & Mukhopadhyay 2010 ). In the absence of a magnetic
eld, viscous dissipation is the only source of heating. Ions gain
ost of the energy from gravitational potential through viscous

issipation and transfer it to electrons through Coulomb coupling
 Q 

ie ). Electrons are efficient radiators. They cool the system through
adiation. Two temperature flow exists with ions and electrons at
igher and lower temperatures respectively. A little increase in
on temperature leads to higher energy transfer to the electron. As
lectron cooling, which is through bremsstrahlung, synchrotron, and
heir Comptonization, remains unaffected, electrons are heated up,
nd their temperature rises. Higher electron temperature decreases
he Coulomb coupling Q 

ie , i.e. the energy transfer from the ion.
his decrement in Q 

ie is more than its initial increment. Then as a
onsequence, the ions transfer less energy; they are heated up more
nd increase their temperature further. In this way, without advection,
he increment in ion temperature leads to their further increment
n temperature, and that is why optically thin accretion flows are
hermally unstable without advection (Pringle 1976 , Section 3.3
f Done, Gierli ́nski & Kubota 2007 ). If the advection of heat is
aken into account, it acts as a cooling mechanism and provides
hermal stability to the flo w. A fe w works had been done and,
eeping in mind the stability, the accretion flows are categorized
nto different classes depending on mass accretion rate and optical
hickness (Chen et al. 1995 ). The Coulomb coupling, which cools
he ion, depends on the accretion rate steeply in comparison with
iscous dissipation, which heats the ion. With increasing accretion
ate, Coulomb coupling increases more than the viscous dissipation,
eading to the decrement of advection. A critical value of accretion
ate exists for which dissipated heat balances Coulomb coupling. At
r abo v e that critical accretion rate, adv ected energy through ions
ecomes zero or ne gativ e, leading to thermally unstable optically
hin flow (Narayan 1996 ; Esin, McClintock & Narayan 1997 ). As
he viscous dissipation increases proportionally with α-viscosity, the
ritical accretion rate also depends on the value of α. Narayan ( 1996 ),
sin et al. ( 1997 ) found this critical accretion rate to be ∼ 0 . 4 α2 Ṁ Edd .
emember that, in general, this α-viscosity includes turbulent and

he laminar contributions. In this work, we denote α-viscosity as a
resentation of turbulent contribution only. On a note of caution, this
ritical accretion rate depends on the δ parameter, the fraction of
iscously dissipated heat that goes directly to the electron, as well as
n the chosen radius value. 
Abo v e that critical accretion rate, it is believed that no optically thin

table accretion flow can exist. As cooling of ions is more significant
han heating at a higher accretion rate, cooling instability kicks in, and
t is believed that eventually, it will converge to an optically thick disc
Mineshige 1996 ; Machida, Nakamura & Matsumoto 2006 ). Yuan
NRAS 00, 1 (2022) 
 2001 ) introduced the idea of luminous hot accretion flow (LHAF). It
ocuses on the increment of internal energy as the matter is accreted
nward instead of the advection of heat energy. This relaxation
ives the freedom to add heat due to compression with the viscous
issipation to balance the Coulomb coupling and keep the flow hot.
lthough this pushes the limit of accretion rate to a higher value,

hese flows become thermally unstable against local perturbations
or higher accretion rates (Yuan 2003 ). Ho we ver, here we keep the
ositi ve v alue of advection of energy as the necessary criterion for
he thermal stability of the optically thin accretion flow. We find that
trong LSMF (weak enough to keep βm 

in the range ∼5–10 3 ) can
lso push the accretion rate limit to a higher v alue. A fe w works
Oda et al. 2007 , 2009 , 2010 , 2012 ; S ądo wski 2016 ) already sho wed
hat the LSMF could stabilize the disc. Most of the earlier analyses
ere local ones. Although Oda et al. ( 2012 ) did the global analysis

or the optically thin disc as analysed in this work, the Maxwell
tress is assumed to be proportional to total pressure, and through
his assumption, magnetic heating is also taken into account. Joule
eating is not computed self-consistently in that work. S ądowski
 2016 ) showed through general relativistic magnetohydrodynamic
imulation that a magnetic field with a certain initial geometry can
tabilize a geometrically thin disc in which instability due to radiation
ressure kicks in at a higher accretion rate. 
We find that depending on the configuration of the LSMF (relative

trength and orientation of different magnetic field components),
t can oppose or help α-viscosity (turbulent contribution) in the
utward transportation of angular momentum. Radial evolution of all
he components of magnetic fields is taken care of self-consistently.

e fix the configuration of the LSMF so that it helps α-viscosity
arameter the most in transporting angular momentum outward.
ith a weak vertical field, the suitable configuration turns out to be

he toroidally dominated field that can efficiently transport angular
omentum outward. As indicated abo v e, a suitable configuration

f the LSMF can oppose α-viscosity too and prohibit the accretion
ow from happening. In addition to transportation, the LSMF also
akes the disc cooler, and reduces the outward transport of angular
omentum through turbulent α-viscosity, even though the value

f α remains the same. We find that the work done by the gas
ue to compression or expansion increases with the increase of
he strength of the magnetic field, leading to the decrease in ion
emperature. Moreo v er, we find that the LSMF helps in stabilizing
he disc by increasing the total heating in the system through Joule
eating. In this way, strong LSMF can transport angular momentum
utward along with α-viscosity and prohibit adv ectiv e accretion
isc with a larger accretion rate to become thermally unstable.
ubsequently, we also find that a strong vertical field can also

ransport angular momentum efficiently, and correspondingly, it can
tabilize the disc thermally like the toroidally dominated field. For all
ur investigated cases, βm 

al w ays remains greater than unity, which
s quite encouraging as it does not restrict the simultaneous operation
f the LSMF and the α-viscosity even if we assume the source of
solely to be MRI (as MRI ceases for βm 

< 5, Balbus & Ha wle y
991 ). 
In the next section, we will discuss the assumptions and magneto-

ydrodynamic equations that we solve. In Section 3 , we present our
esults: when the vertical field is weak, how different configurations
f the LSMF oppose and help α-viscosity, ho w the LSMF af fects
ynamics, as well as different quantities related to the thermal balance
f the disc. The thermal instability kicks in abo v e a critical accretion
ate for the non-magnetic or weakly magnetic case, and the flow
egains stability with strong LSMF, which are shown in sections 3.3
nd 3.4 , respectively. Outward transport of angular momentum
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hrough the strong vertical field is discussed in Section 3.5 . After
iscussing a few crucial points in Section 4 and mentioning the 
aveats of our work in Section 5 , we summarize at last in Section 6 . 

 FORMALISM  

.1 Fundamental equations 

e follow the standard method to find the magnetohydrodynamics 
f optically thin, two-temperature, adv ectiv e accretion flows around 
lack holes. The accreting gas under consideration consists of 
lectrons and ions, and thus behaves as a two-temperature system, 
part from radiation. The number densities of ions and electrons are 
qual by charge neutrality, i.e. n i = n e = n . Here, we adopt cylindrical
oordinates ( r , φ, z) and solve the following equations to find the
agnetohydrodynamic solutions. The mass continuity equation and 

he momentum balance equation in the presence of magnetic fields 
re, respectively, 

∂ ρ

∂ t 
+ ∇. ( ρv ) = 0 , (1) 

∂ v i 

∂ t 
+ ( v j ∂ j ) v i = F i − 1 

ρ
∂ i p + 

1 

ρ
∂ k σ

′ 
ik + 

[
1 

4 πρ
( ∇ × B ) × B 

]
i 

, 

(2) 

here ρ is the density of the flow, v is the velocity vector; B is the
agnetic field vector; σ

′ 
ik is the viscous stress tensor that appears 

ue to turbulent viscosity; and p is flow pressure, which includes gas
f ion and electron and radiation. Note that p does not include the
agnetic pressure and takes the form 

 = p i + p e + p rad = 

ρkT i 

μi m p 
+ 

ρkT e 

μe m p 
+ 

1 

3 
aT 4 eff , (3) 

here k is the Boltzmann constant, a is the radiation constant, which
s related to Stefan’s constant σ s through a = 4 σ s / c , m p is the
roton mass, and c is the speed of light. μi and μe , respectively,
re the ef fecti ve molecular weights for ions and electrons, T i and
 e , respectively, are ion and electron temperatures, and T eff is the
f fecti v e surface temperature. F ollowing Narayan & Yi ( 1995 ), T eff 

s calculated such that σs T 
4 

eff gives the flux emitted from the disc.
 i ’s are the different components of gravitational pseudo-Newtonian 

orce at the equatorial plane of the disc. The radial component of the
orce is given by Mukhopadhyay ( 2002 ) as 

 r ( r) = − ( r 2 − 2a 
√ 

r + a 2 ) 2 

r 3 ( 
√ 

r ( r − 2) + a) 2 
, (4) 

here throughout in our calculation, the Kerr parameter a = 0 as for
he non-rotating black hole (same as P aczy ́nsk y & Wiita 1980 ). 

The energy balance equations for ions and electrons are, respec- 
ively, 

 adv , i = (1 − δ) Q 

+ − Q 

ie , (5) 

 adv , e = δQ 

+ + Q 

ie − Q 

rad , (6) 

here Q 

+ is the heating rate per unit volume, Q 

ie is the Coulomb
oupling term through which ions transfer energy to electrons per 
nit volume per unit time, Q 

rad is the radiative cooling rate per unit
olume, and δ is the fraction of heating that directly goes to electrons.
and T e play a degenerate role in computing the disc spectra. As here
e are not focusing on the spectra emitted from the disc, we keep δ =
 throughout this work. Q adv,i and Q adv,e denote the advected heat per
nit volume per unit time by ions and electrons, respectively. As the
eating and cooling of both ions and electrons differ, a substantial
raction of the dissipated heat is stored as entropy differently in ions
nd electrons. Due to significant radial inward velocity, the stored 
eat is advected inward. These can be expressed as 

 adv , i = −v r T i 
d S 

d r 

∣∣∣∣
ion 

, and Q adv , e = −v r T e 
d S 

d r 

∣∣∣∣
electron 

, 

here S is the specific entropy, and v r is the radial velocity. The
e gativ e sign appears naturally because the value of v r is ne gativ e
n accretion flows. Q 

+ consists of both the viscous and magnetic
issipation parts, as given by 

 

+ = Q 

vis + Q 

mag = 

σ
′ 
ik 

2 

ηV 
+ 

j 2 

σ
, 

here the first term in the right-hand side is due to viscous dissipation
turb ulent contrib ution in heating), and the second term is due to Joule
eating (magnetic contribution). Following the standard notations, 
ere, ηV is dynamic viscosity, j = ( c /4 π) ∇ × B is the current
ensity, and σ is the conductivity. The Coulomb coupling term 

ehaves as the heating term for electrons. It is given by Stepney &
uilbert ( 1983 ) as 

 

ie = 

3 

2 

m e 

m p 
n e n i σT c 

k T i − k T e 

K 2 (1 /θe ) K 2 (1 /θi ) 
ln� 

×
[

2( θe + θi ) 2 + 1 

( θe + θi ) 
K 1 

( θe + θi 

θe θi 

)

+ 2 K 0 

( θe + θi 

θe θi 

)]
erg cm 

−3 s −1 , 

here m e is the electron mass, σ T is the Thomson scattering cross-
ection, K ’s are modified Bessel functions, ln � is the Coulomb
ogarithm (roughly ln � ∼ 20), and the dimensionless electron and 
on temperatures are defined by, respectively, 

e = 

kT e 

m e c 2 
, and θi = 

kT i 

m p c 2 
. 

n the calculation of Q 

ie , Stepney & Guilbert ( 1983 ) assumed all
he ions are protons. For a more general case, Narayan & Yi
 1995 ) introduced one numerical correction factor of 1.25 if we
ssume 75 per cent H and 25 per cent He instead of assuming all
ons are protons. Also, for technical reasons, as Oda et al. ( 2010 )
pproximated, we use the following formula of Coulomb coupling 
or our calculation, 

 

ie = 5 . 61 × 10 −32 n e n i ( T i − T e ) 

√ 

2 π + 

√ 

θe + θi 

θe + θi 
erg cm 

−3 s −1 . 

(7) 

nterestingly, it uses no special functions and is accurate to within a
actor of 2 when θ i < 0.2 (Dermer, Liang & Canfield 1991 ). For all
ur investigated cases, θ i remains < 0.2. 
Re garding radiativ e cooling, we consider that the electrons cool

ia different cooling processes: bremsstrahlung ( Q 

Br ), synchrotron 
 Q 

Sy ), and the inverse Comptonization processes of bremsstrahlung 
adiation ( Q 

BrC ), as well as synchrotron soft photons ( Q 

SyC ). Hence,
he radiative cooling rate per unit volume can be expressed as 

 

rad = Q 

Br + Q 

Sy + Q 

BrC + Q 

SyC . 

e follow Narayan & Yi ( 1995 ) to formulate all the cooling
rocesses. Here we do not rewrite the expression for each cooling as
here is no explicit requirement. Ho we ver, it is worth mentioning the
 xact e xpression for synchrotron cooling because there is a cutoff
requency ( νc ) below which it is self-absorbed, and we need to find
MNRAS 00, 1 (2022) 
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M  
c at each radius self-consistently to estimate synchrotron as well as
otal cooling from the disc. The expression for νc is given by 

c = 

3 

2 
ν0 θ

2 
e x M 

, with ν0 = 2 . 8 × 10 6 | B | Hz , 

here | B | is expressed in Gauss. To find the parameter x M 

, we
umerically solve the following transcendental equation for x M 

at
ach radius R , 

xp (1 . 8899 x 1 / 3 M 

) = 2 . 49 × 10 −10 4 πn e R 

| B | 
1 

θ3 
e K 2 (1 /θe ) 

×
( 1 

x 
7 / 6 
M 

+ 

0 . 40 

x 
17 / 12 
M 

+ 

0 . 5316 

x 
5 / 3 
M 

)
, (8) 

hich is actually the equation (3.14) of Narayan & Yi ( 1995 ).
olving this transcendental equation at each radius gives x M 

and
onsequently νc . Finally, to estimate synchrotron cooling, we adopt
ocal approximation following Narayan & Yi ( 1995 ), as given by 

 

Sy ≈ 2 π

3 c 2 
k T e ( R ) 

ν3 
c ( R ) 

R 

erg cm 

−3 s −1 . 

his completes the formalism part corresponding to the energy
alance. 

The other two fundamental equations for magnetohydrodynam-
cs are the induction equation and the equation for no magnetic

onopole. These are, respectively, 

∂ B 

∂ t 
= ∇ × ( v × B ) + ηB ∇ 

2 B , (9) 

 · B = 0 , (10) 

here ηB = c 2 /(4 πσ ) is the magnetic dif fusi vity. We relate ηB to
inematic viscosity ( νV = ηV / ρ) by using the magnetic Prandtl num-
er, Pr = νV / ηB . As the turbulence cannot propagate supersonically
nd the eddy size cannot be larger than the scale-height of the disc,
he turbulent kinematic viscosity can be expressed in terms of α-
iscosity as given by 

V = αc s H ≈ α

√ 

p 

ρ
H , 

hich finally leads to 

B = 

1 

P r 

(
α

√ 

p 

ρ
H 

)
, 

here c s represents the sound speed. Recent global simulation
Zhu & Stone 2018 ) has reported the value of Pr to be of the order
f unity. We fix Pr = 1 for our entire calculation. 

.2 Assumptions o v er fundamental equations 

e assume the vertical velocity of the flow to be zero ( v z = 0) to
ocus only on the disc dynamics, not on the wind or outflow. As only
 per cent of the angular momentum is transported by wind (Zhu &
tone 2018 ), ignoring v z will not affect the angular momentum
udget significantly. We also assume a steady-state condition ( ∂ / ∂ t =
), azimuthally symmetric ( ∂ / ∂ φ = 0) flow to make the problem
impler and doable. As usual, we take into account only σ

′ 
rφ , the r

φ component of the shearing stress, which is typically assumed
o be important for accretion disc. Following Chakrabarti ( 1996 ),
e include the contribution to the ram pressure in the viscous stress

n addition to the matter pressure, as given by σ
′ 
rφ = α( p + ρv 2 r ).

ote that throughout this work, the matter pressure, p , includes both
as and radiation. Here, v r , v φ , v z and B r , B φ , B z are, respectively,
NRAS 00, 1 (2022) 
he r , φ, and z components of the velocity v and the magnetic field
B respectively. 

With all these assumptions, the equations ( 1 ), ( 2 ), ( 5 ), ( 6 ), ( 9 ), and
 10 ) can be written as 

∂ 

∂ r 
( rρv r ) = 0 , (11) 

 r 
∂ v r 

∂ r 
− v 2 φ

r 
= F r ( r) − 1 

ρ

∂ p 

∂ r 

+ 

1 

4 πρ

[ 

−B 

2 
φ

r 
+ B z 

∂ B r 

∂ z 
− B φ

∂ B φ

∂ r 
− B z 

∂ B z 

∂ r 

] 

, (12) 

 r 
∂ v φ

∂ r 
+ 

v r v φ

r 
= 

1 

ρ

[
1 

r 2 

∂ 

∂ r 
( r 2 σ

′ 
rφ) 

]

+ 

1 

4 πρ

[
B r 

∂ B φ

∂ r 
+ 

B r B φ

r 
+ B z 

∂ B φ

∂ z 

]
, (13) 

− v r T i 
d S 

d r 

∣∣∣∣
ion 

= Q 

+ − Q 

ie , (14) 

− v r T e 
d S 

d r 

∣∣∣∣
electron 

= Q 

ie − Q 

rad , (15) 

∂ 

∂ z 
( v r B z ) + ηB 

[ 

1 

r 

∂ 

∂ r 

(
r 
∂ B r 

∂ r 

)
− B r 

r 2 
+ 

∂ 2 B r 

∂ z 2 

] 

= 0 , (16) 

∂ 

∂ z 
( v φB z ) − ∂ 

∂ r 
( v r B φ − v φB r ) 

+ ηB 

[ 

1 

r 

∂ 

∂ r 

(
r 
∂ B φ

∂ r 

)
− B φ

r 2 
+ 

∂ 2 B φ

∂ z 2 

] 

= 0 , (17) 

− 1 

r 

∂ 

∂ r 
( rv r B z ) + ηB 

[ 

1 

r 

∂ 

∂ r 

(
r 
∂ B z 

∂ r 

)
+ 

∂ 2 B z 

∂ z 2 

] 

= 0 , (18) 

∂ B r 

∂ r 
= −B r 

r 
− ∂ B z 

∂ z 
. (19) 

rom the vertical equilibrium condition of the disc, due to contribu-
ion from gas and radiation pressures as well as magnetic field, the
cale height of the disc can be written as, 

 ( r) = r 1 / 2 ( r − 2) 

√ (
p + B 

2 
φ/ 8 π

)
ρ

. (20) 

e assume that only the toroidal component of the magnetic field
s vertically varying; that is why only the toroidal magnetic field
ppears in the vertical equilibrium equation. Also, in deriving this
quation, the factor 

√ 

r 2 + z 2 present in the vertical component of
orce is approximated to r . 

.3 Final equations 

inally, we reduce all the equations to the function of r only by
v eraging v ertically from 0 to H . To do that, we assume the v ertical
rofiles for density and pressure as the conventional Keplerian
rofiles (Pringle 1981 ), respectively, with 

= ρ0 exp ( −z 2 / (2 H 

2 )) , and p = p 0 exp ( −z 2 / (2 H 

2 )) . 

he quantities with a subscript ‘0’ represent the quantities at the
id-plane of the disc. The same vertical profiles for ρ and p indicate

hat the disc is vertically isothermal. We assume that the velocities
 r , v φ , and the electron temperature, T e , are independent of z. 

Various numerical simulations on the effects of LSMFs (e.g.
achida et al. 2006 ; Oda et al. 2012 ) showed that the toroidal



Transport and stability in accretion discs 5 

c  

A

B

G
T  

n
a  

W  

w  

c  

N
w
o
T
i

2

W
e  

u
e  

o  

m  

r  

u  

K  

c  

m
i  

b
a
c  

s
t

 

m
s  

o

T
t  

(
c
n  

H  

t

i  

u
(  

u  

f  

t

c  

o
h  

u
t
c  

p
M  

d  

p  

c  

a

v

w

B

w  

o  

t  

a  

t  

s
 

m  

s  

t
c
R
u  

fl
 

p  

t
A
p
a  

t  

l
2  

fi
p  

o  

t  

s  

v  

v  

t  

i  

t  

s
t  

s  

r
i  

l

omponent of the magnetic field is able to hold the disc vertically.
s B 

2 
φ is equi v alent to pressure, we assume 

 

2 
φ = B 

2 
φ0 exp ( −z 2 / (2 H 

2 )) . 

eneral relativistic magnetohydrodynamic simulation (McKinney, 
chekhovsk o y & Blandford 2012 ) reported that B r and B z compo-
ents grossly remain vertically uniform. We also assume the same, 
nd that is why in scale height equation ( 20 ) only B φ contributes.
e put these vertical profiles in the equations ( 11 )–(19 ). When
e integrate vertically all the terms from 0 to H , it brings terms

ontaining d H /d r as well as some numerical coefficients (i.e. N 1 ,
 2 , ..). These numerical coefficients remain constant throughout the 
hole analysis. This leads to the vertically averaged eight coupled 
rdinary differential equations, which we solve to obtain the solution. 
he detailed final equations and the numerical coefficients are given 

n Appendix A . 

.4 Solution pr ocedur e 

e solve a set of eight coupled ordinary differential equations, shown 
xplicitly in the Appendix in equations ( A1 )–( A5 ) and ( A7 )–( A9 ),
sing appropriate boundary conditions to obtain the solutions for 
ight flo w v ariables: v r , λ, B r , B φ , B z , ρ, p , and T e , as functions
f the independent variable r . Here, λ = rv φ is the specific angular
omentum of the flow. The outer boundary corresponds to the radius

 = r out , at which λ = λK , the Keplerian angular momentum per
nit mass of the flow. It is basically the transition radius from the
 eplerian to advecti ve (sub-K eplerian) flo ws. The inner boundary

orresponds to the event horizon of the black hole, at which the
atter velocity reaches the light speed. Also, the black hole accretion 

s transonic in nature, i.e. the sub-sonic matter far away from the
lack hole passes through sonic/critical points as it drags inward, 
nd becomes supersonic near the central black hole. We use such 
ritical point location, r = r c , as one of the boundaries. Hence, the
olutions connect the outer boundary to the black hole event horizon 
hrough critical/sonic location. 

To obtain the critical point condition, we combine the abo v e-
entioned equations (using Mathematica Inc. Inc. ) appropriately 

uch that the slope of the radial velocity can be expressed in terms
f all the flow variables and the independent variable r , as 

d v r 
d r 

= 

N 

D 

. 

he detailed expressions for N and D are given in equa- 
ions ( A11 ) and ( A12 ), respectiv ely. F ollowing the standard approach
Chakrabarti 1990 ), the denominator of the slope vanishes at the 
ritical radius r c . Existence of physical solution ensures that the 
umerator ( N ) of the slope will also be zero at that radial point.
ence, at r = r c , N = D = 0. As d H /d r is involved in every equation,

he following expression: 

2 

H 

d H 

d r 
= 

1 

r 
+ 

2 

r − 2 
+ 

(d p/ d r) 

p + B 

2 
φ/ 8 π

+ 

2 B φ(d B φ/ d r) 

8 π( p + B 

2 
φ/ 8 π) 

− 1 

ρ

d ρ

d r 
, (21) 

s incorporated, obtained from equation ( 20 ). For optically thin flows,
sually mass accretion rate ( Ṁ ) lies within the range 10 −5 –10 −2 Ṁ Edd 

 Ṁ Edd = L Edd /ηc 2 , where L Edd is the Eddington luminosity and we
se efficiency factor η = 0.1). Once we specify Ṁ of the system,
rom Ṁ = −4 πN 1 rρH v r , we can find the density ( ρ) if we know
he scale height ( H ) and radial velocity ( v r ) at that point. 
Modelling of non-thermal electrons in radiati vely inef ficient ac- 
retion flows (Yuan, Quataert & Narayan 2003 ) showed the range
f electron temperature lying within 10 9 –10 10 K. Sarkar, Chattopad- 
yay & Laurent ( 2020 ) used the entropy of the system to find the
nique electron temperature for the transonic solution. Ho we ver, 
he electron temperature is not a crucial parameter affecting our 
onclusion. That is why we fix the electron temperature at the critical
oint to 10 10 K throughout our calculation. Following Mondal & 

ukhopadhyay ( 2018 ), we use Alfv ́en velocity in ˆ r , ˆ φ, and ˆ z
irections ( v A r c , v A φc and v A z c ) to fix the magnetic field at critical
oint. The subscript ‘c’ denotes the values of the quantities at the
ritical point. The magnitude and sign of the magnetic field are fixed
s follows, 

 Arc = 

c sc 

f rc 
√ 

3 
, v A φc = 

c sc 

f φc 

√ 

3 
, v Azc = 

c sc 

f zc 

√ 

3 
, (22) 

hich implies to 

 rc = 

√ 

4 πp/ 3 / f rc , B φ0c = 

√ 

4 πp/ 3 / f φc , B zc = 

√ 

4 πp/ 3 / f zc , (23) 

here c 2 sc ∼ p/ρ| c . Values of f ic act as the inverse of the strength
f the magnetic field. Here, 1 / 

√ 

3 is the normalization factor for
he three directions. We fix f r c , f φc , and f z c to fix the magnetic field
t the critical point. These f ic values fix only the magnetic field at
he critical point. Radial evolution of the field is obtained from the
olution of the eight coupled ordinary differential equations. 

We fix the critical point location ( r c ) and the specific angular
omentum ( λc ) at r c to their typical values. At the critical point, we

imultaneously solve N = D = 0, equation ( 20 ) for scale height and
he transcendental equation for the cut off frequency of synchrotron 
ooling (equation 8 ) by using four-dimensional (4D) Newton–
aphson root finding method. This solution simultaneously provides 
s v r , H , ρ, p , and subsequently all the physical parameters of the
ow of our interest at the critical point. 
Once values of all the parameters are obtained at the critical

oint, we proceed inward and outward from the critical point using
he 4th order Runge–Kutta method to obtain a complete solution. 
ssumption of steady-state allows this procedure. However, to 
roceed from the critical point, we need to provide a slope of v r 
t critical point, i.e. (d v r /d r ) c . All other slopes can be represented in
erms of d v r /d r . Traditionally, (d v r /d r ) c used to be calculated using
’Hospital’s rule (Chakrabarti 1996 ; Mukhopadhyay & Chatterjee 
015 ; Mondal & Mukhopadhyay 2018 ). The inclusion of magnetic
eld makes the equations much more complex, and it becomes 
ractically impossible to use l’Hospital’s rule to find the exact value
f (d v r /d r ) c . That is why we use the trial and error method to find
he approximate value of (d v r /d r ) c . We first provide the approximate
lope of v r (all other slopes can be presented in terms of the slope of
 r ) at the critical point. Unless the slope value is close to the actual
alue, it does not give a smooth solution. By trial and error, we find
he suitable value of the slope at the critical point. If the given slope
s near to the actual value, within 1–2 radial steps, it converges to
he actual value of the slope at that point. Proceeding outward, we
top at the outer boundary where λ reaches λK if successful outward 
ransport is possible and the disc forms. In the inner region, we
top when the total velocity reaches the speed of light, often before
eaching the event horizon. As we use pseudo-Newtonian potential 
nstead of the proper general relati vistic frame w ork, we f ace this
imitation near the horizon of the black hole. 
MNRAS 00, 1 (2022) 
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Figure 1. Magnetic contribution in the transport of specific angular momen- 
tum ( λ) for different magnitudes and orientations of B φ . Positive value of 
δλB denotes the fa v orable outward transport of angular momentum through 
the LSMF. α parameter is set to 0.02. The magnitude of magnetic field is set 
by f φc value. The larger the f φc value is, the weaker the magnetic field is. B r 

and B z are al w ays in ̂  r and ̂  z directions, respectively. B z is kept very weak by 
fixing f z c = 10 6 . The magnitude of B r is set to half of B φ at the critical point. 
We fix Ṁ = 0.001 Ṁ Edd . 
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 RESULTS  

y solving the eight coupled ordinary differential equations as
escribed in Section 2.2 (for details, see Appendix A ), we find the
lobal solution of optically thin two temperature adv ectiv e accretion
isc in the presence of the LSMF. We explore the effect of the
SMF in the presence of turbulent viscosity in transporting angular
omentum and in stabilizing the adv ectiv e accretion disc thermally

t or abo v e a critical accretion rate. Temperature ( T i and T e ) and all
he height integrated coolings are expressed in physical units, i.e.
n K and erg cm 

−2 s −1 , respectively. Magnetic fields are expressed
n units of Gauss. Unless stated otherwise, all other variables are
resented in standard dimensionless units, i.e. lengths are presented
n units of gravitational radius ( r g ) where r g = GM / c 2 , specific
ngular momentum ( λ) is expressed in units of GM / c , velocities
re presented in units of c , and M is the mass of the black hole, which
s fixed to 10 M �. We fix the following parameters at the critical
oint for all our investigations. Critical point location ( r c ) is fixed at
.0 r g , specific angular momentum at critical point ( λc ) is fixed at
.0, and electron temperature at critical point ( T ec ) is fixed at 10 10 K.
Initially, we assume a very weak vertical magnetic field and do all

he analyses. We find that azimuthally dominated magnetic field (in
omparison with radial field) with B φ directed in ne gativ e ˆ φ direction
hile B r is in positive ˆ r helps α-viscosity the most in transporting

ngular momentum outward. On the contrary, when B φ is directed
n positive ˆ φ direction and B r is in ne gativ e ˆ r direction, the LSMF
oes the inward transport of angular momentum and opposes the
ffect of α-viscosity. All these are presented in Section 3.1 , and we
x the magnetic field configuration depending on positive outward

ransportation of angular momentum for further investigations. The
ffect of the LSMF on disc dynamics as well as on thermal properties
s described in Section 3.2 when it helps the turbulent transport in
he formation of the disc. After exploring the effect of the LSMF,
e sho w ho w, with increasing accretion rate, the advection of energy

ends to zero and then becomes ne gativ e. This leads the disc to
e thermally unstable at or abo v e the critical accretion rate and
s presented in Section 3.3 . Finally, in Section 3.4 , we show that
hermally unstable optically thin discs can become stable with the
elp of the LSMF. A strong vertical field can also efficiently transport
ngular momentum outw ard, lik e a strong toroidal field, which is
hown in Section 3.5 . 

.1 Outward transport of angular momentum 

utward transport of angular momentum is essential for the forma-
ion of the disc. Initially, we do not consider the effect of vertical
agnetic field and keep it negligible. Therefore, B r and B φ are the
ain drivers for angular momentum transport through the LSMF.
e find that, depending on the magnitude and orientation of the
agnetic field, the contribution of the LSMF in transporting angular
omentum outward changes. This result is presented in Fig. 1 .
hearing box simulations in the vertically stratified disc of angular
omentum transport by MRI resulted in α = 0.01–0.03 without any

et magnetic flux (Davis, Stone & Pessah 2010 ; Simon, Beckwith &
rmitage 2012 ). That is why we choose α = 0.02 to represent the

urbulent transport for our entire work. As this α-viscosity is the
esult of turbulent transport only and the LSMF contributes separately
or the transport of angular momentum, the ef fecti ve v alue of α is
alculated and justified with the observed value of α in Section 4 .
ote that the observed value of α includes the contribution from

ll the sources of transport, i.e. turbulent and LSMF for the present
urpose. 
NRAS 00, 1 (2022) 
To investigate the role of the magnetic field, we provide the
agnetic field with different orientations and magnitudes at the

ritical point. This is the B at critical point for our calculation,
epending on how the magnetic field configuration evolv es o v er the
adius. We can write the equation of transport of specific angular
omentum ( A3 in Appendix) in the following form: 

d λ

d r 
= 

(d λ

d r 

)
α

+ 

(d λ

d r 

)
B 

= δλα + δλB , (24) 

here δλα and δλB are the transports based on α and LSMF
ontributions, respectively, in d λ/d r . By rearranging the terms, we
an write from equation ( A3 ) 

λB = 

r 

4 πρ0 v r 

[ 
N 4 

(
B r 

d B φ0 

d r 
+ 

B r B φ0 

r 

)

+ N 5 B r B φ0 

( 1 

H 

d H 

d r 

)
+ 

N 6 

H 

B z B φ0 

] 
. (25) 

ere, the quantities, which vary vertically, are represented with
ubscript ‘0’ at mid-plane. Vertical integration of flow variables leads
o different numerical coefficients, i.e. N 4 , N 5 , and N 6 (for details
ee Appendix A ). These numerical coefficients remain constant
hroughout our whole analysis. The positive value of d λ/d r denotes
he successful outward transport of angular momentum. For positive
alue of α, δλα is al w ays positi ve. No w, depending on whether δλB 

s positive or negative, the LSMF supports or opposes α-viscosity
n transporting angular momentum outward. The positi ve v alue of
λB denotes the successful outward transport of angular momentum
hrough the LSMF. δλB has two contributions: from that involved

art/stac835_f1.eps
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Figure 2. The threshold βm 

at critical point, βmtc , with the change of α
parameter. The larger the βmtc is, the weaker the magnetic field is. The 
corresponding f φc value is shown on the right-hand side vertical axis. The 
magnitude of B φ0c is twice that of B r c for all the calculations, while B z is 
ne gligible. Ṁ is fix ed at 0.001 Ṁ Edd . 
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ith B r and B φ , and from that involved with B z and B φ . Although
ontribution through B r and B φ involves term d B φ /d r , which makes
he situation complex in determining the orientation and magnitude 
f B r and B φ for the positive value of δλB , the product B r B φ remains
he dominant component. After considering ne gativ e sign of v r and
 6 , we find that positi ve v alue of δλB is possible when B r B φ is
e gativ e and B z B φ is positive. As we are solving equations in upper
alf-plane of the disc, B r and B z can be fixed in positive ˆ r and
ositive ˆ z (or in negative ˆ r and negative ˆ z ) directions. All the above 
onstraints together indicate that depending on the direction of B φ , 
ny one component, either B r B φ or B z B φ , will contribute positively
n δλB and the other component will oppose. For the time being, we
gnore any effect of the vertical magnetic field by keeping B z very
eak and focusing on angular momentum transport through B r and 
 φ along with α-viscosity. To make B r B φ ne gativ e, B φ has to be in
e gativ e ˆ φ direction. With this configuration, weak B z also keeps 
he opposite contribution of B z B φ small. In addition, we find that if
e make B φ0c equal or weaker compared to B r c , then B φ changes
irection, and B r B φ contributes oppositely in outward transport of 
ngular momentum before reaching λ = λK , and strong enough field 
ith this configuration can even nullify the positive contribution of 
-viscosity and disc may not form. To keep things simple, we restrict
ur parameter space such that B φ remains unidirectional throughout 
he whole radial range. Also, B φ cannot be too strong compared to
 r . Otherwise, the opposite contribution from B z B φ will start to give
ffect although B z is small. In this way, we find that the most efficient,
ositive transport due to contribution from B r and B φ occurs when 
he magnitude of the toroidal magnetic field is twice that of the radial

agnetic field at the critical point, i.e. B φ0c = 2 B r c . 
Fig. 1 shows the positive and negative contributions of the LSMF in

utward transport of angular momentum depending on the direction 
f B φ . B z is kept negligible by fixing f z c = 10 6 , and the magnitude
f B φ0c is al w ays k ept tw o times the value of B r c as described
bo v e. The directions of B r and B z are kept fixed in positive ˆ r 
nd positive ˆ z directions, whereas B φ changes direction between 
e gativ e ˆ φ and positiv e ˆ φ which is indicated by ne gativ e and
ositi ve v alues of f φc , respecti vely. The top blue solid line indicates
he contribution of the LSMF in outward transport of angular 

omentum when B φ is strong and in ne gativ e ˆ φ direction, which
s indicated by f φc = −10. Gradually as the field becomes weaker
magnitude of f φc increases), the magnetic contribution decreases. 

hen f φc = 10 6 , there is practically zero magnetic field and zero
ontribution in transport, as indicated by the black-dotted line. This 
s the situation when the whole transport is go v erned by turbulent
iscosity only, which is approximated through α = 0.02 for all 
ur calculations. Now, as B φ reverses direction to positive ˆ φ, δλB 

ecomes ne gativ e and does inward transport of angular momentum 

nstead of outward. Also, in Fig. 1 , the positi ve v alues of f φc are
elatively higher than negative values, although the magnitude of 
λB remains similar. Hence, we can conclude that for toroidally 
ominated LSMF, to make angular momentum transport outward, 
 φ should be in ne gativ e ˆ φ direction, and, to make the angular
omentum transport inward of similar magnitude, relatively weaker 
 φ in positive ˆ φ direction is required. The above scenario indicates 

hat with a weak vertical field when B r and B z are in positive ˆ r 
nd positive ˆ z directions, respectively, and relatively strong B φ is 
n ne gativ e ˆ φ direction, the LSMF can efficiently transport angular 
omentum outward and helps turbulent α-viscosity in the formation 

f the disc. As outward transport of angular momentum is necessary 
or the formation of the disc, we fix the magnetic field with this
onfiguration for our investigations. In Section 3.5 , we show that 
 strong vertical magnetic field with the help of a toroidal field
n a suitable direction can also transport the angular momentum 

fficiently. 
Before finding the effect of the LSMF on dynamics and its

hermal properties, it is important to find the threshold value of
he LSMF abo v e which it starts to affect the properties of the
isc. Other than the LSMF, the disc’s properties are go v erned by
he value of α-parameter. That is why it is expected that threshold
SMF will change with the α value, i.e. with the turbulent transport
arameter of the disc. To define the threshold, we first integrate
quation ( 24 ) numerically o v er the radial range of the disc and
nd 

λ = �λα + �λB . 

λ gives the total transported angular momentum outward for the 
hole disc. �λα and �λB measure the α-viscosity and LSMF 

ontributions in transport, respectively, for the whole disc. We define 
he threshold magnetic field value at the critical point ( B tc ) when
λB becomes one percentage of �λ, i.e. LSMF contribution becomes 

ne per cent of total transported angular momentum. With increasing 
he value of α-parameter naturally, the outward transportation of 
ngular momentum through turbulent α-viscosity increases. Conse- 
uently, to make the effect of the LSMF in outward transportation
ignificant o v er α-viscosity, B tc has to increase and correspondingly
mtc has to decrease. This result is shown in Fig. 2 . Value of f φc 

s presented in the right-hand-side vertical axis. We can see that
or f φc values around −10, βmtc ∼ 500. It is quite encouraging that
he value of βmtc is quite large, even for α = 0.1. Hence, weak
SMF starts to contribute to transportation and can affect the disc
ynamics, which was earlier shown by Mukhopadhyay & Chatterjee 
 2015 ). 

.2 Effect of large-scale magnetic field 

he evolution of the magnetic field and its effect on the disc is
uite complex as it involves many coupled equations. The main 
oal of this work is to show that the LSMF can transport angular
omentum and thermally stabilize the disc. Thermal stabilization 

f the disc depends on the advection factor of ion, which is solely
o v erned by heating and cooling of ion. As long as the advected
nergy through ion is positive, the optically thin disc is thermally
table. Depending on the necessary requirement of outward transport 
MNRAS 00, 1 (2022) 
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f angular momentum through the LSMF, we have already fixed
he orientation and relative magnitude of B φ and B r at the critical
oint with keeping B z negligible. In this section, in addition to the
ositive transport of angular momentum, we present the effect of the
SMF on disc dynamics and the heating and cooling of ions and
lectrons. 

.2.1 Effects on dynamics 

n Fig. 3 , we show the radial evolution of v r , c s , ρ, and p for different
trengths of magnetic field. The lower the magnitude of f φc , the
tronger the magnetic field is. Keep in mind that magnetic field
onfiguration is fixed so that it transports angular momentum outward
ike α-viscosity and helps turbulent viscosity for the formation of the
isc. Zoomed in view for the outer region of the disc is shown
or each variable to show the effect of the magnitude of magnetic
eld more clearly. In Fig. 3 (a), v r is plotted. Ne gativ e values of
 r indicate accretion as matter flows in ne gativ e ˆ r direction. With
ncreasing magnetic field strength, the magnitude of v r also increases,
.e. the matter is advected more rapidly. With increasing magnetic
eld strength as radial inward velocity increases (ne gativ e value of
 r ), it reduces ρ due to constancy of Ṁ . Pressure also decreases with
ncreasing magnetic field strength. This pressure includes gas (ion
nd electron) and radiation. As we consider radiatively inefficient
ptically thin flow, ions give the largest contribution in pressure.
ater, we show that the work done by the plasma due to compression
r expansion plays a crucial role in decreasing ion temperature
nd, subsequently, the ion pressure with the increasing strength of
he magnetic field. This is further explained in Section 3.2.2 . The
ecrement in pressure is larger than the decrement in density, leading
o the decrement in sound speed with the increasing strength of the
agnetic field. This is shown in Fig. 3 (b). 
In Fig. 4 , we present how outward transport of angular momentum

hanges with the strengths of the magnetic field. λ/ λK is plotted
n Fig. 4 (a) and correspondingly the contributions from magnetic
eld and α-viscosity in transportation i.e. δλB and δλαare plotted in
igs 4 (b) and (c). Although, as per our expectation, δλB increases
ith the increasing strength of the field, δλα decreases, i.e. turbulent

ransport becomes weak in transporting angular momentum outward
ith the stronger magnetic field. The ratio of pressure and density

 αp 0 / ρ0 term in equation A3 ), i.e. the temperature of the flow has the
ominant effect in outward transport of angular momentum through
-viscosity. This means α-viscosity transports angular momentum
ore efficiently for the hotter disc. Thus, stronger magnetic field

educes the turbulent transport by making it cooler. The decrement
n turbulent transport, δλα , is almost balanced by the increment
n δλB , and the evolution of λ/ λK , i.e. the evolution of angular
omentum remains almost similar for different strengths of the
agnetic field. The outer boundary condition for the truncation of

he disc is λ = λK . That is why disc size remains almost similar for
ifferent magnetic field strengths. Changing magnetic field strength
hanges the relative contributions from the α-viscosity and the LSMF
n outw ard transportation, k eeping the o v erall transport the same.
ven for f φc = −2.5, δλB remains smaller than δλα . This indicates

hat even for the strongest field value, the main driver for the transport
emains turbulent viscosity, which is approximated through α = 0.02.
o we ver, the assumption of a constant α value may not be the case

n reality. 
In Fig. 5 , we present the evolution of Alfv ́en velocity ( v a ), βm 

and
he magnitude of magnetic field ( | B | ) which explicitly denote the
elative dominance of magnetic field in the disc. Naturally, with
NRAS 00, 1 (2022) 
ncreasing strength of the field, v a increases, and βm 

decreases.
adially | B | remains almost constant in the outer region of the disc
nd increases in the inner region. This indicates that in the disc’s
uter region, the magnetic field’s inward advection is balanced by its
iffusion; high inward radial advection in the inner region dominates
 v er diffusion and increases the magnitude of the field. Ho we ver,
he pressure (ion + electron + radiation) and density decrease in the
uter region. That is why although | B | remains almost constant, v a 
ncreases, and βm 

decreases in the outer region of the disc. Within our
nvestigated parameter space, even for the strongest field strength,
he value of βm 

remains within the range of 5–60 o v er the whole
adial range of the disc. If we assume that the source of turbulent
iscosity, i.e. α-viscosity is MRI, then βm 

� 5 confirms that MRI
emains active and there is no restriction in applying the LSMF along
ith the α-viscosity. Even the value of βm 

is not restricted for MRI
o be active if the disc size is not limited to thin (Kim & Ostriker
000 ). 

.2.2 Effects on heating and cooling 

nce the dynamical variables are affected by the LSMF, it is
vident that the disc’s heating and cooling will also be affected.
his subsection discusses how temperatures of ions and electrons
nd ho w dif ferent heating and cooling mechanisms vary with the
trength of the magnetic field. The radial variation of corresponding
hysical variables with the magnetic field is plotted in Fig. 6 . 
For ions, viscous dissipation ( Q 

vis 
H , H is written in subscript as the

uantity is v ertically inte grated o v er the scale height H ) and Joule
eating ( Q 

mag 
H ) are the sources of heating, whereas heat transfers

o electrons through ion–electron Coulomb coupling ( Q 

ie 
H ) cool

he ion. On the other hand, Q 

ie 
H heats the electrons and different

adiation mechanisms [bremsstrahlung ( Q 

Br 
H ), Synchrotron ( Q 

Sy 
H ),

nd their Comptonizations ( Q 

BrC 
H , Q 

SyC 
H )] together, namely Q 

rad 
H ,

erves as cooling mechanism. Magnetic field explicitly affects the
oule heating ( Q 

mag 
H ) as well as the Synchrotron cooling ( Q 

Sy 
H ) and

ts Comptonization ( Q 

SyC 
H ). The effect on Q 

vis 
H , Q 

ie 
H , and on other

ooling mechanisms, Q 

Br 
H , Q 

BrC 
H comes through the change in density

nd temperature of ions and electrons. 
Although Q 

vis 
H is hardly affected, Q 

mag 
H increases naturally with

he increasing strength of the magnetic field. Even Q 

mag 
H dominates

 v er Q 

vis 
H in the outer region of the disc for f φc = −2.5 and acts as the

rimary heating for the ions. Therefore, heating for ions increases
ith the increasing strength of the magnetic field. 
Q 

Sy 
H and Q 

SyC 
H both increase significantly with increasing magnetic

eld strength. Ho we ver, as the stronger field reduces the density,
onsequently Q 

Br 
H and its Comptonization decrease with the stronger

agnetic field. In our investigated parameter space, the magnitude
f Synchrotron cooling is more than the bremsstrahlung, and as a
et effect, the total cooling ( Q 

rad 
H ) increases with the strength of the

agnetic field. Ho we ver, Q 

ie 
H remains almost constant for dif ferent

trengths of the magnetic field due to the complex dependence on
ensity and on the difference between ion and electron temperature.
β i and βe represent ion and electron fractions, respectively, of

otal pressure, which includes ion, electron, radiation, and magnetic
eld (equation A10 ). We find that with the increasing strength of

he magnetic field, β i and βe decrease. The reason is twofold. With
 stronger magnetic field, the radiation and magnetic contribution
n total pressure naturally increase and reduce the ion and electron
raction in total pressure. In addition to that, the ion and electron
emperature decrease with the increasing strength of the magnetic
eld. For electron, it is quite easy to understand. Electrons’ heating
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(a)

(d)

(b)

(c)

Figure 3. Variations of (a) radial velocity, (b) sound speed, (c) density, and (d) pressure as functions of the radial coordinate for different magnetic field 
strengths. Zoomed-in view of the outer region of the disc is shown for each variable to show the effect of magnetic field strength more clearly. The magnitude 
of B φ0c is twice that of B r c for all the calculations, while B z is negligible. The model parameters are α = 0.02 and Ṁ = 0.001 Ṁ Edd . 

(a) (b) (c)

Figure 4. Variations of various quantities related to angular momentum transport as functions of the radial coordinate for different magnetic field strengths. 
Magnetic field configuration and all other parameters are the same as in Fig. 3 . 
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o
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m  

i
 

e  
 Q 

ie 
H ) remains almost constant whereas its cooling ( Q 

rad 
H ) increases

ith increasing strength of magnetic field. This naturally cools down 
he electrons, leading to the decrement in temperature with the 
tronger magnetic field. Ho we ver, for ions, with increasing strength 
f the magnetic field, even though its net heating ( Q 

vis 
H + Q 

mag 
H −

 

ie ), i.e. the advected entropy increases, they still cool down. Here
H 
omes an interesting thing. With one step further, the temperature 
volution does not depend only on the net heating; it depends on how
uch the increment in net heating contributes to the increment in

nternal energy and the increment in work done by the plasma. 
From the first law of thermodynamics, we know that the heat

nergy (d Q ) supplied to a system is used only partially to increase
MNRAS 00, 1 (2022) 
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M

(a) (b) (c)

Figure 5. Variations of Alfv ́en velocity, plasma- β and magnitude of magnetic field as functions of the radial coordinate for different magnetic field strengths. 
Magnetic field configuration and other parameters are the same as in Fig. 3 . 
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ts internal energy (d U ), with the rest of the heat energy, the system
oes some work (d W ), d Q = d U + d W . Now, if the work done by
he system (d W ) exceeds the supplied heat energy (d Q ), then it does
he work at the expense of its internal energy and will cool down the
ystem. This is the case that is cooling down the ions here, even if
he heat energy supplied to ions increases with the increment of the
trength of the magnetic field. We have found that with the increment
f the strength of the magnetic field, the work done by the ions (work
one due to compression or expansion, Q 

w 
H ) increases more than the

upplied heat energy ( Q 

vis 
H + Q 

mag 
H ). The expression for the height

ntegrated work done by the ions is given by 

 

w 
H = 

∫ H 

0 
( −v r ) ρp i 

d V 

d r 
= ( −v r )( −p i0 ) 

(
N 1 H 

ρ0 

d ρ0 

d r 
+ 

N 2 

2 

d H 

d r 

)
, 

here p i is the ion pressure, V is the volume, and p i0 is the ion pressure

t the mid-plane. In deriving this expression, we have assumed
he vertical variation of p i is the same as p . This approximation
s justifiable as ion pressure gives the main contribution in total
ressure. This is evident from the value of β i , which remains around
.95 for this parameter regime. In Fig. 7 , we show the variation of
ork done by the ions for different strengths of the magnetic field.
his height integrated work done is plotted in units of erg cm 

−2 s −1 .
n summary, the increment in d W dominates o v er d Q , which finally
eads to the decrement in the internal energy and finally makes the
ons cooler. 

.3 Effect of higher accretion rate and thermal instability 

n this section, we revisit the old-established result for non-magnetic
r very weakly magnetic case: advection decreases with increasing
ccretion rate, which is shown in Fig. 8 . Magnetic field is kept
egligible by setting f r c = f φc = f z c = 10 6 , leading to negligible
agnetic heating, Synchrotron cooling, and its Comptonization.
ith increasing accretion rate, naturally density increases, subse-

uently the viscous dissipation, Coulomb coupling, and radiation
rom the disc increases. As the Coulomb coupling increases more
han the viscous dissipation for the same increment in density, ion
emperature decreases with the increment in accretion rate. Ho we ver,
he evolution of electron temperature depends very sensitively on the
hoice of electron temperature at the critical point. 

In this scenario, primary cooling is go v erned by bremsstrahlung
nd its Comptonization. We find that with increasing accretion
ate, Comptonization of bremsstrahlung increases largely and for
NRAS 00, 1 (2022) 
˙
 = 0 . 003 Ṁ Edd , Comptonization of bremsstrahlung dominates o v er

remsstrahlung itself for most of the radial range. As the density
ncreases, the scattering probability of the soft photon increases
argely, and at a higher accretion rate, most of the photons produced
ue to bremsstrahlung radiation are comptonized. 
We present advection factor for ion and electron as f adv, i and f adv, e ,

especti vely, gi ven by 

 adv , i = 

Q 

vis 
H + Q 

mag 
H − Q 

ie 
H 

Q 

vis 
H + Q 

mag 
H 

, (26) 

nd 

 adv , e = 

Q 

ie 
H − Q 

rad 
H 

Q 

ie 
H 

. (27) 

We find that in the outer re gion, adv ection is less, which increases
radually in the inner region, and f adv, i and f adv, e tend to the value of
nity in the innermost region. This result is also similar to that found
n earlier works (Nakamura et al. 1997 ; Oda et al. 2012 ; Yuan &
arayan 2014 ). To investigate the thermal stability, we focus on the

dvection factor of ions, as the advected heat energy by ions plays
 major role in thermally stabilizing the adv ectiv e flows. We find
hat for our chosen parameter space with Ṁ = 0 . 003 Ṁ Edd , in the
uter region of the disc f adv, i becomes negative, as shown in Fig. 8 .
s ρ increases with increasing Ṁ , cooling of ions ( Q 

ie 
H ) increases

aster than its total heating ( Q 

vis 
H + Q 

mag 
H ). Thus, Q 

ie 
H dominates

 v er Q 

vis 
H + Q 

mag 
H , and advection cannot act as a cooling for such

igher accretion rate. It indicates that for Ṁ = 0 . 003 Ṁ Edd , the disc
s thermally unstable. We can denote this as a critical accretion
ate, Ṁ cr . With our chosen parameter space, Ṁ cr indicates where
he instability just kicks in. For the critical accretion rate or above,
n the absence of magnetic field, the optically thin disc becomes
hermally unstable. 

.4 Thermal stabilization through strong large-scale magnetic 
eld 

he effect of the LSMF, as well as accretion rate on different physical
ariables related to the thermal stability of the disc, is shown in
ections 3.2.2 and 3.3 , respectively. In Section 3.3 , we see that
ith increasing accretion rate, thermal instability kicks in and, in

he absence of magnetic field, at or abo v e the critical accretion
ate ( Ṁ cr = 0 . 003 Ṁ Edd ), the optically thin disc becomes thermally
nstable. In this section, we show that if strong LSMF is present,

art/stac835_f5.eps
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Figure 6. Variations of various variables related to thermal properties of 
the disc as functions of the radial coordinate for different magnetic field 
strengths. All height integrated heating and cooling are in units of erg cm 

−2 s −1 . Magnetic field configuration and other parameters are the same as in 
Fig. 3 . 

Figure 7. Variations of work done by the gas due to compression or 
expansion as functions of the radial coordinate for different magnetic field 
strengths. The height integrated work done by the gas is presented in units 
of erg cm 

−2 s −1 . Magnetic field configuration and other parameters are the 
same as in Fig. 3 . With the increasing strength of the magnetic field, the 
ions do a more considerable amount of work, leading to the decrement of 
temperature. 
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 disc with Ṁ = Ṁ cr can regain its thermal stability. Here also, as
escribed in Section 3.1 , the configuration of the magnetic field is
xed, which supports the α-viscosity in outward transport of angular 
omentum. 
The effect of the LSMF on different variables of the disc with

˙
 = Ṁ cr is shown in Fig. 9 . As discussed in Section 3.3 , for the

hermal stability of the disc, we focus on the positivity of the f adv, i .
ith the increasing strength of magnetic field, Q 

mag 
H increases and 

ominates o v er Q 

vis 
H in the outer region of the disc for f φc > −5 (or

agnitude of f φc < 5). We find that for f φc = −2.5, the magnetic
eating serves as the main contributor in total heating in the outer
egion of the disc and plays a crucial role in making the f adv, i positive.

e find that Q 

ie 
H , which cools the ions and ef fecti vely decreases the

 adv, i , remains almost the same with the increasing strength of the
agnetic field. Ho we ver, once Q 

mag 
H is significant for f φc = −2.5, the

ignificant increment in Q 

mag 
H makes the f adv, i positive throughout the 

hole radial range. Writing in physical units, a magnetic field with
trength 5 × 10 5 − 10 6 Gauss is required to stabilize the disc for the
arameter space we explore. 
The evolution of f adv, e is quite comple x, sensitiv ely depend on the

hoice of electron temperature at critical point ( T ec ) and remains
e gativ e for some radial range for our investigated strength of
agnetic field. For this reason, we have done the analysis for three

if ferent T ec v alues, i.e. 5 × 10 9 , 10 10 (for which plots are shown),
nd 5 × 10 10 K. We find that although the evolution of T e , Q 

ie 
H , Q 

rad 
H 

nd f adv,e change significantly, f adv,i remains positive for all the cases
hen f φc = −2.5 with Ṁ = 0 . 003 Ṁ Edd . It emphasizes that the main

ngredient to make f adv,i positive is Q 

mag 
H , not any contribution from

 

ie 
H . 
Although f adv, i becomes positive with f φc = −2.5 and Ṁ = Ṁ cr ,

 adv,e remains ne gativ e for some radial range. To confirm more
trongly about the thermal stability of the flow, we also check the
et advection factor ( f adv ). Q 

ie 
H is the intermediate factor through

hich ions transfer energy to electrons. The accretion flow heats up
hrough contributions from Q 

vis 
H , Q 

mag 
H and cools down through Q 

rad 
H .

e define the net advection factor as 

 adv = 

Q 

vis 
H + Q 

mag 
H − Q 

rad 
H 

Q 

vis 
H + Q 

mag 
H 

. (28) 
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Figure 8. Variations of physical variables related to thermal properties of the 
disc as functions of the radial coordinate for different mass accretion rates. 
All height integrated heating and cooling are in units of erg cm 

−2 s −1 . This 
is for a non-magnetic or very weakly magnetic case ( f r c = f φc = f z c = 10 6 ) 
with α = 0.02. For Ṁ = 0.003 Ṁ Edd , in the outer region, the disc becomes 
thermally unstable as the advection factor for ion ( f adv, i ) becomes negative. 

Figure 9. Variations of v arious v ariables related to thermal stability of the 
disc as functions of the radial coordinate for different magnetic field strengths 
when Ṁ = 0.003 Ṁ Edd is fixed. Magnetic field configuration and all other 
parameters except Ṁ are the same as in Fig. 3 . All height integrated heating 
and cooling are presented in units of erg cm 

−2 s −1 . 
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Figure 10. Net advection factor [(total heating-radiative cooling)/total heat- 
ing] for magnetized and non-magnetized case when Ṁ = Ṁ cr (0.003 Ṁ Edd ). 
α = 0.02 is fixed for all the calculations. 
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Figure 11. Magnetic contribution in transport of specific angular momentum 

( λ) for different magnitudes and orientation of B φ with strong vertical field. 
Positi ve v alue of δλB denotes the positive outward transport of angular 
momentum through the LSMF. α parameter is set to 0.02. The magnitude 
of magnetic field is set by f φc value. The larger the f φc value is, the weaker 
the magnetic field is. B r and B z are in ˆ r and ˆ z directions, respectively. B r is 
kept very weak by fixing f r c = 10 6 and strong vertical field is set by f z c = 1.0. 
We fix Ṁ = 0.001 Ṁ Edd . 
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ig. 10 shows the radial variation of net advection factor for magnetic
 f φc = −2.5) and non-magnetic or very weakly magnetic ( f φc = −10 6 )
ase while Ṁ = Ṁ cr . It also confirms that whatever the intermediate 
eat transfer ( Q 

ie 
H ) becomes, a positive net heat is advected inward

nd makes the system thermally stable. We see that for f φc = −2.5,
he net advection factor becomes just positive for the whole radial 
ange, touching the zero line at some intermediate radius value. That 
s why it will be safe to state that for Ṁ = Ṁ cr , disc becomes stable
or f φc > −2.5 (magnitude of f φc < 2.5). For Ṁ = Ṁ cr , magnetic field
orresponding to f φc = −2.5 acts as a critical value of the magnetic
eld abo v e which disc is thermally stable. 

.5 Outward transport of angular momentum through strong 
ertical magnetic field 

e already discussed in Section 3.1 that how positive value of δλB 

equation 25 ) is possible when B r B φ is ne gativ e and B z B φ is positive.
ill now, we have only found the effectiveness of strong B r B φ in the
isc and thermal stabilization of the disc with the help of that field.
n this section, we show that with negligible B r , a strong vertical
eld in positive ˆ z can also efficiently transport angular momentum 

utward through dominant B z B φ , and help turbulent viscosity in the
ormation of the disc. As we discussed earlier, we are solving in
he upper half-plane of the disc, B r and B z are fixed in positive ˆ r 
nd positive ˆ z direction. So, to make B z B φ positive, B φ has to be
n positive ˆ φ direction. Again with this configuration, B r B φ also 
ill become positive and oppose the outward transport. That is why 
ith a strong vertical field, the radial field should be very weak to
ake significant outward transport possible. We keep B r very low 

y setting f r c = 10 6 . In Fig. 11 , we show the contribution of the
SMF in outward transport of angular momentum, i.e. δλB when 

here is a strong vertical field present in the disc with the negligible
adial field. Positive and negati ve v alues of f φc represent that B φ

s in positive and negative ˆ φ direction respectively. We make the 
ertical field strong by keeping f z c = 1.0 and varying the strength of
 φ . When B φ is positive, a stronger field increases the value of δλB ,

ransports angular momentum more efficiently, and helps α-viscosity 
n outward transport as well as in the formation of the disc. Again,
hen B φ has reversed to negative ˆ φ direction, a stronger field does 

nward transport of angular momentum and is shown in the lower half
f Fig. 11 where δλB is ne gativ e. The black-dotted line with δλB =
 represents the non-magnetic or very weakly magnetic case where 
nly turbulent viscosity transports angular momentum outward and 
orms the disc. This magnitude of the magnetic field is comparable
o the field value when transport occurs through B r B φ , and it will
roduce Joule heating of the same value. Hence, we can state that
 strong toroidal field with a weak vertical field or a strong vertical
eld with a weak radial field can transport the angular momentum
utward and thermally stabilize the disc. 
It is interesting to see that when the positive transport occurs,

he size of the disc decreases with the increasing strength of the
SMF. This is because with the stronger magnetic field, the magnetic
ontribution in outward transport of angular momentum increases 
nd dominates o v er turbulent transport. Therefore, the f aster outw ard
ransport of angular momentum with the increasing strength of 
agnetic field leads to smaller size of the disc. Ho we ver, the

ependency of the outer boundary of the disc on the LSMF comes
nto effect only when the strength of the magnetic field is significant
nd the outward transport of angular momentum through the LSMF 

ominates o v er α-viscosity. That is why for toroidally dominated
SMF case (Fig. 1 ), the size of the disc does not depend on the
trength of the magnetic field as the magnetic field is relatively
eaker and turbulent transport remains the dominating mechanism 

or transport. Ho we ver, it is worth mentioning that after comparing
ritically, we find that vertical field dominated case is slightly more
fficient in transporting angular momentum outward compared to 
oroidally dominated case for our investigated parameter regime. 
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Figure 12. Various α parameters when the LSMFs just thermally stabilize 
the disc with f φc = −2.5 and Ṁ = Ṁ cr (0.003 Ṁ Edd ). 
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 DISCUSSION  

e see that the LSMF can support or oppose the α-viscosity in
utward transport of angular momentum depending on its configu-
ation. If we ignore the negligible contribution from B z for our usual
toroidally dominated magnetic field) case, from equation ( 13 ) and
lso from equation ( 14 ) of Jacquemin-Ide et al. ( 2021 ), we can infer
hat the shearing stress related to the LSMF is B r B φ /4 π whereas σ

′ 
rφ is

he shearing stress of turbulent origin. Now, whether the LSMF will
upport the turbulent transport or not that depends on the positive
alue of δλB , which again depends on the direction and strength
f different components of the magnetic field as described in Sec-
ion 3.1 . Radial velocity v r in negative ̂  r direction indicates successful
ccretion. That is why all the values of v r presented in this work
av e ne gativ e v alues. No w Ṁ is al w ays positive and correspondingly
˙
 = −4 πN 1 rρH v r . The numerical constant N 1 appears due to the

 ertical inte gration of ρ. The ne gativ e sign present in the e xpression
or Ṁ leads to the turbulent stress σ

′ 
rφ = −α( p + ρv 2 r ). This sign

onvention of turbulent transport must be taken care of appropriately
s it will dictate the configuration of the magnetic field, which
ill help α-viscosity in transporting angular momentum outward.
is the proportionality constant of shear stress of turbulent origin.

he LSMF, with suitable configuration, contributes to transport
pproximately by –B r B φ /4 π along with turbulent stress, which finally
eads to net transport. Hence, we find ef fecti ve α-viscosity αeff as
ollows: 

mag = 

1 

p 

(
− B r B φ

4 π

)
, αeff = α + αmag . 

or the case that stabilizes the disc with accretion rate of Ṁ cr and
 φc = −2.5, different α-parameters are shown in Fig. 12 . We can
ee that the ef fecti ve v alue of α lies within 0.03–0.07. This range
s at the lower side of the effective value of α, predicted by the

RI simulation threaded by the LSMF (Bai & Stone 2013 ; Lesur,
erreira & Ogilvie 2013 ; Salvesen et al. 2016 ). These simulations
how that α increases with decreasing βm 

and could reach up to
nity. Ho we v er, the observ ed range of α-value during outburst for 12
lack hole low-mass X-ray binaries is 0.2–1.0, and strong disc winds
an also influence the inferred α-value from observation (Tetarenko
t al. 2018 ). Keep in mind that the magnetic field, which we are using
o find αeff , is at the minimum value that is required to stabilize the
isc thermally . Correspondingly , the presented αeff is the minimum
ossible value in the disc at Ṁ = Ṁ cr . A similar treatment regarding
he role of large-scale magnetic stress o v er the turbulent viscous stress
as been discussed by Mondal & Mukhopadhyay ( 2019 ), Mondal &
NRAS 00, 1 (2022) 
ukhopadhyay ( 2020 ) in the context of disc-outflow symbiosis with
uch stronger LSMF. 
It is also quite interesting that by reversing B φ , the LSMF can

ppose the outward transport of angular momentum. Even a strong
nough magnetic field with positive B r B φ or negative B z B φ can resist
he outward transport through turbulent α-viscosity and halts the
ormation of the disc. Inward transport of angular momentum through
he LSMF, i.e. the ne gativ e v alue of δλB , is sho wn in the bottom panel
f Figs 1 and 11 . 
Another exciting outcome is that the results of the whole analysis

emain the same if B changes to −B , then only the components
f the magnetic field change their sign. This indicates that the disc
ynamics and the heating and cooling of the disc are symmetric on the
eversal of the magnetic field. Taking all the possibilities investigated
n this work, in Table 1 , we present different configurations of the
agnetic field which support or oppose the α-viscosity in outward

ransport of angular momentum. 
Calculation from micro-physics (various channels for electron

eating such as current-driven plasma instabilities, turbulence in the
resence of the magnetic field, and pressure anisotropy are discussed
n Bisnovatyi-Kogan & Lovelace 1997 ; Quataert & Gruzinov 1999 ;
harma et al. 2007 ; Lehe, Parrish & Quataert 2009 ) estimates δ

10 −2 . Observational modelling of low-luminous active galactic
uclei (Y u, Y uan & Ho 2011 ; Liu & Wu 2013 ) gives its value ≈
.1. Hence, there is no consensus about the exact value of δ. For
implicity, we fix δ = 0 throughout this work. Also, the disc is
eated through two channels: viscous dissipation and Joule heating,
nd possibly different fractions of these two heatings directly go to
he electron. As we mentioned earlier, δ parameter is crucial for the
volution of T e , i.e. for modelling the spectra. For δ ≈ 0.1, ions will
e heated less, Ṁ cr will be lower than 0.003 Ṁ Edd , i.e. instability will
ick in at a lower Ṁ . As Ṁ cr becomes small, the weaker magnetic
eld will be able to stabilize the disc thermally. This indicates that

he inclusion of the non-zero δ will only change Ṁ cr and the value of
he required magnetic field for stabilization; the main conclusion will
emain the same. In addition to δ, Q 

ie 
H , and Q 

rad 
H sensitively depend on

he choice of T ec . Ho we ver, redoing the calculations with different T ec 

alues although change the evolution of Q 

ie 
H and Q 

rad 
H significantly,

he minimum magnetic field strength required to stabilize the disc
emains the same. 

The abo v e discussions conv erge to the point that Q 

ie 
H or Q 

rad 
H has

o contribution in stabilization. The rising of Joule heating with the
ncreasing strength of the magnetic field plays a key role in making
he advection factor positive and stabilizing the disc thermally. The
nstable optically thin flow at or abo v e Ṁ cr re gains its stability due to
he addition of Joule heating in the system through the LSMF. This is
uite similar to the fact about the dependence of Ṁ cr on the Shakura–
unyaev α-parameter in a non-magnetic or weakly magnetic case
 ̇m max in Abramowicz et al. 1995 ). As α-viscosity increases, heating
ncreases, making the unstable adv ectiv e accretion disc stable for
 fixed accretion rate. In this work, αeff plays the same role as α-
iscosity mentioned abo v e. 

 C AV E ATS  

n our model, λ = λK is considered to be the outer boundary of
he disc to mimic the situation that in the outer region of the hot
dv ectiv e disc, a cold Keplerian disc exists. This truncated disc
eometry is useful in explaining the simultaneous observation of soft
nd hard X-rays from the same source. We know that gravity almost
alances the centrifugal force, and force due to pressure gradient
s practically zero for a Keplerian disc. However, after solving the

art/stac835_f12.eps
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Table 1. Configuration of magnetic field which supports and opposes outward transport of angular momentum. 

B r B φ B z Effect in outward transport 

Large magnitude in positive ̂  r Larger magnitude in positive ˆ φ Small magnitude in positive ̂  z Oppose α-viscosity 
Large magnitude in positive ̂  r Larger magnitude in ne gativ e ˆ φ Small magnitude in positive ̂  z Support α-viscosity 
Large magnitude in ne gativ e ̂  r Larger magnitude in ne gativ e ˆ φ Small magnitude in ne gativ e ̂  z Oppose α-viscosity 
Large magnitude in ne gativ e ̂  r Larger magnitude in positive ˆ φ Small magnitude in ne gativ e ̂  z Support α-viscosity 
Small magnitude in positive ̂  r Large magnitude in positive ˆ φ Large or larger magnitude in positive ̂  z Support α-viscosity 
Small magnitude in positive ̂  r Large magnitude in ne gativ e ˆ φ Large or larger magnitude in positive ̂  z Oppose α-viscosity 
Small magnitude in ne gativ e ̂  r Large magnitude in ne gativ e ˆ φ Large or larger magnitude in ne gativ e ̂  z Support α-viscosity 
Small magnitude in ne gativ e ̂  r Large magnitude in positive ˆ φ Large or larger magnitude in ne gativ e ̂  z Oppose α-viscosity 
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quation for sub-Keplerian flow with λ = λK as the outer boundary 
ondition, we have found that at the outer boundary, gravity does 
ot balance the centrifugal force and force due to pressure gradient 
emains significant. These things indicate that the transition from 

ub-K eplerian to K eplerian flo ws is abrupt though λ = λK and this
oundary layer problem remains an open area to address. 
We have assumed the disc to be vertically isothermal, which may 

ot be the case in reality. Also, to handle the second deri v ati ve and
quare terms present in the induction equation and Joule heating, we 
ave approximated as follows: d 2 B φ /d r 2 = 2 B φ / r 2 , d 2 B z /d r 2 = 2 B z / r 2 ,
nd (d B φ/ d r) 2 = B 

2 
φ/r 2 , (d B z / d r) 2 = B 

2 
z /r 

2 . Although replacing
hese deri v ati ves with other v alues will change the results, we belie ve
hat the main conclusion will remain the same qualitatively. Again, 
e have restricted our parameter space such that B φ al w ays remains
nidirectional throughout the whole radial range. Nevertheless, 
llo wing the re versing of B φ with radial distance will broaden the
arameter space as well as can lead to many diverse results. 

 SUMMARY  

n this work, we have explored the possible contribution of the LSMF
n transporting angular momentum outward in addition to turbulent 
ransport, which is here based on the Shakura–Sunyaev α-parameter. 

e have also explicitly explored the magnetic field’s effect in heating 
nd cooling the disc. The key findings are summarized below. 

(i) Depending on the magnetic field configuration, it sup- 
orts/opposes the turbulent contribution in outward transport. For 
he toroidally dominated field, the vertical field should be very weak 
o make transport ef ficient. Dif ferent configurations and their effects 
re presented in Table 1 . 

(ii) Configuration of the LSMF is fixed to meet the requirement 
f outward transport of angular momentum. With the increasing 
trength of the toroidal field, although the magnetic contribution in 
utward transport increases, the disc becomes cooler, and turbulent 
ransport decreases. 

(iii) In the absence of magnetic field, naturally, with increasing 
ccretion rate, advection of heat decreases. For Ṁ � Ṁ cr ( Ṁ cr = 

 . 003 Ṁ Edd for our chosen parameter space), advected heat energy 
hrough ions becomes ne gativ e and disc becomes thermally unstable. 

(iv) Disc with Ṁ � Ṁ cr regains its thermal stability in the pres- 
nce of a strong enough magnetic field. Joule heating plays a crucial
ole in stabilizing the disc. The LSMF, with a suitable configuration, 
ransports angular momentum outward as well as stabilizes the 
ptically thin disc with Ṁ � Ṁ cr . 
(v) A strong vertical field with a weak radial field also has an equal

otential to help α-viscosity in outward transportation of angular 
omentum and stabilize the disc thermally. 
(vi) For the most magnetically dominated case in our analysis, 
he value of βm 

lies within the range of 5–10 3 . This confirms that
here is no restriction for simultaneous operation of the LSMF and
he α-viscosity, even if the MRI is assumed to be the sole source of
urbulent α-viscosity. 
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A T I O N S  

A n finally nine coupled ordinary differential equations as follows: 

H (A1) 

v  
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6 H 
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d r 

)
+ N 3 B z 

d B z 

d r 

]
− F r ( r) = 0 , (A2) 
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α

ρ0 
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2 
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d H 
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, (A3) 

−
 

(d H 

d r 

)
= Q 

vis 
H + Q 
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H − Q 
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H , (A4) 

− Q 
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H , (A5) 

η (A6) 
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/ 2) v r B φ0 
d H 

d r 

+ N 8 

(d B φ0 

d r 

)(H 

r 

)] 
= 0 , (A7) 

(A8) 

(A9) 

S , Q 

vis 
H is the height integrated viscous heating, i.e. heat generated per unit 

a

Q

Q it area per unit time due to magnetic contribution, as given by 

Q
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D present in the φ- and z-components of induction equation, and (d B φ /d r ) 2 , 
( e assume 

(

w eters A , B , C , and D are defined as different combinations of β-parameters 
(

A

B

C

w

β (A10) 

β o total pressure, respectively. Total pressure includes p and the magnetic 
p ion pressures, as given in equation ( 3 ). The values of all the numerical 
PPENDIX  A :  FINA L  H E I G H T  AV ERAG ED  E QUA

fter averaging equations ( 11 )–( 19 ) vertically from 0 to H , we obtai
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ince ηB 	= 0, the equation ( A6 ) is same as the equation ( A9 ). Here
rea of the disc per unit time through turbulent shear, as given by 
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H is the height integrated Joule heating, i.e. heat generated per un
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here α1 , α2 are fixed to unity throughout our calculation. The param
 β i , βe , and βm 

): 
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) − (9 / 2) βe − (9 / 2)( βe /βm 

)] , 
 = (3 / 2) βe (1 + 1 /βm 

) , and D = −βe (1 + 1 /βm 

) , 

here 

i = 

p i 

p + B 

2 / 8 π
, βe = 

p e 

p + B 

2 / 8 π
, and βm 

= 

p 

B 

2 / 8 π
. 

i and βe denote the fraction of ion pressure and electron pressure t
ressure of the system, whereas p includes ion, electron and radiat
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M

c

N

N

 are as following: 

N
e 
 

− H αN 1 ( p + ρv 2 r ) v φ)) − 2 CH 

2 B 

2 
z ηB − 4 CB 

2 
φ( H 

2 N 1 + 0 . 06 r 2 N 2 ) ηB ) 

8 p π + B 

2 
φ

)
 9 ηB )) 

 

+ ρN 8 v r (6 . 28 rv r − 6 . 28 ηB )))( −0 . 75 rN 1 v r + ( N 1 + 0 . 25 N 2 ) ηB ) 

 CB 

2 
φ(3 rN 1 v r + N 2 ηB ))( r αB r B φ + rB 

2 
r N 4 

+

) B 

2 
φ + 8 π( p(2 + r) − 2( −2 + r) ρv 2 r )) 

 4 πρ( H 

2 N 9 + r 2 N 13 ) v r ηB )))) 

 r + ( N 1 + 0 . 25 N 2 ) ηB ) 

 rB 

2 
r N 4 + ρv r ( −12 . 57 rN 9 v r + 12 . 57 N 8 ηB + 12 . 57 N 9 ηB ))) 

ρN 8 v r (6 . 28 rv r − 6 . 28 ηB )))( −0 . 75 rN 1 v r 

 N 2 + 12 . 57 AN 2 )) v r 

 

+ 12 . 57 N 8 ηB + 12 . 57 N 9 ηB )))) 

2 + r)( B 

2 
z N 3 + 4 πρ( v 2 φ − rF 

′ 
r ))) 

 

′ 
r ))))))) , (A11) 
oefficients are given by 

N 1 = 

√ 

π

2 

[
erf 

(
1 √ 

2 

)]
= 0 . 855624 , 

N 2 = − 2 √ 

e 
+ 

√ 

2 π

[
erf 

(
1 √ 

2 

)]
= 0 . 498187 , 

N 3 = 

√ 

π

2 

[
erfi

(
1 √ 

2 

)]
= 1 . 19496 , 

N 4 = 

√ 

π

[
erfi

(
1 

2 

)]
= 1 . 08997 , 

N 5 = 2 

[
e 1 / 4 − √ 

π

{
erfi

(
1 

2 

)}]
= 0 . 388102 , 

N 6 = 1 − e 1 / 4 = −0 . 284025 , 

N 8 = − 2 

e 1 / 4 
+ 2 

√ 

π

[
erf 

(
1 

2 

)]
= 0 . 287522 , 

N 9 = 

√ 

π

[
erf 

(
1 

2 

)]
= 0 . 922562 , 

 12 = 

√ 

π

2 
[ erf (1) ] = 0 . 746824 , 

 13 = − 1 

2 e 1 / 4 
= −0 . 3894 . 

The expressions of numerator ( N ) and denominator ( D) of d v r /d r

 = −( v r ((150 . 80 p + 6 B 

2 
φ)( rv r − ηB )( −(8 p π + B 

2 
φ) 

× (3 CH 

2 r( −2 + 3 r) N 1 v r 

−2 + r 
+ 

2(8 H πr ( Br ( Q 

ie 
H 

− Q 

rad 
H 

) + C( rQ 

i
H

( r αB r B φ + r B 

2 
r N 4 + ρv r ( −12 . 57 r N 9 v r + 12 . 57 N 8 ηB + 12 . 57 N

−2 H 

2 (12 CB φ( rαB r (29 . 32 p + B 

2 
φ + 4 . 19 ρv 2 r ) + B φ( −0 . 5 rB 

2 
r N 5

+ 3( pr( −12 . 57 BDN 2 + C(24 πN 1 + 18 . 87 N 2 + 12 . 57 AN 2 )) v r +
 ρv r ( −12 . 57 rN 9 v r + 12 . 57 N 8 ηB + 12 . 57 N 9 ηB ))) 

+ 

1 

−2 + r 
CB φ(3 rN 1 v r − 4( N 1 + 0 . 25 N 2 ) ηB )( H 

2 rαB r (( −2 + 3 r

+ 2( −2 + r )( −8 H 

2 πr ρB r v r v φ + B φ( H 

2 rB 

2 
r N 4 + H r 2 B r B z N 6 +

+ 

1 

−2 + r 
H 

2 ( r(4 CαB r B φ(25 . 13 p + B 

2 
φ + 25 . 13 ρv 2 r )( −0 . 75 rN 1 v

+ (((75 . 40 + 50 . 27 A ) C − 50 . 27 BD) p + 3 CB 

2 
φ) N 1 v r ( rαB r B φ +

−2(12 CB φ( rαB r (29 . 32 p + B 

2 
φ + 4 . 19 ρv 2 r ) + B φ( −0 . 5 rB 

2 
r N 5 + 

+ ( N 1 + 0 . 25 N 2 ) ηB ) + 3( pr( −12 . 57 BDN 2 + C(24 πN 1 + 18 . 87

+ CB 

2 
φ(3 rN 1 v r + N 2 ηB ))( rαB r B φ + rB 

2 
r N 4 + ρv r ( −12 . 57 rN 9 v r

( −8( −1 . 5 + r ) B 

2 
φ( r v r − ηB ) + 2( rv r ( p(201 . 06 − 125 . 66 r) − ( −

+ ηB ( p( −201 . 06 + 125 . 66 r) + ( −2 + r)(2 B 

2 
z N 3 + 4 πρ( v 2 φ − rF
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a

D  φN 9 ) v 
2 
r ( rN 1 v r − 1 . 33 N 1 ηB − 0 . 33 N 2 ηB ) 

 CB 

2 
φ(3 rN 1 v r + 1 N 2 ηB ))( r αB r B φ + rB 

2 
r N 4 

9 ρv 2 r ) − 1 . 5 B φ( rB 

2 
r N 5 + 4 πρN 8 v r ( −rv r + ηB )))) 

0 . 75 rN 1 v r + ( N 1 + 0 . 25 N 2 ) ηB ) 

 rB 

2 
r N 4 + ρv r ( −12 . 57 rN 9 v r + 12 . 57 N 8 ηB + 12 . 57 N 9 ηB ))) 

ρN 8 v r (6 . 28 rv r − 6 . 28 ηB ))) 

(24 πN 1 + 18 . 85 N 2 + 12 . 57 AN 2 )) v r 

 r + 12 . 57 N 8 ηB + 12 . 57 N 9 ηB )))))) . (A12) 

T

nd, 

 = (2 H 

2 r ((150 . 80 p + 6 B 

2 
φ)( r v r − ηB )( −37 . 70 Cr ρB φ(2 αB r + B

−3( pr( −12 . 57 BDN 2 + C(24 πN 1 + 18 . 85 N 2 + 12 . 57 AN 2 )) v r +
+ ρv r ( −12 . 57 rN 9 v r + 12 . 57 N 8 ηB + 12 . 57 N 9 ηB )) 

+ CB φ(3 rN 1 v r − 4( N 1 + 0 . 25 N 2 ) ηB )(3 rαB r (29 . 32 p + B 

2 
φ + 4 . 1

+ ( rv r ( −87 . 97 p − B 

2 
z N 3 + 4 πρv 2 r ) + (87 . 97 p − 4 πρv 2 r ) ηB 

+ 3 . 50 B 

2 
φ( −rv r + ηB ))( r (4 CαB r B φ(25 . 13 p + B 

2 
φ + 25 . 13 ρv 2 r )( −

+ (((75 . 40 + 50 . 27 A ) C − 50 . 27 BD) p + 3 CB 

2 
φ) N 1 v r ( rαB r B φ +

−2(12 CB φ( rαB r (29 . 32 p + B 

2 
φ + 4 . 19 ρv 2 r ) + B φ( −0 . 5 rB 

2 
r N 5 + 

× ( −0 . 75 rN 1 v r + ( N 1 + 0 . 25 N 2 ) ηB ) + 3( pr( −12 . 57 BDN 2 + C

+ CB 

2 
φ(3 rN 1 v r + N 2 ηB ))( rαB r B φ + rB 

2 
r N 4 + ρv r ( −12 . 57 rN 9 v
MNRAS 00, 1 (2022) 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 


	1 INTRODUCTION
	2 FORMALISM
	3 RESULTS
	4 DISCUSSION
	5 CAVEATS
	6 SUMMARY
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: FINAL HEIGHT AVERAGED EQUATIONS

