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ABSTRACT
We venture for the comparison between growth rates for magnetorotational instability (MRI) and hydrodynamics instability in the presence
of an extra force in the local Keplerian accretion flow. The underlying model is described by the Orr–Sommerfeld and Squire equa-
tions in the presence of rotation, magnetic field, and an extra force, plausibly noise with a nonzero mean. We obtain MRI using the
Wentzel–Kramers–Brillouin approximation without extra force for a purely vertical magnetic field and vertical wavevector of the pertur-
bations. Expectedly, MRI is active within a range of magnetic field, which changes depending on the perturbation wavevector magnitude.
Next, to check the effect of noise on the growth rates, a quartic dispersion relation has been obtained. Among those four solutions for the
growth rate, the one that reduces to the MRI growth rate at the limit of vanishing mean of noise in the MRI active region of the magnetic field
is mostly dominated by MRI. However, in the MRI inactive region, in the presence of noise, the solution turns out to be unstable, which is
almost independent of the magnetic field. Another growth rate, which is almost complementary to the previous one, leads to stability at the
limit of vanishing noise. The remaining two growth rates, which correspond to the hydrodynamical growth rates at the limit of the vanishing
magnetic field, are completely different from the MRI growth rate. More interestingly, the latter growth rates are larger than that of the MRI.
If we consider viscosity, the growth rates decrease depending on the Reynolds number.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0095282

I. INTRODUCTION
The accretion disk is one of the exotic objects in astrophysics.

As the name suggests, they form a disk-like shape due to the
accretion of matter with angular momentum around a center by
unleashing enormous gravitational energy through radiation. They
are ubiquitous. From around the center of the galaxies to the forma-
tion of planets, from the binary system to the ring of Saturn, they
prevail at various length scales. The physics related to the accre-
tion disks is also exotic. There have been a lot of studies regarding
the phenomena related to the accretion disks, and it still continues.
However, still there are some open questions in the field of accretion
disks. One of those is how, in the first place, the accretion disk forms,
i.e., how the matter falls in, losing the angular momentum and even-
tually reaches the central object, particularly where the molecular

viscosity is negligible. We attempt to address this question in this
work.

To match with the observational evidences,1 the accretion flow
has to be turbulent.2 However, the accretion flow in the Keple-
rian accretion disk, where the centrifugal force almost balances
the gravity, is Rayleigh (centrifugally) stable, i.e., the infinitesimal
perturbation eventually dies down. The route to turbulence, there-
fore, is essential to find. In 1991, Balbus and Hawley3 proposed
the idea of an ideal magnetohydrodynamical (MHD) instability
following Velikhov4 and Chandrasekhar:5 magnetorotational insta-
bility (MRI). The interplay between the weak magnetic field and
the rotation of the fully ionized plasma gives rise to the MRI. It is
a widespread mechanism leading to turbulence and explaining the
transport of angular momentum in accretion disks. This is because
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it grows within the dynamical timescale with very minimum require-
ments: weak magnetic field so that the corresponding magnetic
pressure is smaller than the hydrodynamical pressure and a radially
decreasing angular velocity in contrast to the radially decreasing spe-
cific angular momentum as the Rayleigh stability criterion.6 Despite
its popularity in the accretion disk community and tremendous suc-
cess in explaining various accretion phenomena over the years, the
MRI is not out of caveats. When the temperature is low, the fluid and
the magnetic field do not get coupled well due to inefficient ioniza-
tion. Consequently, the nonideal MHD effects come into the picture.
Due to the stabilizing effects of Ohmic resistivity on the linear insta-
bility, there are many regions in protoplanetary disks where MRI
gets suppressed.7,8 The additional inclusion of ambipolar diffusion
makes this scenario worse.9

In order to explain the angular momentum transport, mag-
netized disk winds have been considered as an alternative to MRI
turbulence.10,11 If the toroidal component of the magnetic field is
beyond the critical value, MRI gets suppressed locally12 and glob-
ally.13 Instead, there arise different MHD instabilities. Moreover,
due to the non-normality of the underlying system, it has been
argued that the magnetic transient growth14 brings nonlinearity and
hence plausible turbulence faster than MRI for the flows with the
Reynolds number (Re) beyond 109. Since Re in accretion disk15 is
much larger than this value, MRI is questionable in systems with
large Re. It, therefore, would be an enthralling venture to look for
the instability mechanisms of hydrodynamical origins.

A lot of efforts have been put forward to understand the angu-
lar momentum transport in accretion disks in the laboratory, i.e.,
through the table top experiments and simulations. To do so, the
accretion disk-like environment, i.e., the Keplerian angular velocity,
has been created in the experiments. In the experimental context, the
Taylor–Couette flow16 has been considered. Its crude description is
the following. It has two concentric cylinders and fluid in between.
By moving the cylinders, the fluid is kept in motion. The flow param-
eters, i.e., the velocity, angular velocity, and Re, are controlled by
the speed of both the cylinders.17 Although the exploration of the
transport of angular momentum in accretion disk through labora-
tory was started by Richard and Zahn18 in 1999, based on the key
experimental results, there are mainly two groups in the commu-
nity: one (group 1) who obtained hydrodynamic turbulence19–21 for
the Keplerian angular velocity profile and the other one (group 2)
who did not obtain any hydrodynamic turbulence22 for the same. All
the experiments reached the equivalently same Re to draw their con-
flicting conclusions. Although they obtained the same Re, the two
groups have different experimental devices. group 1 did the experi-
ment with a tall and narrow device, while group 2 used a small and
wide apparatus. These kinds of geometrical differences in the appa-
ratus affect the critical Re of the corresponding flows remarkably.18,23

For the same reason, turbulence is hard to reach in the case of a
wide apparatus. It could be plausible for group 2 that they oper-
ated the apparatus at the verge of the critical Re required for the
transition to turbulence or below the critical Re so that they did
not reach the turbulent regime. Although, in reality, there is no
rigid axial boundary in accretion disks, due to the finite size of the
apparatus, each group differently implemented the axial boundaries.
To check the effect of these axial boundaries on the flow, a direct
numerical simulation,24 with very small Re compared to the exper-
iments due to the computational constraint, was performed in the

equivalent setup of the experiments done by both the groups. The
simulations of both the experiments show that the flows become
turbulent mainly due to the presence of the boundaries. Hence, the
effects of boundaries, i.e., the finite size of the apparatus, have impor-
tant roles in bringing turbulence. From the theoretical, numerical,
and experimental points of view, the current status of the field is still
far from settling down.

Keeping in mind the nonmagnetic Keplerian flow, an alterna-
tive approach of linear transient growth25–29 has been also proposed.
Due to the non-selfadjoint property of the underlying differential
operator, the total energy30 of the linear perturbations in the shear
flow becomes significantly large for a short time before their even-
tual decay. Although its tremendous success is in explaining the
subcritical transition to turbulence in the laboratory shear flows,
the authors of Refs. 28, 31, and 32 questioned for the correspond-
ing sustained turbulence in the Keplerian flow. However, several
orders of magnitude discrepancies exist between the current com-
putational resolution and the Re of the accretion disk. Nevertheless,
we encounter the problem from the hydrodynamical point of view
but in the presence of an extra force. Considering this extra force
to be the white noise with a zero mean, the multi-mode analysis of
the Keplerian flow has been studied.33,34 We instead follow the idea
and methodology put forwarded by Mukhopadhyay and Chattopad-
hyay.15 Recently, the authors of Refs. 35–38 argued that if the white
noise has a nonzero mean, the Keplerian flow effectively becomes
linearly unstable. The origin of the extra force in the context of accre-
tion flow, as merely mentioned by Ioannou and Kakouris,33 could be
the neglected nonlinear terms during the linear analysis, supernova
explosions, etc. However, the other plausible models for its origin, as
proposed explicitly and rigorously by Ghosh and Mukhopadhyay36

very recently, could be the dust–grain interaction in protoplane-
tary disks, feedback from the outflow/jet on the accretion disks, etc.
Nevertheless, the comparison between the growth rates of hydro-
dynamical instability in the presence of an extra force and that of
the MRI has never been studied. Although there could be differ-
ent models for the extra force,33,36 we, however, restrict ourselves
to the white noise with nonzero mean as the extra force in this work.
This study has its own significance because the presence of noise is
not limited35,36 to the nonmagnetic Keplerian flow. The presence of
noise, in fact, is quite ubiquitous in any Keplerian flow as argued
by Nath and Mukhopadhyay35 and later by Ghosh and Mukhopad-
hyay.36 Hence, it is very important to compare these two growth
rates to check whether they come in unison or one opposes the
other. In other words, the growth rate corresponding to the hydro-
dynamical instability is in the favorable parameter space for MRI. If
the growth rate of the hydrodynamical instability is comparable to
that of the MRI, we can say that irrespective of the magnetic field,
the accretion flow is linearly unstable. Hence, nonlinearity and tur-
bulence eventually could be the inevitable fate of the magnetic or
nonmagnetic Keplerian flow.

This paper is organized as follows: In Sec. II, we first formu-
late the problem in the local shearing box situated at a local patch
of the accretion disk. In the local box, the governing equations
to describe the linearly perturbed background flow are the mag-
netic Orr–Sommerfeld and Squire equations in the presence of an
extra force and the Coriolis force. The corresponding background
magnetic and velocity fields are also described here. With these
equations, in the absence of the extra force, we obtain a dispersion
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relation neglecting the hydrodynamic and magnetic viscosities to
obtain the criteria for centrifugal instability (CI) and MRI in Sec. III.
The effect of the force is described in Sec. IV, where the dispersion
relation in the presence of noise but in the absence of any kinds of
viscosity is obtained. Note that if the external force is not stochas-
tic rather deterministic, a similar scenario can also be implemented.
The solutions for that dispersion relation have been studied exten-
sively without magnetic field in Sec. IV A and with magnetic field in
Sec. IV B. In Sec. V, we include the effect of the hydrodynamic vis-
cosity on the growth rates. We conclude in Sec. VI that depending
on the extra force, the hydrodynamic growth rate in the favorable
parameter zone for MRI becomes greater than that of the MRI. For
other parameters, which lead to the suppression of MRI, it is the
hydrodynamical instability that makes the flow unstable and plau-
sibly further turbulent. Hence, the presence of noise in the flow is
enough to make the underlying flow unstable.

II. FORMALISM
We refer to the local patch of the Keplerian accretion disk,

where we do the whole analysis. For the detailed description of the
local formulation, see Refs. 28, 39, and 40. The governing equations
of the perturbed flow are the magnetic Navier–Stokes equation in
the presence of rotation and noise, the magnetic induction equation
with the constraints of incompressibility14,29 due to the local nature
of the flow, and the no-magnetic monopole. We, however, recast
the governing equations into magnetic Orr–Sommerfeld and Squire
equations (see the Appendix of Mukhopadhyay and Chattopad-
hyay15 for the detailed derivation). The background and perturbed
velocities are U0 = (0,−x, 0)6,28,38 and (u, v,w), respectively. For the
present purpose, the background and perturbed magnetic fields are
B0 = (B0x, B0y, B0z) and (Bx, By, Bz), respectively. Hence, taking into
account the above-mentioned background and perturbed quantities,
the magnetized Orr–Sommerfeld and Squire equations become

( ∂

∂t
− x

∂

∂y
)∇2u + 2

q
∂ζ
∂z
− 1

4π
(B0 ⋅ ∇)∇2Bx =

1
Re
∇4u + η1, (1a)

( ∂

∂t
− x

∂

∂y
)ζ + (1 − 2

q
)∂u
∂z
− 1

4π
(B0 ⋅ ∇)ζB =

1
Re
∇2ζ + η2, (1b)

( ∂

∂t
− x

∂

∂y
)Bx − (B0 ⋅ ∇)u =

1
Rm
∇2Bx, (1c)

( ∂

∂t
− x

∂

∂y
)ζB − (B0 ⋅ ∇)ζ −

∂

∂z
Bx =

1
Rm
∇2ζB, (1d)

where η1,2 are the extra force; ζ = ∂w/∂y − ∂v/∂z and ζB
= ∂Bz/∂y − ∂By/∂z are the x-component of vorticity and magnetic
vorticity, respectively; Re and Rm are the Reynolds and magnetic
Reynolds numbers, respectively; and q is the rotation parameter

describing the radial dependence (r) of the angular frequency (Ω)
of the fluid element around the central object, given by Ω∝ r−q.

We have to write down Eqs. (1a)–(1d) in the Fourier space
in the due course of calculation. For that, our convention of the
Fourier transformation and the inverse Fourier transformation are,
respectively,

A(r, t) = ∫ Ãk,ωei(k⋅r−ωt)d3k dω (2a)

and

Ãk,ω = (
1

2π
)

4

∫ A(r, t)e−i(k⋅r−ωt)d3x dt, (2b)

where A can be any one of u, ζ, Bx, ζB,η1, and η2; k and ω are the
wavevector and the corresponding frequency of the perturbation in
the Fourier space such that in Cartesian coordinates, k ≡ (kx, ky, kz)
and ∣k∣ = k; and r is the position vector, and in Cartesian coordinates,
r ≡ (x, y, z).

The boundary conditions to solve Eqs. (1a)–(1d) are

u = ∂u
∂x
= ζ = Bx =

∂Bx

∂x
= ζB = 0, at x = ±1. (3)

In the Fourier space, the above equations reduce to

− kyk2 ∂ũk,ω

∂kx
+ (iωk2 − 2kxky −

k4

Re
)ũk,ω

+ 2ikz

q
ζ̃k,ω +

ik2

4π
(B0 ⋅ k)B̃x;k,ω = m1δ(k)δ(ω), (4a)

ky
∂ζ̃k,ω

∂kx
+ ikz(1 − 2

q
)ũk,ω + (

k2

Re
− iω)ζ̃k,ω

− i
4π
(B0 ⋅ k)ζ̃B;k,ω = m2δ(k)δ(ω), (4b)

ky
∂

∂kx
B̃x;k,ω + (

k2

Rm
− iω)B̃x;k,ω − i(B0 ⋅ k)ũk,ω = 0, (4c)

ky
∂

∂kx
ζ̃B;k,ω + (

k2

Rm
− iω)ζ̃B;k,ω

− i(B0 ⋅ k)ζ̃k,ω − ikzB̃x;k,ω = 0. (4d)

We choose the solutions of Eqs. (1a)–(1d) to be ψ
= ψ(x)ei(α⋅r−βt), where ψ can be any of u, ζ, Bx, and ζB;
α = (α1,α2,α3) is the wave vector; and β is the frequency. In
general, β is complex. However, according to our convention, if the
imaginary part of β, i.e., Im(β), is positive, then the perturbation
grows with time and, hence, makes the flow unstable. In the Fourier
space, these solutions become

ψ̃k,ω = (
1

2π
)

4

∫
∞

−∞
ψ(x)ei(α⋅r−βt)e−i(k⋅r−ωt)d3xdt

= 1
2π
δ(α2 − ky)δ(α3 − kz)δ(β − ω)∫

∞

−∞
ψ(x)ei(α1−kx)xdx.

To obtain the dispersion relation, we integrate Eqs. (4a)–(4d) with
respect to k and ω and obtain the following equations. In the due
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process, we have neglected the second and higher order derivatives.
Thence, the corresponding equations are

(iβα2 − α
4

Re
)u(0) + 2iα1(

2α2

Re
− iβ)u′(0)

+ 2iα3

q
ζ(0) + i

4π
[(B0 ⋅ α)(α2Bx(0) − 2iα1B′x(0))] = m1,

(5a)

iα3(1 − 2
q
)u(0) + ( α

2

Re
− iβ)ζ(0) − 2iα1

Re
ζ′(0)

− i
4π
(B0 ⋅ α)ζB(0) = m2, (5b)

( α
2

Rm
− iβ)Bx(0) −

2iα1

Rm
B′x(0) − i(B0 ⋅ α)u(0) = 0, (5c)

( α
2

Rm
− iβ)ζB(0) −

2iα1

Rm
ζ′B(0) − i(B0 ⋅ α)ζ(0) − iα3Bx(0) = 0.

(5d)

A. Background magnetic field
Before proceeding further, we have to specify the background

magnetic field, B0, like we know about U0. The induction equation
in dimensionless unit, in general, is

∂B
∂t
= ∇× (V ×B) + 1

Rm
∇2B, (6)

where B and V are arbitrary magnetic and velocity field vectors,
respectively. If we assume the background magnetic field to be con-
stant over space and time, then Eq. (6) for background quantities
becomes

∇× (U0 × B0) = (B0 ⋅ ∇)U0 − (U0 ⋅ ∇)B0 = 0. (7)

For U0 = (0,−x, 0), Eq. (7) becomes

− B0xj + x
∂B0

∂y
= 0, (8)

where j is the unit vector along the y-direction in Cartesian coor-
dinates. We, therefore, obtain that for the constant background
magnetic field, B0x = 0, and hence, B0 = (0, B0y, B0z). In this work,
we shall be, however, focusing on the vertical magnetic field, i.e.,
B0 = (0, 0, B0z).

III. THE CENTRIFUGAL INSTABILITY
AND MAGNETOROTATIONAL INSTABILITY

It is always interesting to obtain CI and MRI following our for-
malism. We, in fact, obtain the corresponding dispersion relations
out of Eqs. (5a)–(5d) omitting noise. Our primary interest is for the
vertical wave vector, i.e., α = (0, 0,α3). We also neglect the effect of
viscosity for the time being. Eventually, in this work itself, we include
all of them one by one in the due course of study. Considering all
these, Eqs. (5a)–(5d) become

iβα2
3u(0) + 2iα3

q
ζ(0) + iα3

3B0zBx(0)
4π

= 0,

iα3(1 − 2
q
)u(0) − iβζ(0) − i

4π
B0zα3ζB(0) = 0,

−iβBx(0) − iB0zα3u(0) = 0,
−iβζB(0) − iB0zα3ζ(0) − iα3Bx(0) = 0.

(9)

For the nontrivial solutions of the above system of linear equations,
we obtain the following dispersion relation:

16π2β4 − 8π[B2
0zα

2
3 − (4π(1

q
− 2

q2 ))]β
2

+ B4
0zα

4
3 −

8πB2
0zα2

3

q
= 0. (10)

For the centrifugal instability,16,41 we get rid of the magnetic field
from Eq. (10). The nontrivial solutions are

β = ±
√

2
q
√

2 − q. (11)

It tells us that for q > 2, the flow becomes unstable. If we keep the
magnetic field and get rid of the rotation parameter (q), we would
obtain magneto-hydrodynamical (MHD) waves with frequency

β = ±B0zα3

2
√
π

. (12)

These waves are called Alfven waves with Alfven speed, VA
= B0z/2

√
π.

If we keep both rotation and the magnetic field, from Eq. (10),
we obtain that q > 0 for instability, i.e., negative β2 for an arbitrarily
small α3. This is MRI. Equation (10) shows that β has four solutions.
However, among them, only one provides instability. Figure 1 shows
the variation of Im(β) as a function of B0z for various combinations
between q = 1, 1.5, and 2 and α3 = 1, 5, 10. There, we find that as the
magnitude of B0z increases, first Im(β) also increases and reaches a
maximum value of 0.5,6 and then it decreases. It also says that for
a fixed α3, as q increases, the domain of B0z giving rise to positive
Im(β) decreases. On the other hand, for a fixed q, the increment of
α3 decreases the window of B0z , which gives rise to positive Im(β).
Between these effects of α3 and q, the increment of α3 for a fixed q
affects the flow more severely.

IV. THE EFFECT OF EXTRA FORCE
In the presence of an extra force, the vertical magnetic field, and

the vertical wavevector, Eqs. (5a)–(5d) become

iβα2
3u(0) + 2iα3

q
ζ(0) + iα3

3B0zBx(0)
4π

= m1,

iα3(1 − 2
q
)u(0) − iβζ(0) − i

4π
B0zα3ζB(0) = m2,

−iβBx(0) − iB0zα3u(0) = 0,
−iβζB(0) − iB0zα3ζ(0) − iα3Bx(0) = 0.

(13)
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FIG. 1. Variation of Im(β) of the unstable solution from Eq. (10) as a function of
B0z for various combinations of q and α3 for inviscid flow.

For simplicity, if we consider m1 = m2 = m and write u(0) as u0, the
dispersion relation from Eq. (13) becomes

m
u0
(4πα2

3B2
0zβ − 16π2β3) = 8iπB2

0zα4
3

q
− iα6

3B4
0z

+ 32π2α3β2

q
(m

u0
) + 64iπ2α2

3β2

q2 − 32iπ2α2
3β2

q

+ 8iπα4
3β

2B2
0z − 16iπ2α2

3β
4. (14)

A. Without magnetic field
To extract the hydrodynamical effect out of Eq. (14), we set

B0z = 0. Then, the corresponding dispersion relation becomes

−iα2
3β

2 + m
u0
β + 2α3

q
(m

u0
) + 4iα2

3

q2 −
2iα2

3

q
= 0. (15)

The solutions of this quadratic equation are

β = 1
2α2

3

⎡⎢⎢⎢⎢⎣
−i(m

u0
) ±
¿
ÁÁÀ8α4

3
q2 (2 − q) − m

u0
(m

u0
+ 8iα3

3
q
)
⎤⎥⎥⎥⎥⎦

. (16)

If we compare Eq. (16) with Eq. (11), we note the effect of noise on
the stability of the flow. Equation (16) has two solutions. However,
only one of them gives us positive Im(β) as a function of m/u0, i.e.,
only that particular solution corresponds to instability in the flow.
As we are interested in instability, we consider the first solution. In
this case, the positive sign in front of the square root corresponds to
the unstable solution.

Figure 2 describes the variation of Im(β) from Eq. (16) as a
function of m/u0 for various combinations of q and α3. Here, we
note that for positive m/u0, when α3 has been kept fixed, Im(β)
reaches a maximum and then it decreases. The maximum decreases
as q decreases. Apart from that, the value of m/u0, at which the maxi-
mum in Im(β) occurs, increases as q decreases. It, indeed, should be
the case. Now, for the negative m/u0, for the same case, it is obvi-
ous from the inset that the curve of larger q is steeper. It means
that at each negative m/u0, larger q has larger Im(β). This is what
is expected. From Eq. (11), when the force is zero, q = 2 gives the

FIG. 2. Variation of Im(β) of the unstable solution from Eq. (15) as a function of
m/u0 for various combinations of q and α3 for inviscid flow.

marginal stability and q < 2 makes the flow stable and the stability
increases as q becomes lesser than 2. A lesser q, therefore, takes a
larger force to make the flow unstable. For a fixed q, as α3 increases,
the curves become less steeper in most of the cases; hence, at each
m/u0, a lesser α3 has a larger growth rate [Im(β)]. This nature of the
growth rate for negative m/u0 is quite obvious from Eq. (16). How-
ever, for the positive m/u0, we note that there will be a competition
between the terms with and without square root in Eq. (16). As a
result, for α3 = 1 and q = 1.5, we see that the growth rate increases
as m/u0 increases up to a certain value of m/u0. Beyond that certain
m/u0, the growth rate decreases.

B. With magnetic field
Equation (14) is a quartic equation. Here, we look for the

imaginary part of each root. Among the four solutions,

● the first and the fourth solutions together give us the solution
given by Eq. (16) when the magnetic field is switched off,

● the third solution gives us the MRI modes when noise is not
there in the flow, and

● the second solution gives us the stable modes corresponding
to the MRI modes if the noise is made zero.

We will begin with the “third solution” as it reduces to the usual
MRI mode shown in Fig. 1 when there is no noise in the system.

1. The “third solution”
Figure 3 describes the variation of Im(β) as a function of m/u0

and B0z for q = 1.5 and α3 = 1. From Fig. 1, it is clear that for q = 1.5
and α3 = 1, the domain of B0z that gives rise to positive Im(β) is
about within −4 to +4. To see what happens in that region of B0z ,
we fix the range of the vertical axis in Fig. 3 within −5 to +5. We
note that the growth rate is mostly dominated by MRI in that region
of the magnetic field. Around m/u0 = 0, as the magnitude of B0z
increases, Im(β) increases initially, reaches a maximum, and then
again decays. In addition, beyond a small region around ∣m/u0∣ = 0,
the flow is stable within the domain of m/u0 as shown in Fig. 3.
However, the maximum growth rate shown in this figure is greater
than the MRI growth rate shown in Fig. 1. This could be due to the
additional effect from the hydrodynamic instability because of the
presence of noise in the flow.
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FIG. 3. Variation of Im(β) of the “third solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 1 for inviscid flow.

Now, if we increase the domain of m/u0 and B0z , we note that
the flow is mostly stable for positive m/u0, but it is mostly unsta-
ble for negative m/u0, as indicated by Fig. 4, where the variation
of Im(β) is shown as a function of m/u0 and B0z in the larger
domain. As the magnitude of m/u0 increases, we note that the
growth rate increases. However, the positive growth rate becomes
almost independent of the magnetic field at large m/u0. That is to
say, at the larger magnetic field where there is no growth due to

FIG. 4. Variation of Im(β) of the “third solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z in the larger domain for q = 1.5 and
α3 = 1 for inviscid flow.

FIG. 5. Variation of Im(β) of the “third solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z in for q = 1.5 and α3 = 5 for inviscid
flow.

MRI, the flow is mostly governed by the noise with huge growth
rates.

Now, we increase α3 to 5. Figure 5 shows the variation of Im(β)
as a function of m/u0 and B0z for q = 1.5 and α3 = 5. From Fig. 1, we
already have obtained that for q = 1.5 and α3 = 5, the window of B0z
that gives rise to positive Im(β) is about within −1 to +1. We, there-
fore, keep the range of the vertical axis in Fig. 5 within ±1 so that
we can compare between MRI and instability due to noise. There,

FIG. 6. Variation of Im(β) of the “third solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z in the larger domain for q = 1.5 and
α3 = 5 for inviscid flow.
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we note that the growth rate is mostly governed by the MRI, and
the structure of the growth rate, i.e., how Im(β) varies with B0z at a
particular m/u0, is also MRI-like. If we compare between Figs. 3 and
5, we observe that the range of ∣m/u0∣, which gives rise to a positive
growth rate, increases as α3 increases.

Now, let us see what happens to the growth rates when we
extend the domain of m/u0 and B0z through Fig. 6, where the vari-
ation of Im(β) has been shown as a function of m/u0 and B0z for
q = 1.5 and α3 = 5. There, we note that for negative m/u0, the flow
is stable for any magnetic field. On the other hand, for positive
m/u0, the flow is mostly unstable. However, there is a window of
−3 ≲ B0z ≲ +3, where the flow could be stable depending on m/u0.
Here, noise has the stabilizing effect because if we fix the magnetic
field at any value within ±3, we note that the flow suddenly becomes
stable as we increase m/u0. However, in the unstable region, as the
noise increases, the growth rate increases, and ultimately at large
noise, the instability, due to the noise, takes over the flow. Thus,
the regime of the sterile magnetic field not leading to MRI, i.e., the
strong field, turns out to be active in order to reveal instability in the
presence of noise.

Now, we further increase α3 to 10, which is, in fact, very much
applicable to the accretion flow.37 Figure 7 describes the variation
of Im(β) as a function of m/u0 and B0z for q = 1.5 and α3 = 10. We
bound the vertical axis within ±0.5 in this figure as Fig. 1 shows that
the range of B0z that gives rise to a positive growth rate is within
around ±0.5. Here again, we note that in this domain of magnetic
field, the growth rate is mostly dominated by MRI. However, in com-
parison with the other two α3, for α3 = 10, the range of m/u0, which
gives rise to a positive growth rate, is larger. Nevertheless, for the
larger magnetic field, where MRI is inactive, the flow is again dom-
inated by the instability due to the noise, particularly for positive
m/u0. This phenomenon is well-depicted in Fig. 8, which shows the

FIG. 7. Variation of Im(β) of the “third solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 10 for inviscid flow.

FIG. 8. Variation of Im(β) of the “third solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z in the larger domain for q = 1.5 and
α3 = 10 for inviscid flow.

variation of Im(β) as a function of m/u0 and B0z in the larger domain
for q = 1.5 and α3 = 10.

2. The “first solution”
The “first solution” of Im(β) from Eq. (14) as described in

Sec. IV B is shown in Fig. 9 for B0z = 0 and three different α3. There,
we note that the variation of Im(β) for positive m/u0 is the same as
of Fig. 2 for positive m/u0. We see that up to certain positive m/u0,
the growth rates corresponding to the smaller α3 increase steeply.
However, beyond that m/u0, the growth rate decreases. The similar
feature is depicted in Fig. 10 where the variation of the growth rate is
shown a function of m/u0 and B0z for α3 = 1. However, for a partic-
ular m/u0, we see that the growth rate decreases with the increase in
the magnitude of B0z . Hence, in this case, the magnetic field affects
the flow destructively with the effect of noise.

FIG. 9. Variation of Im(β) of the “first solution” of Eq. (14) as described in Sec. IV B
as a function of m/u0 for q = 1.5 and three different α3 when B0z = 0 for inviscid
flow.
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FIG. 10. Variation of Im(β) of the “first solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 1 for inviscid flow.

Figures 11 and 12 show the variation of Im(β) of the “first
solution” of Eq. (14) as described in Sec. IV B as a function of m/u0
and B0z for q = 1.5 for α3 = 5 and 10, respectively. There, we note
that the growth rates for these two cases are similar to that in Fig. 10.
Within a very small domain of the magnetic field, for a fixed m/u0,
the growth rate decreases with the increase in the magnitude of the
magnetic field. Beyond that domain of B0z , the growth rate is almost
independent of the magnetic field. However, the domain of the mag-
netic field, in which the growth rate depends on the magnetic field,

FIG. 11. Variation of Im(β) of the “first solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 5 for inviscid flow.

FIG. 12. Variation of Im(β) of the “first solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 10 for inviscid flow.

shrinks in size as α3 increases from 5 to 10. It could plausibly be
because nonzero noise effectively brings in MRI-like features, i.e.,
the decrease in size of the MRI active magnetic field regime due to
the increase in wavevector for a particular region of the magnetic
field.

The maximum growth rate in Fig. 12 is relatively larger than
that in Fig. 8. Note that both of these figures have the same α3 and the
same range of m/u0. While Fig. 8 represents the “third solution” for a
given set of parameters, Fig. 12 represents the “first solution” for the
concerned parameters. The latter one, being solely hydrodynamical,
does not have any MRI counterpart. On the contrary, the former one
does reduce to the MRI solution at the vanishing noise.

3. The “second solution”
The “second solution” of Eq. (14) is the stable version of the

third solution of the same equation if there is no noise in the flow.
Figure 13 shows the variation of Im(β) of the second solution of
Eq. (14) as a function of m/u0 and B0z for q = 1.5 and α3 = 10.
Figure 14 also depicts the same but in the larger domain of m/u0 and
B0z . We note that Fig. 13 is almost complementary to Fig. 6. Within
a certain domain of B0z , the flow is stable, and the stability arises
due to the domination of the magnetic field over the effect of noise.
However, beyond that particular domain of B0z , the flow becomes
unstable due the effect of noise. For negative m/u0, we note that
beyond certain magnetic field, the growth rate increases as the mag-
nitude of m/u0 increases. In this region, the growth rate increases
with the increase in magnitude of both m/u0 and B0z . However, at
the larger magnetic field, the flow is almost controlled by the noise,
particularly with negative mean. We are also familiar with similar
invasion of noise but with positive mean in the case of the third
solution described in Sec. IV B 1.
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FIG. 13. Variation of Im(β) of the “second solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 10 for inviscid flow.

4. The “fourth solution”

The “fourth solution” of Eq. (14) is the almost complemen-
tary solution to the first solution of the same equation. However,
there is some difference, i.e., they are not exactly the complex con-
jugate as the coefficients of Eq. (14) are complex quantities. It will
be understood if we go through Fig. 15, which describes varia-
tion of Im(β) of the fourth solution of Eq. (14) as a function of
m/u0 and B0z in the larger domain for q = 1.5 and α3 = 10. Here,

FIG. 14. Variation of Im(β) of the “second solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z in the larger domain for q = 1.5 and
α3 = 10 for inviscid flow.

FIG. 15. Variation of Im(β) of the “fourth solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z for q = 1.5 and α3 = 10 for inviscid flow.

we note that for negative m/u0, the growth rate is positive. For
smaller m/u0, as the magnitude of the magnetic field increases,
only up to a certain range of the magnetic field, the growth rate
increases. However, for the lager m/u0, the above phenomenon
reverses, i.e., as the magnitude of the magnetic field increases, the
flow becomes less unstable. Now, for the larger ranges of m/u0
and B0z , as described by Fig. 16, it is the noise that takes over
the flow. Consequently, the instability in the flow arises due to
the noise.

FIG. 16. Variation of Im(β) of the “fourth solution” of Eq. (14) as described in
Sec. IV B as a function of m/u0 and B0z in the larger range for q = 1.5 and α3 = 10
for inviscid flow.
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V. THE EFFECT OF RE
Untill now, we have not considered the effect of viscous dis-

sipation. Let us explore the effect of the same on the growth rates.
Consequently, Eq. (13) becomes

(iβα2
3 −

α4

Re
)u(0) + 2iα3

q
ζ(0) + iα3

3B0zBx(0)
4π

= m1,

iα3(1 − 2
q
)u(0) + ( α

2

Re
− iβ)ζ(0) − i

4π
B0zα3ζB(0) = m2,

−iβBx(0) − iB0zα3u(0) = 0,
−iβζB(0) − iB0zα3ζ(0) − iα3Bx(0) = 0.

(17)

The corresponding dispersion relation for m1 = m2 = m from
Eq. (17) becomes

m
u0
(4πα2

3B2
0zβ −

16iπ2α2
3β2

Re
− 16π2β3)

= 8iπB2
0zα4

3

q
− iα6

3B4
0z +

32π2α3β2

q
(m
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) + 64iπ2α2

3β2

q2

− 32iπ2α2
3β2
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+ 8iπα4

3β
2B2

0z +
16iπ2α6

3β
2

Re2 + 32π2α4
3β3

Re

− 16iπ2α2
3β

4. (18)

If the magnetic field is not there in the system, then the above
dispersion relation becomes
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.

(20)
If we compare Eq. (16) with Eq. (20), we note that the latter has
an additional term involving Re. Since the term is imaginary, it
reduces the instability in the flow. Hence, inclusion of Re makes the
flow less unstable if there is no effect of magnetic field in the flow.
Equation (19) is the same as Eq. (9) in Ref. 35. Figure 2 in Ref. 35
also suggests that inclusion of Re decreases the growth rate.

Let us incorporate the magnetic field in the flow and get rid
of the effect of noise. Then, we obtain the usual MRI but with the
effect of viscosity. Figure 17 shows the variation of Im(β) of the
third solution of Eq. (18) when m = 0 as a function of B0z for q = 1.5,
α3 = 10, and Re = 100, 200, and 500. This figure shows that with the
inclusion of viscosity, i.e., Re in the flow, the growth rate decreases.
As Re increases, the corresponding growth rates also increase and
ultimately reach the results of the inviscid limit. This phenomenon

FIG. 17. Variation of Im(β) of the third solution of Eq. (18) when m = 0 as a
function of B0z for q = 1.5, α3 = 10, and Re = 100, 200, and 500.

becomes obvious once we compare between Figs. 17 and 1. Let us
study the effect of Re on the growth rate if both magnetic field and
the noise are present in the flow. Figure 18 shows the variation of
Im(β) of the third solution of Eq. (18) as a function of m/u0 and
B0z for q = 1.5, α3 = 10, and Re = 100. If we compare Figs. 8 and
18, we note that in the latter case, the growth rate decreases due to
considering the viscosity, i.e., Re in the flow.

Figure 19 shows the variation of Im(β) of the first solution
of Eq. (18) as a function of m/u0 and B0z for q = 1.5, α3 = 10, and
Re = 50. If we compare it with Fig. 12, we note that the growth rate
becomes negative, i.e., the flow becomes stable, for Re = 50. How-
ever, as Re increases, the growth rates increases and eventually at
large Re, Fig. 19 becomes Fig. 12. Now, Im(β) for the second and
fourth solutions of Eq. (18) also get reduced due the presence of the
viscosity, i.e., Re.

FIG. 18. Variation of Im(β) of the third solution of Eq. (18) as a function of m/u0
and B0z for q = 1.5, α3 = 10, and Re = 100.
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FIG. 19. Variation of Im(β) of the first solution of Eq. (18) as a function of m/u0
and B0z for q = 1.5, α3 = 10, and Re = 50.

VI. CONCLUSION
The transport of angular momentum outward and that of the

matter inward in the accretion disk are still debatable and arguably
open question until today, particularly at the low-temperature
region of the accretion disks. In the hot region, MRI is quite suc-
cessful in explaining the transport. However, there are different
parameter regimes (e.g., large magnetic field and huge Reynolds
number,14 a large toroidal component of the magnetic field,13 etc.)
where MRI gets suppressed or ceases to work. In the previous
publications,36–38 we attempted to propose a generic instability
mechanism from the hydrodynamical point of view if noise is
present in the corresponding flow. With that thought, here we have
attempted to compare the growth rates corresponding to both the
mechanisms. We have attempted to check what happens to the
growth rates if both magnetic field and the noise with non-zero mean
are present in the flow. From the analysis, our conclusions are given
as follows:

● Among the four solutions for the growth rates, one of them
reduces to the MRI growth rate if the noise is absent. If both
noise and the magnetic field are present in the flow, in the
MRI active region of the magnetic field, the growth rates fol-
low the MRI growth rate pattern, i.e., the growth rate first
increases, attain a maximum, and then again decrease with
the variation of magnetic field. However, the correspond-
ing maximum growth rate is slightly larger than the MRI
growth rate. In the larger domain of magnetic field where
MRI is inactive, the instability is almost entirely due to the
noise as the corresponding growth rates are almost indepen-
dent of the magnetic field. However, there is another growth
rate that is almost complementary to the above-mentioned
growth rate.

● Furthermore, there is another solution for the growth rate
that reduces to the growth rate related to the hydrodynamic
instability due to the presence of noise in the flow when the
magnetic field is absent. This solution has nothing to do with
MRI. When both the magnetic field and noise are retained
in the flow, at the MRI active magnetic field region, also
the growth rate is larger than that of the MRI. This growth
rate does not have any MRI imprint. The magnitude of the
growth rate mostly depends on the mean of the noise. As the
mean increases, the growth rate increases. However, this also
has an almost complementary growth rate, which is the last
solution in the set of four.

● The above points summarize that even in the MRI active
region, as there are two growth rates that are larger at the
comparatively larger mean of the noise than those of the
other two solutions that have the imprint of MRI, the corre-
sponding flow becomes unstable due to the hydrodynamical
instability in the presence of noise.

● All the growth rates decrease due to the presence of vis-
cosity in the flow. As the Reynolds number increases, the
corresponding growth rates increase, as expected.
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