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In this paper we study the extension problem for the sub-Laplacian on an H-type group
and use the solutions to prove trace Hardy and Hardy inequalities for fractional powers

of the sub-Laplacian.

1 Introduction and Main Results

Ever since Caffarelli and Silvestre [7] studied the extension problem associated to
the Laplacian on R” and realised the fractional power (—A)? as the map taking
Dirichlet data to the Neumann data, there has been a flurry of activities related to the
extension problem. Fractional powers of Laplacians also occur naturally in conformal
geometry and scattering theory. Indeed, as shown in the work of Chang-Gonzalez [9],
the fractional-order Paneitz operators P, arising in the work of Graham and Zworski
[21] in conformal geometry coincide with (—A)” when the conformally compact Einstein
manifold is taken to be the hyperbolic space. In [9], Chang-Gonzalez have also extended
the definition of (—A)Y for y € (0,n/2). The main idea used in [9] is to relate the
extension problem for the Laplacian on R"” to the scattering theory for the Laplace-

Beltrami operator on the hyperbolic space X = RTFI endowed with the hyperbolic metric

dy?+d|x|?
I9x = ——2

% .Y >0,xeR"
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An Extension Problem on H-type Groups 4239

Not very long after the appearance of the work of Chang and Gonzalez, Frank
et al. [19] have studied the extension problem associated to the sub-Laplacian £ on the
Heisenberg group H". Due to the fact that CR manifolds serve well as abstract models of
real submanifolds of complex manifolds, there is a vast literature on CR geometry and
analysis on CR manifolds. The role played by R” in the case of conformal geometry is
now played by the Heisenberg group. Unlike the case of R", where (—A)’ are conformally
invariant, in the context of Heisenberg groups £° are not. Hence, conformally invariant
fractional powers of the sub-Laplacian, denoted by L, are more relevant than the
pure fractional powers L5, see [1, 6, 18]. In their work, Frank et al. [19] have studied
construction of CR covariant operators of fractional order on the Heisenberg group H"
and investigated how they may be constructed as the Dirichlet-to-Neumann operator
associated to a degenerate elliptic equation in the spirit of Caffarelli-Silvestre.

The extension problem for the sub-Laplacian on H" takes the form

1-2s 1
2 242 PR +
(8p+ A, + —~p°0; /.Z)U_O in H" x R", (1.1)

with boundary condition U(z,t,0) = f(z,t), (z,t) € H". Note that the extension problem
is different from the usual problem due to the appearance of the extra term %{ p232. When
this extra term is absent, one can study the extension problem using the semigroup
approach developed by Stinga-Torrea [39], see also [20]. However, if we consider H" as
the boundary of the Siegel’s upper half space €,,,, then the above extension problem
occurs naturally. Using this connection and making use of Fourier analysis on the
Heisenberg group H", Frank et al. have shown that for f € C3°(H") there is a unique

solution of the above equation that satisfies
Lyf =c;lim p' =0, U.
p—0

They have also proved an interesting trace inequality for the restriction map T, which
takes functions U on €, ,; into their boundary values on H". In establishing their
results, they have made use of results from scattering theory.

In a recent article, Mollers et al. [27] have looked at the extension problem
associated to A on R"™ and £ on H" in the light of representation theory. Realising that
there are Lie groups of symmetries acting on the space of solutions of these boundary
problems, they have related the solution operators (taking the boundary value into the
solution) with symmetry-breaking operators constructed in the work of Kobayashi-Speh
[26] and Mollers, @rsted, and Oshima [28]. The Lie group relevant to the case of the
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4240 L. Roncal and S. Thangavelu

extension problem for the sub-Laplacian £ is the rank 1 real reductive group U(1,n + 2)
and the solution operators that they call the Poisson transforms and denote by P, are
related to the complementary series representations of this group.

Mollers et al. [27] have taken the point of view that solutions U(z,t, p) of the
extension problem (1.1) can be considered as functions on the higher-dimensional group
H"*!, which are radial in the extra variable. Using coordinates (z,¢,t) € C* x C x R on

H"*! they have considered the operator

d 9
L, = —|§|2£+(1—23) ($%+r/%) (1.2)

where ¢ = £ + in and £ is the sub-Laplacian on H"*!. The action of this operator on

functions, which are radial in the ¢ variable, leads to the operator

1-2s 1

292
ap+ZP 8tl

2
L+ 32+

which is related to the operator studied by Frank et al. in [19]. The boundary value
problem associated to the above operator can be solved explicitly giving the solution as
a convolution of the boundary condition with a kernel known as the Poisson kernel. The
complementary series representations n_g are realised on certain Hilbert spaces H*(H")
defined in terms of the fractional powers £;. Using representation-theoretic arguments,
Mollers et al. [27] show that the solution operator P, is an isometry between H*(H") and
g5+ (Hn+l ).

In this article we revisit the extension problem in the more general context of
H-type groups. Using techniques different from those used by Frank et al. in [19] and
Mollers et al. in [27] we calculate explicitly the kernel associated to the solution operator
P,. This allows us to prove that the Dirichlet-to-Neumann map can be defined not only
for 0 < s < 1, as studied by Frank et al., but also for all s > 0 save for a discrete set of
forbidden values. By making use of the connection between the extension problem and
the eigenfunction equation for the Laplace-Beltrami operator associated to the solvable
extension S of the given H-type group N, we characterise all solutions of the extension
problem satisfiying uniform LP integrability, see Theorem 1.1. Moreover, by making use
of the extension problem, we prove a trace Hardy inequality for the sub-Laplacian, see
Theorem 1.3. Such a technique was already used in the Euclidean context in [15, 16, 30,
43]. The trace Hardy inequality leads to a Hardy inequality with homogeneous weight

function, see Corollary 1.6, which turns out to be sharp.
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An Extension Problem on H-type Groups 4241

Let N be an H-type group whose Lie algebra n is the direct sum of v and 3. Here
3 is the centre of the Lie algebra n and v is even-dimensional. Let 2n and m denote the
dimensions of v and 3, respectively. Let X]J =1,2,...,2n and Zj,j =1,2,...,mbe bases
for v and 3, respectively, consisting of left-invariant vector fields. The sub-Laplacian £
on N is defined by £ = — ]221 X].z, which is known to be a subelliptic operator. We are
concerned with the extension problem

1—-2s 1
3p+‘—1

(—ﬁ +0%+ pZAZ) w(v,z,p) =0, %13% u(v,z,p)=f(v,z) (1.3
where A, = > 7" | ZZ stands for the Laplacian on R™.

We study solutions of this equation by relating them to eigenfunctions of the
Laplace-Beltrami operator Ag on the solvable extension S of the H-type group N. Recall
that the H-type group N admits nonisotropic dilations. Thus, there is an action of
A =R" on N. We can therefore form the semidirect product of N and A, which is usually
denoted by S = AN. This group S is solvable and when N is an Iwasawa group coming
out of a semisimple Lie group, S can be identified with a noncompact Riemannian
symmetric space of rank 1.

A basis for the Lie algebra s of S is given by Ej =/pX;,j=1,2,...,2n, T}, = pZ,
k=1,2,...,m,and H = £9,. The Laplace-Beltrami operator Ag on S is defined by

2n m
1
AS:ZEJ.2+ZT,§+H2—§QH (1.4)
j=1 k=1

where Q = 2(n + m) is the homogeneous dimension of N. It can be shown that when u

satisfies the extension problem (1.3), the function
Wv,z,p)=p 2 wv,z,p)=p 2 u2V?v,27'2/2p)

satisfies the eigenfunction equation

(n +m)? — s?

w(v, z, p).
1 ( 0)

—AgW(Vv, 2z, p) =
Using this connection and known results on characterisations of eigenfunctions of the
Laplace-Beltrami operator on S we can prove the following theorem.
Let

nt+m+s

05, v,2) = (02 +1vI?)* +1612%)" 2, (1.5)
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4242 1. Roncal and S. Thangavelu

which is integrable on N for all s > 0. Let us also denote by * the convolution on the

group N. Thus, for two functions f and g on N the convolution f x g is defined by

f*g9x) =/Nf(Xy’1)g(y) dy

where dy stands for the Haar measure on N.
In view of the connection between the solutions of the extension problem
(1.3) and the eigenfunctions of the Laplace-Beltrami operator (1.4), it follows that any

distribution solution of the extension problem is automatically a C* function.

Theorem 1.1. Lets > 0. Let u be any (distribution) solution of the equation

1-2s 1,
8p+1p A, )u(v,z,p)=0

2
(cevas
and let 1 < p < co. Then u satisfies the uniform estimates
/ lu(v,z,p)Pdvdz<C, p>0
N

if and only if u = C,Ozsf*(pslp for some f € LP(N),1 <p <oco.Whenp=1,u= c,ozsu*ws,p,
for a complex Borel measure . Moreover, when 1 < p < oo, u — ¢fin LP(N)as p — 0

(forp =1, u — c’u weakly as p — 0).

Later we will show that u = C;(n, m, $)p>Sf ¢s,, CONVErges tofinIP,1 <p <
as p — 0, where
4m  T(n+s)I (259

T () (1.6)

Ci(n,m,s) =

In the case of the Laplacian A on R", the function
s 2 2\ —
u(x,p) =Cp Rnf(X -»(E*+1yl?)” % dy

solves the extension problem associated to the Laplacian with initial condition f.

Moreover, it has been proved (see for instance [7]) that
—1im p'%8,u(x, p) = C(—A)2f (x).
p—0

In a similar way we can obtain conformally invariant fractional powers L of the sub-

Laplacian as the Dirichlet-to-Neumann map associated to the extension problem (1.3).
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An Extension Problem on H-type Groups 4243

Before stating our result, let us recall the definition of £, in the context of H-
type groups (see [34] for the case of Heisenberg groups). The operator £ is self-adjoint
and admits an explicit spectral resolution. In fact, £ commutes with A, and hence there

is a joint spectral theory of £ and A,. Using this, the operator £, is simply defined by

r (_5(,AZ);1/2+1+S)

_ oS, A \8/2
Le=2 (=007 (L(*Az)‘1/2+lfs)'
2

In view of Stirling’s formula for the Gamma function we see that £, is essentially
the pure power £5. However, as explained in [34], it is more convenient to work with
L, rather than £°. Moreover, it has the “conformal invariance,” see, for example, (1.9)
in [19].

We now have the following theorem, which obtains L f as the Dirichlet-to-

Neumann map associated to the extension problem.
Theorem 1.2. Letf € LP(N),1 <p < oo. Then, as p — 07,
u=C(n,m,s)p*fxp;,—>f nIP@N), (1.7)

where Ps.p is defined in (1.5) and C, (n, m, s) is the one in (1.6). If we further assume that
L f € LP(N) then

R T 1-2s _ 17231—‘(1 )
pli%]+ P d,(u(v,z,p)) =2 —F(s) LS, z). (1.8)

Moreover, when 0 < s < 1/2, we also have the pointwise representation

A T+ s)0(M) ¢ f(x) — f(y)

(1.9
for all f € CY(N) such that Xjf,Zkf e L*W),j=1,...,2n, k = 1,...,m. Finally, for
0 < s < 1/2, the following limit also exists in the LP (V) sense:

g Yz —f(v,2) _ D=9
p—0+ p2s T 4ST(s)

Lf(v,z). (1.10)

In our earlier paper [34], we have obtained the integral representation for £ f
in the context of the Heisenberg group. (We take this opportunity to correct an error in

the previous work: there we have mentioned that the integral representation is valid for
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4244 1. Roncal and S. Thangavelu

all 0 < s < 1. But in fact, we had proved it only for 0 < s < 1/2 as it is written. For
higher values of s, we need to subtract more terms from the Taylor expansion of f, see
for instance [37, p. 9]). In [34] we have used the integral representation in order to get
the ground state representation for the fractional power L., which has led to a Hardy-
type inequality with nonhomogeneous weight function. In this paper we obtain another
proof of the Hardy inequality in the general context of H-type groups, which is based
on the so called trace Hardy inequality. In order to state the inequality we introduce the
following variant of a Sobolev space. Let Vu = (X u, ..., X,,u, %Zlu, o, %Zmu, 8pu). For
0<s<l1,let T/I~/3'2(S) be the completion of C3°(V x R) with respect to the norm

oo
||u||%s)=/ /|Vu<v,z,p)|2p1—23dvdzdp.
0 N

This is indeed a norm: the vanishing of the integral implies the vanishing of the gradient
and hence the function reduces to a constant. But then, as the function is from C3° (N xR),

it has to be zero.

Theorem 1.3 (General trace Hardy inequality). Let0 <s < 1, p > 0 and let ¢ be a real-
valued function in the domain of £;. Further assume that (p‘l,CS(p is locally integrable.
Then for any real-valued function u € T7V8'2 (S), we have the inequality

217251 (1 — Lo(v,
# uz(V, Z, O) M dV dz‘

o0
Vuv,z p)?p % dvdzdp >
/0 /N' I P rs  Jy (v, 2)

Moreover, the inequality is sharp and the equality holds whenever u is a solution of the

extension problem with initial condition ¢.

There is no problem in proving the inequality in Theorem 1.3 for C3° functions
and hence for u in our space T/I~/S'2 (S). But for the sharpness, we have to show that the
solution of the extension problem belongs to our space. A priori this is not clear; this is
proved in Theorem 4.3.

Let

(55 D (=5

F(n-i-zl—s) F(n+72n—s) :

Cy(n,m,s) = 4% (1.11)

By taking u to be a solution of the extension problem with initial condition f, ¢ = ¢_,
8§ > 0, and making use of a result of Cowling and Haagerup [11], we can obtain the

following Hardy-type inequality.
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Corollary 1.4. Let0 <s < 1,8 > 0. Let f, Lf € L?(N). Then
(L. f) = Cy(n, m,s)szs/fz(v, 2)((6% + 1v1%)? + 16/2?) *dv dz,
N

where C,(n, m, s) is the constant in (1.11). Here again the constant is sharp and equality

is obtained when f = ¢_ ;.

In the Euclidean case, sharp Hardy inequalities with nonhomogeneous as well
as homogeneous weight functions are known and they play an important role in several
problems of partial differential equations. There is a vast literature on them. In the
context of Lie groups, the works [10, 13, 36] are worth mentioning.

On the other hand, trace Hardy inequality for the Laplacian plays a role in
proving Hardy inequality for fractional powers of A on R™. In the same way, we can
prove the following version of Hardy inequality for the fractional powers of £ on N. Let
@s(v,2) = |(v,z)|” ™M+ where |(v,2)| = (Jv[* + 16|2/2)% is the homogeneous norm on N
and ¥4(v,z) = C;(n,m,s)(gg * | - |~Q+25)(v, z), where C,(n,m,s) is given in (1.6) and let us

define
w(v,2) = o (v, 2) ¥ (v, 2) L. (1.12)
It is easily verified that w, is homogeneous of degree —2s. It would be interesting to see

if wy(v, z) can be replaced by |(v, z)|%%, see Remark 4.9.

Theorem 1.5. ILetO<s<landletue T/I~/(S)’2(S) be a real-valued function. Then we have

I'l—ys)

o0
/ /|Vu<v,z,p>|2p1*25dvdzdp221*25
0o JN I'(s)

Cy(n,m,s) / u?(v,z,0)wy(v, z) dv dz,
N

where w, is the homogeneous weight in (1.12) and C,(n, m,s) is the constant in (1.11).

The constant is sharp but equality is never achieved in T/I~/(§'2 (S).

Corollary 1.6. LetO0 <s < 1, and f, £,f € L?(V). Then

(LS ) = Cz(n,m,s)/ fz(v, z)wg(v,z)dvdz,
N

where wy is the function (1.12), which is homogeneous of degree —2s, and C,(n, m,s) is

given in (1.11). The constant is sharp but equality is never achieved in T/I~/S'2 (S).

As in [34], one can get Hardy's inequality for pure fractional powers £° from the

above corollaries.
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4246 L. Roncal and S. Thangavelu

As explained earlier, the extension problem for the sub-Laplacian on Heisenberg
groups H™ has been studied by Frank et al. in [19], where the authors have proved the
existence of a solution when the initial condition f belongs to C5°(H™). However, the
solution is not given explicitly in terms of the initial condition. In this article, as shown
in Theorem 1.2, we are able to write down the solution explicitly. This allows us to
study LP convergence of the solution and its p derivative. The analogue of Theorem 1.2
in the context of the Euclidean Laplacian was proved by Caffarelli and Silvestre in [7].
However, we remark that the extension operator is slightly different.

As mentioned above, the explicit solution has also been obtained by Mollers
et al. [27] by considering the operator L, in (1.2). They have shown that solutions of the
equation L;u = 0 with initial condition u(z, 0,t) = f(z, t) that are radial in the ¢ variable
are given by u(z,¢,t) = cn'8|§|25f * ¢g (2, t) where ¢ , is the one in (1.5) when N = H"™,
Using representation theory arguments, they have proved a nice isometry property for
the operator P, which takes f into the above solution u(z, ¢, t). In this paper we prove
an analogous property for the solution operator associated to H-type groups. In the
process, we also provide an alternate proof of the result of Méllers et al. see Section 3.3.
First, we need to set up some notation. For s > 0, let H*(IV) stand for the domain of E;/Z:
that is to say, f € HS(N) if and only if LZ;/zf € L?(N), which is the same as saying that
ﬁs/zf e L?(N). Note that this space is just a variant of the homogeneous Sobolev space
associated to the sub-Laplacian. In the Euclidean case, the correspoding spaces H*(R")
are defined in terms of the fractional powers (—A)$/2. We write IF s oy = IIE;/ZfIILz(N)
to denote the norm on H*(IV). For each w € S™~! we denote by R_f the Radon transform

of an integrable function f on N in the z variable. That is,

wa(v,t)z/ fv,to+2)dZ, teR, (1.13)
7wt

where w! = {7 : Z - w = 0} and dZ’ is the (m — 1)-dimensional Lebesgue measure on ™.
As will be explained later (see Section 2.2), for each w, R,f (v, t) can be considered as a
function on an H-type group H? of dimension (2n + 1), which is isomorphic to H". The
space H(H?) is defined using the sub-Laplacian £ on H". The following is the isometry

property for the solution operator associated to the extension problem on the group N.

Theorem 1.7. Let 0 < s < n + 1. Then any solution u of the extension problem with
initial condition f satisfies

ém—l

R (—A) "5 2
w(_ Z) u‘HS+1(Hﬂ+1)

do (@) = CIIf s a)-
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The plan of the paper is the following. In Section 2 we recall facts related to H-
type Lie algebras and groups and we describe the representation theory of such groups.
We also define the sub-Laplacian on an H-type group and its fractional powers and
recall a known result related to solvable extensions of H-type groups. The study of
the extension problem for the sub-Laplacian on H-type groups will be addressed in
Section 3. More precisely, we will prove Theorems 1.1, 1.2, and 1.7. We will also perform
the higher-order extension problem for values of s > 0. Finally, in Section 4 we will prove
trace Hardy and Hardy inequalities stated in Theorems 1.3 and 1.5 and Corollaries 1.4
and 1.6.

2 Preliminaries on H-type Groups

2.1 H-type Lie algebras and groups

A step 2 nilpotent Lie group N is said to be an H-type group if its Lie algebra n is of
H-type. A Lie algebra n is said to be an H-type Lie algebra if we can write n as the
direct sum v @ 3 of two Euclidean spaces with a Lie algebra structure such that 3 is the
centre of n and for every unit vector v € v the map ad(v) is a surjective isometry of the
orthogonal complement of ker(ad(v)) on to 3. If n is such an H-type algebra we define a

map J : z — End(v) by
J,v,v) = (o,v, V), wes v,V en.

It then follows that J2 = —I whenever o is a unit vector in 3. We can therefore introduce

a complex structure on v using J,. The Hermitian inner product on v is given by
(v,v), =, vV)+iJ,v,V) = (v,0) +i(v, V], o).

Thus, when N is an H-type group, identifying N with its Lie algebra n, we write the
elements of N as (v,z), v € v, z € 3. In view of the Baker-Campbell-Hausdorff formula,

the group law takes the form
/ / / / 1 / /
v, 2)(v,2) = (v,2) + (v, z) + Sl(v,2), (v, 2)].

The best known example of an H-type group is the Heisenberg group H” = R?" x R. By

identifying R2" with C", we write the elements of H" as (v, t), v € C", t € R. The group
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4248 L. Roncal and S. Thangavelu

law in H" is then given by
/ / / / 1 oyl
(v,t)(v,t) = (V+V,t+t +§Imv~v).

The Heisenberg groups play an important role in studying problems on H-type groups.
This is due to the fact that to every H-type Lie algebra n = v @ 3 and unit vector w € 3 we
can associate a Heisenberg Lie algebra b, as follows. Given a unit vector w € 3, let k()
stand for the orthogonal complement of w in 3. Then the quotient algebra n(w) = n/k(w)

can be identified with v & R by defining
(v, t), v, tH]l, = (0,lJ,v,v'D.

It is known (see [24, 29]) that this algebra is isomorphic to the Heisenberg algebra b".
We denote the corresponding group by H, which we often identify with H".

A full discussion and more examples of H-type groups can be found in [4,
Chapter 18] and [24].

2.2 The representation theory of H-type groups

Before describing the representation theory of H-type groups, let us first recall some
facts about irreducible unitary representations of the Heisenberg groups H". It is well
known that any irreducible unitary representation of H", which is nontrivial at the
centre (namely on {0} x R), is unitarily equivalent to the Schrédinger representation
w,, for a unique A € R* = R\ {0}. Here these representations r, are all realised on LZ(R™)

and given explicitly by
7, (v, () = e ) g g 4 y)

where v = x+iy, ¢ € L?(R"). There is another family of one-dimensional representations,
which do not play any role in the Plancherel theorem. Hence, we do not attempt to
describe them.

The group Fourier transform of an L!'(H") function f is defined to be the

operator-valued function A — f(k) given by

7o = / Fv, tym, (v, £) dv dt.
Hn
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Sometimes we use the notation , (f) instead of f(k). Recalling the definition of =, it is

easy to see that
Fooy = /c @) (v,0)dv

where we have written f* to stand for

A = / ” e f (v, ) dt,

the Euclidean inverse Fourier transform of f in the central variable. We will be using
this notation without any further comments.
When f e L' N L2(H") it can be easily verified that f(A) is a Hilbert-Schmidt

operator and we have

o]

IF G 2™ da.
o0

/ If(v,0))?dvdt = (zn)—n—1/
Hn

The above equality of norms allows us to extend the definition of the Fourier transform
to all L? functions. It then follows that we have Plancherel theorem: f — f is a unitary
operator from L?(H") on to L%(R*, S,,du) where S, stands for the space of all Hilbert—
Schmidt operators on L?(R") and du(x) = (27) ™ "!|A|" dA is the Plancherel measure for
the group H".

The connection between H-type Lie algebras and Heisenberg Lie algebras allows
us to get a quick picture of the representation theory of H-type groups. As in the case of
the Heisenberg groups, the irreducible unitary representations of H-type group N come
in two groups. As before we neglect the one-dimensional representations, which are
trivial on the centre of N. If 7 is any infinite-dimensional irreducible representation of
N, then its restriction to the centre has to be a unitary character. This means that 31 € R*
and @ € S™!, the unit sphere in the centre (identified with R™) such that 7(0,z) =
e*(@2 1d. It can be shown that such a representation factors through a representation
of H, the group introduced in Section 2.1. By making use of the Stone-von Neumann
theorem we can show that all infinite-dimensional irreducible unitary representations
of N are parametrised by (A, w), » > 0, ® € S™ 1. We denote such a representation by
7, .- It follows that the restriction of 7, , to HJ} is unitarily equivalent to the Schrédinger

representation =, . The Plancherel theorem for H-type groups N reads as

1713 = o [T 1w His do@) et
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4250 L. Roncal and S. Thangavelu

This theorem can be deduced from the Plancherel theorem for the Heisenberg group by
means of partial Radon transform.

We now briefly recall this connection, which will be made use of later. Let R f
be the Radon transform defined in (1.13). We identify R, f with a function on H.. It can
be shown that

R,(f*9) =R,f*,R,g

for two functions f, g € L} (V). In the above, the convolution on the left is on the group N
whereas *, on the right stands for the convolution on the Heisenberg group H. Using

the above relation and the connection between 7, , and 7, we can show that
7.,0(f) = R, wesS™!, x>0

From this relation and Plancherel theorem for H]} we can deduce Plancherel for the
group N.

We say that a function f on N is radial if it is radial in the v variable. For such
functions, the Fourier transform is given by a simple formula. Let H(A) = —A + A?|x|? be

the scaled Hermite operator with spectral decomposition

H() = ) (2k + n)|A[P, ().
k=0

Here P; (1) are the orthogonal projections of L?(R"™) on to the k-th eigenspaces corre-
sponding to the eigenvalues (2k + n)|A|. For « € N" and A # 0, let ®* be the Hermite
functions on R", which are eigenfunctions of H(A) with eigenvalues (2|x| 4+ n)|A| where
la| = Z}lzloe~, see for instance [41]. If f is a radial function on N, then its Fourier

transform =, ,(f) reduces to a function of H(}):

Tyo(F) = D Fw, k)P (3)

k=0

where the coefficients f(kw, k) are given by the following formula. Let

f)m)(V) — /Rm ei)\w-Zf(V,Z) dz
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be the inverse Fourier transform of f in the central variable at Aw, A > 0, w € Sm-1 Let

1
or(v) =L (EAIVIZ) e~ ilvI?
stand for the Laguerre functions of type (n — 1) on C". Then

k!'(n —

f(kw, k) = Cnm

/ X W)ep(v) dv,
where c,, is a dimensional constant, see [41, (1.4.31)] When f is also radial in the z

variable, f** is independent of w and we have

Moo (F) =0 (F) = D Flaey, BP (),
k=0

with e; := (1,0,...,0) € 3. We will make use of this formula in calculating later the

Fourier transform of ¢, , given in (1.5).

2.3 Sub-Laplacian £ and its fractional powers

We now define the sub-Laplacian £ on an H-type group N, which is the main focus of
our work. We fix an orthonormal basis Xj, j=1,2,...,2n for the subspace v and Z,,
j=1,2,...,mfor the Lie algebra ;. We denote by A, = Zj"il Z]? the ordinary Laplacian
on the centre of N. The sub-Laplacian £ on N is defined by £ = — ]221 ij. Note that
we have defined £ with a negative sign, which makes it nonnegative. It is a subelliptic
operator, which has a self-adjoint extension with an explicit spectral resolution. In the

case of the Heisenberg group H"” the vector fields are given by

X_a+1ya % 0
Tax; 29t T ay;

0 0
- —X:—, Z=—
T ot ot

N |~

forj=1,2,...,n where (v,t) = (x + iy,t) € H". More explicitly, the sub-Laplacian is
given by

5\ o
EZ—A n — \%4 — .
c ' | 8t2+z(18yj Yfaxj)at

For more about £, we refer to [40] and [41].
In studying the extension problem for the sub-Laplacian £ we will be making

good use of the heat kernel associated to £. It is known that £ generates a diffusion
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4252 L. Roncal and S. Thangavelu

semigroup with a kernel g, from the Schwartz class: e **f = f % q, for f € LP(N). An
explicit expression for the heat kernel is given by

. A A 2

iLz-w _ -n —Z coth(tA)|v|

’ d - 4 TN 4
/Rm ¢, (v,2)dz = (47) (smh(tk)) €

for » > 0 and w € S™, see [12, 32]. Good estimates on the heat kernel q; are known,
see [44].

It is well known (see e.g., Strichartz [40]) that an essential role is played by the
Hermite operators H(A) = —A + A?|x|? in the joint spectral theory of the sub-Laplacian £
and ait on the Heisenberg group. In view of the relation (/Jf)A(k) = f(A)H (1), the spectral
theorem for £ takes the form

o

Lf(v,t) = (2r) ! / tr (JTA(V,t)*_?()»)H(K))Wnd)».

—00

In calculating the trace we make use of the orthonormal basis ®, o € N"

of L%(R"), introduced in Section 2.2, consisting of the Hermite functions, which are

eigenfunctions of the Hermite operator H(A) with eigenvalues (2|«| + n)|A|. Thus,
S -~
Lf(v,t) = 2m) " / (Z (@leel + )1 (5 (v, t)*f(k)d%,@é))uw.
~%° \peNn
From the above it is clear that the (pure) fractional powers of £ can be defined by
oo
Lfw,t) = @2n) "t / (Z (@lel +n)[r])* (m, (v, t)*f(x)¢§,¢g))|x|"dx.
~%° \aenNr

However, for several reasons it is convenient to work with the conformally invariant

fractional powers

00 1—~(2|oz\-i—n+1-i—s) R
LW, 0) = (2m) ! / (Z F(ZTEM_S)@MDS(JW, t)*f<k>d>2,<l>§))|x|"dx.
T \genr F \TT 2

Symbolically, we can write them as

r (c<—22)5+1+s)
2 82
L= 25(-272)"%, 7%=

s = 1 = 5.2
_ _ ot
F(c( 22)22+1 s)
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Observe that L, is defined for all values of s for which (ZkJrnzﬂ is not a pole of I'(x) for
anyk=0,1,2,....

The conformally invariant fractional powers £, have been studied by several
authors ([5, 6, 18, 23]). In an earlier paper [34] we investigated Hardy-type inequalities
for £, on Heisenberg groups. Apart from being conformally invariant, the fractional
powers L, have the added advantage of having explicit fundamental solutions. As proved
in Cowling—Haagerup [11], in the more general setting of H-type groups, a fundamental
solution for £; on the Heisenberg groups H" is given by the function C,, (|(v, t)|~at2s
where Q = 2n+2 is the homogeneous dimension of H” and |(v, t)| is the norm defined by
|(v, t)|* = |v|*+ 16t%. Note that |(v, t)| is homogeneous of degree 1 under the nonisotropic
dilation (v, t) — (v, 8%t), 8 > 0.

The fractional powers L, of the sub-Laplacian on H-type groups N are defined

as in the case of H" by

r (z:( Ap) 2+1+s)
2 m
L= — 25(—A )2, A, = ZZJZ
r (z:(—Az>22+1—s) =

The spectral resolution of £ can be written down using the connection between N and

the Heisenberg groups H?, » € S™!. More explicitly, we have

LS (v, 2)

2|a\+721+1+5) L .
=27) " ’"/ /Sm 1( MMH s)(zx) (73, (v, z)" F(L)D:, ® )) do ()AL da.

eN”

The nonisotropic dilations on N are also given by (v,z) — (§v,8%z), § > 0 and the

homogeneous dimension is given by Q = 2(n + m).

2.4 Solvable extensions of H-type groups

As we have mentioned in the Introduction the connection between the extension problem
for £ on N and the eigenfunction equation for Ag on S = AN will be exploited. Recall
that A = RT acts on N by nonisotropic dilations and hence we can form the semidirect
product S. The left-invariant vector fields on S are given by E; = /pX;, Ty = pZy, and
H = pa, forj =1,2,...,2n, k = 1,2,...,m. The left Haar measure on S is given by
p M ldvdzdp.
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4254 1. Roncal and S. Thangavelu

When G is a connected, simply connected rank 1 semisimple Lie group with
Iwasawa decomposition G = KAN, the nilpotent part N turns out to be of H-type and
Riemannian symmetric space X = G/K can be identified with the solvable extension AN
of N. The Laplace-Beltrami operator Ay on X is then just Ag on AN.

Eigenfunctions of the Laplace-Beltrami operator Ay on noncompact Rieman-
nian symmetric spaces, not necessarily of rank 1, have been studied by Helgason [22] and
others culminating in the celebrated theorem of Kashiwara et al. [25]. Using this result,
Ben Said et al. [2] gave a simpler characterisation of eigenfunctions of Ay satisfying
Hardy-type conditions. In the general context of AN groups when N is not necessarily
associated to a semisimple Lie group, there is no analogue of the theorem of Kashiwara
et al. However, recently Damek and Kumar [14] have proved an analogue of the theorem
of Ben Said et al. for all solvable extensions of H-type groups.

By slightly modifying the standard notation used in the literature, let us write

n+m+s m+s

_ n+
Pov,z,0) =p" 2 ((p+ vI?)? +16|z1%) " ?

for the Poisson kernel associated to the group S = AN. Observe that

n+m+s

Ps(v,z,p)=p 2 @5 s5(V,2).

Theorem 2.1 (Damek-Kumar). Assume that w is an eigenfunction of the operator Ag
with eigenvalue —}L((n +m)? — sz), s > 0. Then there exists f € LP(V), 1 < p < oo such

that w(v,z, p) = f * Ps(v, z, p) if and only if w satisfies the uniform estimates

l/p n+m-—s
(/ W (v, z, p)P dvdZ) <Cp 2
N

forall p > 0.

The proof of this result given in [14] makes use of the maximum principle
for an operator, which resembles the extension operator we study in this article. We
remark that an independent characterisation of solutions of the extension problem will
naturally lead to a characterisation of eigenfunctions of Ag on solvable extensions of

H-type groups.
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3 An Extension Problem for the Sub-Laplacian
3.1 Characterisation of solutions of the extension problem: proof of Theorem 1.1

The solution of the extension problem (1.3) with initial condition f € LP(N) given by
w(v,z,p) = Cy(n,m,s)p*f * ¢5,(v,2) satisfies the uniform estimate |u(-, p)ll, < IIfl,

trivially. Indeed, we can use Young's inequality and the fact that

_2(n+m)(ps,1 (,O_IV, ,O_ZZ)

P> ,(v,2) = p
is an integrable function, and therefore an approximate identity.

We will now show that this property characterises all solutions of the extension
problem with LP initial condition. We will prove this by connecting solutions of the
extension problem with eigenfunctions of the Laplace-Beltrami operator Ag given in
(1.4) on the solvable extension S of N.

Let us recall some facts already explained in the Introduction. If u is a solution
of the extension problem (1.3) then it is easy to see that the function w(v,z, p) =

u(27Y2y, 271z, (2p)1/?) solves the equation

(—L+pd+ (1 =93, +pA,)w(v,zp) =0.

Recalling the definition of Ag, another calculation shows that w(v,z,p)=p =) ww,z,p)

solves the eigenvalue problem
" — _l 2 _ 2\
Agw(V,z,p) = ((n +m) S )W(V,z,,o), (v,z,p) €8S.

In view of the definitions of u and P; we see that w can be expressed as the Poisson
integral of f, as in Theorem 2.1. We also note that the estimate luC. o, = C||f||p

translates into the condition

_ (ntm-s)

2 p/|t7v(v,z,p)|pdvdz§C, p > 0.
N

As explained in Section 2.4, eigenfunctions of the Laplace-Beltrami operator Ag satis-
fying the above conditions have been characterised by Ben Said et al. for Iwasawa N
groups in [2] and by Damek-Kumar in [14] for general H-type groups. Using their results

we can get the following result, thereby completing the proof of Theorem 1.1.
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4256 L. Roncal and S. Thangavelu

Theorem 3.1. Let 1 < p < oco. Then any solution of the extension problem (1.3) that
satisfies the uniform estimates lu¢-oll, < Cp >0 is of the form f = ¢s,, for some
f e LP(N).

3.2 Proof of Theorem 1.2

In this subsection we provide a proof of Theorem 1.2. It will be a consequence of several
facts that will be discussed as we go along in this subsection.

The 1st issue to address is the connection with the solution of the extension
problem (1.3). A solution of the extension problem (1.3) can be written down explicitly
by modifying the formula by Stinga and Torrea (see [39]) for solutions of the extension

problem
(A +02+ %ap) ux,p) =0,  ux,0)=f(x). (3.1)

Let us explain this more precisely. In [39] it has been shown that the function u defined

by the equation
' 25T'(s/2) Jo

solves (3.1). Here, e'® stands for the heat semigroup generated by the Laplacian A. In a

similar way we can show that the function

_ p—s * —%pz —tL —s/2—1
u(x, p) = 25F(s/2)/(, e ul e " f(x)t dt (3.2)

tL

defined in terms of the heat semigroup e~ '~ generated by the sub-Laplacian solves the

extension problem
1 —
(—E + 33 + Tsap) ux,p) =0, u(x,0) = f(x). (3.3)

This extension problem has been studied in the more general context of nilpotent Lie
groups by Chamorro-Jarrin in [8]. This would lead to the standard fractional powers L5
of the sub-Laplacian. However, we are interested in the extension problem (1.3), which
is different from the problem (3.3).

By modifying the Stinga—-Torrea formula (3.2) we can also write down a solution
of the extension problem (1.3). Let p, (p,z) be the heat kernel associated to the

generalised sub-Laplacian

1+ 2s 1
L(s) =92+ Tap + ZpZAZ
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on RT x R™. Let q,(v, z) stand for the heat kernel associated to £. Then it is known that

/ q,(v,2)e"*% dz = (47)™" ( ~ g coth(@ v’ (3.4)
Rm

A
sinh(tk))

for A > 0 and w € S™!. A similar formula is valid for the heat kernel p, ((p, w) as well:

. A s+1 1 2
) elkw-z dz= (4 —s—1 9_1)‘ coth(tA)p . 3.5
/Rm Pis(p:2) z = (A7) (sinh(t)»)) 8.5)

Note that the kernels p, ; and g, are normalised in such a way that

o0
/ / Pis(p,z)dpdz =1 =/ q,(v,z)dvdz.
o Jrm N

The solution of the extension problem (1.3) can be written down explicitly in terms of the

function e *£f. Indeed, we have the following analogue of the Stinga—Torrea formula.

Theorem 3.2. For f € LP(N), 1 < p < oo, a solution of the extension problem (1.3) is
given by

u(v,z,p) =

—tL _
F(s) / / Pis(p, w)(e™f) (v, z — w) dw dt.

As p tends to zero, the solution u(:, p) converges to f in LP(N) for 1 < p < co.

Proof. Applying £ to the function u and noting that U(v, z, t) = e *£f(v, z) satisfies the
heat equation —LU(v, z,t) = 9,U(v, z, t) we see that

o0
Lu(v,z,p) =— 25/ / Dis(0, W), U(v,z—w,t)dw dt.
o Jrm

I'(s)

Integrating by parts in the ¢ variable we can transfer the ¢ derivative to p, ((p, w) and

since it satisfies the heat equation associated to £(s) we obtain

475+l 1+2s 1
Lu(v,z,p) = 2s (82 +

~p2
s d, + A )/ / Dis(p, W)UV, z — w, t) dw dt.

A simple calculation shows that

14+ 2s 1 1—-2s 1
25092 + 3,4+ =00, | V(v,z,p) = (02 + —=0, + = p*A, ) (0*V(v,2p))
r o 4 r o 4
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4258 L. Roncal and S. Thangavelu

for any function V(v, z, p). This proves that u satisfies the extension problem. In order
to prove the convergence of the solution to the initial condition we make use of several

properties of the heat kernels associated to £ and L(s). By defining

7.[S+1

o0
@ ,(v,2) = pZS/ / Pis(p, W)qy(v,z — w) dw dt (3.6)
0 R™

we see that the solution u is given by the convolution
u(v,z,p) =f @ ,(v,2). (3.7)

From (3.4) and (3.5) it is easy to see that the heat kernels satisfy the homogeneity

conditions

—2m—2(s+1) 2 ) — r—2m—2n

pis(rp.r’z) =T Pr245(p,2), q,(rv,r°z q—24(v, 2)

for r > 0. Using this in (3.6) we observe that ®; ,(v,2) = p 2o, (p~'v, p~22).
Moreover, as p,; and g, are Schwartz class functions, ®;, € L'(N). Therefore, @, is

an approximate identity. Observe that | ®g,|; = 1. Indeed,

47.[S+1 e’}
/ b, (v, z)dvdz = (/ P:s(1,2) dz) (/ q;(v,2) dvdz) dt.
N ') Jo RrRm N

Since [ q;(v,z)dvdz =1 and

/ Drs(1,2)dz = (4m) =51t 5 lema,
Rm

we have

s+1 oo

') Jo

=5 lem dt =1.

/ @ ,(v,2)dvdz =
N

Hence, we immediately get the LP (V) convergence of u = f * o, tofas ptendsto0. W
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It is possible to calculate the kernel @, , (v, z) explicitly. Using (3.4) and (3.5) we
see that

n+s+1
q)s I(Vr Z) — (47_[)77175‘71(2”)7771/00 / e*iZ-X _ |X| e*i‘xl COth(thl)(l‘HVlz) dX dt
' 0 m sinh(t|x])

_ (4n)—n—s—1(2n)—m/ (/"o( x| )"*S“e—%bd coth(¢lx|)(1+]v[?) dt) o—i7% gy,
m 0

sinh(t|x]|)
(3.8)

In the case of the Heisenberg group H" = C™ x R we have computed the above integral
explicitly in [34, Proposition 4.2]. We recall the result in the following Theorem 3.3 for

the convenience of the reader.
Theorem 3.3 (Roncal-Thangavelu). For (v,w) € H” and 0 < s < 1 we have

_ (nt+l+s)

oo oo i A n+s+1 1) coth(th)(1+|v|2) 2 )
e == e 4" VD dadt =c,  ((1+v9)" + 16w z
/o [oo (smh(tx)) s (L4 1v1%) )

where the constant ¢, ; is given by

2
n+s+1
Cps= 2n—1+357[—n—1F (—) .

2

n,

Since the Fourier transform of a radial function is radial and given by the Hankel

transform we see that

+s+1
o oy [ [ Tma Rl h N, met g, g
s,1 ’ m,s 0 0 ()\,|Z|)m/2_1 Slnh(t)\t) .

It may be possible to evaluate this integral directly but we use Radon transform to prove

the following result giving us an explicit expression for ®g ;.

Theorem 3.4. For (v,z) € Nand 0 < s < 1 we have

(n+m+s)

Oy 1 (V,2) = Cyms((L+ V122 +161215) 2,

where ¢, ,, ¢ = C,(n,1,5)C;(n,m,s)"! and C,(n, m,s) was defined in (1.6).
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Proof. It is known (and easy to check) that, for any f € L} (R™),

/OO e‘“Wwa(w) dw = / e‘“‘“'xf(x) dx.
Rm

—00

In other words,

o0

R, f(w) = (271)*1/

—0o0

( / e X (x) dX) e*v da. (3.9)
]Rm

By the uniqueness theorem for Radon transform, our theorem will follow once we show
that the Radon transform of &, coincides with that of the function ((1 + [v|2)2 +

16|z|2)_(n+72n+3) up to a multiplicative constant. In view of (3.8) and (3.9) we know that

oo o] X A n+s+1 L )
R, &, (v,w) = C(Zn)*l/ / R [ — e~ 1+ coth(t)(1+vI) 45 dt,
' —soJo sinh(tA)

which has been evaluated in Theorem 3.3. Hence, we only need to verify that

_ (ntl+s)

_ (n+m+s)
/ ((1+ |v|2)2 +16|x|?) g du(x) = p (1 + |v|2)2 +16t%) " 2
X-w=t

where Chms = C1(n,1,8)Cy (n,m,s)”!, which is rather easy to see. This completes the

proof. |

In this article, we need the exact values of integrals of several kernels. These are

collected in the following technical lemma.

Lemma 3.5. Letn,m > 0 and let j,« be such that « —j > 0 and &« > —n. Then we have

atmZ T — HrE)

- —. (3.10)
4™ T'(n—j+ o)l (2HFE)

1+ vV ((1+ v2)? + 1622) % dvdz =
| (

Proof. Let us call I the integral in the left-hand side of (3.10). Recall the formula for

the Beta function

F@)TI((b - a)

T ) , Re(a) >0, Re(-—a) >0,

o0
/ A+t 2 ldet =
0
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and let w, denote the area of the unit sphere S"~!, that is, w, = 1"231 //2) By using polar
coordinates in both variables, we have
_ )
I= / / 1+r ) +16]z%) r’"ldrdz

(nt+m+a)

szn/ / (1+ r)J((1+r)+16|z|) Tz lardz

(n+m+a)

o0 . 16 2 - 2
_ w;n / / (1 4 r)~(vtm—jte) (1 + L'z) r~ldrdz
&m Jo 1+n

(n+m+a)

00 o0 2 - 2
Won®m —(n+m—j+a) 16s n—-1_m-—1
=== 1 J 1+ —— s drd
. / / 1+n + 1172 r rds

(n+m+a)

_wZn n—j+a),n—1 2\T 73 -1
_W/ (14+r" s dro (1+s%)" 2 s™lds

— a:fr:lwl / (1 ) (n—]+a) n— ldr/ (1+ )_(n+m+a) m/2— ldS

wanm F(n)r(a _J) F( ) (n+ot) n+m/2 F(Ol —J)F(nTﬂ)

+a) 4m  T(n—j+a)l(Hg4)

2
4™t T(n—j+a) I(ZE

As an immediate corollary, we obtain the following explicit formula for the
kernel @, , (v, 2).

Corollary 3.6. The kernel ®, ,(v,2) can be expressed as

@, ,(v,2) = C,(n,m,s)p*¢, ,(v,2),

where 95,0V, Z) is as in (1.5) and C;(n, m, s) is the constant in (1.6).

Proof. Up to the constant C,(n, m,s), the expression can be immediately inferred from
Theorems 3.2 and 3.4. To compute C,(n, m,s) observe that, since ||®;,[; = 1, we have

that C;(n,m,s)™! = [ ¢, (v, 2) dvdz, which is given by

-1 m n+m+s
"2 g\ mims 4 ['(n+ s)I(2749)
(/N((1+|v| )” +16|z/%) dde) = e Ter(EE)

by Lemma 3.5 with j = 0 and o = s. |
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4262 L. Roncal and S. Thangavelu

Since ®; ,(v,z) is an approximate identity, we obtain the L” convergence (1.7) of
Theorem 1.2. We are now interested in proving the assertion about the limit in (1.8), that
is, that

_ s’ —9)
—p! 258p(p23f*(pslp) — 2! zswﬂsf as p — 0.

First we need to recall the following identity, which was essentially proved by Cowling
and Haagerup in [11, Section 3], and it was also shown in [34, Theorem 3.1] by a
different method (we point out that there is a misprint in the statement of our result
[34, Theorem 3.1]: the restriction on s should be 0 < s < n + 1). We state it here in the

most convenient way for our purposes.

Theorem 3.7. Letp >0and 0 <s <n+ 1. Then

Lsp_g ,(v,2) = Cy(n,m,$)p* ¢ ,(v,2),

where
F(n+l+s) F(n+m+s)
C , , — 425 2 2
2(n,m, ) F(n-i-zl—s) F(n+72n—s)

Proof. Justrepeat the proof of [34, Theorem 3.1] in the case H-type groups, and change
p into p?/4 (there, p corresponds to §). |

Remark 3.8. In view of the results above, we can write the solution to (1.3) as
u(v,z,p) = Cy(n,m,s)Cy(n,m,s) " Lf x¢_g ,(v,2),

and let us recall that 9s,p (V. 2) is given in (1.5).

Therefore,
—p' %0, u=C;(n,m,5)Cy(n,m,s) 'L f K,

where K, (v, 2) = —pl=25y (v, z). Observe that

0¥—s.p

_ntm-s
~0,0_5,(v,2) = 2p(n+m — 5)(p? + [v2) ((0® + [vI%)* + 16]z)) 2
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We can rewrite this as

(P2 + |v]?)

K. (v,z)=2(n+m — S)pZ(lfs)
" (02 + IvI2)? + 16]2[2)

1/2 (pl—s,p (Vr Z)'

This shows that K ,(v,z) = p~2""™K_ | (p~'v, p~2z) and hence K ,(v, z), after normali-

sation, is an approximate identity. Thus,

—ﬁl)i_r)ré ,ol_zsapu =C (n,m,s)Cz(n,m,s)_IC3(n, m, s)Lf,

with C3(n, m,s) = fNKSVI(V,Z) dvdz. Then, by Lemma 3.5 withj = 1 and « = 2 — s, we

have

ptm/2 (1 — sl (2EE)

C.(n,m,s) =2(n+m—s . (3.11)
3 V=2 ) "gm [(n —s+ 1l (Hmi2=s)
Finally, collecting (1.6), (1.11), and (3.11), we get
. _ _osT'(1 —5)
—lim p!' %9 u=2"%—"Lf. 12
lim o d,u T Lf (3.12)

From (3.7) in the proof of Theorem 3.2, we see that the solution of the extension
problem can be written as u = f * ®; , and &;, has an explicit expression, see
Corollary 3.6 (and also P, = 1). With this we have

u(V,Z, 10) —f(V,Z) :f* q)s,p(vlz) —f(V,Z) = /]V (f(X) _f(Y))qDS,p(y_IX) dy (313)

= Cl(n,m,s)pzs/N (f —f(Y))<Ps,p(Y71X) dy.

1-2s

From here, by taking derivative in p and multiplying by p , We obtain

P 20 ux, p) = p'#0,[ux, p) — f)] = —C, (n,m,s)Zs/N (Fx) = F)gs, (v %) dy

—Ci(nm,$)p /N (F) = £ (1)) 3,95, (v"'x) dy.
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4264 L. Roncal and S. Thangavelu

Now we let p tend to 0T to get

' - ® -fw
_ pl_l)%1+ pl Zsapu(vlz, p) =Ci(n,m,s)2s —(]chy—l |O+25) dy

- 1im Gy m, 9 [ (F00 ~ )30, (%) dy.
p—>0% N
Assume for a while that we can prove
lim ,0/ (fF@x) - f())d,;,(v 'x)dy = 0. (3.14)
p—0t N

Then, in view of (3.12), we conclude that

Lf(v.2) = 5 FEE s Jy 1A dy,

that is, the identity (1.9) in Theorem 1.2.
It remains to prove (3.14). For that, we need the following Mean Value Theorem

adapted to H-type groups, see [17, (1.33)].

Theorem 3.9 (Folland-Stein). There exist constants C > 0 and 8 > 0 such that for all
f € C1(V) we have

2n+m
fFyx) —f@l < C(yl+1y1?) D, sup |Vfy'®)],
=1 YI=Blyl

whereszXj,jz1,...,2nande=ZJ-,j=2n+1...,2n+m.

Note that by a change of variables we have
P /N (Fx) —F1))d,05,(v 'x)dy = p /N (Feo0 —f(xy1))0,05, () dy.

Let §, be the nonisotropic dilation on the group N defined by §,(v,2) := (pv, p?z). A

simple calculation shows that

_ 125 —20ntm)
3,05,(¥) = p7 " =p WS (v)),
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where

_ntm+l+s

(1 + |V|2) - ((1 n |V|2)2 n |Z|2) S ,

(1 +v12)* + 1212)
and V@, y) =V, 2). Then, by Theorem 3.9 we have

V(v,z) =

P /N (f@ = fxy™1))10,05,@)|dy < Cp 25 p~ 2™ /N (Iyl + 1y1*) w3, (y)) dy.

By a change of variable, the above is bounded by Cp!~2 [,.(Iy| + ply|?)¥(y) dy, which
tends to 0 as p — 01, for 0 < s < 1/2, since (|y| + |y|?)¥(y) is integrable.

Finally, we can now compute the limit in (1.10). From (3.13), by taking limits, we

obtain
_ B (fx) = f¥)
p1—1>I(I)1+ p (v, z,p) — f(v,2) = C, (mr""s)/N Jxy—1]0+2s
(=9
= PrG) Lf(v,2),

where the 2nd equality follows from the identity (1.9) just proven. With this, the proof

of Theorem 1.2 is complete.

3.3 Isometry property of the solution operator for the extension problem

In this subsection we will prove Theorem 1.7. In order to prove this theorem, first we
prove the isometry property of the solution operator P, (see the Introduction) for the
extension problem in the Heisenberg group context given by Méllers et al. in [27]. We will
modify slightly the notation here and use (z,t) € C" x R for elements of the Heisenberg
group H".

The solution of the extension problem associated to the sub-Laplacian £ on H"

is given by
u(z, t, p) = C1(n,$)p%f % 95 ,(2,1)
where C;(n,s) := C;(n,1,s) and

n+l+4s

05,2, 8) = ((0? + 121%)* + 1662) 2

We write the solution operator f — u as P,f. Thus, P,f = C,(n, s),ozsf*gaslp (z,t). Note that

the solution can be considered as a function on the (2n + 3)-dimensional Heisenberg
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4266 L. Roncal and S. Thangavelu

group H**! = C"*! x R, which is radial in the extra variable ¢. On H"*! we use the

coordinates (z, ¢, t). Thus,

Pf(z,¢,0) = C (1, 9)[¢|f * g5 (2, 1).

Taking this point of view, Moéllers et al. have considered f — P,f as an extension map
taking functions f on H" into functions on H"*!. They have proved that P, defines an
isometry between certain Sobolev spaces defined on H" and H"*!.

To motivate the proof let us consider the case of the Laplacian on R". In view of

the Stinga-Torrea formula (3.3) the solution of the extension problem associated to A
; l1—s
A+0d;+—39,)u=0, u(x,0) = f(x) (3.15)
o
is given by (see [39] and also [3])

u(XI P) = Cn,spsf * us,p(X)

where now U, (%) = (0% + |X|2)_nT+S and ¢, ; is given by

¢l = /R (1+1x2)""% dx.

Let P, be defined by P.f(x,y) = u(x,|yl), (x,y) € R® x R. Let H(R") stand for the
homogeneous Sobolev space defined to be the set of all distributions f such that
(=A)S/2f e L2(R"). Equivalently, f € HS(R™) if and only if f € L2(R", |£|25 d¢). In [27]

the following theorem has been proved, and here we provide a different proof.

Theorem 3.10. For 0 < s < n, Py : H2(R") — HETV/2(R"H1) is a constant multiple of

an isometry.

Proof. In proving this theorem, we make use of the identity (see [3, Lemma 2.2],
also [39])

P°f x ug ,(x) = ¢, (=AY Pf xu_g ,(x) (3.16)

where c,, ¢ is an explicit constant. For a function ¢(x,y) on R"*! note that

5, = / e ( / o(x, y)e % dx) dy.
R R
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Consequently, taking into account of (3.16),

(Psf)A(é, N =Cpyg (/}Rn+1 (YZ + |X|2)—%e—i(x<§+)’n) dXdy) ((—A)S/zf)A(g),

n+1-(1+s)
2

Since (y? + |x]%)~ is homogeneous of degree —(n+ 1) + (1 +s) on R®*!, its Fourier

transform is a constant multiple of (% + 1£12)~%". Thus,

Bf)E,m = cy (1 + E12) " F 1615F ),

where ¢, ¢ is an explicit constant. In view of the above calculations,

_stl —~
1P s 102 ns1) = Cis /R ) /R (* +1&1%) " 7 1E1*[F®)I* dn dé,
which after integration in the 5 variable gives
1P s 4102 gne1y = Crs /R EFFEI” dE = cpslF sz en)-
This proves the theorem. |
We have the following.

Proposition 3.11. For 0 < s < 1, let f be a real-valued function in HS/2(R™), that is,
f, (=A)S/Af e L*(R™). If u is the solution of the extension problem (3.15) with initial

condition f, then
o 21 2
/O /]R 1V, 90" dxdp = CIF I

Proof. In what follows, we make use of the following fact, which can be easily proved.
If f and g are from L?(R") then their convolution f % g is uniformly continuous and
vanishes at infinity. This can be proved by approximating f and g by sequence of

compactly supported smooth functions. Since f and pSu, , are from L?(R") it follows

S0
that the solution u of the extension problem vanishes at infinity as a function of x

S,p
vanishes at infinity. Integrating by parts and making use of the above, we see that

for any fixed p. Moreover, aX],u € L>(R™). The same is true of d,us ,. Hence, 3Xju also

[ e P ax = | e, ;o uce, o) dx.
re R™ J
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4268 L. Roncal and S. Thangavelu

We also observe that |u(x, p)| < ps||f||2||uslp ll,, which after a simple calculation, shows
that u(x, p) goes to 0 as p tends to infinity. The same is true of d,u(x, p). In view of these,

a similar calculation with the p-derivative gives
o o
/ @,ux, p)?p' " dp = / u(x, p)3, (0"~ 0,u(x, p)) dp — u(x, 0) lim (070, u) x, o).
0 0

Adding them up and recalling that u solves the extension problem with initial condition
f we obtain the result. [ |

Proposition 3.12. Under the same hypotheses as in Proposition 3.11, we have

o0
/0 / ux,p)?p 10 dxdp = CIf Wz en-
Proof. Observe that
R ~ _nts . —~
U, p) = Cp 0 °f (6) /R (0% + xI1%) 72 e ™ dx = ¢, J(E)G(plE]),

where G is defined by

+S

G(§) = / (1+ |x|2)’nTe*iX“é dx.
RTL

The asymptotic properties of G are well known, see [38, p. 132, (29), (30)]. As G(p) behaves
like p® near 0 it follows that [;° G(p)%0~!~dp < oo and hence

/ / FE)2G(olE])?p 15 dp d&
0 Rn

= /R ) F@©2El ( /0 G(p)*p~ 'S dp) d§ = ClIf /2 czny-
|

Analogously as in the context of H-type groups, we introduce the following
variant of a Sobolev space. For 0 < s < 2, let WS'Z(R") be the completion of C3°(R"™ x R)

with respect to the norm

o
lul,) =/ /R IVu(x, p)[*p'~* dx dp.
0 n

It can be easily checked that this is indeed a norm.
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Proposition 3.13. For 0 < s < 1, let f be a real-valued function in HS(R"). If u is the

solution of the extension problem (3.15) with initial condition f, then u € W(S)’z R™).

Proof. We know that the function

n+s

uZCn'Sf*ps(p2+|X|2)_ 2

solves the extension problem (3.15) and

o0
/ / IVu(x, p)|?p' S dxdp < .
0 Rn

Then, we have to approximate u by C3° functions on R" x R. Let n € C§°(R) be such that
n(t) = 0 for |[t| > 2 and n(t) = 1 for |t| < 1. Consider

ui(x, p) = 1(27 (p* + |xI%))u(x, p) =: Y;(x, p)u(x, p),

after extending u to R™ x R as an even function in p. Then, u; is compactly supported

and
Vu; = Vyju+y;Vu
so that
V(u—u)) = Vyu+ (1 —y,)Vu.

Note that 1 — ¢; = 0 on (p* + [x|?) < 2/. Hence,
o0
/ / (1 —y)Vu?p' > dxdp 5/ IVul?p!Sdxdp > 0 as j— oco.
0 R™ (p%+|x|2)>2]
On the other hand, as n = 0 on (p2 + |x/2) < 2/ and (p? + |x]?) > 271,

= 2772110/ (27 (p? + 1x1%)) = 277 (0% + 1x1) /' (277 (0% + |x12)) < Cp 1.

0
7. V% p)

j
Similarly, [9,¥;(x, p)| < Cp~!. Therefore,

o
/ / 'V‘/fﬂxfm'zlulzpl‘sdxdpsC/ Jup' S dxdp
0 Rn o

24|x2>2/

oo
< C/ / lul?p =S dxdp = | (—A)4f], < o0,
0 R™
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by Proposition 3.12 and the hypothesis on f. Hence, fp2+|X‘2>2,' lul?p~1=Sdxdp — O as

Jj — oo, that is,

oo
/ / IV, p)Pul?p' dxdp — 0 as j— oo,
0 R7

Thus, u is approximated by u;, and the proof is complete. |

We now turn to the case of the Heisenberg group. Here the Sobolev spaces HS(H")
are defined via the relation f € HS(H") if and only if E;/zf € L?>(H") where L, is the
conformally invariant fractional power of £. In view of the Plancherel theorem for the

Heisenberg group, we have

s amy = (20) 7 / | (£572F) G | 221" d.

—00

Recalling the definition of £ we note that

1/2
o r(Ee s

(V200 =F o) (Hz;') i) @12
(znm +T)

where H,, () stands for the scaled Hermite operator —A + A?|x]? on R™ (we changed a
little bit the notation from Section 2.3). The Hilbert-Schmidt norm can be calculated in
terms of the Hermite basis ®?(x), « € N". As they are eigenfunctions of the Hermite

operator H, (1) with eigenvalues (2|«| + n)|A|, we see that

~ r (2\a|+n+1+s)

2 ~
||f||%{s<Hn) = 25(271)_"_1/ Z 1—1(2a|+—n+1—s)“f()t)cbg ”2 |)L|n+s dx.
sloppr s

~% \@enNn

In calculating the norm of a function u € H*(H"'!) we make use of the
orthonormal basis @éllj(x,y) = @é(x)h;(y), a € N?, j € N where h}.(y) = <I>}(y) are the

one-dimensional Hermite functions forming an orthonormal basis for L2(R). Thus,

I (2\a|+2j+(n+l)+l+(1+s))

w2

o
Il Zsin gnin, =251 (20) 7 / >

—\ @, )eNrxN [’

(2\a|+2j+(n+1)+1—(1+s)) ”
2

|)\|(n+s+2) d)\'
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We are now ready to prove the following result, which was previously showed by
Mollers et al. in [27, Theorem D (2)] by different methods. Let P,f(z,¢,t) = C;(n, 9)[¢ |25F s

¢s,1c1(2, 1) be the solution operator.

Theorem 3.14. For 0 < s < n + 1, the solution operator P, : HS(H") — HSt!(H"*1)

satisfies the isometry property

72T () (1 + 5)
_o— +1-s\4
22n-2 le‘*(n 5 S)

2 2
lullgsr gnery = 1 1 zgs (amy -

Proof. We begin with the observation that the (group) Fourier transform of a function
u on H™*! is defined by

a()\') :/ u(zl é‘lt)ﬂk(zl ;-lt)dZdé- dt
Hn+1
Here 7, (z, ¢, t) are the Schrédinger representations realised on L2(R™H1). Since
(z,¢,t)=(0,¢,0)(z,0,t), m(z¢,t)=m(0,¢,0)m(20,1)

and hence
) = / 7,(0,¢,0) (/ u(z, ¢, t)m, (z,0,t) dzdt) dec.
C Hn

Since the solution u(z, ¢,t) = P,f(z, ¢, t) is given by convolution of f with a function, the
inner integral simplifies.

At this point we make use of Theorem 3.7 with m = 1, namely,

[’s(p—s,p (Z, t) = Cz (n/ S)st(pg,p (Zr t)/
where C,(n, s) := C,(n, 1,s). In view of this we can write the solution as
uz, ¢, t) = Cy(n,8)Cy(n,8) ' Lf % ¢_g (2, 1).

Thus,

/ u(z, ¢, t)m (2,0,t)dzdt = C;(n,s)Cy(n, s)_l(ﬁsf)A(A)/ ¢_s1c)(2, )7, (2,0,¢) dzdt,
Hr Hr
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4272 L. Roncal and S. Thangavelu

where (£$f)A()») is the Fourier transform of £.f on H" and hence acts on L2(R™). From this

we obtain
) =Cl(n,s)Cz(n,s)’1(£sf)A(k)/ . (121 +1¢1? ) +16t%)" e m,(z,¢,t)dzd¢ dt. (3.17)
Hn

For g = (z,¢,t) € H", let |g| = ((1z]* + [¢|$)? + 16t2)1/4 be the homogeneous norm. Then

(3.17) can be rewritten as
U = C;(n,5)Cy(n, )™ (L) (1) / gl 722+ g, (g) dg. (3.18)
Hn+1

It is known, see [34, p. 127], that C_ ! |~2(n+2)+2(1+9) {5 3 fundamental solution of

n+1,s+1 g
the operator £y, ; on H"!, if we take

7Tn+1F(S)
_ +1-5)2"
on+1 SSF(Tl 3 S)

ns —

Consequently,
Hp (M) 1-(1+s)
F( 2+|i| +— )

Hop () | 14049
F( 2+|i| 73 )

[ 107 ) dg = € 212

Therefore, in view of this and (3.18) we see that

r (2|a\+2j+(n+1)+1—(1+s))

UM P, (X, ¥) = Cppy g1 (2D (Lsf) V)P, (%, y).

r (2|a\+2j+(n+1)+1+(1+s))
2

As (ESf)A()») f(/\)%(ﬂkl)s acts only on <I> we get

202]

F (2|a\+2j+(n;1)+17(1+s)) r (2|a\+n+1+s)

WP, i(x,y) = F)®L R (),

n+1 S+1|)‘| r (2|a\+2j+(n+1)+1+(1+s)) r (Zla\+n+l—s))
2 2

so that

T (Zla\+2j+(n;1)+lf(l+s))2 r (2|ot|+721+1+s)2
~ _ -~ 2
@7 = c? [A]72 x5
2 JHZ st r (2|a\+2j+(n+1)+1+(1+s))2 r (2|o¢|+n+lfs))2 [0,
2 2
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Recalling the expression for the norm of u in HS*!(H"**!) we have to multiply the above
with

r (2|a|+2j+(n+1)+1+(1+s))
2

r (2|a|+2j+(n+1)+1—(1+s))
2

and sum over « and j:

o T (2|a|+2j+(n-;1)+1+(1+s)) r (2|a|+2j+(n-;1)+1—(1+s))2 o T (2\a|+2j+(n—51)+1—(1+s))

jg(; r (2|a|+2j+(n-;1)+1—(1+s)) r (2|Ot|+2j+(n+1)+1+(1+s))2 - ; r (2\a|+2j+(n—;1)+1+(1+s)) .
2

The above can be computed using properties of hypergeometric functions. Recall that

(c),s! F(a)l"(b)F(c+ s)s!

S=|

Fa,bic z) = Z (a)s(b)g i F(a+s)F(b+s)F(c)zs

s=0

Witha:w,bzl,c=w,andz=lweseethat

r (2|a|+2j+(n+1)+1—(1+s))

i : ir(2|a|+n+1 s+J) (1 +7) r@ra
s 1«(2|a|+2]+(rz+21>+1+<1+s)) = F(M +J)J| I'(c)

F(a,1;c,1).

Now making use of [31, 15.4.20]

Fabc1) = @rc—a-b Re(c—a—b) >0
o Fc—a)l'(c—b)’ '

we obtain
2|a|+2j+(n+1)+1—(1+s) 2|a|+n+1-s
ir( 2 ) re T
1 (2la+2j+m4D+1+049))  T(L + ) [ ((2laltntlts)’
j=0 2 2
Consequently,

r (2|a|+2j+(n+1)+1+(1+s))

[aeoe[;

~ 2|a|+2j+(n+1)+1—(1+s)
aeN" j=0 2

) r (2\oz|+n+l+s))
_ - 2
=Gy 2 [P I3

20a|+ntl—s
S T (—2 )
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4274 L. Roncal and S. Thangavelu

Integrating the above with respect to |A|"*2*5 dA we obtain

2 I'(s)

2 _ 2
||u”Hs+l(Hn+1) = Cn+1,s+lm“f”H3(H")'

Now we are ready to prove Theorem 1.7.

Proof of Theorem 1.7. We begin with the observation that if u is a solution of the
extension problem for £ on N, then for any w € S™1, R, u is a solution of the extension
problem for £ on H. (Since all H! are isomorphic to H" we use the same notation £
to denote these sub-Laplacians). This can be easily seen as follows: since u(v,z, p) =
Ci(n,m,s) p%5f % 95,V 2), by taking Radon transform in the z-variable and recalling that
R, (f *¢5,)(v, 1) = R,f *, R,9s ,(V, 1), where *, is the convolution on Hy, we have

R,u(v,t,p) = C,(n,m,s)p*R,f *, R,¢s ,(v,1).

w¥Ps,p

We have already calculated R,¢; ,(v,?) in the proof of Theorem 3.4. It is given by
_ntl+ts
R, ,(v,t) = %((Ioz + |v|%?2 + 16¢2)" 2, which is considered as a kernel on

H? = H". Thus, we have

n+l+s

2 —
Cy(n,m,$)R,¢; ,(v, 1) = C;(n,1,5)((o* + Iv[*)” +16¢%) 2

and it is clear that R u(v,t, p) solves the extension problem for £ on H! with
initial condition R,f. As (—A,) commutes with £, it follows that (—Az)m%lu =

Cy(n,m,s)p?(—=A,) mT71f * g5 , and consequently,

m-1 m-1 -
R,(=A,) T u,t) =Cy(n,1,9)p™R,(—=A,) T f,Ps,v,1),
_n+l+ts
where ¢ ,(v,t) = ((0* + [v|*)* + 16t%)" % . Now in view of Theorem 3.14, we have
mo1l |2 m1 2
HRw((_AZ) 4 u) HHS“(H"“) = C”Rw((_Az) 4 f) ”HS(]HI")'

Integrating the above over S™~! we obtain

m—1 2 m—1 2
/S R (=207 w) e ggnery do @) = € /S R8s ey do @),
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Recalling the definition of the norm on HS(H"), the right-hand side of the above reads
/ / 1£3?R,, (=A% ) (v, t)|* dv dt do (o).
sm—-1 JHn"r

The proof will be completed by showing that the above integral is a constant multiple

of [y |£;/2f(v, z)|? dv dz. By Plancherel theorem for the Fourier transform on H"”

[

L3R, (-2, " v, | 2 dvdt

I (2|a\+n+1+s

= (Zn)_n_l/oo Z ’

m—1 A 2
F(zlaH-n-H—s HJT)L(R‘”((_AZ) ' f)CDaHZ |X|n+5d)\
aeNn T)

where we have used =, (F) to stand for the Fourier transform f()») of a function F on H".
But we note that for any g on N, =, (R,g) = 7, ,(g) (recall the notation from Section 2.2).

Using this we have
7, (Ry(—A) "5 f) = 7, (A "% £) = W"T 7, , ().

Therefore,

~ r (2\a|+n+l+s)

/Hn 1CY2 (R, (—A) T f) (v, b dvdt = c/ >

— L7, (OIZIAT IS
P (_2\a|+r21+1—S) @

Integrating both sides over S”~! we immediately see that

m-1_ |2
/Sm—1 R,(—A,) % u‘ s ) do (w)
o0
2 _
= C/ / |75 0 (£872F) |2 1™ di dos (o),
Sm—l —00
and from here we conclude. -
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4276 L. Roncal and S. Thangavelu
3.4 Higher-order extension problem

In this subsection we will deal with the extension problem for large values of s > 0. By

Theorem 1.2 we have that, for s > 0,

B g Am/2 F(S)F(HTH) -1 9
u(V,Z,p)—( 7 T(n 4 sl () p=°f * @5 ,(v, 2)

solves the extension problem and limp_m u(v,z,p) = f(v,z). We are interested in
recovering L.f as the limit of certain derivatives (in p) of wu(v,z, p). Observe that the
operator L, is defined for all values of s € R\ D, where D = {f(n + 2k + 1) : k =
0,1,2,...} = DY UD~. Higher-order extension problems have been studied in [9, 45] for
the Euclidean Laplacian for s € (0, n/2), and for general nonnegative self-adjoint linear
operators defined in an L?-space for any noninteger positive number s, in [33].

The main result of this subsection reads as follows.

Theorem 3.15. Let N be an H-type group with homogeneous dimension Q = 2(n + m).
Let s > 0 be such that either s ¢ N if m is even or s ¢ D if m is odd. Suppose that ¢ is
the integer such that £ — 1 < s < £. Let u be the solution of the extension problem (1.3)
with initial condition f € LP(IV), 1 < p < oo. Then

1 ¢
lim pHE (gap) u(v,z,p) = Ct,m,n,s)Lf(V,2),
in the LP norm provided L, € LP(N), where C(¢,m,n,s) = Cl(n,m,s)Cz(n,m,s)‘1
a(t,n,m,s) with C;(n,m,s) and C,(n,m,s) given by (1.6) and (1.11), respectively, and

a(¢,n, m,s) by

n,n+m/2 r‘(ﬁ _ S) ¢ . (%)
att,n,m,s) =" Ol Dyt
n+4£—ys) = r(—"””; +J S)

Here c(¢,j) satisfies the recurrence relation

) . . 1 ) ) )
cl+1,p)=@G+Decl,j+1— §(n+m+£+1— 1-s)ct,j—1), 1=<j=<¢,

c(l+1,00=c(1), cl+10+1)= —%(n +m+2¢—s)c, 0) (3.19)

with initial conditions ¢(0,0) =1, ¢(1,0) = 0.
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Proof. We can write the solution (see Remark 3.8) as
u(v,z,p) =Cy(n,m,s)Cy(n,m, s)_lﬁsf *¢_g ,(V,2),

provided O < s < n + 1. By induction, still assuming 0 < s < n + 1, we can show that

1\ ‘
(Z 8,0) ¢_s,(V,2) =D clt.)g;, (v, 2 s ,(v,2), (3.20)
j=0

for some explicit constants c(¢,j) that will be computed at the end of the proof and

I (02 + V12
4 (02 + IvI2)* + 16]2(2)"?
This shows that
1 \* ‘
pZ(Z—S) (Zap) u(V, Z, ,0) = Cl (nr m, S)Cz(n, m, S)_l Z‘Csf * hj,p,s‘(v’ Z)' (3'21)
j=0
where
R s (V,2) = C(8,1)g; (v, 2)p* gy (v, 2),

We claim that the latter identity is valid for any 0 < s ¢ N or s ¢ D' as the case may
be. This restriction comes from the fact that C,(n, m,s) is not defined when s is of the
form n + m + 2k, for a nonnegative integer k. In order to prove the claim, we use Fourier
transform on N. As u(v, z, p) = C;(n, m, s)p>f * ¢s,,(v,2), by Theorem 3.7, it is enough to
show that

1\ ¢
75, o (P (%ap) (0757, (s )] = Con,m, ) "', (L) D ;5 (R, o)
Jj=0

for any » > 0 and w € S*~!. Since @s.,(V,2) is radial in both v and z, the group Fourier

transform of ¢ , is given by

0
T30 @s,) = D Ch ,(PL(V),
k=0
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see Section 2.2. Here the coefficients have been computed in [34, Section 3] and are given

by the formula

27)H S 20 2k+n+1+s 2k+n+1—s
¢t ,(5) = (@2m)" I ZL('O A 2 , 2 ) (3.22)
F(in+1+s) 4
where the L-function is
o0
L(a,b,c) =/ e_“(2X+1)Xb_l(1 —I—X)_C dx, (3.23)
0

which is valid for a,b € R" and c € R. Using the facts that ¢, , and h; , ; are radial and

F(H
r(%

—~
=|>
Ng

—
+
1%}

N—

;|

7,0 (Lsf) = 75, ())(2IAD°

—~
~
N2

[Sjs

>

+ |+
—
SRS
1]

N—

we only need to show that

) ‘ F(2k+n+1+s) ¢
2t—-s) | 2s A _ -1 s
p (zpap) [o%*ct ()] = Cytnm, 97! @I = S)Z ipsO k) (3.24)

j=0

for every k € N. Here,

~ ki (n —1)! .
hj,P,S()\" k) = Cnm / h?p S(V)(p]é(v) dV

(observe that h}%’ls(v) is independent of w as hj,pls(v, z) is radial in z).

From the definition of the L-function it is clear that ,02(5*5)(%ap)[[pzscgp(s)] is
a holomorphic function of s on Res > 0. On the other hand, it is easy to see that the
right-hand side of (3.24) is also holomorphic on {0 < Res < ¢} N (C\N) or {0 < Res < ¢}
N (C\ DT) as the case may be. As both sides agree on 0 < Res < n + 1, we can conclude
that they agree on 0 < s < ¢. This proves the claim.

Thus, we have proved (3.21) for 0 < s < £. As h; , (v, 2)=p 2"™h; | (p~lv, p~22)
and h; ; ; € L' (IV), we see that

1 ¢
lim p>=o (5@,) w(v,z,p) = C;(n,m,s)Cy(n,m,s) " a(t,n, m,s)Lf,
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where, by Lemma 3.5 with o = ¢ +j — s,

attnm.5) = Y et D [ 0 RV (14 vR) + 161a?)F dvaz
j=0
ghtm/2 re— (n+£+] S)

am T(n+— s)z (’J)W

Finally, we can get a recurrence relation for the constants c(¢,j). By rewriting (3.20), we

have

1 ¢ _n4mittgj-s
(3%) #-00tv. = S e )P + WP (07 + W) + 122

j=0

Differentiating the above once more, we get

n4m+e+14j-1-s
2

1 0+1 4 N ) B
(Eap) 05, v,2) = D cl, )i + VYL (02 + [vI?)® + 1212)
j=1

1

Z .
-5 2 et pmrmttj=s)(o* + 1) ((0* + V) +12?)
j=0

_ ntm44+14j+1-s

2
Comparing this with (3.25) we obtain the recurrence relation in (3.19). This completes
the proof. |

4 Trace Hardy and Hardy Inequalities for the Sub-Laplacian

Our aim in this section is to prove various forms of trace Hardy and Hardy inequalities

for £ on an H-type group N. Let us recall that Vu = (Xlu, XU, %Zlu, el 2Zmu B u)
and let
1-2s 1
L:=-L+022+ 9 +‘—L,02A (4.1)

stand for the extension operator. We have the following general trace Hardy inequality.
In order to state the result, we recall the Sobolev space presented in the Introduction.
Let T/I~/S'2 (S) be the completion of C5°(N x R) with respect to the norm

o
lul?) = IVu(v,z, p)|*p' "% dvdzdp.
o Jn

As it was noted in the Introduction, it can be easily checked that this is indeed a norm.
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4280 L. Roncal and S. Thangavelu

Theorem 4.1 (General trace Hardy inequality). Let0 < s < 1 and let ¢ € L?(\V) be a
real-valued function in the domain of £, such that ¢~!L¢ is locally integrable. Then for

any real-valued function u(v, z, p) € I/I~/S'2(S) we have the inequality

/00/ ‘Vu(v,z,p)‘zplfzsdvdzdp221*251“(1 s)/ u?(v,z,0)=s——= Lsov, Z) vdz.
0o JN [(s) o(v,Zz)

Proof of Theorem 4.1.  Let Y; be any of the vector fields X; or %Zk on the N group. An
easy limiting argument shows that it is enough to prove the inequality for functions u,
which are restrictions to AN of a C3° function on N x R. Let u(v, z, p) be such a function
and take w(v, z, p) to be the solution of the extension problem with initial condition ¢.

Now consider the integral

2 2
/ (Yiu - EYiw) dvdz =/ ((Yiu)2 - ZEYiuYiW + (EYiw) ) dvdz.
N w N w w

Integrating by parts and noting that there are no boundary terms we get

/—YuYWdde— —/ uy; (EYiw) dvdz
N W N w

N W N w

Since [y u?Y;(%Y;w)dvdz = — [ 5 (Y W) dvdz + [ % Y2WdV dz, the above gives
/ ( 2(Yw)2 2— Yqu) dvdz = / —Yzwdvdz
N
On the other hand, a similar calculation with the p-derivative gives

o] u2 ) u 12 oo u2 12
_92s _ —2s
/o (m(ap‘“ ‘Zv—vapuaﬂ””)p dp_/o w ool 0,w) dp

u(v, z, 0)2 1-2s
_ 0 ,Z,0).
w(v, z,0) p—I>I(1) ('0 pw)(v Z:P)
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Let us now add them up and take all integrations into account. By denoting x = (v, z)
and dx = dv dz, we get, in view of (4.1),

* u(x, p) 2 o0 2
/ / ’VU(XI )O) - VW(X, p)‘ pl 2s dxdp = / / ‘VU/(X, p)‘ pl 2s dXdp
0 JN w(x, p) o Jy

2
/ /u(X ?) (Lw(x, p))p' "> dxdp + utx, 0% hm 1729, wix, p)dx.  (4.2)
wi(x, ) v w0 p>

Since we have taken w = C;(n, m, $)p% ¢ * Ps.pr with @5, @S in (1.5) and C,(n, m, s)

as in (1.6), w solves the equation Lw = 0, with w(x, 0) = ¢(x). Moreover, as p — 0,

r(1—s)£¢

125 2s 1-2s
—p ap(Cl(n,m,S)p @ *%,p) — 2 res) 7

Therefore, (4.2) simplifies and we obtain the inequality

* 2 1 2s 1-2s (1 — )/ 2 s</)(X)
/O/N\Vu(x,m\p dxdp > 2 o [0S dx,

as desired. [ |

Remark 4.2. By taking ¢(v,z) = u(v, z,0), we obtain the following inequality:

o
/ / IVu(v,z, p)|?p' > dvdzdp > C/ Lp(v,2)p((v,z)dvdz.
o Jn N
This has been already proved in [19] by using results from the scattering theory.

Theorem 4.1 proves the main part of Theorem 1.3. In order to show that the
inequality is sharp we claimed that the equality is attained when u is a solution of the
extension problem with initial condition ¢. If only we know that the solution u belongs
to the space WS’Z(S), this will be easily seen by checking that both sides of the inequality
reduce to (¢, L;¢). Thus, we need the following result, which is in part the counterpart

of Proposition 3.13 for H-type groups.

Theorem 4.3. For 0 < s < 1, let ¢ be a real-valued function in H5(N), that is, ¢, Es/zw c
L?(N). If u is the solution of the extension problem with initial condition ¢, then u €
W5A(S).

In order to prove Theorem 4.3, we need the following proposition:
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Proposition 4.4. Under the same hypothesis as in Theorem 4.3 we have

I'(1—-s)

o0
/ /IVu(V,z,p)Izplfzsdvdzdp=21’25
o Jn I'(s)

/ Lyp(v,2)¢(v,z)dvdz.

N

Proof. The proof follows the lines of the proof of Proposition 3.11: we take into account
that Yips, € L%(N) when Y; is any of the vector fields X or Z; (and therefore Y;u also

vanishes at infinity), and the same for 9 Integrating by parts, we have that

0Ps,p*
/|Yju(v,z,,o)|2 dde:/u(V,z,p)szu(V,z,p)dde.
N N

Moreover, |u(v, z, p)| < ,025||<p||2||g05'p||2, which implies that u(v, z, p) goes to 0 as p tends

to infinity (the same for d,u(v, z, p)). The computation with the p-derivative yields

o0 o0
/0 (Bpu(v,z,p))zpl‘zsdp=/0 u(v,z,p)d,(p' %0, u(v, z,p)) dp

—u(v,z,0) lim (p*=253 u)(v, z, p).
(v, z )p_>o('0 ,u) (v, 2, p)

Now we sum up and we use the fact that u solves the extension problem with initial

condition ¢. The result follows. ]

From Proposition 4.4 we see that the “energy norm” of the solution u is a

constant multiple of the H*(IV) norm of the initial condition.

Proof of Theorem 4.3. We are now in a position to prove Theorem 4.3. As the energy
norm of u is finite, all we have to do is to show that it can be approximated by a sequence
of compactly supported smooth functions on N x R. As u(v, z, p) is even in p we can think
of it as a smooth function on N x R. Let n € C5°(R) be supported in |p| < 2 and assume
that n = 1 on |p| < 1. Let y;(v,z,p) = (277 ((p? + |v|?)? + |z|?)) and define u;(v,z,p) =
wj(v, z, p)u(v, z, p). We will show that u; converges to u in the energy norm. Observe that
V(u —u)) = (1 — ¥;)Vu + uVy;. Since (1 — ;) is supported in ((0* + [v|*)? + |2/?) > 27 it
follows that

oo
/ / (1 =¥V, 2, 0) 2 |Vu(v, z,0)/*p'~* dvdzdp
0 N

= C/ IVu(v, z,p)*p' 7> dvdzdp,
((p%+|vI2)2+|22)=2
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which tends to 0 as j tends to infinity, in view of Proposition 4.4. On the other hand, Vy;

is supported on 2/ < ((p? + |v|?)? + |z|?) < 2t1. Moreover, we have that

10,0V, 2, p)| = 272(p% + [v2)2lpIn" (27 ((0? + [vI?)* + |2I%))
< c27((p? + v?)® + 1212)° 0 (27 (02 + v1?)® + 1212))
= C27B3/4((p% + v2)? + 1212 0 (277 (0% + vI2)? + 1217)) 27/

= C[Z’j((pz + |V|2)2 i |Z|2)]3/4n/(27j((p2 + |V|2)2 T |z|2))27j/4.
Therefore, calling t := 2*]'(('02 + |V|2)2 + |z|2)), we have
10,;(v, 2, p)| < Ct¥/*x'(1)279/* < c277/4,

Same estimate is true of Xyi(v, 2, p) for any other vector field X. For instance, let us
compute and estimate |X;¥;(v,t, p)| on the Heisenberg group with v = x + iy € C" and
t € R for simplicity. We get

X0V, £, )| < 279 (4(0% + [vI?) 13 ] + Iyl lt]) ' (277 (0% + [vI?)® + 1212))
E Cz—]((pz + |V|2)2 + t2)1/2((p2 + |V|2)2 + t2)1/4n/(2—j((p2 + |V|2)2 + |Z|2))

= Oz (0% + 1) + @) (279 (02 + 10 + 2279,

As before, we infer that
IVY;(v, 2, p)| < C27/%, (4.3)

Since the solution u of the extension problem with initial condition ¢ is given by u =
C,(n,m,s)p*¢ * ¢ ,, by Young's inequality, we get |[ull 2y, < ll¢llz2y, by the choice of
the constant C; (n, m, s). Now as Vi is supported in 2 < ((p? + |v|?)? + |z|?) < 21!

o0
/ / u(v, 2, p)*IVY;(v, 2, p)?p'~* dvdzdp
0 N

2(+1)/4

) 2 (G+D)/4 )
< cz—f/z/ (/ (v, 2, p)|? dvdz) P12 dp < cz—f/z/ P12 dp,
0 N 0

which clearly goes to zero as j tends to infinity since s > 0. This completes the proof of
Theorem 4.3. u
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We are going to show another form of trace Hardy inequality. We make use of
the connection between solutions of the extension problem and eigenfunctions of the

Laplace-Beltrami operator on S, which we have already exploited. Recall that

2n m 1
_ 2 2 2 1
Ag= D El+ > Ti+H 5 OH.
j=1 k=1
Given a function u on S, as before, we define w(v,z,p) = w2 Y2v,27 1z, /2p) and

(n+m-—s)

w(v,z,p)=p 2 w(v,z p). We also denote by Vow the full gradient of w on S. Making

use of the connection between the two gradients, we see that

o o
/ / IVu(v, z, p)|?p' 2 dvdzdp = C/ / |Vsw(v,z, 0)>0 1S dvdzdp
o Jn o Jn

whenever u and w are related as above. We now prove the following proposition.

Proposition 4.5. Let 0 < s < 1. Assume that w is the restriction to S of a function in
Cy°(N x R). Then we have the identity

o0
/ / IVsw(v,z,p)|%0~ S dvdzdp
0 N

o0 2 _ o2
= / / w(v,z,p) (—As - W%) w(v,z,p)p """ tdvdzdp
0 N

— / w(v,z,0) lim pl_sapw(v, z,p)dvdzdp.
N p—>0

Proof. First of all, note that the assumptions on s and w and the definition of Vg
ensure that all the integrals involved in Proposition 4.5 are finite. By integration by

parts we have, as the boundary terms vanish,

2n 2n
/ ZE}W(V, z,0)W(v,z p)p " ldvdzdp = — / Z Ewl’p ' *dvdzdp  (4.4)
j=1 Vj=1
and also

m m
/ Z TEW(v,z, p)W(v,z,p)p " ™ dvdzdp = —/ Z IT,wl?p 1 Sdvdzdp. (4.5)
N k=1 N k=1
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Now, observe that
H? — (n+m)H = p?32 — (n+m — 1)pd,,.

Therefore, we consider the integral

o0
/0 (0%87 — (n+m —1)pd ) W(v, 2, p)W(v,z,0)p " "' dp

o0 —S n+m-+s— o0 n+m-—s n+m+s
:/ 8§ (,o 3 W) o~ =y 2wd,o—(n+m—1)/ d, (,o 3 W) o~ En wdp. (4.6)
0 0

We first look at the truncated integral

B —s n+m4s—
I ::/ ag (,0 +2 W) ,0_ + 2+ Zde
A

where 0 < A < B < 0. Integration by parts and some computations show that

B
I= _411(23(1 —S)—(n+m-s)(n+m+s— 2))/ p~ 1w dp
A

B _ _ B 1-— B
1—s 2 _ nt+m+s—2 n+m-s S _9 92
_ 9 wr2d e ( : ) ‘ _ . @7
/A p @,w) dp+p wa, (p w M 2 o ‘w N (4.7)
Concerning the 2nd integral, we have

nt+m-s _ nitm+s

oo
II::—(n+m—1)/ ap(,o 2 w)p 2 wdp,
0

which by integration by parts and some calculations lead to

II:—(n+m—1)(n+m)

B
n+m-—1 B
: / p~WHy2q, - DT T D -2g,20 (4.8)

A 2 A

Then, collecting (4.6), (4.7), and (4.8), we have
B —~ o~
/ (0707 — (n+m —1)pd )W(v,z,p)W(v,z p)p ™" " dp
A
1 2 2 B 2 B 2
= —Z((n +m)* —s )/ o~ Iw? dp —/ pl_s(apw) do
A A

_ ntm+s—2

+p 2 Wap[p z
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Finally, observe that

__nt+m+s—2 n+m-—s

B
0 2 Wap(p 2 W)‘ =—p ‘W A+Wpl_38pWA,

and consequently we obtain

/oo (H2 —(n+mH)W(v,z, )W,z p)p ™" dp
0

o0
= / (0?07 — (n+m —1)pd, )W(v, 2, )W(v,z,p)p """ dp (4.9)
0

oo

1 o0
- _Z((n +m)? — sz)/o o~ W (v, z, )% dp —/0 ,o‘l_s(,o8pw(v,z,,0))2 dp

+ w(v, z,0) lim pl_sapw(v, z,p).
p—0
Taking into account of (4.4), (4.5), and (4.9), we obtain the conclusion. [ |

From Proposition 4.5 we can immediately obtain the following trace inequality.

Theorem 4.6. Let 0 < s < 1. We have the inequality
o
/ / IVew(v, z, o) 1 Sdvdzdp > —/ w(v, z,0) lix% pl_sapw(v, z,p)dvdzdp,
o Jn N p—>

for any real-valued function w(v, z, p) = u(2~'/2v, 27z, \/2p) with u € W5*(S). Moreover,

equality holds if and only if u is a solution of the extension problem (1.3).

Proof. The stated inequality for w € C3°(IN x R) follows from the above proposition
since —Ag > }L(n + m)?. By approximating u and hence w by a sequence of Cy (N x R)
functions, we can conclude that the inequality remains true under the hypothesis on w.
We have already remarked in Section 3.1 that when u satisfies the extension problem,

~ (ntm-s) . . . o 2_g2
then W(v,z,p) = p 2 w(v,z p) is an eigenfunction of Ag with eigenvalue —W.

Consequently, we can easily conclude that equality holds if and only if u is the solution

of the extension problem. u

Theorems 4.1 and 4.3 lead to some interesting corollaries.
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Corollary 4.7. Let0 <s < 1,8 > 0. Then for all real-valued u € Wé’z (S), we have

u(v, z,0)>2

; 2 " dvdz (4.10)
((62 + [vI?)” + 162?)

o0
/ / IVu(v,z, p)|?p' 2 dvdzdp > Cnlsézs/
0o JN N

with the constant given by

Zl_st(l _ S) 2Sl—w(n+1+s) r(n+m+s)

Cps = 4 2 Z_
n,s F(S) F(n+21—s) F(n-Hzn—s)
The above inequality is sharp and equality is obtained when u(v,z,p) = ¢_g5 *

pZgg ,(v,2).

Proof. We immediately obtain the inequality by taking ¢ = ¢_ 5 in Theorem 4.1 for a
fixed § > 0 and using Theorem 3.7.
As for the equality, when we take u(v,z, p) = C;(n,m,s)p_g 5 * pzsws,p(v, z) in the

inequality (4.10), in view of Proposition 4.4, the left-hand side reduces to

21_ZSF(l —5)

dvdz,
F(S) /was,ﬁﬁsgofs,ﬁ vaz

which, by Theorem 3.7, is nothing but the right-hand side of (4.10). |

Remark 4.8. In Corollary 4.7, if we take u to be the solution of the extension problem
with initial condition f, the left-hand side reduces to a constant multiple of (f, L.f).

This immediately proves Corollary 1.4.
Now we are going to prove Theorem 1.5. Let us recall some definitions. Let

—(n+m+s) —Q+2s
| | )

9s(v,2) = |(v, 2) and Yy (v,z) = Cy(n,m,s)(pg * | - (v, 2).

Note that y,(v, z) is homogeneous of degree —(n + m — s). Let us define
W(v,2) = ¢ (v, 2)Ys(v,2) "
so that w, is homogeneous of degree —2s.

Proof of Theorem 1.5. Let u € C°(NV x R) and let ¢ > 0 be any function that is in the

domain of £,. Let w = C;(n, m, s)p*¢ * ¢s,, be the solution of the extension problem (1.3)
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with initial condition ¢. Then, proceeding as in the proof of Theorem 4.1, we get
Vu,p)  Vwix,p)|*

/0 /N ux,p)  wi(x,p)

21257 (1 — s)/ o) / /
s 0)dx =
T T oG L0

Now, let n € C3° supported in 0 < a < |(v,2)| < b < oo be such that 0 < < 1. Let us take

p "B u?(x, p) dx dp

Vu(x, p)
ux, p)

ol 7B u?(x, p)dxdp. (4.11)

@ = ngs * ¢_g s in (4.11). We note that, in view of Theorem 3.7,

21-231(1 —8) [ LX) 2
S 0) dx
I (s) N 9X) *x,0)
1-2s _ 2s
:—2 ra S)Cz(n,m,s) ) (Ws)*fﬂsa(V' 2) 2(Vz 0)dvdz.
I'(s) N NPs*¢_g5(V,Z)

From identity (4.11) we observe that

9l-2sp(] — 82s v,
#Cz(n,m,s) (195) * 5, (V. 2) u?(v,z,0)dvdz

I'(s) N Ngs*¢_g5(V,2)
</00/ ’Vu(x )2 1-2s 4x d
= P P p-
0 N

As ng, € L*(N) and C,(n, m,s)8* ¢ ; is an approximate identity, §%n¢, * ¢, 5 converges

to C; (n,m,s)_lnws(v,z) a.e. as § — 0. We also note that ng, * <p_s,5(v,z) converges to

neg * | - |~@+25 (due to Dominated Convergence Theorem). By Vitali’s theorem (see [35,

p. 143]) with du(v, z) = u?(v, z,0) dv dz we conclude that

1-2s _ §2s
tim 20D 0, m, gy [ L0 0 D 2y, 4 0 v az
50 r'(s) N NP5 *¢_g5(V, Z)

21-25P(1 —5) n¢g(v,z)

=——“C,(n,m, 2 ,z,0)dvdz.
re  c2mm s)/N C o m, np, x| - |- @ 5w, V0 dvdz

We also have, with w, 5(v,z, p) = C;(n, m, $)p%nes x o_g 5 * s ,(V,2),

bl

vVux, p) Vw, 5(x, p) |2
u(er) Wn,é‘(er)

1 2s 2(X ,O)dXdp

<

Vu(x, p)

1 2s Z(X ,O)d.Xd,O
ux, p)
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Note that, as § — 0, w, s converges to

|—O+25

w, (v, 2, p) = Cy(n,m,)p*ng, * | - * 95,0 (V. 2)

and Vw, s — Vw,. Again, by Vitali’s theorem with du(v, z, p) = u?(v,z, p)pl=*dvdzdp,

we can conclude that

00
lim/ /
§—0Jo N

Vux, p)  Vw, ;& oIk
u(x, p) w, 5(X, p)

=/o°°/N

Putting together, we have obtained

/Oo/ ‘Vu(X,p)‘zplfzsdxdp=/oo/
0 N 0 N

21-2sp(1 — ) nes(v, z)
G mms) [ R
I'(s) N Ci(n, m, s)neg * | - | (v, 2)

Vu, p)  Vw,(x, n|*
u(x, p) w, (X, p)

1 2s 2(X ,O)dXd,O

Vux,p)  Vw,(x, p)
ux,p)  wy(x,p)

uz(v, z,0)dvdz.

Choosmg a sequence 1 = n; of functions supported on zk < |(v,2)| < 2k, which are equal

tol on < |(v,2)| < k, arguing as above, we can take limit as k — oo in the above to get
Vu(x,p) Vw(x,p)[*

/ /‘Vu(x,p)‘zpl_zsdxdpz/ / —
0 N 0 N u(Xr)O) W(le)

21-2s7(1 —5)
I'(s)

1 2s Z(X ,O)d.Xd,O

C,(n,m,s) / u?(v,z,0)wy(v,z)dvdz. (4.12)
N

Let us take now u € WS’Z(S). Choose a sequence u; € C3°(NV x R) such that u;
converges to u in T/Iﬁdlé’2 (S). It is clear that passing to the limit in (4.12) we get the identity

for functions in ﬁlg'z (S). From (4.12) we deduce immediately the inequality stated in the

theorem.
. . . . .o | Vu(x,p) Vw(x,p)| _ ..
The equality is obtained if and only if | W) T W) | = 0, that is, if and only
if u = ¢ - w, for some positive constant ¢, with w = C;(n, m, $)p* g x| - |~ x ¢ (v, 2).
But this w makes the rest of the terms of (4.12) infinite. |

Proof of Corollary 1.6. Take u(v,z, p) = C;(n, m, S)p2Sf 9s,,(V.2,p). BY Theorem 1.2, u

solves the extension problem (1.3) with initial condition f so that, by Theorem 1.3, we
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have the identity
o ra-
/ / |Vu(x, p)|2p1*2S dxdp = g1-2sT1 =) / FX)Lf (x) dx.
o Jn I'(s) Jn
Then, applying Theorem 1.5, we get
/Nf(X)ES(X)dX > Cz(n,m,S)/Nfz(V,Z)WS(V, z)dvdz,

and the conclusion follows. [ |

Remark 4.9. It would be interesting to get an inequality of the form

o
| [ 1vut oot axdo = coum,s) [ udix x> d,
0 N N

with sharp constant. Unfortunately, the weight function w,(x), though it has the right
homogeneity, does not simplify to yield |x|~2%, even in the case of the Heisenberg group.
Recall that in the Euclidean setting

n+s

|x|” 2

wy(x) = = C(n,s)|x|”%,

x|~ s [x| s
with a precise constant C(n, s) yielding the sharp Hardy inequality.

In the case of the Heisenberg group, we have

—Q+2s

Yz, t) = / 1, DIz, 05,07 d¢ dt = [(z, )" "1y (7, 1),
Hn

where |Z/|* 4+ t? = 1. Using the Cayley transform (see for instance [42]), it is easy to see

that the above integral is equal to a constant times

(1 +1217)% + t’z)‘“‘*/ L= ¢RI = g )4 £y )2 e

S2n+1

where A = 2(n + 1) — 2s,y = n+ 1 + s and 7 is the Cayley transform of (z/,t’). A sharp
upper bound for the above integral would lead to a Hardy inequality with homogeneous
weight |(z, t)|%5.
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Remark 4.10. In Theorem 1.5, the weight function w(x) is optimal in the following

sense: if w, > w; is another weight function for which

I'(l—-s)

o
/ / IVux, p)[* 0" ~# dxdp = 2%
o Jn L (s)

Cy,(n,m, S)/ u?(x, 0)w(x) dx

then w, = w,.

To see this, consider

212 F(lf( 5 )Cz(n m, s)/(w (x) — wy(x)u?(x,0) dx
5/ /|Vu(x,p)|2p1—25dxdp—21—25M02(n,m,s)/ w,(x)u?(x, 0) dx.
o Jn [(s) N

In view of the identity (4.12), we have
_ © | Vu(x, vw(x, p) [*

[ @00 - w0 dx < [ [ |TEEK TP

N o Jn

o7 %ul(x, p)dxdp (4.13)
u(x, p) w(x, p)

where
w(x, p) = C;(n,m,s)p>ps x| - |74 % gy (x).
Let ¢, = Cy(n, m, $)pg * | - | 7225, as in the proof of Theorem 1.5. It is clear that ¥4 (x) <
_a - 1 2 1 2
C|x|~ 275, By defining Ws( ) = = YsXx/<1 and wé ) — = YsX|x|>1 We see that ¥, = ( )4 w( )

LY(N)+IP(N) for p > £5-.
also in LY (V) + LP(IV). Let

Consequently, C,(n, m,s)p% * @5, ,(X) — Y5(x) for a.e. x and

Ur(x, p) = Cy(n, m, $)np* [ ¥, * @s,0] (),

with 7, as in the proof of Theorem 1.5. Then, u,(x,0) = n ¥ (x) — V¥4 (x) as k — oo.

Let us now take u = u in the inequality (4.13). As k — oo the left-hand side
converges to fN(ﬁ/S(X) — wy(x))Yg(x) dx. On the other hand, as uy(x,p) = nw(x, p) it
follows that \Vuk(x, o) — M V(x, ,0)|2 — 0 as k — oo. Consequently, the right-hand side

tends to 0, proving w, = wy, as ¥,(x) > 0.
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