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Moiré induced topology and flat bands in twisted bilayer WSe2: A first-principles study
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We study the influence of strong spin-orbit interaction on the formation of flat bands in relaxed twisted bilayer
WSe2. Flat bands, well separated in energy, emerge at the band edges for twist angles θ near 0◦ and 60◦. For
θ near 0◦, the interlayer hybridization together with a moiré potential determines the electronic structure. The
bands near the valence band edge have nontrivial topology, with Chern numbers equal to +1 or −1. We propose
that the nontrivial topology of the first band can be probed experimentally for twist angles less than a critical
angle of 3.5◦. For θ near 60◦, the flattening of the bands arising from the K point of the unit cell Brillouin zone
is a result of atomic rearrangements in the individual layers. Our findings on the flat bands and the localization
of their wave functions for both ranges of θ match well with recent experimental observations.
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I. INTRODUCTION

Twisted bilayer transition metal dichalcogenides (TMDs)
have recently gained attention as potential platforms for host-
ing correlated phases and novel excitonic properties [1–20].
The absence of a “magic angle” in twisted TMDs [21–25]
makes the experimental realization of flat bands [1,2] eas-
ier compared with twisted bilayer graphene. Large spin-orbit
coupling can strongly influence the electronic structure of the
moiré superlattice (MSL) and cause the bands to have nontriv-
ial topological character. Within the TMD family, WSe2 is a
prototypical example with large spin-orbit coupling, making
twisted WSe2 bilayers (tWSe2) especially interesting.

Recent spectroscopic imaging and transport measurements
in tWSe2 show evidence of flat bands [1,2,26]. As we dis-
cuss in detail in this Research Letter, the flat bands at the
valence band (VB) edge in the MSL of tWSe2 arise from
the bands near the K points of the unit cell Brillouin zone
(UBZ), unlike in other TMDs such as MoS2. The origin and
electronic structure of the flat bands arising from the K point
are different from those due to the � point; the latter are
primarily determined by the interlayer hybridization, whereas
the former are a result of the “moiré potential,” the additional
effective potential generated due to the relaxation of the atoms
upon twisting. The spin character of the flat bands is deter-
mined by the spin-valley locking in WSe2. Due to the large
spin-orbit splitting and the spin-valley locking at the K or K ′
valley, tWSe2 is a good platform for exploring opportunities
for spintronics as well as valleytronics.

Most theoretical studies on tWSe2 to date [27–32] have
been based on continuum models [33,34]. In this Research
Letter, we study flat bands in the relaxed MSL of tWSe2 using
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density functional theory (DFT). We focus our study on twist
angles θ near 0◦, ranging from 7.3◦ to 1.89◦, and near 60◦,
ranging from 52.7◦ to 58.11◦. We find several well-separated
flat bands near the band edges in tWSe2 for both ranges of θ .
The spin-orbit splitting of the monolayer bands is preserved in
tWSe2. Both the moiré potential and the interlayer hybridiza-
tion govern the electronic structure of tWSe2 with θ near 0◦;
in contrast, the flat bands in tWSe2 with θ near 60◦ primarily
result from the moiré potential alone. Flat bands near the VB
edge for θ near 0◦ are topologically nontrivial [33]. This stems
from the nonzero Berry curvature at the K valleys of the UBZ.
We fit the bands to the continuum model [33]; the obtained
parameters thus include the effect of structural relaxation of
the MSL. We also find flat bands arising from the � point
of the UBZ inside the VB continuum for both ranges of θ .
The spatial localization of these flat bands is in excellent
agreement with recent scanning tunneling microscopy (STM)
measurements [1].

We note that larger deviations of θ from 0◦ or 60◦ lead to
smaller moiré supercells. In such systems, the effect of kinetic
energy is more prominent compared with the moiré effect, and
the bands in the moiré Brillouin zone (MBZ) are primarily a
result of the band folding. Conversely, the closer θ is to 0◦ or
60◦, the larger the moiré supercell, and the flatter the bands,
increasing the possibilities for interesting strong correlation
phenomena, with scope for additional richness in the presence
of bands with nontrivial topology. Hence we focus in this Re-
search Letter on tWSe2 with θ near 0◦ and 60◦. It is to be noted
that 30◦ tWSe2 can give rise to quasicrystalline order [35,36],
and we hope to study such systems in the future.

Our electronic structure calculations were performed using
the atomic-orbital basis as implemented in the SIESTA pack-
age [37]. The commensurate tWSe2 structures are generated
using the TWISTER code [21] and relaxed using classical force
fields as implemented in Large-Scale Atomic/Molecular Mas-
sively Parallel Simulator (LAMMPS) [38–41] (for other details,
see Supplemental Material (SM) [42]). The relaxation patterns
agree well with previous studies on other TMDs [22,43–45].

2469-9950/2022/105(8)/L081108(6) L081108-1 ©2022 American Physical Society

https://orcid.org/0000-0001-9329-6434
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.105.L081108&domain=pdf&date_stamp=2022-02-17
https://doi.org/10.1103/PhysRevB.105.L081108


KUNDU, NAIK, KRISHNAMURTHY, AND JAIN PHYSICAL REVIEW B 105, L081108 (2022)

FIG. 1. (a) Band structure of 2.28◦ tWSe2 along the path �M-
MM-KM-�M with the VB maximum set to zero. (b) Bands near the
VB edge along the path KM-MM-K ′

M. The spin orientations of the
first two bands, each doubly degenerate, are indicated by red and
blue arrows. The pink dashed lines represent the band structure of
the relaxed-MSL monolayer. For ease of viewing, the VB maximum
of the monolayer has been set to −4 meV. (c) Variation of EW

(brown line) and E12 (purple line) with θ . (d) Variation of Si j with
energy. The red and blue lines represent spin-up and spin-down
states, respectively.

MSLs with θ near 0◦ consist of regions with three high-
symmetry stackings: AA, AB, and BA (also known as 3R,
BW/Se, and BSe/W, respectively), as well as bridge (Br) regions
(the transition regions from one such stacking to another;
see SM [42]). MSLs with θ near 60◦ consist of three other
high-symmetry stackings: AA′, A′B, and AB′ (also known
as 2H, BSe/Se, and BW/W, respectively), as well as the bridge
(Br) regions. We have performed separate calculations of
WSe2 bilayers with the above high-symmetry stackings, using
DFT [46–50] as well as GW techniques [42,51–54], and find
the VB maximum to be at the K point of the UBZ. It is to
be noted here that the relative positions of the VB edge at �

and K and hence the position of the VB maximum in bilayer
WSe2 depend strongly on the interlayer separation [42,55–
57]. Recently, there has been a study which suggests that the
flat bands in tWSe2 at the VB edge are due to the � point of
the UBZ [58]. Nevertheless, experimental findings on tWSe2

show that the bands at the VB edge arise from the K point of
the UBZ, and we find the same.

II. ELECTRONIC STRUCTURE OF tWSe2 WITH θ NEAR 0◦

Figure 1 presents our results for the band structures of
tWSe2 for θ near 0◦. For such θ values, bands near the KM

point of the moiré MBZ (subscript M denotes k points in
the MBZ) arise from the monolayer bands near the K and K ′
points of the UBZ of the two layers. The zone folding relation
is illustrated in Fig. 2(a). As the monolayer VB maxima at
the K and K ′ points have antiparallel spins, the VB maximum
at the KM point is doubly degenerate, with antiparallel spins.
Figure 1(a) shows the bands for the 2.28◦ tWSe2. Twofold
degenerate bands with opposite spins are evident near the
VB edge (V1, V2, and V3). These first few VBs are shown
along the path KM-MM-K ′

M in Fig. 1(b). There is always a
gap between V1 and V2, even at the MM point, due to the
interlayer hybridization [Fig. 1(b)]; this is clear from the fact
that the bands for the relaxed-MSL monolayer (i.e., without

FIG. 2. (a) Schematic of the folding relation of the UBZ to the
MBZ for tWSe2 with θ near 0◦. The small black hexagon represents
the MBZ, and the red and blue hexagons represent the UBZ for the
two layers, respectively. The K and K ′ points in all the Brillouin
zones are shown. The subscripts 1 and 2 stand for the two layers.
(b) Same as above for tWSe2 with θ near 60◦.

interlayer interaction but with the structural relaxation effects
of the MSL included) along the same path [pink dashed lines
in Fig. 1(b)] show a band crossing at MM.

To study the topological aspects of the band structure, we
have calculated the Chern number Cn for the first few bands
near the VB edge. As the bands are doubly degenerate with
antiparallel spin, we differentiate between the flat bands by
following the spin. For this purpose we calculate the expecta-
tion value of the Pauli matrices for the first few bands at the
VB edge and find that 〈σz〉 is approximately ±1 and 〈σx〉 and
〈σy〉 are nearly zero. We consider the band with 〈σz〉 = +1
(−1) as the spin-up (spin-down) band. We generate the Bloch
wave functions using DFT on a regular k grid in the MBZ
and compute the Cn’s [42,59,60]. The larger θ is, the denser
is the k grid we have used. For θ = 1.89◦, we compute the
Cn using a 6 × 6 k grid in the MBZ and the Cn are +1, +1,
and +1, respectively, for the V1, V2, and V3 spin-up bands.
For 2.28◦ � θ > 4.4◦, Cn are +1, +1, −1 for V1, V2, and
V3, respectively. For θ � 4.4◦ we report Cn for the first two
isolated bands (+1 for both V1 and V2) only. The spin-down
bands have Cn’s with opposite signs. It is important to note
that the first band is topologically trivial when calculated for
unrelaxed tWSe2, and the second band overlaps with other
bands. The θ variation of the bandwidth of V1 (EW ) and the
minimum energy gap between V1 and V2 (E12) are shown
in Fig. 1(c). While EW increases monotonically with θ , E12

becomes negative at 3.5◦. While nonzero Cn is found for a
large range of θ , the negative E12 limits the range of angles
for observing quantum spin-Hall insulating states of the first
band in tWSe2 [61,62]. Furthermore, the quantum spin-Hall
state can be probed for the first two bands till 4.4◦. We have
compared our DFT results with the continuum model [33].
While the latter gives the Chern number of the first two bands
consistent with DFT for all θ , it is unable to describe the
DFT-calculated Cn of the third band [42].

Figure 1(a) also shows six split-off bands (C1) near the
conduction band (CB) edge. These bands are degenerate at �M

with three having spin up and other three having spin down.
The Q valley of the UBZ gives rise to these bands near the
CB minima in the MBZ. The bands near the CB minima at
alternate Q points of the UBZ have antiparallel spins. This
determines the spin character of C1 as well as of the next set
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FIG. 3. (a), (b), and (c) [(d), (e), and (f)] Distribution of
|ψ�M (r)|2 [|ψKM (r)|2] averaged along the out-of-plane (z) direction
for the V1, V2, and C1 bands for θ = 2.28◦ tWSe2. (g) Moiré
potential (in eV) of the relaxed-MSL monolayer. (h) LDOS (normal-
ized) of the first flat band arising from the � point of the UBZ. (i)
LDOS of the V1 states arising from the K point of the UBZ. The
high-symmetry stacking regions are as marked in (a).

of bands near the CB minimum in the MBZ, which are also
sixfold degenerate at �M.

In order to clarify the nature of the spin-orbit splitting
in the MSL, we have calculated the matrix elements of the
spin-raising or spin-lowering operator S±(= Sx ± iSy): Si j =
〈ψKM

i |S±|ψKM
j 〉 where ψ

KM
i and ψ

KM
j are two wave functions

at the KM point of the MBZ. We calculate the Si j for i cor-
responding to the two highest energy states of the VB edge
(at the KM point) and for j corresponding to the states within
the energy range 0–500 meV below. We find states 436 meV
below the VB maximum for which Si j is large [Fig. 1(d)]. This
implies that the atomic spin-orbit splitting remains essentially
unchanged in MSLs.

Wave-function localization. Next, we discuss the localiza-
tion of the wave functions of the bands mentioned above,
using false-color plots of the probability |ψk(r)|2 inside the
MSL, for special choices of k. (The localization characteris-
tics vary with the choice of k.) Figures 3(a) and 3(b) depict
the localization of the wave functions corresponding to V1
and V2, respectively, at the �M point; the V1 wave function
shows a hexagonal pattern avoiding AA stacking regions and
occupying the AB and BA regions, while the V2 wave func-
tion is localized in the AA regions. Figures 3(d) and 3(e) show
the localization of V1 and V2 at KM for one spin orienta-
tion (say, spin down); V1 localizes on AA and AB regions,
while V2 does so on BA regions. At KM, the localization of
the other spin (spin up, not shown) is complementary; V1
localizes on AA and BA regions, and V2 localizes on AB
regions. Figures 3(c) and 3(f) depict the localization of the
C1 wave functions at �M and KM, respectively. In both cases,
C1 localizes on AB and BA regions as the CB minimum at
the Q valley in the UBZ has the lowest energy for AB and BA
stackings.

A complimentary picture of the localization is provided
by the coarse-grained “moiré potential” VM [22] of a relaxed-
MSL monolayer. The coarse-grained potential is obtained by
averaging the potential in a Voronoi cell centered at the W
atoms (xW , yW ) in each layer:

VM (xW , yW ) =
∫
�Vor (xW ,yW ) V (x, y, z)dr

�Vor(xW , yW )
− V̄ . (1)

Here, V (x, y, z) is the local potential obtained from the DFT
calculation, and V̄ is its mean. Figure 3(g) depicts the moiré
potential of one of the layers. The variation of the potential
is driven by the strain and relaxation patterns. The resulting
VM shows an alternate arrangement of maxima and minima
in a hexagonal shape centered on the AA regions. The other
layer has a similar pattern with the positions of maxima and
minima interchanged. The moiré potential along with the in-
terlayer hybridization determines the electronic structure of
the relaxed MSL of tWSe2 for θ near 0◦.

Comparison with experiment. STM images of 3◦ tWSe2 [1]
showed signatures of flat bands derived from the � point of the
UBZ and the local density of states (LDOS) corresponding to
these bands. We find flat bands arising from the � point of
the UBZ inside the VB continuum [42]. The LDOS associated
with these �-derived states localizes strongly on AB, BA, and
Br regions, forming a hexagonal pattern [Fig. 3(h)]. This is in
excellent agreement with the STM image of the �-derived flat
band [1]. In contrast, the LDOS of V1, which arises due to
the K point of the UBZ, and is shown in Fig. 3(i), is delocal-
ized in the moiré unit cell, also consistent with experimental
findings [1].

III. ELECTRONIC STRUCTURE OF tWSe2

WITH θ NEAR 60◦

We next discuss our findings for the electronic structure
and the wave functions of the relaxed MSLs obtained for θ

near 60◦.
Figure 4(a) depicts the band structure for the 57.72◦ MSL,

with the bands near the VB and CB edges being shown more
clearly in Figs. 4(b) and 4(c). Several well-separated flat bands
emerge at the VB edge [Fig. 4(b)]. These bands are fourfold
degenerate at the �M point of the MBZ and split into two sets
of twofold degenerate bands at the KM point, with the spins
of each set being parallel to each other [inset of Fig. 4(a)] but
antiparallel to the spins of the other set. This is because the
first set of bands at the KM point of the MBZ arise from the VB
maxima at the K points of the UBZ of the two layers, which
have the same spin. The second set of bands with the opposite
spin at the KM point arises from the VBs at the K ′ (modulo
a reciprocal lattice vector of the MSL) point of the UBZ of
the two layers. This folding relation is shown in Fig. 2(b). The
bands at the VB edge for θ near 60◦ are topologically trivial.
The flat bands at the CB edge are nearly 12-fold degenerate
[Fig. 4(c)] (two sets of sixfold degenerate bands with ∼4 meV
separation) and originate from the doubly degenerate bands
with antiparallel spins at the Q valley of the UBZ.

To further clarify the spin character of the bands, the V1
and V2 bands near the VB edge are shown along the path
KM-MM-K ′

M in the MBZ in the inset of Fig. 4(a). As can be
seen, the two sets comprising the V1 bands cross each other
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FIG. 4. (a) Band structure of 57.72◦ tWSe2. The VB maximum
is set to zero. Inset: Bands near the VB edge along the KM-MM-K ′

M

path. The spin characteristic of the first two bands is shown in red
and blue. (b) and (c) Bands near the VB and CB edges in (a) for the
relaxed-MSL bilayer (black lines) and the relaxed-MSL monolayer
(pink dashed lines). The VB maxima and CB minima are set to zero
as appropriate. (d) EW and E12 vs the twist angle θ . (e) Si j vs energy
for spin-up (red) and spin-down (blue) states.

at the MM point of the MBZ and have opposite ordering at
the K ′

M point. Figure 4(d) shows the variation with θ of the
energy gap EW at the KM point between these two sets of bands
(brown line) and of the minimum energy gap between V1 and
V2 (E12) (purple line). As can be seen from the figure, E12 be-
comes negative for θ � 54.9◦, and EW , which also denotes the
bandwidth of V1 as both the maximum value and minimum
value of V1 are at KM, decreases with increasing MSL size. It
is worth emphasizing that EW is not a spin-orbit splitting but
arises due to band folding. This becomes evident if we look for
the atomic spin-orbit partner of the V1 state at the KM point
by calculating the matrix elements Si j as discussed before. We
find large Si j for states ∼440 meV below the corresponding
states at the VB edge [Fig. 4(e)].

Wave-function localization. The localization of the wave
functions at the �M point of the MBZ for the flat bands labeled
V1, V2, and V3 in Fig. 4(b) is depicted in Figs. 5(a)–5(c),
and that for the CB minimum [C1 in Fig. 4(c)] is depicted
in Fig. 5(g). We find that V1 localizes on the AA′ stacking
regions, whereas V2 and V3 localize on the A′B and AA′

stacking regions, respectively. This is qualitatively different
from what happens in other twisted homobilayer TMDs [21].
C1 has a very small dispersion (<1 meV) and localizes
strongly on the AB′ stacking regions.

Comparison with relaxed monolayer. Some insight into the
various features of the above band structure can be obtained
by noting that the local stacking at any given point of the
tWSe2 MSL with θ near 60◦ preserves the inversion symmetry
as seen in the high-symmetry stackings: AA′, AB′, and A′B
(see SM [42]). This inversion symmetry, together with time-
reversal symmetry, makes the effective interlayer interaction
zero at the K point of the UBZ [33]. It is also responsible
for the trivial topology of these bands. In view of this, and
the fact that the flat bands near the VB edge arise from the
K point of the UBZ, we have studied the electronic structure
of the relaxed-MSL monolayer. The results are shown as pink
dashed lines in Fig. 4(b) (VB edge) and Fig. 4(c) (CB edge).
Clearly, the flat bands near the VB edge originating from

FIG. 5. (a), (b), and (c) [(d), (e), and (f)] Depiction of |ψ�M (r)|2
averaged along the out-of-plane (z) direction for V1, V2, and V3 (see
Fig. 4) bands from the relaxed-MSL bilayer (relaxed-MSL mono-
layer) for θ = 57.72◦ tWSe2. (g) Depiction of |ψ�M (r)|2 averaged
along the z direction for the C1 band of the relaxed-MSL bilayer for
θ = 57.72◦ tWSe2. (h) Moiré potential (in eV) for the relaxed-MSL
monolayer. (i) LDOS for bands arising from the � point of the UBZ.

the bilayer MSL are remarkably similar to those from the
relaxed-MSL monolayer, with close agreement with respect
to the dispersion of the bands, as well as the separation be-
tween them. This implies that the flat bands near the VB edge
originate primarily from the in-plane strains and not from
the interlayer hybridization. The first three wave functions at
the VB edge of the relaxed-MSL monolayer are depicted in
Figs. 5(d)–5(f), and they look the same as those of the MSL
bilayer. On the other hand, the flat bands at the CB edge are
derived from the Q valley of the UBZ. Although the interlayer
hybridization is nonzero at the Q valley, the bands near the CB
edge of bilayer MSL and of the relaxed-MSL monolayer also
agree very well. Furthermore, the CB edge wave function at
the �M point of the relaxed monolayer localizes at the same
stacking regions as that of the full MSL.

In order to further understand the wave-function local-
ization, we have computed the moiré potential VM of the
relaxed-MSL monolayer [Fig. 5(h)]. VM has maxima at the
AA′ and A′B regions and minima at the AB′ regions, which
is consistent with the holes localizing at AA′ and A′B and the
electrons localizing at AB′. Hence, in the case of tWSe2 with θ

close to 60◦, a relaxed-MSL monolayer is sufficient to account
for the electronic properties of the MSL if one is interested in
the first few bands at the band edges.

Flat bands arising from the � point of the UBZ. The
monolayer band states near the � point of the UBZ also give
rise to flat bands in the MBZ. The flat band at 129 meV below
the VB maximum [marked as V� in Fig. 4(b)] is the topmost
such band. This band has a bandwidth <1 meV, and its wave
function localizes strongly on the AA′ regions, similar to the
findings in twisted MoS2 [21,22]. The localization is consis-
tent with the ordering of the VBs at the � point in the UBZ
of the different high-symmetry stacking bilayers [42]. This
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V� band is twofold degenerate and has charge density in the
interlayer region, unlike the states arising from the K point of
the UBZ. The LDOS corresponding to the state at the �M point
of this band is shown in Fig. 5(i). STM studies on 57.5◦ tWSe2

find �-derived bands localized on AA′ stacking [1] regions.
Our findings on the nature and localization of the �-derived
flat band are thus in excellent agreement with the STM results.

IV. CONCLUDING COMMENTS

In this Research Letter we have presented an extensive
study of the formation of flat bands in tWSe2 for θ near 0◦
as well as 60◦, including the localization characteristics of
the wave functions of these bands, using DFT. Our study
includes the strong spin-orbit coupling present in this sys-
tem, as well as the atomic rearrangements arising from the
relaxation of the rigidly rotated bilayer system. We find topo-
logically nontrivial bands for tWSe2 near 0◦, where interlayer
hybridization together with the moiré potential determines the
electronic structure. For θ near 60◦, the moiré potential of the
relaxed-MSL monolayer alone can account for the electronic
structure and the localization characteristics of the first few

flat bands at the band edges. Furthermore, we have identified
another set of flat bands arising from the � point of the
UBZ. Our findings are in excellent agreement with recent
STM experiments. We believe that our study provides generic
insights into the nature of flat bands in twisted TMD bilayers
with strong spin-orbit interactions. The K-derived flat bands
at the VB edge should prove especially valuable for investi-
gating the spin-valley physics in twisted homobilayer TMD
systems.
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