Journal of Functional Analysis 282 (2022) 109413

Contents lists available at ScienceDirect =
Journal of Functional Analysis
www.elsevier.com/locate/jfa
An extension problem and Hardy’s inequality for )
the fractional Laplace-Beltrami operator on

Riemannian symmetric spaces of noncompact type

Mithun Bhowmik **, Sanjoy Pusti”

2 Department of Mathematics, Indian Institute of Science, Bangalore-560012, India
P Department of Mathematics, IIT Bombay, Powai, Mumbai-400076, India

ARTICLE INFO ABSTRACT
Article history: In this paper we study an extension problem for the Laplace-
Received 30 December 2020 Beltrami operator on Riemannian symmetric spaces of non-

Accepted 18 January 2022
Available online 3 February 2022
Communicated by P. Delorme

compact type and use the solution to prove Hardy-type in-
equalities for fractional powers of the Laplace-Beltrami oper-
ator. Next, we study the mapping properties of the extension

MSC: operator. In the last part we prove Poincaré-Sobolev inequal-
primary 43A85 ities on these spaces.

secondary 26A33, 22E30 © 2022 Elsevier Inc. All rights reserved.
Keywords:

Hardy’s inequality

Fractional Laplacian
Extension problem
Riemannian symmetric spaces

1. Introduction

In recent years there has been intensive research on various kinds of inequalities for
fractional order operators because of their applications to many areas of analysis (see for
instance [8,19,40] and the references therein). The classical definitions of the fractional
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operator in terms of the Fourier analysis involve functional analysis and singular inte-
grals. They are nonlocal objects. This fact does not allow to apply local PDE techniques
to treat nonlinear problems for the fractional operators. To overcome this difficulty, in
the Euclidean case, Caffarelli and Silvestre [11] studied the extension problem associated
with the Laplacian and realized the fractional power as the map taking Dirichlet data
to the Neumann data. On a certain class of noncompact manifolds, this definition of the
fractional Laplacian through an extension problem has been studied by Banika et al. [6].

In the first part of this article we will concern with the Hardy-type inequalities for
For 0 < s < n/2 and f € C*(R"™), the Hardy’s inequality for fractional powers of the
Laplacian states the following

the fractional operators. Let Agn = Y denote the Euclidean Laplacian on R”.

- 2 n—2s)2
/ |J|ti2)s| dx < 43%«—&1&")% f) (1.1)
B 1

This is a generalization of the original Hardy’s inequality proved for the gradient Vgn
of f: for n > 3,

(n—2 [|f(@)P
4 |z[?

R~

de < / Ve f(2)[2 dz, for f € Co(R™). (1.2)
Rn

The constant appearing in the equation (1.1) is sharp [7,28,42]. It is also known that the
equality is not obtained in the class of functions for which both sides of the inequality
(1.1) are finite. Using a ground state representation, Frank, Lieb, and Seiringer gave a
different proof of the inequality (1.1) when 0 < s < min{1,n/2} which improved the pre-
vious results [19]. There is another version of Hardy’s inequality where the homogeneous

|72s

weight function |z is replaced by non-homogeneous one:

|f (@)? ST (2F) s
/m dr < 4 W 6 ((=Arn)°f, f), 6> 0. (1.3)

R~

Here also the constant is sharp and equality is achieved for the functions (§2 +
|z|?)~("=2)/2 and their translates [10].

Generalization of the classical Hardy’s inequality (1.2) to Riemannian manifolds was
intensively pursued after the seminal work of Carron [12], see for instance [9,18,29—
31,43]. In [12], the following weighted Hardy’s inequality was obtained on a complete
noncompact Riemannian manifold M:

o C+a—-1\> [ ¢
[ 1950 dv, = (72 ) %
M

M
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where ¢ € C*(M —n=1{0}), a € R, C > 1, C+a—1> 0 and the weight function 7
satisfies [Varm| = 1 and |Apmn| > C/n in the sense of distribution. Here Vg, dv, denote
respectively the Riemannian gradient and Riemannian measure on M. In the case of
Cartan-Hadamard manifold M of dimension N (namely, a manifold which is complete,
simply-connected, and has everywhere non-positive sectional curvature), the geodesic
distance function d(x,zg), where xp € M, satisfies all the assumptions of the weight n
and the above inequality holds with the best constant (N — 2)2/4, see [31]. Analogues
of Hardy-type inequalities for fractional powers of the sublaplacian are also known, for
instance, the work by P. Ciatti, M. Cowling and F. Ricci for stratified Lie groups [14].
There the authors have not paid attention to the sharpness of the constants. Recently, in
[38], Roncal and Thangavelu have proved analogues of Hardy-type inequalities with sharp
constants for fractional powers of the sublaplacian on the Heisenberg group. For recent
results on the Hardy-type inequalities for the fractional operators we refer [10,21,37,39].

Our first aim in this article is to prove analogues of Hardy’s inequalities (1.1) and
(1.3) for fractional powers of the Laplace-Beltrami operator A on Riemannian symmetric
space X of noncompact type of arbitrary rank. We have the following analogue of Hardy’s
inequality in the non-homogeneous case.

Theorem 1.1. Let 0 < 0 < 1 and y > 0. Then there exists a constant C, > 0 such that
for F € H°(X)

|F ()]

F(z)]?
—AYFE F) > C,y* | dz + L AN

(y* + |z]?)
{z:|z|2+y2 <1} {22 +y2>1}
Remark 1.2. In contrast with the inequality (1.3) for the Euclidean space, we get an
improvement in the theorem above. This comes as a consequence of the geometry of the
symmetric space. In the following theorem also we get similar improvement.

For the homogeneous weight function, we prove the following analogue of Hardy’s
inequality on X.

Theorem 1.3. Let 0 < ¢ < 1. Then there exists a constant C! > 0 such that for F €
O (X)

F(x)? F(x)?
(~A)F,F) > Cl, / |:C(|€l da + / |;”|’2| de
{z:|z|<1} {z:|z|>1}

Remark 1.4. When the underlying Lie group is complex we have obtained the sharp
constant for the inequality in Theorem 1.1 with an explicit weight and the equality
is achieved for a particular function (see Theorem 4.8). Similarly, we have an explicit
constant corresponding to Theorem 1.3 (see Theorem 4.9).
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In [10,37] solutions of the extension problem were used to prove a trace Hardy in-
equality, from which Hardy’s inequality follows. The operators treated there are of the
form L = Z;nzl ij where the vector fields X; satisfy Hormander’s condition. But in
our case the operator A is not of the form. Therefore, we could not use these results to
prove Hardy’s inequality for A. Instead, we use solutions of the extension problem in
combination with ground state representation method to prove our result [19,38].

Given o € (0,1), the fractional Laplacian (—Ag»)? on R™ is defined as a pseudo-
differential operator by

F((~Ar»)7f) () = [ Ff(€), €€R™,

where F f is the Fourier transform of f given by
F1(©) = @0 [ fa) e do, ¢ R
R~

It can also be written as the singular integral

(—Agn)7 f(z) = cnﬁgp.v./% dy,
Rn

where ¢, , is a positive constant. Caffarelli and Silvestre have developed in [11] an
equivalent definition of the fractional Laplacian (—Ag»)?,0 € (0,1), using an extension
problem to the upper half-space ]R:L_H. For a function f : R™ — R, consider the solution
u: R™ x [0,+00) = R of the following differential equation

(1—-20)0u  0%u
- = ; 1.4
y Oy Oy 0 y>0; (L4)

u(z,0) = f(z), =e€R™

Then the fractional Laplacian of f can be computed as

4 TI(o) . 9, 0U
o 2O = — 20—-1 1 207.
CAR) S = =2 g B gy

The Poisson kernel for the fractional Laplacian (—Ag»)? in R™ is

y20'

K, (z,y) =cnor—5——F7
() = e s g2y

and then u(x,y) = f *gn K. Therefore

op_ 9201 _L(0) 4900
(—Agn)7f = -2 1mylgg+yl 2 8_y(f wre Ko) ().
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Later, Stinga and Torrea [40] showed that one can define the fractional Laplacian on a
domain 2 C R™ through the extension (1.4) using the heat-diffusion semigroup generated
by the Laplacian Ag provided that the heat kernel associated with Ag exists and it sat-
isfies some decay properties. Since the heat kernel on general noncompact manifolds has
been extensively studied depending on the underlying geometry, Banica et al. in [6] take
this approach to define the fractional Laplace-Beltrami operator on some noncompact
manifolds which in particular, include the Riemannian symmetric spaces of noncompact
type. Let d be a Riemannian metric on a Riemannian symmetric space X and let A be
the corresponding Laplace-Beltrami operator on X. Also, let g be the product metric
on X x R* given by g = d + dy?. For o > 0, let H(X) denote the Sobolev space on X
(defined in Section 2). In [6, Theorem 1.1], the following result is proved.

Theorem 1.5 (Banica; GonZalez; Sdez). Let o € (0,1). Then for any given f € H°(X),
there exists a unique solution of the extension problem

(1-20)0u 0%
Au—f—iy By +82

u(z,0) = f(z), ze€X.

=0, y>0 (1.5)

Moreover, the fractional Laplace-Beltrami operator on X can be recovered through

(~8)°f(o) = 2o s i o G ), (1.6

The following theorem gives an alternative expression of a solution of the extension
problem (1.5), which will be useful for us. The proof is similar to [6, Theorem 3.1], [40,
Theorem 1.1].

Theorem 1.6. Let f € Dom(—A)?. A solution of (1.5) is given by

1 7 2 dt
- —yt/A 2 1
(o) /e (x)e s (1.7)
0

and u is related to (—A)° f by the equation (1.6). Moreover, the following Poisson for-
mula for u holds:

w(z,y) /f 7 (L) d¢ = (f * P7) (), (1.8)

where

o — Y —y?/4t dt
Pi(e) = T / ) eV (1.9)
0
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Fig. 1. (a) Euclidean (b) Symmetric spaces.

All these identities in the theorem above are to be understood in the L? sense. The
mapping properties of the Poisson operator P, on R™ which maps boundary value f to
the solution w of the extension problem (1.4) were studied by Méllers et al. [35]. In the
same paper, the authors have also obtained a similar result for Heisenberg groups. On
the Euclidean spaces, they proved the following

Theorem 1.7 (Mdllers; Orsted; Zhang). Let 0 < o < 5. Then

(1) P, : H7(R™) — HY/2(R"™ x R*) is isometric up to a constant.
(2) P, extends to a bounded operator from LP(R™) to LY(R™ x R,.), for 1 < p < co and
q="p (Fig. 1, (a)).

2n
n—2o

2n+2

=nL= there exists

In [13], Chen proved that for particular values p = and q =

a sharp constant C' such that

| Po fllLarny < Cllflle®ny, for f € LP(R™),

and the optimizer of this inequality are translations, dilations and multiples of the func-
tion

f(x) = (1+[a) 2"

Our second main aim in this article is to study the mapping properties of the “Poisson
operator” T, given by

Tof(z,y)=f*P), v€X,y>0, (1.10)
which maps f to the solution u of the extension problem (1.5) related to the Laplace-
Beltrami operator on Riemannian symmetric spaces of noncompact type. The following
analogue of Theorem 1.7 is our main result in this direction.

Theorem 1.8. Let dim X =n and 0 < o < 1. Then

(1) T, : H7(X) — H°TY2(X x Ry) is isometric up to a constant.
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(2) T, extends to a bounded operator from LP(X) to L9(X x Ry), for 1 < p < oo and
p<q< "T'Hp; and from L'(X) to LY(X), for1 < ¢ < "T'H (Fig. 1, (b)).

Remark 1.9. In contrast with Theorem 1.7 on Euclidean space, the exponents p, ¢ in The-
orem 1.8 on X can vary over a much larger region (see Fig. 1). This striking phenomenon
comes as a consequence of the Kunze-Stein phenomenon. The Kunze-Stein phenomenon,
proved by Cowling [16] on connected semi-simple Lie groups G with finite center, says
that the convolution inequality

L*(G) * LP(G) c L*(@G),

holds for p € [1,2). We use the following generalized version [17, Theorem 2.2, (ii)]: let
ke LY(X), for 1 <g<2andlet1l<p<gq. Then the map f — f*k is bounded from
LP(X) to L9(X). We note that the above inequalities on Euclidean space are only valid
forp=1.

An explicit expression of the heat kernel is known for certain symmetric spaces. Using
this we write the precise expression of the kernel PJ in the case of complex and rank
one symmetric spaces.

The final topic we shall deal with here is analogues of the Poincaré-Sobolev inequalities
for the fractional Laplace-Beltrami operator on X. In [34], Mancini and Sandeep proved
the following optimal Poincaré-Sobolev inequalities for the Laplace-Beltrami operator
Agn on the real hyperbolic space H™ of dimension n > 3.

Theorem 1.10 (Mancini; Sandeep). Let n > 3. Then for 2 < p < 7?1’2, there exists
S =8, >0 such that for all u € C*(H"),

1/2
| (=Amn — (0= 1)%/4)) " ullf2grny > Sllullye@n-

In case of real hyperbolic space H? of dimension three, Benguria, Frank and Loss [8]
proved that the best constant S3 in the theorem above is the same as the best sharp
Sobolev constant for the first order Sobolev inequality on H?. Recently, using Green
kernel estimates Li, Lu, Yang [32, Theorem 6.2] proved the following Poincaré-Sobolev
inequalities for the fractional Laplace-Beltrami operator Ay~ on H™.

Theorem 1.11 (Li; Lu; Yang). Let n > 3 and 1 < o < 3. Then there exists a constant
C =Chop >0 such that

| (~Bme — (= 1%/4) oy > Cull? oo o for we HE (D).

"

For related results and their sharpness, we refer the reader to [33,41]. Our aim in the
final section is to prove an analogue of the Poincaré-Sobolev inequality for the fractional
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Laplace-Beltrami operator A on X which generalizes the above mentioned theorems. The
idea of the proof is to use the estimate of the Bassel-Green-Riesz kernel due to Anker-Ji
[4]. Since we are working on general Riemannian symmetric spaces of noncompact type,
it is difficult to get the explicit values of the constants involve and we do not make
attempt to get the optimal constant. Here is our final result. We refer the reader to the
next section for the unexplained notation used in the theorem below.

Theorem 1.12. Let dim X =n > 3 and 0 < 0 < min{l+2|S§|,n}. Then for2 <p < 2%
there exists S = Sp 5 > 0 such that for allu € H? (X),

I(=A = 1p)7 " ullF2(x) = Sllullax):
2. Preliminaries

In this section, we describe the necessary preliminaries regarding semisimple Lie
groups and harmonic analysis on Riemannian symmetric spaces. These are standard
and can be found, for example, in [20,25-27]. To make the article self-contained, we shall
gather only those results which will be used throughout this paper.

2.1. Notations

Let G be a connected, noncompact, real semisimple Lie group with finite center and
g its Lie algebra. We fix a Cartan involution 6 of g and write g = £ & p where £ and p
are +1 and —1 eigenspaces of 0 respectively. Then ¢ is a maximal compact subalgebra of
g and p is a linear subspace of g. The Cartan involution # induces an automorphism ©
of the group G and K = {g € G | ©(g) = g} is a maximal compact subgroup of G. Let
B denote the Cartan Killing form of g. It is known that B |,«, is positive definite and
hence induces an inner product and a norm |- | on p. The homogeneous space X = G/K
is a smooth manifold. The tangent space of X at the point 0 = eK can be naturally
identified to p and the restriction of B on p then induces a G-invariant Riemannian
metric d on X. For z € X and r > 0, we denote B(xz,r) to be the ball of radius r
centered at x in this metric.

Let a be a maximal subalgebra in p; then a is abelian. We assume that dima = [,
called the real rank of G. We can identify a endowed with the inner product induced
from p with R! and let a* be the real dual of a. The set of restricted roots of the pair
(g, a) is denoted by X. It consists of all & € a* such that

g ={Xeg|[Y.X]=al)X, forallY € a}
is nonzero with m, = dim(g, ). We choose a system of positive roots 3 and with respect

to XT, the positive Weyl chamber a; = {X € a | a(X) >0, forall « € £*}. We also
let X3 be the set of positive indivisible roots. We denote by
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n= @aeer da-

Then n is a nilpotent subalgebra of g and we obtain the Iwasawa decomposition g =
tPadn If N =expnand A =expathen N is a Nilpotent Lie group and A normalizes
N. For the group GG, we now have the Iwasawa decomposition G = K AN, that is, every
g € G can be uniquely written as

g = k(g)exp H(g)n(g), ~(g) € K,H(g) € a,n(g) € N,

and the map
(k,a,n) — kan

is a global diffeomorphism of K x A x N onto G. Let n be the dimension of X then

n=1[0+ Z M.

aext

We always assume that n > 2. Let p denote the half sum of all positive roots counted
with their multiplicities:

,0:% Zmaa.

aext

It is known that the L2-spectrum of the Laplace-Beltrami operator A on X is the half-
line (—oo, —|p|?]. Let M’ and M be the normalizer and centralizer of a in K respectively.
Then M is a normal subgroup of M’ and normalizes N. The quotient group W = M'/M
is a finite group, called the Weyl group of the pair (g, ). The Weyl group W acts on a
by the adjoint action. It is known that W acts as a group of orthogonal transformations
(preserving the Cartan-Killing form) on a. Each w € W permutes the Weyl chambers
and the action of W on the Weyl chambers is simply transitive. Let Ay = expa,. Since
exp : a — A is an isomorphism we can identify A with R!. If A denotes the closure of
A, in G, then one has the polar decomposition G = K AK, that is, each g € G can be
written as

g= kl(eXpY)k:g, ki,ko € K.Y € qa.

In the above decomposition, the A component of g is uniquely determined modulo W.
In particular, it is well defined in A, . The map (ki, a, ko) + kiaks of K x A x K into G
induces a diffeomorphism of K/M x A, x K onto an open dense subset of G. We extend
the inner product on a induced by B to a* by duality, that is, we set

<)‘7M> = B(Y/\’Y/L)7 A€ a, Y)uY;L ca,
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where Y is the unique element in a such that

AY)=BY,,Y), foralY €a.
This inner product induces a norm, again denoted by | - |, on a*,

A= (A NE, Aea.
The elements of the Weyl group W act on a* by the formula
sYy =Y, seW, A€ a”.

Let ag. denote the complexification of a*, that is, the set of all complex-valued real linear
functionals on a. The usual extension of B to ag, using conjugate linearity is also denoted
by B. Through the identification of A with R!, we use the Lebesgue measure on R’ as
the Haar measure da on A. As usual on the compact group K, we fix the normalized
Haar measure dk and dn denotes a Haar measure on N. The following integral formulae

describe the Haar measure of G corresponding to the Iwasawa and polar decomposition
respectively. For any f € C.(G),

G/f(g)dg:K/a/N/f(keprn) e2*Y) dn dY dk

_ / / / F(kraky) J(a) dky da dky,

K A7 K
where dY is the Lebesgue measure on R! and for H € a;
H e
J(expH) =c¢ H (sinha(H))™ =< { H (%) }eQP(H)’ (2.1)
aext aext

where ¢ (in the equality above) is a normalizing constant. If f is a function on X = G/K
then f can be thought of as a function on GG which is right invariant under the action of
K. Tt follows that on X we have a G invariant measure dz such that

/f(z) da = / /f(kepr) J(expY) dY dkyy, (2.2)
X

K/M ay

where dkj; is the K-invariant measure on K/M.
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2.2. Fourier analysis on X

For a sufficiently nice function f on X, its Fourier transform fis a function defined
on ag x K given by

FOuk) = / F(g)e™0HE Bgg N ecan, keK,
G

whenever the integral exists [27, P. 199]. As M normalizes N the function k — f(\, k)

is right M-invariant. It is known that if f € L'(X) then f(\, k) is a continuous function
of A € a*, for almost every k € K (in fact, holomorphic in A on a domain containing a*).
If in addition, f € L!(a* x K, |c(\)|~2 d\ dk) then the following Fourier inversion holds,

flgK) = W] / FOLK) e~ F0HE@TR) |o(\)|~2d\ dk,
a*x K
for almost every gK € X [27, Chapter III, Theorem 1.8, Theorem 1.9]. Here c(\) denotes

Harish Chandra’s c-function. Moreover, f +— f extends to an isometry of L?(X) onto
L*(a% x K, |c(A\)|72 dX dk) [27, Chapter III, Theorem 1.5]:

/ @) de = W] / FOK)P [e(N)] 2 dA d.
X

a*x K

It is known [25, Ch. IV, prop 7.2] that there exists a positive number C' and d € N such
that for all A € a7}

L+ D™ for Al > 1; (2.3)
1+ \), for |\ < 1.

We now specialize in the case of K-biinvariant function f on G. Using the polar decompo-
sition of G we may view a K-biinvariant integrable function f on G as a function on A,
or by using the inverse exponential map we may also view f as a function on a solely
determined by its values on a,. Henceforth, we shall denote the set of K-biinvariant
functions in L'(G) by LY(K\G/K). If f € L*(K\G/K) then the Fourier transform f
reduces to the spherical Fourier transform f(\) which is given by the integral

FOuk) = FO) = / F(9)b-x(g) dg, (2.4)
G

for all k € K where

oA(g) = / e~ (AFAHGTR) g\ e ag, (2.5)
K
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is Harish Chandra’s elementary spherical function. We now list down some well-known
properties of the elementary spherical functions which are important for us ([4, Prop.
2.2.12], [20, Prop. 3.1.4], [27, Lemma 1.18, P. 221]).

Theorem 2.1.

(1) oalg) is K-biinvariant in g € G and W-invariant in X € ag .
(2) oalg) is C* in g € G and holomorphic in X € ag.
(3) The elementary spherical function ¢g satisfies the following global estimate:

¢o(exp H) =< ¢ [ (1 +a(H)) pe ™), forall H € at. (2.6)
aEEg

(4) For all X € a*. we have

[x(9)] < ¢o(g) < 1. (2.7)

2.3. Function spaces on X

For 1 <p < oo we define

DO R) = S u |l omy = [ fule)l? dody<oc b
X xR

and LP(X x R4) to be the subspace of LP(X x R) consisting of all functions wu(z,y)
which are even in the y-variable. We also define L>(X x R*) analogously. For o > 0,
the Sobolev space of order ¢ on X is defined by

H(X) = {f € L*(X) | | 3o (x) == / [FOSR (AP +p1)7 [e(V)] 72 dX dk < oo}
a*x K

Similarly, for o > 0 we define H°(X x R) as the space of all functions u € L?(X x R)
such that

lullFe (x xR) ::/ / |F (@M, ) () 2 (MNP + 1o +€%)7 |e(N)] 72 dX dk dE < o,

R a*x K

where Fu(A k,-)(&) denotes the Euclidean Fourier transform of the function y +—
(A, k,y) at the point £ € R, for almost every (A k) € a* x K. Let H7(X x Ry) be
the subspace of H?(X X R) consisting of all elements u(x,y) which are even in the
y-variable.
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2.4. Heat kernel on X

For the details of the heat kernel hy on X = G/K we refer [3,4]. It is a family
{ht : t > 0} of smooth functions with the following properties:

(a) hy € LP(K\G/K), p € [1,00], for each t > 0.
(b) For each t > 0, h; is positive with

/ h(g) dg = 1. (2.8)
G

(C) ht+5 = ht * hs, t,S > 0.
(d) For each f € LP(G/K), p € [1,00) the function u(x,t) = f * hy(x), for z € X solves
the heat equation

Agu(z,t) = %u(w,t)

u(-,t) = fin LP(X), as t — 0.

(e) The spherical Fourier transform of h; is given by

~

he(A\) = e HAFH -\ e q*, (2.9)
We need the following both side estimates of the heat kernel [4, Theorem 3.7].

Theorem 2.2. Let k be an arbitrary positive number. Then there exist positive constants
C1,Cs (depending on k) such that

H
ht(exp ) Tt S 027

Cl S n n—1 + 2
Q) T [eng (1 a(H) eIttt

for allt >0, and H € at, with |H| < k(1 +1).

For H € at with t <« H, we will use the following global upper bound [3, Theorem
3.1]

\he(exp H)| <t (1 + |H|)d2e—\pIQt—p(H)—\le/Mt)7 (2.10)

where d; and dy are positive constants depending on the position of H € at+ with respect
to the walls and on the relative size of t > 0 and 1+ |H]|.
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3. Extension problem and kernel estimates

In this section, we study the required properties of the Poisson kernel P (defined in
(1.9)). In particular, we prove an intertwining property of Py and P, ? and establish
asymptotic estimates of Py

Let us recall that for —1 <o <1 and y > 0, the function P} is given by

Py(w) = 4T (o)

2 dt
/ht(x) eV /4 el forz e X.
0
By the estimate of the heat kernel (Theorem 2.2), it follows that Py is well defined.

For 0 < o < 1, we observe that I'(—o) := F(%f) < 0 and hence P, 7 < 0. Since the
heat kernel h; is K-biinvariant so is the function P, 7. By (2.4) the spherical Fourier
transform is given by

. —20 oo/\ 5
P\ = /Py_"(m) p_xr(x) do = #(—U)/ht()\) e Y /4 m for X e a*. (3.1)
0

Interchange of the integration is possible by the Fubini’s theorem. Indeed, by (2.7) and

(2.9)
7 AT St
0
_ /e—t\pP pvi/ar At
tlfcr
0

Moreover, P, 7 is contained in the Sobolev space H?(X). Indeed, by using (3.1), (2.9)
and Minkowski’s integral inequality we get that

12,7 e ) = / B 7O (2 +16%)” Jeh)] dA

o0 2
—20
Yy N 2 2 2\o -2 _y2/ap At
< —= he(A A A dA Y
< = TR 0+ )7 e eVt
0 a*

2

[t (AR ) o7 | e et

a*

—20
< 7
477 (—o)

=1 + I,

I
<
0\8
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where

2

1
—20 2
__ Y —t(IA2+1p1?) (|32 2\ -2 ey _yya Al
L =— A A dX 2 -
1 4G|F(U)! /e (‘ | +‘p| ) ‘C( )| e € t170.7

e

(3.2)
and I is defined as above with the integration in the ¢-variable over the interval [1, 00). Tt
is enough to show that both I; and I are finite. We consider I; first. Using the property

(2.3) of |c(A\)| 72, we estimate the inner integral in the equation above as follows

e—t\/\|2 (|)\|2+ |p‘2)0+d d\ + / e—t|)\|2 (|>\|2 + |p|2)a+n—l d\

{rca*i|A|<1} {r€a*i|A21}

o0

<0 +02/6—t7-2 p2otn=0) -1 g
1
< Cy + Cy t—lotn=l/2),

It now follows from (3.2) that

1
I < C'/f%("*”*l/z) efﬁteﬂﬁ/“ tlthU < 00.
0

On the other hand

=

_ 2 2 o _ _L 2
I, < C/ / e HIAPHIRE) (IN2 + [p[2)7 [e(N)|72 dA e~ 2t V4 pri
1

a*

< Cllhayallme(x)-

This completes the proof that P, 7 € H?(X).

The following intertwining property of the Poisson kernel P and P will crucially
be used in the proof of Hardy’s inequality. Using (3.1) and (2.9) the proof of the lemma
below follows similarly to that of [10, Lemma 2.3].

Lemma 3.1. For 0 <o <1 and y > 0 we have, (-=A)7 P 7 (z) = y;":rri((‘_")j) Py ().

We will now compute the asymptotic behavior of the Poisson kernel P on X. We use

this estimate crucially for the remaining part of this article.

Theorem 3.2. For —1 <o < 1,0 #0 and y > 0 we have

20

- —1/2-1/2—0— |2 | B p
Do) Py (@) = v/l 42 " o(@)e VIR for ja)? 4 y? > 1,
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p —n/2—0oc
= 2 (|x\2 +y2) , for |m\2 +y? < 1.

Proof. We first assume that |x|? 4+ y? < 1. In this case, we will use the following local
expansion of the heat kernel h:(x)

ht(x) _ e—\w|2/4tt—n/2v0(x) + e—cm?/to (t—n/2+1) , (3.3)

where vo(z) = (47)~"/? + O(|z|?) and ¢ < 1/4 ([3, (3.9), p. 278]). Using this we have

1
I'(0)PJ(z) = Z—U /( el Aty 20 () 4 el 0 (t—"/2+1)) e/t —tldfa
0
y ) dt
+4—a ht(.’ﬂ) e Y /4t E

1

1
= —1;0 /6 (Jo>+y?) /4t t—n/2=1-0 3
0

dt

1
20
Y| (=P +y?/2)/t —n/2+1y 4—1-0 o3/t
+4U /e o(t )t dt+ ht e
0

We write the right-hand side of the equation above as Iy + I + I3, where I, 5 and
I3 are the first, second and third term respectively. Then applying change of variable
s = (|z[* 4+ y*) /(4t), we have

I =45y% (|z|? +y2)_n/2_g vo () / e™s s/2Ho1 (g,

(I2l2-+y2) /4
As |z + 9% < 1,
/e—s Sn/2+a—1 ds < / e~% sn/2+0—1 ds < /e—s sn/2+a—1 ds.
1 (lz|2+y2)/4 0
This implies that for |z|? + 3% < 1

L=y (|of2 + %) 7777

as vo(x) = (47)~™/2 + O(|z|?). For I, using ¢ < 1/4 we have that
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1
V7 [ ettt /241y 1o gy
s [ (t=/2)
0

o
<Oy (o2 442) P g8 s/2HI=2 g
c(j2l?+y?)
o
<Oy (22 +42) "0 /e*S s/ g
0

< C’yQ" (|x|2 +y2)—n/2—ff.

For the integral I3, using Theorem 2.2 we get that for |z|? +y? < 1,

2 dt o o 2—0
I3 = %/ht —y?/4t nEe < Cy* < COy? (|x\2 +y ) n/2=o
1

This proves that for |z|? +y? < 1,
(o) Py () =y (|| +42)7"/277.

We will now assume that |z|? + y? > 1. Let us fix a positive number x > 4. We proceed
as in the proof of [4, Theorem 4.3.1].

y 2 dt
F(O') = 4—0_/ht -y /4t E
0

920
= 4—0{14 + I + I},

where the quantities I4,I; and Ig are defined by the integration of the above inte-
grand h(z) e~¥’/4 1=1=9 Gyer the intervals [O,m_lb), [m_lb, Iib) and [mb,oo) with
b= /|z|? + y2/(2|p|) respectively. For the integral I5, using Theorem 2.2 and the asymp-
totic of ¢ in Theorem 2.1 (3) we get the following:

wy/lz|2+y?
2[p]
/ t/2(1 4 ¢)(nD /2155 I @+ e@)
~1 /1212442 a€sf
2ol

dt

2
« e~ PP t=p(logz)—|x|?/4t ,—y? /4t 4"
t1+0
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*“v\/lw|2+y2
2[p|
_ —1/2- |5 | —lpl2t —(lzl?+y?)/at AL
= t ¢O(x)€ e m
Rfl |:1:|2+y2
2[p|

K

= [ (VIR g 2lpl) 2711 o) 2

K,71
o ool VIEP T /(25) (\/lwllszP) ds
2lp

B 2[p|

\/W —1/2—0—|=7] K
- ( Yy ) bo(2) / o~ VIzPHy2lpl(s+1/9)/2 g
k-1

The last both sides estimate follows because

o~ (/240 F14[ET ) < —(1/240+1+|ZF ) < (/240 +1+[ZF])

Now, using the fact that

/ e~ PIVIEFFP (41925 | pl=1/2(|g]2 + y2) =1/ 2= leVEPFS?.
—1

K

(this follows by the Laplace method [15, Ch 5]) we get from the above equation that

—1/2-1/2—0—|ZF| 3 T
I = (VP +7) do(w)e” VI,

For the third integral Ig, we will use the fact that k > 4. Using Theorem 2.2, we get

oo

I < do(x) / 1258 |- 1= o~ lp*t g~ (|2 +37) /4t g
V=)
< go(@) (n/l2P 42/ (21l)

p— —_ +— n
) 1/2—|2q | -1 / 1= o lplPt o= (22 +)/(48) gy

N EE=AC )
S R
< Ceol(x) ( /|x|2 —|—y2> e~ Pl k12 +y2/ (4]pl)
o / =0 o= 1pI?t/2 (= 2+37) /(41) gy
w2/ 2l))

—1/2—|=d|-1/2
< (Vial+y?) T go(a)e UMV,
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where n = |p|k/4—|p| > 0. For the first integral I, we use heat kernel Gaussian estimate
(2.10) and the estimate of ¢g in Theorem 2.1 to obtain the following

e +y2/21p))

Iy = (1 + |£C|)d26_|p|2t_p(1°gw)e—(|$|2+y2)/(4t)tld%
0
KT Tu2/(2l0)
<1+ |x|>d2—|z§|¢0(x) / o~ (2 +y%)/(4t) y—1—o—du 3y
0
w22 +y?/ (2lpl)
= (1 + |a])®~ il o (a) / = (12 +9)/(88) o~ (I *+v?) /(8)—1—0—da gy
0
&=/ a2+y2/(2p])
<C(l1+ |x|)dz—\20+|¢0(x) e—|p|r€@ o~z +y)/(8t) y—1—0—da gy

0

< O(U+ [z} =150 g () e IAHVITERD (g2 4 y2) o

)

for some € > 0, as k > 4.
This completes the proof. 0O

To prove Hardy’s inequalities we use an integral representation for the operator
(=A)?. The following function

Rp(e) = [ i) s (3.4)
0

serves as the kernel of the integral representation. We state both sides estimate of Py,
whose proof is exactly the same as of Theorem 3.2.

Theorem 3.3. For any o > —n/2 the following asymptotic estimates holds:

P (x) < |x‘fl/271/2fa7\Zérld,o(w)eflpllﬂcl, for |z| > 1,

= |z|7" % for |x| < 1.

Corollary 3.4. Let x be the characteristic function of the unit ball B(o,1) in X and
a > 0. Then the function (1 — x)Pg is in LP(X) for 1 <p < oco.

Proof. For 1 < p < oo, the result follows trivially from the asymptotic formula in
Theorem 3.3. We prove the case p = 1. We recall from (2.2) that
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Pi(z) de < C / PS(exp H) 2P qH.
{zeX:|z|>1} {Hea:|H|>1}
Let T" be a small circular cone in @} around the p-axis. By introducing polar coordinates
in T (as in [3, p. 293]) and using (2.6) we get
PS(exp H) D) qH
{Hel':|H|>1}

<c / |H| 12120 oo(D=IpllH] qpp

{HeT:|H|>1}
< C/r—l/2—1/2—a,r,l—1 /(sinf)l_z e—r(l—cosf) df dr.
1 0

Since siné ~ & and 1 —cos € ~ €2, the inner integral behaves like 71/2=4/2 Consequently,
the integral above is finite. On the other hand, e?(H)~1PIIH] decreases exponentially out-
side I', and therefore

PS(exp H) ) dH = / H/271/2=a o=l g < oo,
{Hea\I':|H|>1} {Hea\I':|H|>1}

This completes the proof. O
4. Fractional Hardy inequalities

This section aims to prove two versions of Hardy’s inequalities for fractional powers
of the Laplace-Beltrami operator on X, namely Theorem 1.1 and Theorem 1.3 with
homogeneous and non-homogeneous weight functions respectively. In order to prove these
inequalities, we will follow similar ideas used in [19,38]. Therefore, we need to obtain a
ground state representation for the operator (—A)?. We start with the following integral
representations of (—A)? on X . For the cases of real hyperbolic spaces, analogues integral
representations were proved in [6, Theorem 2.5].

Lemma 4.1. Let 0 < 0 < 1/2. Then for all f € C°(X) we have
AV @) = o / ) B (70) dz,

where P§ is defined in (3.4).
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Proof. Let f € C°(X). Using the numerical identity

17 dt
o _ 1— —tA
¥ =y [ 0= i >0
0

and the spectral theorem we have

By (2.8) it follows that
F(2) — D (@) = f(@) — f () = / (F(@) — flez™) ho(z) d=. (41)
X

Thus, we have the following representation

7 = 1 i z) — f(xz™? z) dz dt
(A7) = o / [ (@) = faz ) hita) d=

X

We now show that the right-hand side is absolutely integrable and hence, interchange
of the order of integral is possible. Then the result follows by the change of variable
2+ z 1. To show absolute integrability let us define

—;OO z) — f(xz7t z zi
e T A L R R L

0 {zeX:|z|<1}

f#oo z) — flxz7t z zi
ey [ W@ e s g

0 {zeX:|z|>1}

For the integral I, we use the fact that P € L'(X) away from the origin (Corollary 3.4).
Indeed, we have that

[15@ =t ) s de < Wflecy [ ) de <o,

{z€X:|z|>1} O {zeX:|z|>1}

Therefore, by Fubini’s theorem I is also finite. For I; we first observe by the fundamental
theorem of calculus (see [2, eqn. 34]) that
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[f(2) = f (z(exp H)) | < \HI/IVf (zexp(sH))| ds < [H| [V fllL~(x), (4.2)

for x € X, H € a. Using the above estimate and the fact that Pg(z) < |z|7"~2° around
the origin (Theorem 3.3) it follows that

/ /Oo|f($) — f(@zY)] he(2) % "

|z]<1 O

< OV fllize(x) / |H| |H|™"%° J(exp H) dH

{Heag:|H|<1}

1
S OV fllLee(x) /rl_"_% L dr,
0

and the right-hand side is finite if 0 < o < 1/2. This completes the proof. O

Remark 4.2. If rank(X) = 1, then for 1/2 < ¢ < 1 the integral formula in Lemma 4.1
exists in principal value sense. To see this, let a = span{Hy} with |Hy| = 1. Clearly, for
o > 0, the integral I, is absolutely convergent and we can interchange the order of the
integral. On the other hand the formula (2.2) yields

oo 1
— / [ (5@~ f (wexp(-sHa))) b (explsHa)) I (exp(sHo)) dsii
0 —1

We now define F(s) := f (xexp(sHyp)), for s € R. Since f € C*(X), it follows that for
each x € X, the function F' € C¢°(R). By using the Taylor development of F, we get
that

|7/1 (SF/ 2F2I:( )+O(83)) hi (exp(sHo)) J (exp(sHo)) dstld%.
0 =1

Since the heat kernel h; and the Jacobian J is even, the first order term vanishes. Hence,
using the fact that Pg(x) ~ |z|7"729, around the origin (Theorem 3.3), it follows that

1
I < Cf//s ht (exp(sHp)) s"~ L ds t1+ff = / s (s,
0

0 0

which is finite if 0 < ¢ < 1. Hence, the required integral formula exists as a principal value
sense. For the case of higher rank symmetric spaces, neither the heat kernel h; (exp(+))
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nor the Jacobian J (exp(-)) is, in general, radial function on a. They are only Weyl group
invariant. This is the main difficulty that we could not prove the integral formula in the
lemma above for 1/2 < o < 1 in case of rank(X) > 1.

Lemma 4.3. Let 0 < o < 1. Then, for all f € H°(X)

(A1, f) = e |//lf 2)|* PS (2" 'z) dz da.

Proof. We first prove that for 0 < o < 1 and f € C°(X) the quantity

2|r //|f 2)? P (27 2) dz do < oc. (4.3)

To show this let us assume supp f C B(o,m) for some m > 1 and define

h-ges | /|f D) P (=~'a) dz da,

B(02m
1 o
12‘2|r<—o>|X\B</ : )X/ 1) = I@F F§(="a) d= do.

Since supp f C B(o,m) it follows that

1 2 -1
b=y [ [ VOF B
2]l (=0)| ’
X\B(0,2m) B(o,m)

< —”fH%N(X) / / PS(z 'z) dx dz
— 2[0(=0)] ’
B(o,m) X\B(0,2m)

1117 ()

< ———|B(o, / P§(z) dx < oo.
2[l(=0) 0
X\B(o,m)

The last term is finite because of the fact that F§ is integrable away from the origin
(Corollary 3.4). To show that I is finite we write it as follows

I = / / F(2) = F@)2 B (=" ') d= da
B(0,2m) B(0,3m)

s [ e @R R b e
B(0,2m) X\B(0,3m)
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1

Using change of variable z — xzz~! in the first integral, the estimate (4.2) and the

asymptotic estimates of F§ in Theorem 3.3 it follows that
< / / ‘ P§(z) dz dx
(0,2m) B(o0,5m)

4 / / £(2) — F@)P P (=) d do
B(0,2m) X\B(0,3m)

< CIVFIT=x) / dx / |H|2 H "2 J(exp H) dH
B(o0,2m) {Hear:|H|<5m}
s [ Wl [ EEw G
B(o0,2m) X\B(0,3m)
bm

< CIV 7= x)

S —_

7,2777,720 rnfl dr + C”f”ioo(x) / Pg(z) dz.

X\B(o,m)

The first term of the above quantity is finite provided ¢ < 1 and the second one finite
by Corollary 3.4. This completes the proof of the fact the quantity in (4.3) is finite.

Let 0 < 0 < 1/2 and f € C°(X). By the integral representation in Lemma 4.1 it
follows that

(=A)f, 1) |// ) PS(z ) fz) dz de.
X X

As the kernel P¢ is symmetric, that is P§(z) = PJ(z~!), the above quantity is also

|// ) P (2" ) F(z) da d=.

By adding them up we get that

(A F.1) = gy / / 1) — F@)P B (1) dz do.

equals to

The justification of the change of order of integration follows from (4.3). By the analytic
continuation, we extend the range of o to 0 < o < 1 provided f € C°(X). Indeed, the
functions o — —T'(—0o) and o — ((—A)?f, f) are holomorphic on S = {w € C : 0 <
Rw < 1}. Hence their product F (o) = —T'(—o) ((=A)?f, f) is also holomorphic on S.
On the other hand, since right-hand side of (4.3) is finite for 0 < o < 1, by the Morera’s
theorem it follows that the function G defined by
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//|f D) P (1) dz da,

is holomorphic on S. Since F(o) = G(o) for 0 < 0 < 1/2 we get that F(o) = G(o) for
all o € S, in particular, for 0 < o < 1.
By approximating any function f € H?(X) by a sequence of functions fj € C°(X),

|—n—20

we complete the proof. This uses the fact that PJ(z) < |z around the origin and

the rest follows as in the proof of Lemma 5.1 in [38]. O

We now establish ground state representation for the operator (—A)? as a consequence
of the integral representation proved in Lemma 4.3. As in the Euclidean case, we define
the following error term. For 0 < 0 < 1 and y > 0 we let,

HE[F) = (—~A)7F, F) 40F /| ( 2)) d.

Theorem 4.4. Let 0 < 0 < 1 and y > 0. If F € C*(X) and G(z) = F(z) (P, 7(z))
then

Y

P (\p—o o
T 2r(— |//|G Py (x)P, % (2) Py ° (2 2) da dz.

Proof. Let f,g € H°(X). From Lemma 4.3 we get that

(=8 1.9) = gy | [ (10 = 1) G =g B (='a) ds do (4
X X

Let us assume g = P, %, and f(z) = |[F(z)[* g(z)~'. Then the right-hand side of (4.4)
reduces to

! PGP F@F =0y po(e1a) dz do
2|F(_0)|)[x/< 9(z) 9(z) > (9(z) —g(x)) Fj (2" x) dz d (4.5)

1 o rp | P@) )
‘2|r<—a>|)[ )Z ('F” FOR - ~ 5

Also, using Lemma 3.1 the left-hand side of (4.4) reduces to

(=A) f,9) = ((=A)(|F(z)*/9(z)), g(x))
= {(|F(x)]*/g(x)),(=A)7P;7)

LT ) P
= gy ((F@P /(). PY)
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4°T (o 5 Py
y>T(~0) Py 7(x)

Therefore, equating the left-hand and right-hand sides of the equation (4.4) we have

SR o 5 b f i o

—m;ﬂf;s;;—f;sz;

By Lemma 4.3 the first term in the right-hand side of the above equation is equals to
((=A)?F, F). Hence, it follows that

1o WAL
(=87 FF) = D / P R

g(x)g(z) PS(z 1) dz dx.

1 -0 —o —0 /. _—
- M!}[ |G(x) B G(Z)|2 Py (z)Py (x) Po (Z 11’) dx dz,

where G(x) = F(x)P;°(x)~". This completes the proof. O

We have already observed that for 0 < o < 1, I'(~0) < 0 and hence P 7 < 0.
Therefore, as a corollary of Theorem 4.4 we get the following result.

Corollary 4.5. For a fixed y > 0 and 0 < 0 < 1 we have

(=AY F, F) /\ ( U)) gf?gj)) dr, for F € H(X).

Remark 4.6. By Lemma 3.1 it follows that the equality in the expression above is achieved
for the function F' = P, 7. Therefore, the constant 4°T(0)/y**|T'(—0o)| appeared in the
corollary above is sharp.

Now, using the estimate of Py (Theorem 3.2) in Corollary 4.5 we get Theorem 1.1.

Proof of Theorem 1.1. From Theorem 3.2 we have

4o .
I‘(U‘) P;(I) _ (mgw if |x\2+y2 >1
—~ 4o
I'(—0o) Py %(2) if |z +y? < 1.

y
(Iz*+y?)°

Therefore, from Corollary 4.5 we have
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(ZA)7F, F)

F@P ()P
(v2 + |2*)2 (y2 + |2[?)
{wilal?+y><1} {ailal?+y>21}

> C, y*

We now prove Hardy’s inequality corresponding to the homogeneous weight function
(Theorem 1.3). To prove this theorem we need the following expression of the error term.

Theorem 4.7. Let 0 < 0 < 1 and a > (20 + n)/4. Then for F € C*(X) and G(z) =
F(x) (Po_a(z))_l we have

(A7 FF) - a_0/| P ()

71 -« -« o(.—1
— 2|I‘(—g)|k/!|G($) —G(Z)|2 Py *(x)Py“(z) P§ (2 z) dz dz, (4.6)

where the function Py is defined by (3./).

Proof. Since o > n/4, we observe from Theorem 3.3 that Py ® € L?(X). As before by
Fubini theorem the spherical Fourier transform of Py is given by

o0

— B 2 2y dt —a «
Pyo(\) = /e UM+l >tﬁ =T(a) (MN*+1p*) ", Nea™

Since a > (20 + n)/4, it follows that Py € H?(X). Indeed, using (2.3) we get that
/ B OO (AP +16)7 [e(NI dA

<c+cC / (A + [62) 72 (L4 [

{a*:[A|=1}

which is finite. We recall from (4.4) that for f,g € H?(X)
(=8 1.9) = 557 / / ) 96— (@) P§ (= 10) dz do. (4)

If we put g(z) = Py “(z) and f(z) = |F(2)|*(Py *(x))~! in the equation above, then the
left-hand side reduces to
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(=27 1.9) = [ (AF +12)7 F GO e ax

a*

~T(a) / (A2 4+ 102)7 7 FON) [e(V)] 2 da

a*

_ @ [ Ba iy Fou a2
B F(afa)/PO (A) FN) [e(N)[7dA

D) [ 2B
F(aa)X/|F( ) *(z de.

By (x)
The right-hand side of the equation (4.7) becomes (see (4.5))

1 2 — F(? F(z) F(z)
2|r<—o>|! )Z ('F( )~ PO - G - o

Hence, equating both sides of the equation (4.7) we have

g(x)g(z)) PJ(z7'x) dz da. (4.8)

71"(04) z 215 (@) T = ! z) — F(2)|? PS(z"'2) dz dx
F(oz—a))[F( o ¢ 2|F(—0)X/!|F() PP B (=" e) d= d

_2IF(10)|!Z‘§((§)) - Z;((ZZ))

g(x)g(2) PS(z7'2) dz d.
By Lemma 4.3 the first term in the right-hand side of the above equation is equals to
((=A)?F, F) and hence the required identity follows. O

Proof of Theorem 1.3. Since 0 < 1 and n > 2, we can choose a positive o such that
20 +n/4 < a < n/2. From Theorem 3.3 above it follows that

nga(x) = |:17|720
Py () ,

= |z|7%, for|z| > 1.

for |z| < 1;

Therefore, it follows from Theorem 4.7 that

2 2
(~AYF,F) > C, / 'fx(fg}, do + / 'ﬁfjg' dz |. o
z|<1 |z|>1

We now find the optimal constants (in Theorem 1.1 and Theorem 1.3) for the case
when the group G is complex (cf. [21, Theorem 1.2] for Ornstein-Uhlenbeck operator on
R™). In this case, we have the following formula for the heat kernel [5]
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_ —n/2 _—|p|*t a(H) —H? /4t
hi(exp H) = (4mt) e ( l;L Snha(H) e ,t>0, Hea.

It now follows from the definition (1.9) of P; that

o T dt
P? (exp H) = 2 )(4@%/2 (H &) /fn/z eIt o (i yae G
aeXt

0

—(n+20)/2

_ ,y20' 217n/27cr 7_‘,777,/2 H Oé(H) V |}I|2 +y2
I'(o) i |

X K_njp—o(VIH? +y2|pl).

Here the last equality follows from the formula [23, 3.471(9), p. 368], and K_,, /_, is the
modified Bessel function (defined in [23, 8.407 (1), p. 911]). Therefore, using the above
expression we have the following result.

Theorem 4.8. Let 0 < 0 < 1 and F € H?(X). Then for every y > 0 we have

(A7 EF) 2 |oPry [ L (VT o) d
X

(y2 + |2[?)

for an explicit wy,(t) > 1. The inequality is sharp and equality is attained for F(x) =

Proof. Using the fact that K, = K,, it follows from the above expression of P that

Knjoro(\/ 12> +y2|pl)
Knja—o(\/I2> +32|pl)

Let w,(t) = :;37*“(;), for t > 0. Now using the fact that for ¢ > 0, K, (¢) is increasing

function of v we note that wy(t) > 1, for all ¢ > 0. Hence the required inequality follows

Pl(x)  y*T(=0) o, 2, . 2\—0o
e = LS e (e )

from Corollary 4.5. The sharpness of the constant follows from Remark 4.6. O

In the case when G is complex, we also have

oo

Pp(e) = [ o)

0

_ (47r)—n/2 < H . (fl(lo(gl(.)fg) )) /t_n/z t?_|p|2t e—\x|2/4t tldfg
1nn & x
aext 0
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—(n/2+0)
= (4m) /2 _ollogz) 3, (o]
o <ag+ smha(logz) ) ~ \ 2] K_nja—o (|z[lp]) -

Therefore, using K_,, = K,, it follows that

By~ (@)
Py *(a)

Koo (] |p])

:20' (o —0 .
ol 2™ g Gl 1)

Now applying Theorem 4.7 and taking o — (20 + n)/4 we have

Theorem 4.9. Let 0 < o < 1. Then for F € C°(X) we have

(8 Fp) =l 20 A [ el o,
X

for the explicit w,(t) > 1 given above.

In the case of R and of the Heisenberg groups the function P is the classical Poisson
kernel. For symmetric spaces, we only have the integral expression (1.9) and the both-
sides estimates (Theorem 3.2) for P;. We have obtained a precise expression of P; for
the case when G is complex. We now write the expression of P; for rank one symmetric
spaces using the expression of the heat kernel. Let F' = R, C, H, or O be the real numbers,
the complex numbers, the quaternions or the Cayley octonions respectively. The rank
one symmetric spaces can be realized as the hyperbolic space H"(F'). Here the subscript
n denotes the dimension over the base field F. Using the expression of the heat kernel
[5,22] we have the following results.

(1) X = H"(R), and n > 3 odd. Using the formula [23, 3.471(9), p. 368] we get

o0 (n—1)/2
ol “1j2 ot (1O “Jaf2/ar A
) = C/t et ( sinhz Oz ¢ tlto

0

(n—1)/2 %
= C( : ; ) /t_3/2—‘7 e=P’t e~ (=P +v)/4t gy
0

sinhx Ox

~ "\ sinhz oz P

_ —o—1/2
A YNy
(e ) Y e

(2) X =H"(R), and n > 2 even. In this case

Pj(r) = C/t‘l/2 e Pt Y74t sinh z (_ . _>
0 J V/cosh? z — cosh?z \ sinhz 0z
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dt

x e~ 1#1P /4t g,
t1+0

sinh z ( 1 o )n/Z
=C - v
J \/cosh2 » — cosh? z sinh z 0z
X /t—3/2—o' e_pzt e_(\z\2+y2)/4t dt dz
0

— r sinh z ( 1 5>n/2
J \/cosh2 » — cosh? z sinh z 0z

X K_s_172(pV/|2]? +y?) dz.

(3) X = H"(F) where F = C, H or O. Then there exist constants ci, ¢z, - - -

that

n/2 0

(cosh z)7T1=4

_ /t71/2 eint Z / SlIth
) =1 \/cosh 2 —sinh® 2

J+ma/2
" (# 3) olePt g,

27 sinh z 0z

/2

sinh z 1
=cy Z cj / 7 (cosh z)iT1=d pl+2o
=1 cosh? z

— sinh?z

1 a j+ma/22 2
X - ——
2wsinh z 0z 22 + 42

x K_g_12(pV/ |2 +y?) dz,

where the constant ¢, depends only on o.

5. Mapping properties of Poisson operator

In this section we prove Theorem 1.8. We start with the following lemma.

31

,Cny2 such

Lemma 5.1. For0 <o <1 and1 < q < ™, the function (z,y) — Pg(x) € LY(X xR4).

Proof. We first observe from (2.1) that for H € a with |H| < 1, the Jacobian J(exp H)
corresponding to the polar decomposition is of order |H|*~!. From Theorem 3.2 it follows

that

P7 ()] do dy < C / Y2722 + )2 de dy

|z|24+y2<1 |z|24+y2 <1



32 M. Bhowmik, S. Pusti / Journal of Functional Analysis 282 (2022) 109413

1
< C / / yQO'q(‘H|2 + y2)—nq/2—aq ‘H|n—l dH dy

y=0{HeaT:|H|<1}

o O

yZJq(T,Q +y2)7nq/2faq Tnfl ,r,lfl dr dy

o _

< /(1+82)—nq/2—aqsn—1 ds yn—nq dy
0

We now use the following fact from [23, 3.251, (2); p. 324]

/x”71(1 + 22l de = %B (u/2,(1 —v—p/2), if Ru >0, and R(v + p/2) < 1.
0

(5.1)
In our case, p = nand v = —ng/2—oq+1. Hence, v+u/2 < 1ifand only if ¢ > n/(n+20).
Therefore, if ¢ > n/(n + 20) the above integral reduces to

1
1
3B (/2. (a2 + 04 = n/2) [0 dy
0
This is finite only if ¢ < (1+n)/n. Hence, for n/(n+20) < ¢ <1+ 1,

|P) (x)]? dx dy < oc.

lz[?+y2<1

On the other hand for ¢ > 1, using the estimate of Jacobian in (2.1) and the asymptotic
behavior of ¢g given in (2.6), it follows from Theorem 3.2 that

[Py ()| d dy

|z[24y>>1

209 —(1/2+ =5 [+ o+ 1/2)q

Y 0 — z[2 412
< | ey (V) N o) e dy
|z2]+y2>1

<c / Y200 o= P VIEERY = P VR | 4019 g gy

|z[?+y>>1

_lela=Dlyl _ lpl(a+D|H|
<C / Y27 e 2 e z

{(Hy)€atx(0,00): H?+y>>1]
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X ‘H||Zo+|q e 1PUH) 20(H) g dy
< /yzaq e~ lelta=Dlul/2 gy, /|H‘|zoﬂq e300 g7 | < o0

0 +

This completes the proof. 0O

We are now in a position to prove Theorem 1.8. We follow similar ideas which are
used to the proof of [35, Theorem BJ.

Proof of Theorem 1.8. We first prove (1). Let u be the solution of (1.5) with boundary
value f € H?(X), and let

U E,m) = F(u(A k) (n), for Aea® ke KneRy

be the composition of the Helgason and the Euclidean Fourier transform on X x R.
Multiplying »? on both sides of the equation (1.5) and taking the composition of Helgason
and Euclidean Fourier transform on X x R it follows that

2

0
o (AP + 1ol +02) U kym)) = (1= 20)8_77 (U k,m) =0
which is equivalent to

2

{(A|2 + |p)* + 772)88777 +(3+ 20—)776% + (14 20)}U(>\,k,n) =0. (5.2)

Let t = W and we define

v(A k) =UN K, n).
Then equation (5.2) reduces to

2

d d
Dy v(\ kyt) i= {(1 + tQ)ﬁ + (20 + 3)1tE + (20 + 1)} v(\ k,t) = 0.

Since f(x) = u(x,0) for x € X, by the Euclidean Fourier inversion formula we have

FOUK) = u(- 0)(A ) = \/% / U E, 1) dn = L'};W / o(\ ki t) dt.
R R

Therefore, the function v satisfies
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NG) ~
Dyw(X k,t) =0, and /v()\,k:,t) dt = —Z F(\ k),
VIR + ol
R
for almost every (A, k) € a* x K. Hence, the function v is given by
V2T ~
V(A k1) = ————=f(\ k) 9(1),

VIAR A+ [pl?

where 1 satisfies

Dyyt) =0, and /w(t) dt = 1.

R

The equation D, ;1 = 0 has a fundamental system of solutions spanned by

1 1
t) = oF | = —:
P1(t) = 2 1(2,0‘*‘2’

1

2

3.
Pa(t) =toF1 | 1,0+ 1; 5 -t ).
Using (5.3) it is now easy to check that

1 —
U T PN + [ +7)7 2 [e(N)| 72 dA dk dy

a*x K xR

_ / WO D12 (A2 + p12)7 (1 +2)7F7 (V)2 dA dk dt

a*x K xR
=27 / [FOSE)Z (A + 1027 Je(N)] 72 dA dk/lw(t)\2 (1412)7+2
a*x K R

(5.4)

dt. (5.5)

Since f € H, it follows that u € H°F 2 if and only if ¥ € L2(R, (1 + t2)7%z dt). It
is easy to check from the asymptotic properties of hypergeometric function that 1y ¢
L2(R, (1 + t2)°F2 dt) (see [1, Theorem 2.3.2]). Hence, we choose 9(t) to be a constant
multiple of 41 (t) = (14¢2)~°~=. From (5.1) we get that 1]l ) = VAT (0)/T(0+3).

Hence, using (5.4) it follows that

vl = ~Z B,

We now observe that

i1 Do +1/2)
R/ BOR (1+2)7 ds = 2o
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and hence from (5.5),

) _2/al(o+ 3)

N an L

This completes the proof of part (1). We now prove part (2). We first observe that

ITe Iy = [ 155 P Wy
0

Also, from Theorem 3.2 it follows that for each y > 0 the function Py € L(X), for all
g > 1. Therefore, by Kunze-Stein phenomenon (Remark 1.9), for 1 <p < ¢ <2

If* P llLacxy < Cllfllecxy 1P 1 Lax)-
Therefore, by Lemma 5.1 it follows that
T, : LP(X) — LY(X x R,), (5.6)
is a bounded map, for 1 < p < ¢ < (n + 1)/n. We also observe that
T, : L®(X) = L®(X x R,), (5.7)

is a bounded map, as the integral [, PJ(zr)dx = 1 for all y > 0. By Riesz Thorin
)

)
interpolation theorem it now follows from (5.6) and (5.7) that
T, : LP(X) — L9(X x R,), (5.8)
is bounded for 1 < p < oo and p < g < (”Tﬂ)p We now prove that

176 fllLax xry) < Cllflloexys

forp>1landqg= (":1 )p. By (5.7) and Marcinkiewicz interpolation theorem it is enough
to show that

T, : LX) — LU+/me (X x RY).
Using Theorem 3.2 and the boundedness of the function ¢y we get that
o1 @) < [ 1FGIPF ) 1£G)] d= < Co™ 1l
X
(=1/2-1/2—0—|=F )

o [ VERE) e VIR £ ()] dz

|2~ 122 +y2>1
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<Cy " fllerxy +Cy" | fllerx) supy € Ry (y2‘7+ne—|p\y)
<Cy" | fllerx)-

1
Hence, |T,f(z,y)] > X implies that y < <M) " = b (say). Then Chebyshev’s
inequality yields

({(xay) € X x R+ : |Taf(x,y)| > A})
({(z,9) € X xRy 1y < b, [Tuf(z,y)| > A})

Taf(z,y)| do dy

IN I
S

{(z,y)eX xRy :y<b}

INA
>~ 9

|f(2)] P;(Z_lx) dz dy dz

{(z,y)eX xR :y<b}

1
Il ) e
— .

~

>~ 9

< “||f|L1<X>b=ca(

The last inequality follows because of the fact that [, Py (z)dz =1 for all y > 0. This
completes the proof. O

6. Poincaré-Sobolev inequality

In this section we prove Theorem 1.12. For the convenience of the reader we restate
the theorem here.

Theorem 6.1. Let dim X =n >3 and 0 < o < min{l+ 2|5 |,n}. Then for2 <p < 2
there exists S = Sy 5. > 0 such that for all f € H? (X)

=2 = 1p)7 " fllT2cx) = SIS ex)- (6.1)

Proof. We first observe that it is enough to prove the result for f € C°(X). It also
suffices to show that

[ 1@ (-8 = 1oP) 12 (@) do < I (6.2)

Indeed, if (6.2) holds, then by Holder’s inequality

o) =|{(=a= 1) 1, (~a = 1o) ™" g)

<[ a1 | [IA=10P)

L2 (X)
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1/2

=((-a- H)U/Qf,f> 2<(—A—|,0|2)_‘7/29,9>

1
<CH{(=a= 1P £.1)" 19l

and hence

1l < Cit (A —1p2)"* 1,£).

We now prove (6.2). Let k, be the Schwartz kernel for the operator (—A — |p|?)~7/2.
We have the following well-known estimates due to Anker and Ji [4, Theorem 4.2.2], for
0<o<l+2/5f]

] +
ko(z) = [a| 7717201 go(a), |2| > 1, (6.3)

= |z]77", |z] < L.
To prove (6.2), it is enough to show that

1f % kollLexy < ClF e (x)-

Let x be the characteristic function of the unit ball B(o, 1) and k2(z) = x(x) ko (z) and
kS =k — ko. Now, by Young’s inequality we have that

1 * ke ) < Clfllper x) RS Loracx)s

and

155

||LP/2(X) /|t|(0'7’ﬂ)p/2 |t|‘2+| tl71 dt.
0

The right-hand side is finite if p < -=%-. Using the fact that for r < 1, the volume of the
ball B(o,r) in X is of order r", 1t is easy to check that kJ € L °°(X). By Young’s
inequality for weak type spaces [24, Theorem 1.4.24. page 63] it follows that

0
195 K20, e < O, 2
Therefore, we have for all p < 1127"0,
I1f * kgl e(x) < Cllf o (x)- (6.4)

Next, we shall show that for p > 2,

Hf*kgO”LP(X) < Cp||f||Lp’(X)~
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To prove this we shall use complex interpolation theorem and the idea of [36, Theorem
4.1]. For Rz > —1, we define an analytic family of linear operators T% from (X, dz) to
itself as follows:

T.f = f#* (k)=
For z = —% + iy, we have

L
[T fll ooy = I1f % (k32)2 ]| oo (x)

<C  sup o) a| @D fll L x
{zeX:|z[>1}

<O fllzrx)-

For z = e+ 1y,e > 0, we have

IT-£1I72x) ://’f(%mf‘(kgo/)lzﬂy@)‘ﬂcu)rwx dk
R K

_ . 2
< sup | (kg I N1

Now, by Theorem 2.1 it follows that for A € a* and € > 0

|(kgo/)1?+ly(>\)| < / |x|(afl72|23'|)(1+e+iy) (¢0($))1+6+iy Qs_)\(x) dx

zeX:|z|>1}

IA

¢0(oc)2+6 dxr < oo,

{zeXile|21}
and hence [|T% f| L (x) < || fllz2(x). Hence, by analytic interpolation for p > 2,
1 * ke x) = 1Tof o) < Cl e (x)- (6.5)

Therefore, from (6.4) and from (6.5), it follows that for all 2 < p < -2
ILf# kollLecxy < ClF Nl Lo (x)-
This completes the proof. O

As a corollary of the theorem above we have the following

Corollary 6.2. Let 2 < p < % and dim X = n > 3. Then there ezists Sy, > 0 such
that for all u € HY(X),

IVullZ2x) = [pPlull72 ) = Snpllulliox-
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