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ABSTRACT. We study a nonzero-sum risk-sensitive stochastic differential game
for controlled reflecting diffusion processes in the nonnegative orthant. We
treat two cost evaluation criteria, namely, discounted cost and ergodic cost.
Under certain assumptions, we establish the existence of Nash equilibria. Also,
we completely characterize a Nash equilibrium for the ergodic cost criterion in
the space of stationary Markov strategies.

1. Introduction. Risk-sensitive stochastic optimal control problem for controlled
reflecting diffusion processes in the nonnegative orthant is studied in [40]. In [22]
the results of [40] have been extended to zero-sum stochastic differential games in
the nonnegative orthant. In this paper, we extend the results of [40] from a one-
controller case to a multi-controller case in a non-cooperative setup. For notational
simplicity we consider two-player case. In other words, we study two person nonzero-
sum risk-sensitive stochastic differential games on infinite time horizon, where the
state space is the nonnegative orthant D C R%. Here the state of the game evolves
according to a controlled reflecting diffusion process in D. That is the state of the
game is given by the solution of the following stochastic differential equations

AX(t) = b(X(t),ur(t),uz(t))dt + (X (£))dW (t) — (X (t))dE(t),
dé(t) = Iixeopydi(t), (1)
£&0) = 0, X0)=ze€eD,

where b: D x U; x Uy — R? is the drift vector of the process, ¢ : D — R%¥*? is the
diffusion matrix, v : D — D is a vector field which determines the direction of the
reflection of the process, W(-) is an R%valued standard Wiener process, U;’s are
given compact metric spaces for ¢ = 1,2, and u;, ¢ = 1,2, are U;- valued processes
which are appropriate strategies taken by the players. Inside D the process X(-)
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behaves like diffusion process and when it hits the boundary 0D it gets reflected
inward in a direction determined by the vector field . The process £(+) changes only
when X (-) hits dD. Such processes arise in many applications including the heavy
traffic analysis of queuing networks coming from problems in manufacturing systems
and communications (see [13], [15], [23], [31]). Since except for a few special cases,
the direct analysis of problems in queuing network are very difficult to analyze,
one tries to find a continuous approximation of it which can provide a tractable
solution. It has been proved that in open queuing networks in heavy traffic, as the
traffic intensity goes to unity, a suitably scaled and normalized sequence of queue
length processes converges weakly in the Skorohod topology to a certain reflected
diffusion process; see [30], [33], [41] for the uncontrolled case and [31], [32] for the
controlled case.

It is known that (see [23], [22]) in a typical communication network there are
several users, and different users may have different objectives leading to conflicts.
In view of this, the analysis of such problems is often carried out using game theo-
retic framework. In general, in a communication network problem each of user tries
to optimize a certain performance measure related to his traffic parameters, namely
minimizing delays, maximizing throughput, minimizing blocking probabilities, etc.
Therefore, in a communication network with heavy traffic, the basic problem is a
nonzero-sum differential game with reflecting diffusion in the orthant. But estab-
lishing existence of a Nash equilibria is quite involved in both theoretically and
computationally. Now, if we consider the case: where each of the player consider
the the other players as single super-player and tries to find a mini-max equilibrium.
Then the player can find an “optimal” strategy against the worst-case scenario, that
is, the aim of each player is to guarantee the best performance under the worst-case
behavior of the super-player. This kind of problem (where the state processes is a
controlled reflecting diffusion process in the nonnegative orthant) has been studied
in [22]. The authors [22] have established the existence of a saddle point equi-
librium by studying the corresponding Isaacs equations. The analysis of zero-sum
differential games considered in [22] differs substantially from its counterpart for
nonzero-sum differential games, which is considered in this paper.

Corresponding to the above state dynamics we now briefly formulate the game
problems. For i = 1,2, let #; : D x Uy x Uy — R, be the running cost functions.
We are interested in two cost evaluation criteria, viz., risk-sensitive discounted cost
and risk-sensitive average (ergodic) cost. For any discounted factor o > 0 and risk-
sensitive parameter 6 > 0, the a-discounted cost of the ith player is given by The
risk-sensitive a-discounted cost of the ith player is given by

oo —at

1 _ _
Tai"*(0,3) = 5log Byt [e”o e @)t e D, i=1,2,
where X (t) is the solution of (1) corresponding to a pair of strategies (u1, us) (in the
next section these strategies are defined in details) chosen by the players, E¥t*2
denotes the expectation with respect to the law of the process X (-) with initial
condition X (0) = z. The risk-sensitive ergodic cost of the ith player is given by

ul,U2

pi"%(0,x) = limsup % log EY1-u2 | ? i Fi(X(t)vul(t)*“Q(t))dt} ,x € D.

T—o0

In a two person game, a Nash equilibrium is a pair of strategies such that uni-
lateral deviation from this pair by any player is disadvantageous to him. In other
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words, a pair of strategies (u}, u3) which satisfies the following:

Juifuz(ax) < Jull’uz(ﬁ,xL V zeD,

a) a!

T 0,0) < JU"(0,2), ¥ xeD,

ai a!

for all strategies u1,us, is called a Nash equilibrium for the a-discounted cost cri-
terion. One can define Nash equilibrium for the ergodic cost criterion in a similar
fashion. We refer to [39] for more details about risk-sensitive Nash-equilibrium.

Under certain assumptions, we establish the existence of Nash equilibria for both
criteria. We obtain our results by analyzing the corresponding coupled Hamilton—
Jacobi-Bellman (HJB) equations. For the average cost criterion, we prove the
existence of Nash equilibria using principal eigenvalue approach.

Similar eigenvalue approach has been used in [4], [10] to study risk-sensitive
stochastic optimal control problem in R?. Using a stochastic representation of the
principal eigenfunction, the uniqueness of the same has been established in [4] in a
certain class of functions. This has been achieved under a certain Lyapunov type
stability condition. Without using any kind of blanket stability assumptions risk-
sensitive stochastic optimal control problem in R? is studied in [2]. In [8], [12]
the corresponding risk-sensitive zero-sum game problems have been studied. Using
principal eigenvalue approach a complete characterization of saddle point equilibria
in the space of stationary Markov strategies is carried out in [12]. The risk-neutral
part of our problem for bounded domain has been studied in [25] and the same for
the orthant has been studied in [24]. Similar game problems are studied in [21]
when the state space is a smooth bounded domain in R?. This type of problem for
controlled diffusion process in R? has been studied in [26]. Using nonlinear version
of Krein-Rutman theorem the existence of principal eigenpair for the ergodic HIB
equation in smooth bounded domain when the direction of reflection is co-normal
is establised [3], [6].

The rest of the paper is structured as follows. Section 2 deals with detailed de-
scription of the problem. In Section 3, we study nonzero-sum games for discounted
cost criterion. The nonzero-sum games for ergodic cost criterion are analyzed in
Section 4. Section 5 concludes the paper.

2. Problem description. We study a system which is controlled by two players;
the analysis of N-players case for N > 3 is analogous. Let D = {z € Re: z; >
0, V i=1,2,...,d} be the positive orthant in R%. Let U;, i = 1,2, be given compact
metric spaces and let V; = P(U;), i = 1,2, denote the space of probability measures
on U; with Prokhorov topology. Let

B:(Z_)l,"' ,Bd) :EXUl XUQ‘)Rd,
0:D =R o =0;()i<ij<d;

and 7 : R? — R? defined in a neighborhood of 9D, be given functions, where D is
the closure of D. We extend the function b: D x Uy x Uy — R% to

b= (b, - ,bg): D x Vi x Vo = R?
by
bi(z,v1,v2) :z/ bi(w, uy, ug)vy (duy)va(dus), i=1,...,d.
Us JU,
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We assume that the dynamics of the controlled system is a process {X (t) }+>0 which
is given by the solution of the following controlled reflecting stochastic differential
equations (RSDE):

dX(t) = bX(t),vi(t),v2(t))dt + o(X(t))dW (t) — v(X(t))dE(t),
d§(t) = Iixeapydé(t), (1)
£0) = 0, X(0)=z€D,

where W = (Wy,--- ,Wy) is an R%valued standard Wiener process, v;(-) is a V;-
valued process satisfying v; (t) = fi(t, X ([0,t])) where f; : [0, 00) x C([0, 00); D) — V;
is a measurable map and X([0,¢])(s) = X(t A s),V s € [0,00). The process v;,
satisfying the above conditions is called an admissible strategy of player ¢, i = 1, 2.
Let A; denotes the set of all admissible strategies of player i, i = 1,2. We refer to
[14] for a physical interpretation of this class of strategies. If v;(t) = v;(¢, X (¢))
for some measurable v; : [0,00) x R? — V;, then v;(-) (or, by abuse of notation,
the map 7, itself) is called a Markov strategy of the ith player. If the map v; has
no explicit time dependence, then the Markov strategy v; is called a stationary
Markov strategy. Let M;,S;, denote respectively the set of Markov, stationary
Markov strategies, of the ith player, i = 1, 2.

In order to prove the existence of a solution of (1) we approximate D by appro-
priate smooth domains. Define

D, = DN B(0,1),

where B(0,1) = {z € R? : ||z|| < I}, for I = 1,2,.... By Theorem A2(ii) and
the remark in p.28 of [16] we have that there exists domains D; ,,, C R? with C*°
boundary satisfying the following conditions:

(i) The distance d(dDyn,dD;) < L, 1> 1,

(ii) Dl,n C Dl7m7 m>n,l>1, Dl1,n C Dl2)n, n > 1,13 > [1. Define

D,, = Ui’ithm,m > 1.

From the above construction one can conclude the following

(i) Dy 1 D where for each m > 1, D,, is a domain with C* smooth boundary.

(ii) For any smooth compact subset C' C D, we have C C Dy, for sufficiently large

l,m.

Now to ensure the existence of a solution of (1) we make the following assumptions.
(A0) (i) The function b is bounded, jointly continuous, Lipschitz continuous in

its first argument uniformly with respect to the rest.

(ii) The functions 05,%,j = 1,2,...,d are Lipschitz continuous and bounded.

(iii) The function a := oot (where o is the transpose of o) is uniformly elliptic,

i.e., for some positive constant dg

za(x)zt > &l|z||%, z € D, z € RY,

where dg is the ellipticity constant.
(A1) The function v = (v1,...,74) is such that each of the component v; €
Cp(R?), and there exist d; > 0 such that:

e Forallz e X;,i=1,...,d,
y(@) - n'(z) >8>0

where ¥; = {z € R? : z; = 0}, and 7°(-) denotes the outward normal to ¥; .
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Remark 1. Since v; € Cy(RY), for i = 1,...,d, in view of (A1), one can always
choose D,, in such a way that for all m sufficiently large

y(x)-n™(x) > 61 >0forallz € 0D, NG;, j=1,...,d,

where G; is a fixed neighborhood of ¥; and 7™ (-) denotes the outward normal to
0D, .

Set
S={zeU Si:ax¢ni_%,, k>21€{1,2,...,d}},

which is the smooth part of 0D.

Under the assumptions (A0) and (Al), for a given (vy,v2) € A; x Aj, it has
been proved in [7] that (1) has a unique weak solution. Adapting the approach by
Zvonkin and Veretenikov (see for example [42]) one can prove that, under a pair
of Markov strategies, (1) admits a unique strong solution. For more details see
[Theorem 3.2, [7]].

Throughout this paper we make the following assumption.

(A2) Let &' denote the non-smooth part of dD (clearly, the surface measure of
> is zero). We assume that P?0%2(X (t) € &' for some t > 0) = 0, for each z € D,
where PY12 ig the probability measure on the space over which X(-) is a weak
solution of (1) corresponding to a strategy pair (v1,v2) and initial state .

We refer [23], [24], [37] for sufficient conditions ensuring (A2).

Fori=1,2,let 7; : D x Uy x Uy — R be the running cost function. We extend

T tOTiZEX‘/l X‘/Q*)R_i_ by

Ti(x,vl,vg):/ / 7i(x, uy, ug)vr (duy )ve(dus),
Us JU;

for i = 1,2. We assume that

(A3) 7; is bounded, jointly continuous and Lipschitz in its first argument uni-
formly with respect to the rest, for i = 1, 2.

Now we describe the cost evaluation criteria.

2.1. Discounted cost criterion. Let o« > 0 be the discounted factor and 6 €
(0,©) the risk sensitive parameter. The risk-sensitive discounted cost of the ith
player, i = 1,2, is given by

1 o —a _
j:’li,vz (Q,I) = gln E;)17112 |:€6f0 e tm(X(t),v1(t),v2(t))dt T € D, (2)

where X (¢) is the solution of the RSDE (1) corresponding to (vi,v2) € A; X As
and EY12 denotes the expectation with respect to the law of the process (1) corre-
sponding to the admissible strategy pair (vy, ve) with the initial condition X (0) = x.
For i = 1,2, Player 7 wishes to minimize (2) by choosing appropriate strategies v;
from A;, .

A pair of strategies (v}, v3) € A; x Ag which satisfies the following:
TR 0,2) < JUE(0,2), Vo € A,z €D,

(03 [e3%

TR 0,) < TN (0,2), Vs € Ay, x €D, (3)

(03

is said to be an a- discounted Nash equilibrium.
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2.2. Ergodic cost criterion. For (v,v3) € A; x Ajg, the risk-sensitive ergodic
cost of the ith player, for ¢ = 1,2, is given by

v1 v2 (9 l‘) = lim sup i log E;zl,'uQ 66 foT ri(X(t),vl(t),vz(t))dt} T € D. (4)
T—o0 or

For this cost evolution criterion the definition of Nash equilibrium is analogous.

Since the existence of a Nash equilibrium is usually established using a stan-
dard fixed point theorem. For this reason, we first endow S; with a topology
that makes it a compact metric space. It is known that L>°(D; M,(U;)) is the
dual of L*(D; C(U;)), where M(U;) denote the space of all signed measures on U;
with the weak*-topology. Thus, in view of the Banach-Alaoglu theorem it is clear
that the unit ball in L>(D; M,(U;)) is weak*-compact. Again, as we know that
LY(D; C(U;)) is separable, therefore it follows that the weak*-topology of its dual is
metrizable. Thus, we topologize S;, i = 1,2, using the metrizable weak*-topology
on L>(D; M,(U;)). Since S; is a subset of the unit ball of L>(D; M(U;)) and
P(U;) is closed in M (U;), it follows that S; is compact under the above weak*-
topology.

Also, one can characterized the topology of S; by the following convergence
criterion:

Fori=1,2, v} = v; in §; as n — oo if and only if

T [ @) [ gt @@ = [ @ [ gl 6

for all f € LY(D)NL3(D), g € Cy(D x U;); see [[5], p.57) for details. Following [27]
we introduce the following class of strategies: Let

Si = {0::(0,0) x D —V; | o is measurable}, i = 1,2,

be a class of strategies, which will be referred to as the class of eventually stationary
strategies. We endowed the space S; with the weak*-topology L™ ((0,0) x M(U;))
(this was introduced by Warga [43] for the topology of relaxed controls). Under
this topology, S; becomes a compact metrizable space. In S; we have the following
convergence criterion:

For i=1,2, 01" = #; in S; as n — oo if and only if

nh_}rr;o /0 e)/ f(6,x) / (0, z,u;)07 (0, z) (du; )dOdx (6

/0 @)/ J(6,) / (0, ,u;)0: (0, x)(du;)dfdz

for all f € L?((0,0) x D) ﬂLl((O 0) x D), g € Cp((0,0) x D x U;). Note that,
corresponding to each v; € SZ,Z = 1,2, the Markov strategies associated to it is
given by 9;(fe=*t, X (t)),t > 0, for each 6 € (0,0) and a > 0, where X (¢) is the
solution of the following RSDE

~

AX(8) = b(X(t),v1(0e=°", X (1)), va(0e ", X(£)))dt + o (X (£))dW (£)
=y (X (t))d&(t),

dé(t) = Iix@eopyds(t),

£0) = 0, X(0)=zeD.

As we know that, e~ — 0, as t — oo, therefore, in the long run an element of S;
“eventually” becomes an element of S;. This justifies the terminology [27].
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Due to non-cooperative nature of this game no player would deviate from a Nash
equilibrium. It is easy to see that if the Player 1 announces his strategy in advance
then the Player 2 would obviously minimize his own cost. Any strategy of the
Player 2 that minimizes his cost is called his optimal response corresponding to
the announced strategy of the Player 1. There may exist several optimal responses
of the Player 2 corresponding to each announced strategy of the Player 1. In a
similar manner, one can define the optimal response of the Player 1 corresponding
to each announced strategy of Player 2. Thus for a given pair of strategies of the
two players, there exists a set of pair of optimal responses of the players. This
defines a set-valued map from the set of strategies of the players to the power set
of the set of strategies. It is easy to see that, any fixed point of this set-valued map
is a Nash equilibrium. Using certain compactness and convexity together with the
upper semicontinuity of this set-valued map, we can show the existence of a fixed
point. In general for nonzero-sum game problems showing the upper semicontinuity
of this set-valued map is by far the most difficult task.

3. Analysis of discounted cost criterion. In this section, we analyze the dis-
counted cost criterion. To carry out our analysis for the a-discounted cost criterion
we use the following cost criterion
Js?i’ug (07 I) — E;)la'UZ |:60 Iooo e_at’l‘i(X(t),'Ul(t)sUZ(t))dt:' . (7)
The definition of a Nash-equilibrium for this cost criterion is analogous. Since
logarithm is an increasing function, the cost evaluation criteria (7) and (2) are
equivalent in the sense that any Nash equilibrium for (7) is also a Nash equilibrium
for the criterion (2) and vice-versa. Let 0; € S;, ¢ = 1,2. Now for 6 € (0, ©)
and € D we define the value functions corresponding to the cost criterion (7) as
follows:
Y (0,0) = inf J2(0,x)
? v1 €A1 ’
= inf Ev% [69 I5® e*‘”n(X(t),vl(t>,ﬁ2(9e*““,X(t)))dt}
neA ’
inf J2%"%(0
vzlgAz a2 ( 756)
= inf E"% [69 5 e*‘“w(X(t),ﬁl(ae*”ﬁX(t»,vz(t))dt} _
va€dy ¥

Pty (0, )

Next, we want to prove that the value functions defined above are solutions of
the corresponding HJB equations. By dynamic programming heuristics, the HJB
equations for the discounted cost criterion are given by, (see [19],[38])

9] . X R
a % = vzugt‘"/z [(b(x,vl(ﬁ,x),vg),vlbz) + 97‘2(32,1}1(9,33),112)1#2}
—|—% trace(a(x)V3y),
¥2(0,2) = 1forz €D, Vipo-vy=0 on (0,0) x D
and
a2l Mkmm@wmvw+%@m@wm%
69 vlevl ) ) ) ) ) 7 9

—i—% trace(a(z)V31),
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¥1(0,7) = 1 forx €D, Vipy -y =0 on (0,0) x dD.

The singularity in 6 at 0 and the unbounded, non-smooth nature of the orthrant pose
technical difficulties in solving the above p.d.e.s. We use suitable approximation
arguments to overcome these difficulties. In other words, we approximate the above
p.d.e.s by a family of p.d.e.s in the smooth bounded domains D; ,,.

Lemma 3.1. Suppose that assumptions (A0) - (A3) hold. Then for o, € S and
for each k € (0, ©), the p.d.e.

Oy , ) . A )
aﬁTQé = vfg& |:<b($7111(0,$),’02)’V’(blz’,ﬁ> +9T2($,v1(0,x),z;2)¢gﬁ]
1
+5 trace(a(z) V245", -
U (k,T) = eE= for w € Dy, Vs =0 on (k, ©) x Dy,

has a unique solution in WH2P((k,0) x D), oo > p > 2, for each l,m > 1, which
is given by

W50, ) = inf B2 [e%ee Joe e-f“rz(X(t),m<96‘at’X<t>>,v2<t>>dt]
2,k 9 o €Ay x ,
log(%) . o
where T,, = E- . Similarly, for 09 € Sa, the p.d.e.
«
MY . A . A -
of 610’ = vllrelg'l [(b(%vhvz(g,x)),Vwi’ﬁ> + 0rq (x7v1,vg(9,x))¢i’ﬁ}
1
+§ trace(a(x)vijjll’f), (9)

W (k,x) = eE= forz e D, VU -7 =0 on (k, ©) x 0Dy m,

has a unique solution in WP ((k,0) x Dy ), 00 > p > 2, for each l,m > 1, which
is given by

Lm o vy, [ BTl g [T g=oty (X ()01 (£),62(Be ™, X (£)))dt
0,x) = f By [ o ! : .
¢1,n ( Q]‘) vllgAl x € e 7o
Proof. Tt follows from [[21], Lemma 3.1]. O

Next we want to prove the existence of a solution to the limiting p.d.e. of the
above families of p.d.e.s

Theorem 3.2. Suppose that assumptions (A0) - (A3) hold. Then we have the
following: R
(i) For each 11 € S1, the p.d.e.

a@% = vzilgt‘"/2 [(b(x,ﬁl(ﬁ,x), va), Vha) + Oro(z, 01(0, x), v2)1ho
+% trace(a(z)V3iy), (10)
¥2(0,2) = 1 forz€ D, Vipo-v=0 on (0,0) x D

has a unique solution in W}v”’((O, ©)x DUX)NCYL((0, ©) x DUY), 00 > p > 2.

oc

(i) And, for each 0y € Sy, the p.d.e.

0 ) N .
at‘)% = vluel{/l [(b(l’,vl,vg(ﬂ,x)),v¢1>+9r1(x,v1,v2(9,x))w1
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—l—% trace(a(z)V3¢1), (11)
P1(0,2) = 1 forz €D, Vip -y =0 on (0,0) x D

has a unique solution in W,>>P((0, ©)x DUX)NC%1((0, ©)x DUX), 0o > p > 2.

loc

Proof. We want to prove (i), and the proof of (ii) is analogous. Let @ C D be
an open bounded domain with C? boundary. Then from our construction it is
clear that there exist two positive integers Ny, M; such that Q C Dy, for all m >
M,,1> N;. From Lemma 3.1, it is easy to see that (8) admits a unique solution in
Wh2P((k,0) x Dy ), 0o > p > 2, which is given by

¢l2’f(9, z) = inf E}ihv? [6%69 S et (X (8),01 (0™, X (1), v2(8))dt | (12)

’ va€Ag

This implies

le:,:w’x” < ozl 69‘|7‘2H00(L—€7C‘T'€) _ Azl ’
since e~ *Tx = & Therefore
5 lloe < €=, (13)
Following arguments as in the proof of [[19], Lemma 2.2], one can prove that
2 o gt el (14

Let ¥2,1,m(+, -) be a minimizing selector in (8) (existence of such a minimizing selector
is ensured by [9]). Thus, we can rewrite the p.d.e (8) as a parametric family of linear
elliptic p.d.e.s as follows.

m 1 m
(b(z,91(0,x), V2,1.m(0,x)), le27)ﬁ> + 3 trace(a(x)v2wé”ﬁ) = fi.m(0,x),

Fllralloe
with 1/)12”7:(11,50) =e on Dy, and Vwé’f_:(ﬂ, z)-y(x) =0 on (K,O)xIDj m,
1,m
where f; . (0,2) = 04981/)2’579(9’3:) — Oro(z,01(0, ), Va,,m (6, ) é?(@,az) Define

bim (0, ) = b(x,91(0,2),T2,1.m(0,2)). In view of our assumptions and (13), (14),
for each 6 € (0,0) we deduce that

SluP ||I~)l,m(9> ')HOO;Dz,m < 0, SluP Hfl,m(ev ')HOO;Dz,m < 0.
,m

, M

Now, applying [[28], Theorem 9.11] (see also [[19] subsection (1.6)]), it follows that
5" 1 2,ps(m.0)x@ < K1, for all m > My,1 > Ny,p > 2, (15)

where the constant K is independent of m,l. From D, we choose an increasing
sequence of bounded domains {Q,},, such that DUY = U,>1Q,, and 8Q,, N dD is
a C? portion of dD. A standard diagonalization procedure implies that there exist
Yy, € VVllo’f’p((n, 0) x D,,), 2 < p < 00, such that along a subsequence as | — oo

Py — P weakly in WP ((k,0) x Q). (16)

Therefore (15) yields that V5" [[1,2,p;(x,0)xQ < Ky, for all m > My,p > 2. Again,
by similar diagonalization argument, we deduce that there exists 2, €
Wh2P((k,0) x DUY), 2 < p < oo such that as m — oo

loc
Py, — g . weakly in WP ((k,0) x Q). (17)
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In view of the parabolic version of Morrey’s lemma [[44], pp. 26-27], it is clear that
Wh2P((k,0) x Q), p > d + 1, is compactly contained in C2%((k,0) x Q), 0 <
a<2-— %. Hence, we can extract a subsequence such that

lim lim Y47 =4, in C3%((k,0) x Q). (18)

m—0o0 [—o00

Now using (A0), (A3) and (18), we deduce that
lim lim inf [(b(x,@l(ﬁ,x),vg),Vipé’yTZ) + 9r2(x,©1(0,x),v2)1/1l2’f:} =

m—+00 [—o00 v EVa

inf [(b(m,ﬁl(ﬁ,x),vg),vwz,@)+9r2(x,171(9,x),v2)w274, a.e. (19)

v2€Va

Moreover, from (16),(17) and (19), letting { — oo and then m — oo in (8), it follows
that

OYa (0, . . )
00?22 i (b, 50(0,2),02), Vi) + O, 010,2),02)0n

+% trace(a(x)v21/}2,n(97 r)), (20)

in the sense of distribution. As we have 15, € W12P((k,0) x Q) for any compact
subset @ of D with C? smooth boundary, we deduce that v ,; satisfies (20) strongly.
Also, since we have

Klralloe
wé’f:(ﬁ,x) =e « onDy,, foralll > Ny,m> M

k|72 0o
using (18), it follows that 1 .(k,7) =e @  onD. Next we want to derive the
boundary condition for the limiting solution, i.e., Vs . (0,2) - v(z) = 0 a.e. on
(k,©) x OD. It is clear from our construction that, for each point o € ¥, there
exist a sequence {x}i,m of points of Dy ,, such that z;., — To as m,l — .
From (18), using the fact that v is continuous, and v , € C*(D U X), we obtain

Vo, (0, %0) - (F0) = lim lim VYL (0, 21,m) - ¥(21,m) = 0.
m—00 [—00

Since the surface measure of &’ (non-smooth part of 9D) is zero, we get Vipy (0, x)-
v(z) =0 a.e. on (k,0)xdD . Therefore, Pa . € W,52P((k,0)x DUL)NC' 54 ((x, ©)
x Q), p > 2, for each bounded C? domain Q in D, satisfies

O .. (0, . . 0
OZGW - ’Uilel{‘/z |:<b((E,’U1 (0,%)7’02), V¢2,n> + 97’2(1’,’01 (9,1’),’02)1/@,;{
—|—% trace(a(z)V3a . (0, 2)),
#lrelloe
Vanlra) = ¢ a onD,
Vibon(0,2) y(x) = 0on (x,0)x3D. (21)

Thus, we deduce that (21) admits a solution in W,2>7((x, ©) x DUZ)NC% ((k, ©) x
DuUY). Now, we want to take limit  — 01in (21). To this end, we extend the function
2, to the whole of (0,©) as follows

_ w(B,x2) if 0>k
¢2,n(97x) = { ¢E\7\7‘2(Hoc )

e o if 0<k.
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It is easy to see that, s, is nonnegative bounded, continuous and from (13), (14)
and (15), we have
81#2,&

Wry
0525@” 00 ||°Oﬂ("9»0)><D %)

Furthermore, for each compact Q C D with C2-smooth boundary,

sup 5 < 00.
s [l

Also, it is easy to see that for each 0 < 6 < ©, the function 1[)27,.€ satisfies the
following p.d.e.

Oy (0, x . R - N -~
ag%) = inf. (b, 0100, 2),02), Vi ) + 07, 010, 2), 02) 2,
1 - Klir2lloo
+ B trace(a(x)vzwg,ﬁ(ﬁ,x)) — fe vzl 11615 ra(x,01(0, ), v2) [1g<k},
sllrallso

Yo x(k,x) =€ =  on D, Vi .(0,2) v(z) =0 on (k,0) x ID,a.e. (22)

Therefore, 15, € VVlif’p((O 0) x DUX)NC%%((k,0) x Q) for each bounded C2

©
domain @ in D, is a solution to (22). Let ¢ € C2°((0,0) x DUX) be a test function.
Then multiplying (22) by ¢ and integrating over (0,0) x D U X, it follows that

e - S
, / / 002025 Lagdn + / / inf
o Jpuz 00 o Jpugzv2eV2

_ 1 [© _
+ 97‘2(33,61(9,1),02)1/}2,,§}<pd9dm+f / / trace(a(x)V*ty, . )pdfds
DUS

b(x,v1(0, ), Uz),vlzzrﬁ

/ / inf Orq(x,v1(0,z),v0)e NHTiH&g@dem (23)
D

ux v2 €Va

From the above estimates, we deduce that there exists ¥o € T/Vll’Q’p((O, ©)x DU

Y)NC2%((k,0) x Q) for each bounded C? domain Q in D, satisfying the limiting
equation. Letting k — oo in the above equation, it follows that

/ / ¢2 cpd@dx +/ / inf b (x,01(0,x),v2), Viba)
DUE DUS “2€V2

+0ra(x, 01(0, x), ’Ug)’l/)g:| pdbdz + 3 / / trace(a(z) Vg ) pdfdx
DUS
~0. (24)
It is known that ¥, € WE2P((0,0) x DUX) N CT%((k,©) x Q) for each bounded

loc

C? domain @ in D, thus it satisfies the following:

aew = o <b(:c,791(9,x)»v2)7v¢2(9a37)>+9r2(x’ﬁ1(9’$)’v2)w2]
+% trace(a(z) V32 (0, 7)),
¢2(0,2) = 1onD. -

Suppose @ be a domain in D with Lipschitz boundary such that its closure in D
contains some part of the boundary ¥ (the smooth portion dD). We know that
P2.x5(0,°),%2..(0,-) € W2P(Q), p > 2, for fixed 6 € (0,0). Also, by Morrey Lemma
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[[34], pp. 335-339], we have W?2P(Q) is compactly embedded in C*%(Q). Thus, we
deduce
1/}2,%(97 ) — w2(93 ) in CL&(Q) >

for fixed 6 € (0,0). Using the fact that Vs (0, 2)-y(z) = 0on (0,0) x D for all
k > 0, we deduce that Vip (0, z)-v(x) = 0on (0,0) x IDNIQ. Since Q is arbitrary,
it follows that Vi (0,z) - v(x) = 0on (0,©0) x dD. This proves the existence of a
solution ¥y € W,22P((0,0) x DUE)NC%((0,0) x DUY), p > 2, to the equation
(10). For co > p > 2, using the dominated convergence theorem and It6-Krylov
formula as in the proof of Lemma 3.1, it follows that

Ua(0.2) = il Bp [ XOROTXO O (= 420, 2).

Hence ¢ € VVll’Q’p((O7 0)x DUX)NC%L((0,0) x DUX), 00 > p > 2, is the unique

oc

solution to (10). O

For § € (0,0), a > 0 and o; € S;, i = 1,2, in view the proof of [[11], Theorem
3.1], it follows that the following estimates hold

flirillco

1 S maX{TﬁZﬂ(@,I)Jﬁgb(GJ)} S maxe * ’

Y2 oYLt ; 0+2)lI7; lloo
max{” ﬁzl | oo || ggz ||Oo} < 3mzax %e%. (26)
In the next lemma we prove certain estimates which will be useful in proving conti-
nuity of certain maps (see Lemma 3.4). For bounded domain case [21, Lemma 3.2]
authors have proved similar kind of estimates. The main idea of the proof is to use
standard elliptic P.D.E. estimates.

Lemma 3.3. Suppose that assumptions (A0) - (A8) hold. Then for 0 € (0,0),
a > 0 and for each domain Q in D with C? boundary portion of dD (if the boundary
of Q intersects the boundary of D), we have

sup ||7//le 1,2.p:Q <00, sup W’Zzl 12,0 < 00 (27)

01€81 D2 €S2
Proof. For any measurable minimizing selector v2(0, z) of (10), rewriting the equa-
tion (10), it follows that
1 ) ~ — D
5 trace(a(x)V%al,Q) + <b(.13, U1 (0, Jf), U2 (67 Z‘)), V¢a12>

2! ) .
) 2 07’2(1'7 U1 (97 1’), @2(03 x))'l/)ZI,Z

Using the estimates as in (26), it is easy to see that the r.h.s. of the equation is

bounded uniformly in 6 € (0,0),0; € S1 . Then by standard elliptic P.D.E. estimats

(see, [[19], Theorem 1.8], also see [28]), we deduce that

= af

sup H‘/)Zlﬂ 1,2,p,Q < 0. (28)

v1

The other estimate follows by similar argument. O

Next lemma proves continuity of certain class of functions, which will play an
important role in further analysis. In order to do so, we follow the argument as
the authors have used to derive similar continuity result [21, Lemma 3.5] for the
bounded domain case .



RISK-SENSITIVE STOCHASTIC DIFFERENTIAL GAME 355

Lemma 3.4. Suppose that assumptions (A0) - (A3) hold. Then the maps 01 +— 1/)
from & — I/Vif’p((() ©)x DUX), 00 >p > 2 and vy — wal from Sy —
WE2P((0, ©) x DUY), 0o > p > 2 are continuous.

loc

Proof. Let 07 — 01 in S1 as n — oo. Then in view of Lemma 3.3, it is easy to see
that

51;11) ||¢Zl,2||1,2,p;Q < 0. (29)

Now we choose a sequence {Q,} of bounded domains from D such that DUX =
Un>1@, and 8D N 9Q,, is a C? portion of dD. Then by standard diagonaliza-
tion argument and using the compact embedding theorem [see [1], Chapter 6], the

Banach-Alaoglu theorem it follows that there exists 1q,2 € W,22P((0,0) x DUX) N

C%1((0, ©®) x DUY) such that along a suitable subsequence
G2y = Pas in WHAP((0,0) X Q) weakly, 50
wzg — ’(/;ayg in C%'((0, ©) x Q,,) strongly,

for each m > 1. Multiplying both sides of (10) (for fixed strategy ©7) by test function
p e CX((0,0) x DU Z) and integrating over D U X, we deduce that

dOdx
//M 6”

/ / inf | (b(z,07(0, ), v2), Vl/zz%;} + Ora(z, ﬁ?(@,x),vg)wzg pdfdx
DpUS

V2 €V2

/ / trace(a V2¢ )(pd@dx
pUS

Since a2 € WEHP((0,0) x DUX)NC%((0, ©) x DUX) in view of (30), letting
n — oo in the above equation, we obtain zza,g is a.e. solution to (10). We have
zZa,Q(o, x) = 1, since wz?z((), z) =1for all n > 1. Arguing as in Theorem 3.2 we can
show that Vz/;a)g(e,x) -y(xz) = 00n(0,0) x 9D. Thus, 1;0472 is the unique solution
in W2*P((0,0) x DUX) N C%((0,0) x DUX) of the p.d.e. (10). Therefore by
Theorem 3.2, it follows that 1/;a,2 = 1?21,1- This proves the continuity of the first
map. The continuity of the second map follows by similar arguments. O

For each fixed pair of strategies (91, 02) € Sy x S5 , we define

N(i1,02) = Ni(t2) x Na(o1), (31)
where
Ny(6) = {@;‘ € Si[Fi(,97(6,2),52(6,2)) = inf Fi(,v1,52(6,2)) ae. O,x},

Fl(xavlaf@(eax)) = <b($7v17’02<97m))7vw§2,1> +9T1($,U1,@2(9,$)) 22,17
(0,:7}) € (O,@) X E, vy € V1,09 € SQ,
Ny(o1) = {03 € S| Fa(a,01(60,2), 63(6,2)) = inf Fo(w,61(6,2),v2) ae. 6,2},

v €V
FQ(xaﬁl(aax%v?) = <b(z’ﬁl(9’x)av2)a V¢312> + 97’2(1‘,'[)1(6‘,.%),’02) 21,27
(0,2) € (0,0) X D, vy € Va,01 € Sy
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By a standard measurable selection theorem [9], it is easy to see that Ni(bg) is
nonempty. From the definition of N (o) it is clear that N (o) is convex. Using
the topology (6) of Sy, it can be shown that N () is closed in S, thus we have
Nl(’l)g) is compact. By analogous argument we have Ng(vl) is nonempty, compact,
convex, subset of Sy. This 1mphes that N (01,09) = N (Dg) % Ng(vl) is a nonempty,
convex and compact subset of 81 X 82 As we have discussed earlier, to prove
the existence of a Nash equilibrium, we need to prove the upper semi-continuity
(u.s.c.) of certain map, in particular we need to prove u.s.c. of the set valued map:
(D1, 2) > N (b1, 0) from Sy x Sy — 251 x 252, As in [18], [20], [21], [26], [29], to
establish u.s.c. of this set valued map we need some additional additive assumptions
on the drift of the state dynamics and the cost function (ADAC) given as follows:
(A4) We assume that b: DxU; xUs — R and 7 : Dx Uy x Uy — [0, 00), 1= 1,2
satisfy the following additive structure:

b(x,ui,ug) = by(x,ur)+ ba(x,us),

fi(x,ul,uz) = Fﬂ(x,ul) + ’FZ'Q(l‘,UQ), x € E, uy € Uyp,ug € Ug, i =1,2.
Also, we assume that b;, 71, 70,1 = 1,2, satisfy conditions in (A0) and (A3).
Next lemma proves u.s.c. of certain set valued map, which will play a crucial role

in establishing existence of a Nash equilibrium. In bounded domain setup similar
result has been established in [21, Lemma 3.4]

Lemma 3.5. Suppose that assumptions (AO) (A4) hold. Then the set valued map
(01, 09) N(vhvg) from S xS — 251 % 252 js u.s.c.

Proof. Let {(07,08)}n be a sequence in 81 x Sy such that (07,9%) — (01,09) €
S; x S,. For each n > 1, we choose o € Ny (0%),n > 1. Using compactness of S,
we can extract a subsequence {vl } (denotlng by the same notation without any loss
of generality) such that o7 — by for some ¥y € Sy. Thus, we have (57, 05') — (by, 02)
in 8 x & as n — co. Then in view of (A4), Lemma 3.4 and the topology of
Si,i = 1,2, we deduce that

(b(, 57(0, @), 05 (6, 7)), Viber)
converges weakly in L? ((0,0) x DU E)
(b, 016, 2), 026, ), Vb2 + 0r1 (2, 01(8, ), 02(8, 2)) 52y

In view of the Banach-Saks theorem it follows that a sequence of convex combination
of the former converges strongly in L}, ((0,0) x DUY) to the latter. Thus, along a
suitable subsequence of the convergent sequence of convex combinations, it follows
that (without any loss of generality denoting by the same notation)

lim Fy(z,07(0,2),05(0,2)) = Fi(z,01(0,2),92(0, 7)), ae. inf,x.  (32)

+ Ory (2, 07(0, ), 05 (0, x)WZ%

By analogous argument as above, for fixed by € Sl, we have
lim Fy(z,01(0,x),05(0,2)) = Fy(z,01(0,2),02(0,x)), ae. in b,z  (33)
n— oo
Since o7 € Ny (93), we get
Fy(z,0.(0,2),05(0,2)) > Fy(x, 070, z), 05(0, x)), n > 1.
Now, using (32) and (33), we obtain

Fl(x,ﬁ1(9,x),132(9,a:)) > F1($,61(9,$)71A)2(6,.’13)), ’(2)1 S Sl.
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Since 91 € Sy is arbitrary, we deduce that v; € Nl(@g). Arguing as above, it can be
shown that for 9% € Na(97) and any limit point 05 of {03}, we obtain vy € Na (7).
This shows that the above map is u.s.c. O

Following theorem proves the existence of Nash equilibria in the space of even-
tually stationary strategies.

Theorem 3.6. Suppose that assumptions (A0)-(A4) hold. Then there exists an
a-discounted Nash equilibrium in S; X Sa.

Proof. Since the above set valued map is upper semi-continuous Lemma 3.5, ap-
plying Fan’s fixed point theorem [17], it follows that the map (vl,vg) — N (by,0)
from 81 x Sy — 251 x 252 admits a fixed point (0F,03) € 81 x Sy, ie.,

(07, 03) € N(o7,03).

This implies that the pair (woﬁfl, wjj;) satisfies the following;:

o &gil = vlirg/1 [(b(ac,vl,f);‘(@,x)) Vwa 1)+ Ori(z,v1,05(0, x))w:l}
+% trace(a(m)vzwzg ),
= (bla, 07 (0, %), 03(0, 2)), Viber,) + Oy (07 (0, ), 03 (0, 0)) 02,
+% trace(a(m)v2w2’f1),
Y2 (0,2) = 1,2€D, Vo2 -v=0 on (0,0)x dD.
002052 ing [, (0,2),00), Vil + Ora(a, 570, 2), 02)u )
+% trace(a(z) V20Ly),
= (blw, 05(0,2), 05(0, ), Vibly) + Ora(w, 05 (0, 2), 03 (0, 2)b
+% trace(a(x)VZwaz),
Wi,(0,2) = 1, 2€D, Vi, -y =0 on (0,0) x dD.

Now, using the representation of the solutions to the p.d.e.s as obtained in the proof
of Theorem 3.2, it is easy to see that

eh(0,2) = it M (0.2) (= inf TN (0,))
; yer'y s v1 €A
= JI%0,),
Wi,0,0) = inf JU5(0,x) (= inf T3 (0,2))
szSz va€A2

= JU12’U2 0,x).

a7

Therefore, we obtain

Jsallﬁ; (97 $) > J;Aflﬁ; (9, .13), v V1 € -/417
J0,2) > JUSTE(0,x), Vs € As.
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This implies that the pair (97,03) € 81 x 8y is a Nash equilibrium. This completes
the proof. O

4. Analysis of ergodic cost criterion. In this section we show that for the
ergodic cost evolution criterion a Nash equilibrium exists in the space of stationary
Markov strategies. Also, we completely characterize Nash equilibrium in the space
of stationary Markov strategies. To carry out our analysis we make the following
stability hypothesis:

(A5)(Stability assumption) There exists a stochastic Lyapunov type function
V : D — [1,00), with following properties

(i) Ve C*D), lim V(z)=cc.

llzl| =00
(i) VV -4 >0 on 0D.
ifi) L¥2V(z) < alz — 20V (z), V (z,u1,us) € D x U; x Us, for some suitable
(iii) &
compact set K C D and constants & > 0, 6 > 0.

Also, we make the following technical assumption about the running cost func-
tion.

(A6)(Small Cost Condition) 8||7;||cc < 6,6 € (0,0) and § asin (A5),i=1,2.

Since for the ergodic cost criterion we fix the risk-sensitive parameter, without
loss of generality we are assuming that § = 1. Suppose that 2o € D is an arbitrarily
fixed point. Then, from our constructions it is clear that there exit I1,m; large
enough such that xg € Dy, for all [ > [;,m > m;.

From [40], we have the following results about the ergodic HIB equation.

Theorem 4.1. Suppose that assumptions (A0)-(A6) hold. Then for vy € Sz, there
exists a unique eigenpair (p22,¢7?) € Rx W2I(DUR)NCHDUT)NO(V), 42 > 0,
q > d+ 1, satisfying

Ut = inf [(b(z, 01, 0a(2)), VU7) + 7, 01, B (@) 7

1 ~
+5 trace(a(x)V*{?), a.e. 1€ DUY,
V2(z0) = 1, Vopi2 .4 =0, on dD. (34)

Moreover, There exists a compact set Q1 C D such that for any minimizing selector
v} of (34) and any compact set Q11 D Q1, we have

5 (z) = B2 [ef(ff*l(n<X(t>m;(X(t)),az(X(t)))—p?)dtwfz (X)) Ve 5,
(35)
where 71 == 7(Qf ) = inf{t > 0: X(t) € Q11} and X(t) is the solution of (1)
corresponding to (vi,v2) € S1 X Sa.
Similarly, for each v; € &) there exists a unique eigenpair (pgl, Sl) € R x
W2ADUZ)NCHDUZ)NOV), 3t >0, ¢ > d+ 1, satisfying

loc

Ulrelf‘l/ <b($,1~)1($),’02)7v¢§1>+7“2($,171(.’£),1)2) ;71

Py
1 2,0
+3 trace(a(x)V=y3'), a.e. x € DU,

gl(iﬂo) = 1, ng” -y =0, on dD. (36)
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Moreover, There exists a compact set Qo C D such that for any minimizing selector
v3 of (36) and any compact set Qa1 D Qa, we have

251 (z) = E;’l’v? [ fo L (X ()01 (X ()0 (X(t)))—ﬁgl)dtw2ﬁ1 (X(T2671)):|, Ve Q;l’
(37)
where 75, = 7(Q5,) = inf{t > 0: X(t) € Qa1} and X(t) is the solution of (1)
corresponding to (v1,v5) € S1 X Sa.

Proof. From [[40], Lemma 3.3], it is clear that for I > I;,m > m;, the following
p.d.e.

A, = b (b, v Ba(e), VUL + (e, 00, Ta(@) 0l

1
—|—§ trace(a(m)vzwl’z)a
W (@) = 1 VUL -y = 0on AD, . (%)

has a unique principal eigenpair (pll’;g, 1%?2) € R x W29Dy,,), ¢ > d+ 1, such
that wllr};; > (0 and pll”%g > 0. Now by repeating the limiting arguments as in [[40],
Theorem 3.1}, one can prove the existence of a solution of (34). Similarly one can
prove the existence of a solution of (36).

The representation (35), (37) of the eigenfunctions 1/)}72, 1/)31 respectively, follow
by similar arguments as in [[40], Lemma 3.4]. O

Remark 2. Arguing as in [[40] Remark 3.1], it follows that there exist positive
constants 01 1,02 1 > 0 and 51 1,[321 S (0 1) such that ¢1112 < 01 1Vﬁ1 1 and
1/12 < 02,1‘/[32 L.

Let {K,} be a sequence of compact sets in D such that U,>1 K, = DUZX.

Asin [[12], Lemma 3.3], we approximate the running cost function in the following
way: for i = 1,2, let {¢;.} be a sequence of test functions such that ¢; , = 1 in K,
and ¢;, = 0 in K ;. Since ||r4||oc < 0, it is possible to choose constants d; 2 > 0
small enough such that ||r;||ec +d;2 < J. For (x,u1,u2) € Dx Uy x Us, i = 1,2, set

Tin (T, ur, u2) = ¢ipn(2)ri(x, ur, u2) + (1 = ¢in(2))(|7illoc + di2), ¥V n €N,

It easy to see that all the results of Theorem 4.1 hold for r; replaced by r; ;.
Next we want to prove the representation of the eigenvalues.

Theorem 4.2. Suppose that assumptions (A0)-(A6) hold. Then the eigenvalues
obtained in the Theorem 4.1 have the the following representations

pi)? _ U112£1 ll,ZIﬂn_;Solip T log Evl , 02 |: fOT r1(X(t),v1 (t)7772(X(t)))dt:| . (39)

and

- 1 - &
pgl — inf limsup T lOg E;n,vQ |:6J‘OT ro(X(t),01(X()),v2 (t))dt:| 7 (40)

v2€A2 T o0
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Proof. Applying It6-Krylov formula to efl;(”(X(t)’vl(t)’f""(X(t)))fpfz)dtwlﬁz (X (t)) and
using (34), we get

By [efoT MR (X ()01 (8) 82X O) =1t B2 (X (T A TR»]

- Trte ~ s -
_ o {/ I3 (1 (X (3),019)32 (X (D) =) [ L2 (X (£), w1 (1), 2 (X (£))
0

Hra (X (6),01(8), B2(X (6))) = o7l (X (1) t] + 677 ()
> Yy (@),
Arguing as in [[40], Remark 3.1] (also see Remark 2), it follows that there exist
positive constants 0171,02,1 > 0 and 8171,8271 € (0,1) such that wlﬂz < C’leﬂl,l
and ¥5* < 02,1V62=1. Therefore

1172 (IE) < E;1,52 {efoTATR(”‘1(X(t),vl(t),ﬁz(x(t)))*m)dtﬂjlfz (X(T/\ TR)):|

IN

o} L EY1P2 [efoTATR(7"1(X(t)ﬂn(t),f/z(X(t)))fpfz)dtVBLI(X(T A TR))}

IN

O B [eff? TR (X (O01 ()52 (XO) —pi)dty B (X (T)) I{T<TR}}

4 Gy BV [GIOTATR(r1(X(t)’m(t)ﬂz(X(t)))*Pf?)dtv31,1 (X(TR))I{T>TR}} .
(41)

Following the steps as in [[40], Lemma 3.4] one can show that
J [e Jo TR (X @01 (092X @) =)ty Bra (X (7)) ] {T>TR}} =0. (42)
Again, using (A5) and applying It6-Krylov formula, we get
Bt [eff r1 (X (0)01(0):2 (X ()t 7 ( X(T))}
< (V(z) + aT) B2 {efoT m(X(tm<t>na2<X<t>>>dt} , (43)
Now (41), (42) and (43), implies
P) < (Vz)+ dT)e_”ﬁzTE;L,“’f’2 [efoT "1(X(t)’vl(t)’ﬁz(x(t)))dt}. (44)
Taking logarithm in (44), divide by T" and letting T' — oo, we obtain

57 < limsup — log B2 [ @@ mxen]
< 7 log B

T—o0

This implies that

_ 1 ~ _
pi* < inf Timsup o log " [efoT “<X<t>vv1<t>’v2<X<t)>>dt}. (45)

neAr T

Let 97 be a minimizing selector of (34), i.e.,
p1172w{12 = <b($,§1($),1~}2(f£))7v1’/}fz>+T1($,1:}1(£C),’DQ(I)) ’{)2]
1 _
—&—5 trace(a(z)V3}?). (46)

Now, in view of (A2), using limiting argument as in Theorem 4.1 (also see [[40],
Theorem 3.1]), one can prove that for each n € N, there exists (p1,,%1,n) € R X
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W2HDUY), ¢ >d+1, 41, >0, satisfying

loc

pratiin =[(b(@, 51(2), 52(2)), Vo1.0) + 0o, 1 (@), 5o (@) 1,0

+ 5 trace(a(a) V24 ).
Yin(x0) =1, Vip1,-v=0, on dD. (47)

Following the steps as we have used to derive (45), we obtain

prm < limsup — log Jomcl P m,n<X<t>ﬁl<X<t>>,az<X<t>>>dt}_ (48)
T— o0 T
It is clear from our construction that |71 n]lcc < ||71]lcc + 01,2. Thus, from (48),
we have p1, < ||r1]lec + 012. Let K1 = K,41. Therefore, it is easy to see that
inf r1in (@, ur,u2) — p1.n > 0 for all x € K’f Let
(u1,u2)€U1 xXU2

e =inf{t > 0: X(t) € K1}

Without loss of generality we assume that K, D 0. Thus, using the representation
of the eigenfunction as in Theorem 4.1, it follows that

Yrn(z) = Eﬁm[eﬁfkl(m,n<X(t),ﬁl(X(t)),mX(t)))—pl,n)dtwl (X (7% ))}
) T N i b}

> infey,, ¥V ze K§
K1

Now, using It6-Krylov’s formula and Fatou’s lemma, we deduce that

\

Yin(a) > BT [l 1 KOREOBEOD) iy, | (X(T))]

b

v

inf oy 0102 {efoT <m,n<x<t>,él<x<t>>,az<X<t>>>fm,n>dt] .

Taking logarithm both sides, dividing by T and then letting T — co, we get

pin > limsup — logE”1 ”2{ Io ’"Ln(X(W“(X(t))’%(x(t)))dt}7
’ - T— o0 T
1 P - N
> limsup — log BJ"" {eﬁ? n(X(t),vl(X(t)),vz(X(t)))dt}' (49)
T— o0

Using Harnack’s inequality and Sobolev estimate, from (47) one can easily show
that 1 ,, is uniformly bounded in WQC‘Z(D UYX), ¢ > d+ 1. Thus, along a suitable
subsequence {7 ,} converges weakly in le’q(D UX), ¢ > d+1 tosome . €
W24(DUX), ¢ > d+1, and strongly in C, ’O‘(DUZ) € (0,1). From (48) and (49),
it is clear that {p1,,} is a bounded sequence. Thus, along a further subsequence it

converges to a constant p; .. As in Theorem 4.1, letting n — oo in (47), we get
(P, V12) ERXWEYDUY), q > d+ 1, satisfies

loc

proéie = | (b, 01(@), Bale)), Vibu) + 71, Bue), Do)

1
—|—§ trace(a(z) V391 4),
Y1 (x0) = 1, Vi -y =0, ondD. (50)
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Repeating the argument as in Theorem 4.1, one can show that ) , < el V2 outside
a compact set Q1, uniformly in n for some constant C; > 0 and 8 € (0,1). Thus,
the limit ¢y » < C'1V'6 outside Q1. Hence we have the following:

b1 4(z) = ED el (X (0.5 (X (1), 52(X(t)))*91,*)dtw17*(X(Tlcﬂl))}’ Voze Qs
(51)
for any compact set Q11 D Qp (without loss of generality we are using the same
notation as in Theorem 4.1).
We now want to show that ,012 > p1.. If not, let ,0 < p1,. Using (46), as in
Theorem 4.1, we have for x € Q

()

By e o (X (08 (X ()02 (1)~ A (X (rf,))].

> ED [efo’f*1m(X<t>a61<X<t>>ﬂ72<X<t>>>—f“w*)dw?(X<Tf1>>]. (52)
Now, from (51) and (52), it follows that
( fz —1.4)(x) > E;:’l”b[ fo Lr (X (8),51 (X (1)),52(X (1)) —p1, dtw) — (X (7161))}

Therefore, one clearly sees that (¥]* — 1y .)(z) > 0 for all # € D UX if it holds in

~ U2
Q1,1. Now multiplying 91 . by a suitable positive constant (say, k1 = énf L), we
1, 1,%

obtain that (¢ f 1/11 «)(z) > 0in Qq 1 and it attains its minimum value 0 in Q, 1,
where 1/11 « = k1)1 «. It is easy to see that ¢1 « also satisfies (50). Thus, from (46)
and (50) (for 11 ), it follows that

1 L _ L
§trace(a(l")v2( 12— Y1) + [(b(x,f)l(x),fﬂz(x))yvz( 12— 1)) —
(ri(z, 01(x), 2()) — p12) " (41* — 151,*)] < —(ri(z, 01 (@), Ba(2)) — p1?) T (P12 — 1)
—(prx = P11, <0
Thus, by an application of strong maximum principle as in [[35], Corollary 1.21] (see
also [[36], Corollary 2.4], [28]), we have 17? = 1 .. Since {2 (z0) = ¥1,+(20) = 1,
we get ¢]? = 11 +. Now from (46) and (50), it follows that
p?wl,* = pl,*d&«
Since ¥, > 0, we hfwe p? = p1,. This contradicts the fact that ple < P1,x-
Therefore we obtain pj? > p1 .. Now combining (45) and (49), we obtain
1 = = - .
limsup — log £} " elo n(X(t)m<X<t>>,vz<X<t>>>dt} < pra < pP2

T—o0

< inf limsup — 1og Bt /B2 [efo r(X @i (t),5 (X(t)))dt}
T

T uneA T

Thus, we deduce that

p? = limsup— 10g Evl,vz{J‘OTm(X(tm<X(t)),ﬁz(X(t>>>dt}
T

T—00

= inf hmsup log Evl’”‘z{ Iy Tl(X(t)ﬁvl(t),ﬁz(X(t)))dt}
V€A T oo 1

= pR(= b ). (53)



RISK-SENSITIVE STOCHASTIC DIFFERENTIAL GAME 363

By similar arguments one can prove the representation of pgl. This completes the
proof. O

Next lemma proves the uniqueness of the eigenpairs obtained in the Theorem 4.1
in certain class of functions.

Lemma 4.3. Suppose that assumptions (A0)-(A6) hold. Then the eigenpairs (pi2,

1172), (pgl, ;’1) obtained in Theorem /.1 are unique in the spaces R x WIZO’Cq(D

L)NCYDUD)NOWVA), ¢>d+1 and Rx W2YDUE)NCHDUE)NOV),
q > d+ 1, respectively.

Proof. Suppose (p1,11) € R x leo’cq(DUE) ﬂO(V'él)7 q > d+1, is another solution
of (34), i.e.,

prpr = Ulifelg/l [<b($701752(x))a Vi) + ri(z, o1, 92(2))¢1 | + % trace(a(z)V?1)1),
U1(x0) = 1, Vi (2) -~(z) =0 on ID. (54)

Arguing as in Theorem 4.2 using the representation of the eigenvalue one can clearly
see that p; = p7?. Therefore, pi? is the unique eigenvalue whose corresponding

eigenfunction is in the space O(VP1). Next we prove that 1% is the unique eigen-
function provided 1%(zo) = 1. Let 9; € S; be a measurable selector in (54),
i.e.,
pb = [0, (@), 52(@)), Vi) + (@, (@), 5a())
1 _
+§ trace(a(z)V3¢1),
Yi(zo) = 1, Vi (x)-y(x) =0 on ID. (55)
Also, from (34), we have
P < (b, 01 (2), Ta(2)), Vi) + 1 (2, 0 (), Ba ()97
1 _
+§ trace(a(z)VZ{?),
P2(z0) = 1, VY (x) - y(z) = 0 on dD. (56)
Applying Itd6-Krylov formula and using Fatou’s lemma, from (55), we obtain

1/’}1(;5) > E}:’lﬂj2 {efoﬁc(7'1(X(t)»51(X(t))ﬂ?z(X(t)))—m)dtzpl(X(Tlc))} . (57)

By the similar argument as in Theorem 4.1 (see [[40] Lemma 3.4]), using (56), it
follows that

%2 () < Ef“b {efgl (m(X(t),él(X(t)),ﬁz(X(t)))—pf"’)d%?(X(Tlc))} ) (58)

Now from (57) and (58), we have (since pi’? =p1)
(Ur(2) — 972 ()
> pind [efo’f (r (X @)1 (X (0)52(X 0D =POEE () (X (£€)) — 372 ( X(Tlc))):| .
(59)
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The above equation implies that ¢, (z) > i2(z) for all z € D if 1y (z) > 1/1 (x) in
Q,. Multiplying 1?? by suitable positive constant we can ensure that (1)1 —1?2)(z) >
0 in Q; and attains its minimum value 0 in Q;. Now (55) and (56) 1mp1y

% trace(a(z)V2(dr — 97?)) + (b, 01 (x), 52(2)), V(1 — ¥7))
= (r1(a, 01(2), Ba(2)) = p1)~ (b1 = 91?) < =(r1(z, 01 (@) = p1) T (1 — %) <0,
V(1 —¥)(z) - y(z) =0 on D. (60)
Therefore by strong maximum principle as in [[35], Corollary 1.21] (see also [[36],
Corollary 2.4]), we have ¢, = ¥2 (since ¥y (o) = ¥ (z0) = = 1). This proves the

uniqueness of the solution of (34). The uniqueness of (p3',3') follows by similar
argument. O

Next lemma proves continuity of certain functions.

Lemma 4.4. Suppose that assumptions (A0) - (A 6) hold. Then the maps ¥ P
from S; — Wz’cq(DUZ) q>d+1, 0 — p5 from S — R, ¥y — Y2 from
Sy — Wl (DUYX), ¢>d+1 and g — p}? from S — R are continuous.

Proof. Let 97 — 01 in 8 as n — oo. Let 0% be a minimizing selector in (36)
corresponding to 07'. Rewriting the equation (36), we have

(b, 3 (), 03 (), V37 + 5 trace(a(a) Vsl ) =
(py" — ro, T (x), 05 ()5 . (61)

Since 1/1;7? (z9) = 1, by Harnack’s inequality [[28], Corollary 9.25], for any compact
subset K1 C D, we get

sup 1y (z) < Cg,

reK,
where C’fﬁ is a constant independent of n. Thus, the r.h.s. of (61) is uniformly

bounded in n (since pg? < |Ir2lloc)- Therefore from [[28], Theorem 9.11], for any
bounded domain Q C K1, we obtain

sup stl ll2,q:0 <0, ¢ >d+1. (62)

Now by Sobolev embedding theorem, Banach-Alaoglu theorem and by standard
diagonalization procedure, there exists o € W24(D U )N CHD UX) N O(V),

loc

q > d + 1 such that along a suitable subsequence

Sy in W2I(DUS) weakly, )
3? — by in C¥(DUY) strongly,

loc

for some constant & € (0,1). We know that 0 < pg? < |Ir2|loo; thus, along a further
subsequence, p,' — pg. Therefore, for ¢ € C°(D U X), from (36), we have

/D inf {(b(x,ay(x),vg),v¢§?>+(r2(x,ﬁ?(x)7vz)—p§?> 3?}@“

Uy v2€V2
1

T3

/ trace(a(z) Vg )<pdx = 0.
DU
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Now since 15 € Wli’g(DUE), q > d+1, letting n — oo and using (63), it follows that
(p2,12) is a solution to (36). Since 1/13? (xo) =1 for all n > 1, we have 3 (z¢) = 1.
Also, since Vz/;g? v =0, on 9D, from (63), we obtain Vi)o-y = 0, on dD. Following
the arguments as in [[40], Remark 3.1], it follows that there exist positive constants
6'271 > 0 and ,5’2,1 € (0,1) such that w;x’f/ < éQ)lVBz’l, where the constant ég)l
is independent of n. This indeed implies that s < CA'2,1VB“. Thus, in view of
Lemma 4.1 (also see [[40], Theorem 3.3]), one can see that (p2,12) is the unique
solution of (36) in W2 (DUX)N O(VB“). Therefore, it follows that 1y = 13* and
P2 = p;’l. Thus, we have proved the continuity of the maps v; — 1/)31 and v — pgl.
By similar arguments the continuity of the other maps follow. This completes the
proof. O

Let (01, 02) € 81 X Sa. Define

N(01,02) = Ni(02) x Na(01) (64)
where
Ni(@) = {7 € 81| Fie,51(@). 52(x) = inf Fi(x,01,55(x)) ae. 2,

Fi(z,01,02(2)) = (b(z,v1,02(x)), Vo1 ?) + 11(2, 01, 02(2)) 97,
r e D, v €Vy,09 € 827
No(3y) = {@; € 8 | Byfe,tn(2), 5 (2) = inf Pole, ba(2),02) ac. x}
FQ(J"? ’[)1(%‘), UQ) = <b(.23, 171($), U2)7 V%”) + TQ(xv 171('77)7 U2)¢§1,
r €D, vy € Vo, 01 €8.

A measurable selection theorem [9], ensures that Ni () is nonempty. From the
definition it is easy to see that Nl(f)g) is convex. Also, it is clear that under the
topology of Sy, Ny (02) is closed in S;. Therefore Ny (02) is compact. Similarly Ng(f)l)
is a nonempty, compact, convex subset of Sy. Thus, N (71, 73) is a nonempty, convex
and compact subset of S; X S;. Now we want to prove that the map (v1,02) —
N (@1, 02) from 8y x Sy — 251 x 25 is upper semi-continuous (w.s.c.).

Lemma 4.5. Suppose that assumptions (A0)-(A6) hold. Then the set-valued map
(01, D2) = N(D1,D2) from Sy x Sy — 251 x 252 s w.s.c.

Proof. Let {(07,0%)}n be a sequence in & x Sy such that (07,05) — (01,02) €
S1 X S,. Choose o7 € Ny (#%),n > 1. Since S is compact, there exists a subsequence
(which we denote by the same notation without any loss of generality) {7} such
that ’l:]? — 1:]1 for some 1:]1 € 81. Then (’L:}{L,’LNJS) — (51,’[)2) in &1 X S3. Now by (A4),
Lemma 4.4 and the topology of S;,7 = 1,2, we get that

(b, 07 (), 55 (2)), VOI* )+ 1 (a2, 07 (2), 55 (2) 1
converges weakly in L? (D UX) to

loc
<b(x7 1:)1 (:L‘), 62(1'))7 wa2> + 71 (1‘, 51 (1‘), @2(‘%)) ?'

As a consequence of the Banach-Saks theorem, a sequence of convex combination
of the former converges strongly in L? (D UYX) to the latter. Therefore along a

loc
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suitable subsequence of the convergent sequence of convex combinations, it follows
that (without any loss of generality denoting by same notations)

nh_)néo Fy(z, 97 (x), 03 (x)) = Fi(z, 91 (x), 02(x)), a.e. in z. (65)

Now for fixed 1311 € &1, using arguments similar to those above, we conclude that

Tim_ Fy(z,81(x), 02(2)) = Fy(z,01(2), 2(x)), ae. in z. (66)

Since o7 € N, (%), we have

Fi(x,01(2), 7 (2)) > Fa(2, 57 (2), 05 (2)), n > 1.
Thus, from (65) and (66), it follows that

Fy (2,1 (2), 2 (2)) = Fy(z,51(2), 2()), 01 € S1.

This implies 7; € Ny (#2). In a similar fashion, one can show that for 45 € No(o})
and any limit point U2 of {05}, we have U3 € Na(91). This proves the u.s.c. of the
maps. O

Next theorem proves the existence of Nash equilibria in the space of stationary
Markov strategies.

Theorem 4.6. Suppose that assumptions (A0)-(A6) hold. Then there exists a Nash
equilibrium in Sy X Ss.

Proof. Since the set-valued map (9y,72) +— N (01, 72) from S x Sy — 251 x 252 is
u.s.c., by Fan’s fixed point theorem [17], it follows that there exists (07, 05) € S1xSa,
such that

(07,73) € N(o7,03).
Thus (p}*,91%), (o', 15’ ) satisfy

pu = inf (bl v, 55(), VT 4 (v, (@)
U1 1

1 ”
+§ trace(a(z)V3y?),

~ %

= (bl 55 (), 53 (2)), VOL) + 7o, 05 (), 55 )

1 -
+3 trace(a(z)V3y?),

wf;(xo) = 1, wa; -y=0 on 0D
prs = inf |(b(a, 57 (x), v2) VUST) 4 ra(a, 5 (), va)u'

—&—% trace(a(r)V? ’25?)7
= (b, 55(2), T (), Vo5 ) + ra(a, 71 (2), 55 ()05 |
+% trace(a(x)V? Sf),

vyl (zo) = 1, V' -y =0 on dD.

As in Theorem 4.2, using the representation of the eigenvalues, it follows that
oo o105 V1,05 05,05
= inf = inf = ,
P1 oo, P ( ! )=p



RISK-SENSITIVE STOCHASTIC DIFFERENTIAL GAME 367

Py = vzlen{42p”1’ ‘(= nf Pyt = oy,
Therefore
P > ptTE Y e A,
pgl vz 2 Yy € As.
This completes the proof. O

We now want to prove that any Nash equilibrium in the space of stationary
Markov strategies is a minimizing selector of the corresponding HJB equation

Theorem 4.7. Assume (A0)-(A6). If (v},03) € S1 x S2 is a Nash equilibrium,
i.e.,

Sk =k

5,0 U]’U
Pt T2V 01 € Aq,
=

v v U v

Pyt < 1’2 , V 7g € As.

Then ¥; € Sy is a minimizing selector of (34) (for fized strategy v3 € Sz of Player

2) and v3 € S is a minimizing selector of (36) (for fized strategy v; € Sy of Player

1).

Proof. In view of (A4), by the limiting arguments as in [[40], Theorem 3.1], one can

show that correspondmg to the palr of strategies (07, 75) € S1 x Sa, there exists a

principal eigenpair (p1 2 1)1 7J"‘) e Rx WZO’Cq(DUE) NCHDUX)NO(V), ¢ > d+1,
% > 0 and p,

IN

Ulv o5,

g > 0, satisfying the following

= (b, 51 (2), 55 (2), VO 2) + 7 (2, T (), B ()02

—|—% trace(a(z) V2172,

G (o) = 1, VYU .y =0, on dD. (67)
From Theorem 4.1, we obtain that for given U5 € Sy, there exists a principal eigen-

pair (py?,91%) € R x WRI(DU) N CYDUS)NO(V), o) >0, ¢ < d+1,
satisfying

pror = it (w01, 55 (0)), V) + (v, 5 (@)

ORI IR
1-V2 1-V2
U1

P1

1 i
+§ trace(a(z)V3)?), ae. x € D,

P (m) = 1, V4 -4 =0 on D. (68)
Also, from Theorem 4.2 it is clear that for any minimizing selector 5{ € S of (68),
pf pfl 2 From (68), it follows that

=%

PEYE < |(b(a, 05 (2), B3 (x), VL*) + ra (e, 07, 05 (2)) ¢y
1 o
+3 trace(a(z)VZyy?), ae. z € D. (69)

=%
’Ul ’UZ

Now, repeating the arguments as in [[40], Theorem 3.2], it follows that ,012 <p

But, we know that pv1 & <p Ul’vz , Vo1 € Ay. Thus, pv2 = p1 . However, by an
apphcatlon of strong maximum prlnc1p1e as in [[40], Theorem 3. 3] one can prove that

f; = w;ﬁ;,ﬁ;. Therefore, from (67), (68) and (69), it follows that v} is a minimizing
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selector of (34). By repeating the arguments similar to those above, one can prove
that 03 is a minimizing selector of (36). This completes the proof. O

5. Conclusions. We have studied a nonzero-sum stochastic differential game prob-
lems where the state is given by controlled reflecting diffusion processes in the non-
negative orthant. Here we consider two cost evaluation criteria: discounted and
ergodic. Under fairly general assumptions we have established the existence of a-
discounted Nash equilibria in the space of eventually stationary Markov strategies.
For ergodic cost criterion, using principal eigenvalue approach, under additional
Lyapunov stability assumption and smallness condition on running cost function,
we have established the existence of ergodic Nash equilibria in the space of station-
ary Markov strategies. In our analysis for ergodic cost criterion, we have crucially
used (A6). It will be interesting to study the same problem without (A6).
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