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Abstract—This work proposes a decentralized, iterative, sparse
Bayesian learning algorithm for in-network estimation of multiple
joint-sparse vectors by a network of nodes, using noisy and
underdetermined linear measurements. The proposed algorithm,
called consensus-based distributed sparse Bayesian learning,
exploits the network wide joint sparsity of the unknown sparse
vectors to recover them from significantly fewer number of local
measurements compared to standalone sparse signal recovery
schemes. To reduce the amount of internode communication and
the associated overheads, the nodes exchange messages with only
a small set of bridge nodes. Under this communication scheme,
we separately analyze the convergence of the underlying bridge
node-based alternating direction method of multiplier (ADMM)
iterations used in our proposed algorithm and establish its linear
convergence rate. The findings from the convergence analysis of
decentralized ADMM are used to accelerate the convergence of
the proposed algorithm. Using Monte Carlo simulations as well as
real-world-data-based experiments, we demonstrate the superior
performance of our proposed algorithm compared to existing
decentralized algorithms: DRL-1, DCOMP, and DCSP.

Index Terms—Alternating direction method of multipliers,
decentralized estimation, distributed compressive sensing, joint
sparsity, sparse Bayesian learning, sensor networks.

I. INTRODUCTION

W E consider the problem of in-network estimation of mul-
tiple joint-sparse vectors by a network of connected

agents or processing nodes, using noisy and underdetermined
linear measurements. Two or more vectors in Rn are called joint-
sparse if, in addition to each vector being individually sparse,1

their nonzero coefficients belong to a common index set. Joint
sparsity occurs naturally in scenarios involving multiple agents
trying to learn a sparse representation of a common physical
phenomenon. Since the underlying physical phenomenon is the
same for all the agents (with similar acquisition modalities),
their individual sparse representations/model parameters tend
to exhibit joint sparsity. In this work, we consider joint-sparse
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1A vector in Rn is said to be k-sparse if only k(� n) out of its n coefficients

are nonzero.

vectors which belong to Type-2 Joint Sparse Model or JSM-2,
one of the three generative models for joint-sparse signals [2].
JSM-2 signal vectors satisfy the property that their nonzero co-
efficients are uncorrelated within and across the vectors. JSM-2
has been successfully used in several applications such as coop-
erative spectrum sensing [3], [4], decentralized event detection
[5], [6], multi-task compressive sensing [7] and MIMO channel
estimation [8]–[10].

To further motivate the signal structure of joint sparsity in
a distributed setup, consider the detection/classification of ran-
domly occurring events in a field by multiple sensor nodes.
Each sensor node j, 1 ≤ j ≤ L, employs a dictionary Ψj =
[ψ1

j ;ψ
2
j ; . . . ;ψ

n
j ], whose each column ψij is the signature cor-

responding to the ith event, one out of the n events which can
potentially occur. In many cases, due to the inability to accu-
rately model the sensing process, the signature vectors ψij are
simply chosen to be the past recordings of jth sensor corre-
sponding to standalone occurrence of the ith event, averaged
across multiple experiments [6]. This procedure can result in
distinct dictionaries at the individual nodes. For any k (� n)
events occurring simultaneously, a noisy sensor recording might
belong to multiple subspaces, each spanned by different subsets
of columns of the local dictionary. In such a scenario, enforcing
joint sparsity across the sensor nodes can resolve the ambiguity
in selecting the correct subset of columns at each sensor node.

In this work, we consider a distributed setup where each
individual joint-sparse vector is estimated by a distinct node in
a network comprising multiple nodes, with each node having
access to noisy and underdetermined linear measurements of
its local sparse vector. By collaborating with each other, these
nodes can exploit the joint sparsity of their local sparse vectors
to reduce the measurements required per node or improve the
quality of their local signal estimates. In [2], it has been shown
that the number of local measurements required for common
support recovery can be dramatically reduced by exploiting the
joint sparsity structure prevalent across the network. In fact,
as the nodes increase in number, exact signal reconstruction is
possible from as few as k measurements per node, where k
denotes the size of the support set. Such a substantial reduction
in the number of measurements is highly desirable, especially
in applications where the cost or time required to acquire new
measurements is high.

Distributed algorithms for JSM-2 signal recovery come in
two flavors—centralized and decentralized. In the centralized
approach, each node transmits its local measurements to a fusion
center (FC) which runs a joint-sparse signal recovery algorithm.
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The FC then transmits the reconstructed sparse signal estimates
back to their respective nodes. In contrast, in a decentralized
approach, the goal is to obtain the same centralized solution
at all nodes by allowing each node to exchange information
with its single hop neighbors in addition to processing its local
measurements. Besides being inherently robust to node failures,
decentralized schemes also tend to be more energy efficient as
the inter-node communication is restricted to relatively short
ranges covering only one hop communication links. Decentral-
ized algorithms can also be viewed as a parallel implementation
of the recovery algorithm, which is desirable when the com-
putational cost of the overall algorithm is very high, as in big
data applications. In this work, we focus on the decentralized
approach for solving the sparse signal recovery problem under
the JSM-2 signal model.

A. Related Work

In this subsection, we briefly summarize the existing central-
ized and decentralized algorithms for JSM-2 signal recovery.
The earliest work on joint-sparse signal recovery considered ex-
tensions of recovery algorithms meant for single measurement
vector setup to the centralized multiple measurement vector
(MMV) model [11], and demonstrated the significant perfor-
mance gains that are achievable by exploiting the joint sparsity
structure. MMV Basic Matching Pursuit (M-BMP), MMV
Orthogonal Matching Pursuit (M-OMP) and MMV FOcal Un-
derdetermined System Solver (M-FOCUSS), introduced in [11],
belong to this category. In [12], joint sparsity was exploited for
distributed encoding of multiple sparse signals. This work gen-
eralized the joint-sparse signals as being generated according
to one of the three joint-sparse signal models (JSM-1,2,3). This
work also proposed a centralized greedy algorithm called Simul-
taneous Orthogonal Matching Pursuit (SOMP) [2] for JSM-2
signal recovery. In [13], an Alternating Direction Method for
MMV (ADM-MMV) was proposed which used an �2/�1 mixed
norm penalty to promote a joint-sparse solution. In [14], the
multiple response sparse Bayesian learning (M-SBL) algorithm
was proposed as an MMV extension of the SBL algorithm [15].
Unlike the algorithms discussed earlier, M-SBL adopts a hierar-
chical Bayesian approach by seeking the maximum a posterior
probability (MAP) estimate of the JSM-2 signals. In M-SBL, a
joint-sparse solution is encouraged by assuming a joint sparsity
inducing parameterized prior on the unknown sparse vectors,
with the prior parameters learnt directly from the measurements.
M-SBL has been shown to outperform deterministic methods
based on �0 norm relaxation such as M-BMP and M-FOCUSS
[11] as well as greedy algorithms such as SOMP. AMP-MMV
[16] is another Bayesian algorithm which uses Approximate
Message Passing (AMP) to obtain marginalized conditional
posterior distributions of joint-sparse signals. Owing to their
low computational complexity, AMP based algorithms are
suitable for recovering signals with large dimensions. However,
they have been shown to converge only for large dimensional
and randomly constructed measurement matrices. Interested
readers are referred to [17] for an excellent study compar-
ing some of the aforementioned centralized JSM-2 signal
recovery algorithms.

Among decentralized algorithms, collaborative orthogonal
matching pursuit (DCOMP) [18] and collaborative subspace
pursuit (DCSP) [19] are greedy algorithms for JSM-2 signal
recovery, and both are computationally very fast. However, as
demonstrated later in this paper, they do not perform as well
as regularization based methods which induce joint sparsity in
their solution by employing a suitable penalty. Moreover, both
DCOMP and DCSP assume a priori knowledge of the size of
the nonzero support set, which could be unknown or hard to
estimate. Decentralized row-based LASSO (DR-LASSO) [20]
is an iterative alternating minimization algorithm which opti-
mizes a non-convex objective with �1-�2 mixed norm based
regularization to obtain a joint-sparse solution. In decentralized
re-weighted �1(�2) minimization algorithms, or DRL-1,2 [5], a
non-convex sum-log-sum penalty is used which induces sparsity
more strongly compared to the �1 norm penalty [21]. The re-
sulting non-convex objective is replaced by a surrogate convex
function constructed from iteration dependent weighted �1 /�2
norm terms. However, both DR-LASSO and DRL-1,2 necessi-
tate cross validation to tune the amount of regularization needed
for optimal support recovery performance. DRL-1,2 also re-
quires proper tuning of a so-called smoothing parameter and an
ADMM parameter for its optimal performance. By employing
a Bayesian approach, we can completely eliminate any need for
cross validation, by learning the parameters of a family of signal
priors, such that selected signal prior has maximum Bayesian
evidence [22], [23]. DCS-AMP [3] is one such decentralized al-
gorithm which employs approximate message passing to learn
a parameterized joint sparsity inducing Bernoulli-Gaussian sig-
nal prior. Turbo Bayesian Compressive Sensing (Turbo-BCS)
[24], another decentralized algorithm, adopts a more relaxed
zero mean Gaussian signal prior, with the variance hyperpa-
rameters themselves distributed according to an exponential
distribution. The relaxed signal prior improves the MSE per-
formance without compromising on the sparsity of the solution.
Turbo-BCS, however, involves direct exchange of signal esti-
mates between the nodes, which renders it unsuitable for appli-
cations where it is necessary to preserve the privacy of the local
signals.

B. Contributions

Our main contributions in this work are as follows:
1) We propose a novel decentralized, iterative, Bayesian

joint-sparse signal recovery algorithm called Consen-
sus Based Distributed Sparse Bayesian Learning or CB-
DSBL. Our proposed algorithm works by establishing
network wide consensus with respect to the estimated
parameters of a joint sparsity inducing signal prior. The
learnt signal prior is subsequently used by the individual
nodes to obtain MAP estimates of their local sparse signal
vectors.

2) The proposed algorithm employs the Alternating Direc-
tion Method of Multipliers (ADMM) to solve a series
of iteration dependent consensus optimization problems
which require the nodes to exchange messages with each
other. To reduce the associated communication overheads,
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we adopt a bandwidth efficient inter-node communication
scheme. This scheme entails the nodes exchanging mes-
sages with only a predesignated subset of its single hop
neighbors known as bridge nodes, as motivated in [25]. In
this connection, we analytically establish the relationship
between the selected set of bridge nodes and the conver-
gence rate of the ADMM iterations. For the bridge-node
based inter-node communication scheme, we show linear
rate of convergence for the ADMM iterations when ap-
plied to a generic consensus optimization problem. The
analysis is useful in obtaining a closed form expression for
the tunable parameter of our proposed joint sparse signal
recovery algorithm, ensuring its fast convergence.

3) We empirically demonstrate the superior MSE and sup-
port recovery performance of CB-DSBL compared to ex-
isting decentralized algorithms. The experimental results
are presented for both synthetic and real world data. In the
latter case, we illustrate the performance of the different
algorithms for the application of cooperative wideband
spectrum sensing in cognitive radios.

In Table I, we compare the existing decentralized joint-sparse
signal recovery schemes with respect to their per iteration com-
putational and communication complexity, privacy of local esti-
mates, presence/absence of tunable parameters and dependence
on prior knowledge of the sparsity level. As highlighted in the
comparison in Table I, CB-DSBL belongs to a handful of de-
centralized algorithms for joint-sparse signal recovery which
do not require a priori knowledge of the sparsity level, rely
only on single hop communication, and do not involve direct
exchange of local signal estimates between network nodes. Be-
sides this, unlike loopy Belief Propagation (BP) or Approximate
Message Passing (AMP) based Bayesian algorithms, CB-DSBL
does not suffer from any convergence issues even when the lo-
cal measurement matrix at each node is dense or not randomly
constructed.

The rest of this paper is organized as follows. Section II
describes the system model and the problem statement of dis-
tributed JSM-2 signal recovery. Section III discusses the cen-
tralized M-SBL [14] adapted to our setup, and sets the stage for
our proposed decentralized solution. Section IV develops the
proposed CB-DSBL algorithm along with a detailed discussion
on the convergence properties of the underlying ADMM itera-
tions. Other implementation specific issues are also discussed.
Section V compares the performance of the proposed algorithm
with existing ones with respect to various performance metrics.
Section VI illustrates CB-DSBL’s performance in a real world
application of compressive wideband spectrum sensing. Finally,
Section VII concludes the paper.

Notation: Boldface lowercase and uppercase alphabets are
used to denote vectors and matrices, respectively. Script styled
alphabet (for exampleA) is used to denote a set. |A| denotes the
cardinality of set A. The term xkj (i) denotes the ith element of
vector x associated with node j at kth iteration/time index. The
superscript (.)T denotes the transpose operation. For matrices
A and B of sizesm× n and p× q respectively, A⊗B denotes
their Kronecker product, which is of size mp× nq. N (μ,Σ)

denotes the Gaussian distribution with mean μ and covariance
matrix Σ. E(x|y) denotes the expectation of random vari-
able/vector x conditioned on another random variable/vector y.

II. DISTRIBUTED JSM-2 SYSTEM MODEL

We consider a network of L nodes/sensors connected as a
network described by a bi-directional graph G = (J ,A). J =
{1, 2, . . . , L} is the set of vertices in G, each vertex representing
a node in the network. Set A contains the edges in G, each
edge representing a single hop error-free communication link
between a distinct pair of nodes. Each node is interested in
estimating an unknown k-sparse vector xj ∈ Rn fromm locally
acquired noisy linear measurements yj ∈ Rm . The generative
model of the local measurement vector yj at node j is given by

yj = Φjxj + wj , 1 ≤ j ≤ L (1)

where, Φj ∈ Rm×n is a full rank sensing matrix and wj ∈ Rm

is the measurement noise modeled as zero mean Gaussian
distributed with covariance matrix σ2

j Im . The sparse vectors
x1 ,x2 , . . . ,xL at different nodes follow the JSM-2 signal model
[12]. This implies that all xj share a common support, repre-
sented by the index set S. From the JSM-2 model, it also follows
that the nonzero coefficients of the sparse vectors are indepen-
dent within and across the vectors.

The goal is to recover the sparse vectors x1 ,x2 , . . . ,xL at the
respective nodes using decentralized processing. In addition to
processing the locally available data

{
yj ,Φj , σ

2
j

}
at jth node,

each node must collaborate with its single hop neighboring
nodes to exploit the network wide joint sparsity of the sparse
vectors. The decentralized algorithm should be able to generate
the centralized solution at each node, as if each node has access
to the global information, i.e.,

{
yj ,Φj , σ

2
j

}
j∈J .

III. CENTRALIZED ALGORITHM FOR JSM-2

In this section, we briefly recall the centralized M-SBL
algorithm [14] for JSM-2 signal recovery and extend it to sup-
port distinct measurement matrices Φj and noise variances σ2

j

at each node. The centralized algorithm runs at an FC, which
assumes complete knowledge of network wide information,{
yj ,Φj , σ

2
j

}L
j=1

. For ease of notation, we introduce two vari-

ables X � {x1 ,x2 , . . . ,xL} and Y � {y1 ,y2 , . . . ,yL} to be
used in the sequel. Similar to M-SBL, each of the sparse vectors
xj , j ∈ J is assumed to be distributed according to a parame-
terized signal prior p(xj ;γ) shown below.

p(xj ;γ) =
n∏

i=1

p (xj (i);γ) =
n∏

i=1

1
√

2πγ(i)
exp

(
−xj (i)2

2γ(i)

)
.

(2)
Further, the joint signal prior p(X;γ) is assumed to be

p(X;γ) =
∏

j∈J
p(xj ;γ). (3)

In the above, γ = (γ(0),γ(1), . . . ,γ(n))T is an n dimen-
sional hyperparameter vector, whose ith entry, γ(i), models the
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TABLE I
COMPARISON OF DECENTRALIZED JOINT-SPARSE SIGNAL RECOVERY ALGORITHMS

Decentralized Per node, per iteration Per node, per iteration Privacy of local Tunable parameters Assumes a priori knowledge
algorithm computational complexity communication complexity signal estimates (if any) of sparsity level

DCSP [19] O(mn + ζn + k log n + m 2 ) O(ζn + k log n) Yes None Yes
DCOMP [18] O(nζ + L) O(ζn + L) Yes None Yes
DRL-1 [5] O((n2 + m 3 + nm 2 )rmax + ζn) O(ζn) Yes Yes No
DR-LASSO [20] O(n2mT1 + ζnT2 ) O(ζnT2 ) Yes Yes No
Turbo-BCS [24] O(n3 + nL + nk 2 + k 3 + mk) O(kL) No None No
DCS-AMP [3] O(mn + ζn + c1 n) O(ζn) Yes Yes No
CB-DSBL (proposed) O(n2 + m 3 + nm 2 + ζnrmax) O(ζnrmax) Yes None No

1. n, m, k and L stand for the dimension of unknown sparse vector, number of local measurements per node, number of nonzero coefficients in the true support and network
size, respectively.

2. ζ is the maximum number of communication links activated per node, per communication round.
3. rmax is the number of inner loop ADMM iterations executed per CB-DSBL iteration.
4. In DRL-1, rmax is the number of inner loop ADMM iterations used to obtain an inexact solution to the weighted �1 norm based subproblem.
5. T1 and T2 denote the number of iterations of the two different inner loop iterations executed per DR-LASSO iteration.

common variance of xj (i) for 1 ≤ j ≤ L. Since the signal pri-
ors p(xj ;γ) are parameterized by a common γ, if γ has a
sparse support S, then the MAP estimates of x1 ,x2 , . . . ,xL
will also be jointly sparse with the same common support S.
The Gaussian prior in (2) promotes sparsity as it has an alternate
interpretation as a parameterized variational approximation of
the sparsity inducing Student’s t-distributed prior [26]. Under
this interpretation, finding the hyperparameter vector γ which
maximizes the likelihood p(Y;γ) is equivalent to finding the
variational approximation which has the largest Bayesian evi-
dence.

Let γ̂ML denote the maximum likelihood (ML) estimate of
hyperparameters of the joint source prior:

γ̂ML = arg max
γ

p(Y;γ) (4)

where p(Y;γ) is a type-2 likelihood function obtained by
marginalizing the joint density p(Y,X;γ) with respect to the
unknown vectors in X, i.e.,

p(Y;γ) =
L∏

j=1

∫
p(yj |xj )p(xj ;γ)dxj

=
L∏

j=1

N (
0,ΦjΓΦT

j + σ2
j Im

)
. (5)

Here Γ = diag(γ). We note that γ̂ML cannot be derived in
closed form by directly maximizing the likelihood in (5) with
respect to γ. Hence, as suggested in the SBL framework [15], we
use the expectation maximization (EM) procedure to maximize
log p(Y;γ) by treating X as hidden variables.

We now discuss the main steps of the EM algorithm to ob-
tain γ̂ML. Let qθ (X) denote the variational approximation of
true conditional density p(X|Y,γ) with variational parameter
set θ = (μ̃j , Σ̃j )j∈J . The variational parameters μ̃j and Σ̃j

represent the conditional mean and covariance of xj given yj .
Then, as shown in [27], the log likelihood admits the following

decomposition.

log p(Y;γ) =
∫
qθ (X) log

p(Y,X;γ)
qθ (X)

dX

+D (qθ (X) || p(X|Y;γ)) (6)

where the term D(qθ ||p) =
∫
qθ (X) log qθ (X)

p(X |Y ;γ) dX is the
Kullback-Leibler (KL) divergence between the probability den-
sities qθ and p. From the non-negativity of D(qθ ||p) [28], the
log likelihood is lower bounded by the first term in the RHS. In
the E-step, we choose θ to make this variational lower bound
tight by minimizing the KL divergence term.

θk+1 = arg min
θ

D(qθ (X) || p(X|Y,γk )). (7)

Here, k denotes the iteration index of EM algorithm. From the
LMMSE theory, p(xj |yj ,γk ) is Gaussian with mean μk+1

j and

covariance Σk+1
j given by

Σk+1
j = Γk − ΓkΦT

j

(
σ2
j Im + ΦjΓkΦT

j

)−1
ΦjΓk

and μk+1
j = σ−2

j Σk+1
j ΦT

j yj . (8)

By choosing θk+1 = {μk+1
j ,Σk+1

j }j∈J and qθk + 1 (X) ∼
∏

j∈J N (xj ;μk+1
j ,Σk+1

j ), the KL divergence term in (7) can
be driven to its minimum value of zero.

In the M-step, we choose γ to maximize the tight variational
lower bound obtained in the E-step:

γk+1 = arg max
γ

∫
qθk + 1 (X) log

p(Y,X;γ)
qθk + 1 (X)

dX

= arg max
γ

EX∼q
θ k + 1 [log p(Y,X;γ)] . (9)

As shown in Appendix A, the optimization problem (9) can be
recast as the following minimization problem.

γk+1 = arg min
γ∈Rn

+

∑

j∈J

n∑

i=1

(

log γ(i) +
Σk
j (i, i) + μk

j (i)
2

γ(i)

)

.

(10)
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From the zero gradient optimality condition in (10), the M-step
reduces to the following update rule:

γk+1(i) =
1
L

∑

j∈J

(
Σk+1
j (i, i) + μk+1

j (i)2) for 1 ≤ i ≤ n.

(11)
By repeatedly iterating between the E-step (8) and the M-step
(11), the EM algorithm converges to either a local maximum
or a saddle point of log p(Y;γ) [29]. Once γ̂ML is obtained,
the MAP estimate of xj is evaluated by substituting γ̂ML in
the expression for μj in (8). It is observed that when the EM
algorithm converges, the γ(i)’s belonging to the inactive support
tend to zero, resulting in sparse MAP estimates.

IV. DECENTRALIZED ALGORITHM FOR JSM-2

A. Algorithm Development

In this section, we develop a decentralized version of
the centralized algorithm discussed in the previous section.
For notational convenience, we introduce an n length vec-
tor akj =

(
akj,1 , a

k
j,2 , . . . , a

k
j,n

)T
maintained at node j, where

akj,i = Σk
j (i, i) + μk

j (i)
2 , Σk

j and μk
j are as defined in (8).

From (11), we observe that the solution of the M-step opti-
mization (10) can be interpreted as an average of the L vectors
{
ak+1
j

}L
j=1

. The same solution can also be obtained by solving
a different minimization problem

γk+1 = arg min
γ∈Rn

+

∑

j∈J
‖γ − ak+1

j ‖22 . (12)

Unlike the non-convex M-step objective function in (10), the
surrogate objective function in (12) is convex in γ and therefore
can be minimized in a distributed manner using powerful convex
optimization techniques. An alternate form of (12) amenable to
distributed optimization is given by

min
γj ∈Rn

+ , j∈J

∑

j∈J
‖γj − ak+1

j ‖22

subject to γj = γj ′ ∀ j ∈ J , j ′ ∈ Nj (13)

where Nj denotes the set of single hop neighbors of node j.
The equality constraints in (13) ensure its equivalence to the un-
constrained optimization in (12). Here, the number of equality
constraints is equal to |A|, the total number of single hop links
in the network. In a naive decentralized implementation of (13),
the number of messages exchanged between the nodes grow lin-
early with the number of consensus constraints. By restricting
the nodes to exchange information only through a small set of
pre-designated nodes called bridge nodes, the number of con-
sensus constraints can be drastically reduced while preserving
the equivalence of (12) and (13). Let B ⊆ J denote the set of
all bridge nodes in the network and Bj ⊆ B denote the set of
bridge nodes belonging to the single hop neighborhood of node
j, then (13) can be rewritten as

minimize
γj ∈Rn

+ ,j∈J

∑

j∈J
‖γj − ak+1

j ‖22

subject to γj = γb ∀ j ∈ J , b ∈ Bj . (14)

Fig. 1. Selection of bridge nodes in a sample network consisting of 10 nodes.
In the proposed scheme, only those edges that have at least one of the vertices
as a bridge node are used for communication. The remaining edges are not used
for communication. For example, node 9 communicates only with bridge nodes
4 and 8.

The auxiliary variables γb , called bridge parameters, are used
to establish consensus among γj . Each bridge parameter γb is
a non negative n length vector maintained by the bridge node
b. As motivated in [25], [30], using bridge nodes to impose net-
work wide consensus allows us to trade off between the com-
munication cost and robustness of the distributed optimization
algorithm.2

The following Lemma provides sufficient conditions on the
choice of the bridge node set B under which (12) and (14) are
equivalent. The proof for the Lemma can be found in [25].

Lemma 1: For a connected graph G, if the bridge node set
B ⊆ J satisfies the following conditions

1) Each node j must be connected to at least one bridge node
in B, i.e., Bj �= φ for any j ∈ J , and,

2) If node j1 and node j2 are single-hop neighbors, then
Bj1

⋂Bj2 �= φ for any j1 , j2 ∈ J ,
then, in the solution to (14), γj ’s are equal for all j ∈ J .
Fig. 1 illustrates the selection of bridge nodes according to

Lemma 1, in a sample network. In this work, we employ the Al-
ternating Directions Method of Multipliers (ADMM) algorithm
[31] to solve the convex optimization problem in (14). ADMM is
the state of the art dual ascent algorithm for solving constrained
convex optimization problems, offering a linear convergence
rate and a natural extension to a decentralized implementa-
tion. We start by constructing an augmented Lagrangian, Lρ ,
given by

Lρ(γJ ,γB,λ) �
∑

j∈J
‖γj − ak+1

j ‖22

+
∑

j∈J

∑

b∈Bj
(λbj )

T (γj − γb) +
ρ

2

∑

j∈J

∑

b∈Bj
‖γj − γb‖22 (15)

where λbj denotes the n× 1 sized Lagrange multiplier vector
corresponding to the equality constraint γj = γb and ρ is a
positive scalar which biases the quadratic consensus penalty
term. For lighter notation, we define concatenated vectors γJ =

2In an alternate embodiment of the proposed algorithm, the message ex-
changes could be restricted to occur only through the (trustworthy) bridge
nodes, thereby avoiding direct communication between the nodes. In this case,
the role of the bridge nodes could be to enforce consensus in γ across the nodes,
and these nodes need not directly participate in signal reconstruction.
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{γT
1 ,γ

T
2 , . . . ,γ

T
L }T and γB = {γT

b1
, . . . ,γT

b |B|}T . We also de-
fine the nNC × 1 concatenated Lagrange multiplier vector λ,
where NC is the number of equality constraints in (14). The
solution to (14) is then obtained by executing the following
ADMM iterations until convergence:

γr+1
J = arg min

γJ
Lρ(γJ ,γ

r
B,λ

r ) (16)

γr+1
B = arg min

γB
Lρ(γr+1

J ,γB,λ
r ) (17)

(λbj )
r+1 = (λbj )

r + ρ(γr+1
j − γr+1

b ) (18)

∀j ∈ J , b ∈ Bj . Here, r denotes the ADMM iteration index.
In (16-17), the primal variables, γJ and γB, are updated in a
Gauss-Seidel fashion by minimizing the augmented Lagrangian,
Lρ , evaluated at the previous estimate of the dual variable
λ. By adding an extra quadratic penalty term to the original
Lagrangian, the objective in (17) is no longer affine in γB and
hence has a bounded minimizer. The dual variable λ is updated
via a gradient-ascent step (18) with a step-size equal to the
ADMM parameter ρ. This particular choice of step-size ensures
the dual feasibility of the iterates {γr+1

J ,γr+1
B ,λr+1} for all

r [31]. Since the augmented Lagrangian Lρ is strictly convex
with respect to γJ and γB individually, the zero gradient opti-
mality conditions for (16) and (17) translate into simple update
equations for γj and γb :

γr+1
j =

2ak+1
j +

∑
b∈Bj

(
ργr

b − (λbj )
r
)

2 + ρ|Bj | ∀ j ∈ J (19)

and γr+1
b =

∑
j∈Nb (ργ

r+1
j + (λbj )

r )
ρ|Nb | ∀ b ∈ B. (20)

HereNb denotes the set of nodes connected to bridge node b. As
shown in Appendix B, by eliminating the Lagrange multiplier
terms from (18) and (20), the update rule for γb can be further
simplified to

γr+1
b =

1
|Nb |

∑

j∈Nb
γr+1
j ∀ b ∈ B. (21)

In Section IV-F, we compare the bridge node based ADMM
discussed above with other decentralized optimization tech-
niques in the literature. We show empirically that the bridge
node based ADMM scheme is able to flexibly trade off be-
tween communication complexity, robustness to node failures,
speed of convergence, and signal reconstruction performance.
Moreover, the ADMM iterations (16)–(18) can be adapted to
handle time varying, asynchronous networks, as suggested in
[32]. During the asynchronous operation, the dynamic assign-
ment of bridge nodes can be avoided by designating all nodes
as bridge nodes.

B. CB-DSBL Algorithm

We now propose the CB-DSBL algorithm. Essentially, it is
a decentralized EM algorithm for finding the ML estimate of
the hyperparameters γ. The algorithm comprises two nested
loops. In the outer loop, each node performs the E-step (8) in

Algorithm 1: Consensus Based Distributed Sparse
Bayesian Learning (CB-DSBL).

Initializations: k ← 0
γk
j ← 10−31n×1 ∀j ∈ J ;

γk
b , (λbj )

k ← 0 ∀j ∈ J , b ∈ Bj ;
while (k < kmax) & (ΔγJ > ε) do

E step: Each node sj , j ∈ J , updates akj according to (8).
M step: r ← 0, γr

J ← γk
J , γr

B ← γk
B, (λ)r ← (λ)k

while r < rmax do
1. All nodes sj∈J update their local estimate of

hyperparameters γr
j according to (19).

2. All nodes sj∈J transmit the updated γr+1
j estimate

to connected bridge nodes sb∈Bj .
3. Each bridge node sb∈B updates its bridge variable

γr
b according to (21).

4. All bridge nodes sb∈B transmit updated bridge
hyperparameters γr+1

b to nodes in their
neighborhood Nb .

5. All nodes sj∈J update their Lagrange multipliers
(λbj )

r , b ∈ Bj according to (18).
6. r ← r + 1

end
γk
J ← γr

J , γk
B ← γr

B, (λ)k ← (λ)r

k ← k + 1
ΔγJ ← ||γk

J − γk−1
J ||2

end

a standalone manner. In the inner loop, ADMM iterations are
performed to solve the M-step optimization in a decentralized
manner. Upon convergence of the outer loop, each node j ∈ J
has the same ML estimate of γ, which is then used to obtain
a MAP estimate of the local sparse vector xj , similar to the
centralized algorithm. The steps of the CB-DSBL algorithm are
detailed in Algorithm 1.

Each ADMM iteration in the M-step of the CB-DSBL algo-
rithm involves two rounds of communication (Steps 2 and 4)
between the nodes. In the first communication round, each node
j ∈ J transmits γj ∈ Rn to its |Bj | single hop neighbors. In the
second communication round, each bridge node b ∈ B transmits
γb ∈ Rn to its |Nb | single hop neighbors. Thus, in each M-step,
2n
∑

j∈J |Bj | real numbers are exchanged between the nodes
and their respective bridge nodes. A pragmatic way to select the
bridge node set B is to sort the nodes in decreasing order of their
nodal degrees and retain the least number of top most |B| nodes
satisfying the conditions in Lemma 1. In Section V, we show
empirically that this method of selecting bridge nodes is able to
significantly reduce the overall communication complexity of
the algorithm.

The inter-node communication can be further optimized by
executing only a finite number of ADMM iterations per M-step.3

In a practical embodiment of the algorithm, running a single

3Even further reduction in internode communication is possible in subsequent
rounds of ADMM (r ≥ 2). Each node j needs to exchange only incremental
changes in γrj , as the initial value γ0

j is already available at the neighboring
nodes from the first round of communication.
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Fig. 2. This plot illustrates the sensitivity of CB-DSBL’s outer loop iterations
to the number of ADMM iterations executed per M-step in the inner loop of
the algorithm. Each point in the curve represents the average number of overall
CB-DSBL iterations needed to achieve less than 1% signal reconstruction error
for a given number of ADMM iterations executed in the inner loop. Simulation
parameters used: n = 100, m = 10, L = 10, 5% sparsity, SNR = 30 dB and
# trials = 100.

Fig. 3. Convergence of decentralized CB-DSBL to centralized M-SBL solu-
tion for different network sizes and SNRs. The CB-DSBL variant used here
executes a single ADMM iteration per EM iteration. Other simulation param-
eters: n = 50, m = 10 and 10% sparsity. (a) L = 10 nodes, SNR = 10 dB.
(b) L = 10 nodes, SNR = 20 dB. (c) L = 20 nodes, SNR = 10 dB. (d) L = 20
nodes, SNR = 20 dB.

ADMM iteration per M-step is sufficient for the CB-DSBL to
converge. As shown in Fig. 2, beyond two or three ADMM
iterations per M-step, there is only a marginal improvement in
the quality of solution as well the convergence speed. Fig. 3
shows that even with a single ADMM iteration per M-step,
CB-DSBL typically converges quite rapidly to the centralized
solution.

It is also noteworthy to mention that, in CB-DSBL, the nodes
are allowed to exchange only their local estimates of the com-
mon hyperparameter γ. Thus, the proposed algorithm is well
suited for applications which require the nodes to keep their
local signal estimates private.

C. Convergence of ADMM Iterations in the M-Step

In this section, we analyze the convergence of the ADMM
iterations (18), (19) and (21) derived for the M-step optimization
in CB-DSBL. By doing so, we aim to highlight the effects of
the bridge node set B and the augmented Lagrangian parameter
ρ on the convergence of the ADMM iterations.

ADMM has been a popular choice for solving both convex
[5], [25], [31], [33], [34] and more recently nonconvex [35] opti-
mization problems as well, in a distributed setup. In its classical
form, ADMM solves the following constrained optimization
problem:

min
x,z

f(x) + g(z)

subject to Ax + Bz = c, (22)

where x ∈ Rn and z ∈ Rm are the primal variables. The ma-
trices A,B and the vector c appearing in the linear equal-
ity constraint are of appropriate dimensions. The functions
f : Rn → R and g : Rm → R are convex with respect to x and
z, respectively. In [36], the authors have shown linear conver-
gence rate for the classical ADMM iterations under the assump-
tions of strict convexity and Lipschitz gradient on one of f or
g, along with full row rank assumptions for the matrix A. How-
ever, in the ADMM formulation of a decentralized consensus
optimization problem, the coefficient matrix A is seldom of full
row rank. In [37], the full row rank condition of A was relaxed
and linear rate of convergence was established for decentralized
ADMM iterations for a generic convex optimization with linear
consensus constraints similar to (13). In [38], the convergence
of ADMM for solving an average consensus problem has been
analyzed for both noiseless and noisy communication links. In
both [37] and [38], the secondary variables indicated by the
entries of z have a one to one correspondence with the com-
munication links between the network nodes. However, such a
bijection is not valid for the bridge variables used in our work
for enforcing consensus between the primal variables. Due to
this, the convergence results of [37], [38] are not applicable to
our case. In the sequel, we present the analysis of the conver-
gence of decentralized ADMM iterations for the bridge node
based internode communication scheme.

We start by defining block matrices E1 = C1 ⊗ In and
E2 = C2 ⊗ In of sizes nNC × nL and nNC × n|B|, respec-
tively. The rows of C1 and C2 encode the NC equality con-
straints in (14) such that if the ith equality constraint is γj = γbk ,
bk ∈ B, then C1(i, j) = 1 and C2(i, k) = −1; with the rest of
the entries in the ith row equal to zero. It can be shown that
the minimum and maximum number of bridge nodes connected
to any node in the network is the same as the minimum and
maximum eigenvalues of ET

1 E1 , denoted by σ2
min and σ2

max,
respectively. Fig. 4 illustrates the construction of the block ma-
trices E1 and E2 for an example network consisting of 5 nodes.
Using the newly defined terms, the optimization problem in (14)
can be rewritten compactly as

min
γJ ,γB

f(γJ ) s.t. E1γJ + E2γB = 0 (23)
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Fig. 4. Construction of block matrices E1 and E2 for a sample 5 node
network. The matrices E1 and E2 are together used to enforce the linear
consensus constraints in (13), as shown in (23). Notice the correspondence
between the diagonal coefficients of ET

1 E1 and the number of bridge node
connections per node.

where f : RnL → R denotes the objective function in (14),
which depends only on γJ . The augmented Lagrangian Lρ
corresponding to (23) can also be rewritten compactly as

Lρ(γJ ,γB,λ) = f(γJ ) + λT (E1γJ + E2γB)

+
ρ

2
(E1γJ + E2γB)

T (E1γJ + E2γB).

(24)

By construction, the block matrix E1 has full column rank, as
all its columns are mutually disjoint in support. However, E1
can be row rank deficient due to repeated rows caused by a
node being connected to multiple bridge nodes, which is often
the case. Theorem 1 below summarizes the convergence of the
ADMM iterations (18), (19) and (21) to their fixed point. The
result in Theorem 1 holds for any f that is strongly convex
with strong convexity constant mf , has a Lipschitz continuous
gradient with Lipschitz constant Mf .

Theorem 1: Let {γ∗J , γ∗B} and λ∗ denote the unique primal
and dual optimal solutions of (23), and vector u be constructed
as u = [(E2γB)T λT ]T (similarly for ur ,u∗). Then, it holds
that

1) The sequence ur is Q-linearly4 convergent to u∗, i.e.,

‖ur+1 − u∗‖G ≤ 1
1 + δ

‖ur − u∗‖G (25)

where δ is evaluated as

δ= max
μ,ν≥1

⎧
⎨

⎩
min

⎛

⎝ 2mf

νM 2
f

ρ(ν−1)σ 2
min

+μρσ2
max

,
σ2

min

νσ2
max

,
μ−1
μ

⎞

⎠

⎫
⎬

⎭
.

(26)
2) The primal sequence γr

J is R-linearly5 convergent to γ∗J ,
i.e.,

‖γr+1
J − γJ ∗‖2 ≤

1
2mf

‖ur − u∗‖G (27)

4A sequence xk : Z+ → R is said to be Q-linearly convergent to L, if there

exists a μ ∈ (0, 1) such that lim
k→∞

|xk + 1−L |
|xk −L | = μ [37].

5A sequence xk : Z+ → R is said to be R-linearly convergent to L, if there
exists a Q-linearly convergent sequence yk which converges to zero such that
lim
k→∞

|xk − L| ≤ yk .

where ‖ · ‖G is the weighted norm with respect to the diagonal
matrix G = diag(ρIn |B|, ρ−1INC

).
Proof: See Appendices C and D. �
According to Theorem 1, the primal optimality gap ||γr

J −
γ∗J ||2 decays R-linearly with each ADMM iteration. Moreover,
since γ∗J is primal feasible, there is consensus among γj , j ∈ J
upon convergence, implying that each node effectively mini-
mizes the centralized M-step cost function in (10).

D. Selection of the Augmented Lagrangian Parameter ρ

From (25) and (27) in Theorem 1, we observe that to optimize
the decay of the primal optimality gap between γr

J and γ∗J in
each ADMM iteration, the augmented Lagrangian parameter ρ
has to be chosen such that it maximizes δ in (26). Theorem 2
reveals the optimal value of ρ and the corresponding value of δ.

Theorem 2: The optimal value of augmented Lagrangian pa-
rameter ρwhich uniquely maximizes δ as defined in (26) is given
by

ρopt =
Mf

σmaxσmin

⎡

⎣

√
(κ− 1)2 + 4κκ2

f + (κ− 1)
√

(κ− 1)2 + 4κκ2
f − (κ− 1)

⎤

⎦

1
2

. (28)

The corresponding maximal value of δ is given by

δopt =
2

(
κ+ 1 +

√
(κ− 1)2 + 4κκ2

f

) (29)

where κf =
Mf

mf
represents the condition number of the objec-

tive function in (23) and κ = σ 2
max
σ 2

min
is the ratio of the maximum

and minimum eigenvalues of ET
1 E1 .

Proof: See Appendix E. �
From (29), we observe that the convergence rate of the

ADMM iteration in the M-step of the CB-DSBL algorithm de-
pends upon two factors: κ and κf . κ close to its minimum value
of unity results in faster convergence of the ADMM iterations.
Since the ratio κ = σ2

max\σ2
min is also equal to the ratio of max-

imum and minimum number of bridge nodes per node in the
network, a rule of thumb for bridge node selection would be
to ensure that each node is connected to more or less the same
number of bridge nodes. The convergence rate also depends
upon κf , the parameter that determines how well conditioned
the function f is. For the case where f is the objective function
in (14), it is easy to check thatmf = Mf = 2 and κf = 1. Thus,
specific to CB-DSBL, the optimal ADMM parameter ρ is given
by ρopt = 2

σ 2
min

and the corresponding δopt = 1
κ+1 . For a given

network connectivity graph G, this ρopt can be computed off-line
and programmed in each node. As shown in Fig. 5, the average
MSE and mean number of iterations vary widely with ρ, an in-
appropriate choice of ρ resulting in slow convergence and poor
reconstruction performance. Also, the ρopt computed in (28) is
very close to the ρ that results in both the fastest convergence as
well as the lowest average MSE.
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Fig. 5. Left and right plots show the sensitivity of the number of iterations
required for convergence and NMSE, respectively, with respect to the ADMM
parameter ρ. The scale factor ρ = 1 corresponds to ρopt in (28).

E. Computational Complexity of CB-DSBL

In this section, we discuss the computational complexity
of the steps involved in a single iteration of the CB-DSBL
algorithm. The local E-step requires O(n2 + nm2 +m3) ele-
mentary operations at each node. The M-step is executed as
multiple (say, rmax) ADMM iterations. A single ADMM itera-
tion involves updating of the local hyperparameter estimate γj

and Lagrange multipliers, which takesO(ζn) computations per
node, ζ being the highest number of bridge nodes assigned per
node in the network. Further, each bridge node b ∈ B has to
perform an additional O(ζn) computations to update the local
bridge parameters γb in every ADMM iteration. Thus, the over-
all computational complexity of a single CB-DSBL algorithm
at each node is O(n2 + nm2 +m3 + ζnrmax). As desired, the
computational complexity does not scale with L, i.e., the total
number of nodes in the network.

F. Other CB-DSBL Variations

There are several alternatives to the aforementioned bridge
node based ADMM technique that could potentially be used to
solve the M-step optimization in (13). In this section, we present
empirical results comparing the performance and communica-
tion complexity of four different variations of the proposed CB-
DSBL algorithm based on (i) bridge node based ADMM [25]
(ii) Distributed ADMM (D-ADMM) [34] (iii) Consensus aver-
aging Method of Multipliers (CA-MoM) [39], and (iv) EXact
firsT ordeR Algorithm (EXTRA) [40]. The first three ADMM
implementations differ in their use of auxiliary variables in en-
forcing the consensus constraints in (13). Each of these decen-
tralized algorithms is endowed with at least O( 1

k ) convergence
rate, where k stands for the iteration count. Besides these four,
there are proximal gradient based methods [41], [42] relying
on Nesterov-type acceleration techniques which also offer lin-
ear convergence rates. However, these algorithms require the
objective function to be bounded and involve multiple com-
munication rounds per iteration, which is of major concern in
our work. As shown in Fig. 6, the proposed CB-DSBL variant
relying on the bridge node based ADMM scheme is the most
communication efficient one.

G. Implementation Issues

The CB-DSBL algorithm can be seen as a decentralized EM
algorithm to find the ML estimate of the hyperparameters γ

Fig. 6. Comparison of the communication complexity of CB-DSBL vari-
ants based on ‘bridge node’ ADMM [25], CA-MoM [39], D-ADMM [34] and
EXTRA [40] algorithms. The plot shows the average number of messages ex-
changed between nodes in order to achieve less than 1% signal reconstruction
error (−20 dB NMSE). Other simulation parameters: n = 50, m = 10, 10%
sparsity, SNR = 30 dB, # trials = 500.

of a sparsity inducing prior. CB-DSBL, not surprisingly, also
inherits the property of the EM algorithm of converging to a
local maximum of the ML cost function log p(Y;γ). However,
getting trapped in a local maximum is not an issue, as it has been
shown in [15] that all local maxima of the log p(Y;γ) are at
most m-sparse and hence qualify as reasonably good solutions
to our original sparse model estimation problem. In our work,
we initialize the EM algorithm with γ whose all entries are close
to zero.

In practice, hard thresholding of γ is required to identify the
nonzero support set. In this work, we remove all coefficients
from the active support set for which γ(i), 1 ≤ i ≤ n is below
the local noise variance. It must be noted that if the local noise
variance at each node is unknown, it can also be estimated along
with γ within the EM framework, as discussed in [14].

Another common issue is that of the wide variation in the
energy of the nonzero entries of xj across the network. Specif-
ically, in distributed event classification by sensors of differ-
ent types [6], each sensor node may employ its own distinct
sensing modality and hence may perceive a different SNR. In
such cases, a preconditioning step which normalizes the local
response vector to unit energy is recommended for fast conver-
gence of the CB-DSBL algorithm. The final signal estimates
can be re-adjusted to undo the pre-conditioning.

V. SIMULATION RESULTS

In this section, we present simulation results to examine
the performance and complexity aspects of the proposed CB-
DSBL algorithm when compared with existing decentralized
algorithms: DRL-1 [5], DCOMP [18] and DCSP [19]. The cen-
tralized M-SBL [14] is also included in the study as a perfor-
mance benchmark for CB-DSBL. Since DRL-1 [5] has been
shown to have superior performance compared to �1 − �2 norm
penalty based algorithms, we skip ADM-MMV [13] from our
comparisons. The CB-DSBL variant considered here executes
two ADMM iterations in the inner loop for every EM iteration
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Fig. 7. Left and right figures in the above plot the NMSE and NSER, respec-
tively, for different SNRs. Other simulation parameters:L = 10 nodes, n = 50,
m = 10 and 10% sparsity. (a) Nonzero coefficients drawn from Rademacher
distribution. (b) Nonzero coefficients drawn from Gaussian distribution.

in the outer loop. The value of the augmented Lagrangian pa-
rameter, ρ, is chosen according to (28). For each experiment, the
set B of bridge nodes is selected as described in Section IV-B.
The local measurement matrices Φj are chosen to be normal-
ized Gaussian random matrices. The nonzero signal coefficients
are sampled independently from the Rademacher distribution,
unless mentioned otherwise. For each trial, the connections be-
tween the nodes are assumed according to a randomly generated
Erdös-Renyi graph with a node connection probability of 0.8.
In the final step of M-SBL and CB-DSBL algorithms, the ac-
tive support is identified by element-wise thresholding the local
hyperparameter vector γj at node j using the threshold 4σ2

j ,
where σ2

j denotes the local measurement noise variance.

A. Performance Versus SNR

In the first set of experiments, we compare the normalized
mean squared error (NMSE) and the normalized support error
rate (NSER) of different algorithms for a range of SNRs. The
support-aware LMMSE estimator sets the MSE performance
benchmark for all the support agnostic algorithms considered
here. The NMSE and NSER error metrics are defined as

NMSE =
1
L

L∑

j=1

||xj − x̂j ||22
||xj ||22

NSER =
1
L

L∑

j=1

|S\Ŝj |+ |Ŝj\S|
|S|

where S is the true common support and Ŝj is the support esti-
mated at node j. The network size is fixed to L = 10 nodes. As
seen in Fig. 7, CB-DSBL matches the performance of central-
ized M-SBL in all cases. For higher SNR (≥ 15 dB), it can be

Fig. 8. NMSE phase transition plots of different algorithms illustrating the
dependence of minimum measurement rate required to guarantee less than 1%
signal reconstruction error on the network size, for signal sparsity rate fixed at
10%. Other simulation parameters: n = 50 and SNR = 30 dB.

seen that both M-SBL and proposed CB-DSBL are MSE opti-
mal. CB-DSBL also outperforms DRL-1 and DCOMP in terms
of both MSE and support recovery. This is attributed to the
fact that the Gaussian prior used in CB-DSBL with its alternate
interpretation as a variational approximation to the Student’s t-
distribution is more capable of inducing sparsity in comparison
to the sum-log-sum penalty used in DRL-1. The poor perfor-
mance of DCOMP is primarily due to its sequential approach
towards support recovery which prevents any corrections to be
applied to the support estimate at each step of the algorithm.
Contrary to [19], DCSP fails to perform better than DCOMP.
This is because DCSP works only when the number of measure-
ments exceeds 2k, where k is the size of the nonzero support.

B. Tradeoff Between Measurement Rate and Network Size

In the second set of experiments, we characterize the NMSE
phase transition of the different algorithms in theL-(m/n) plane
to identify the minimum measurement rate (m/n) needed to
ensure less than 1% signal reconstruction error (or, NMSE ≤
−20 dB), for different network sizes (L), and a fixed sparsity
rate (k/n = 0.1). As shown in Fig. 8, for the same network size,
CB-DSBL is able to successfully recover the unknown signals at
a much lower measurement rate compared to DRL-1, DCOMP
and DCSP. This plot brings out the significant benefit of using
collaboration between nodes and taking advantage of the JSM-2
model in reducing the number of measurements required per
node for successful signal recovery.

C. Performance Versus Measurement Rate (m/n)

In the third set of experiments, we compare the algorithms
with respect to their ability to recover the exact support for
different undersampling ratios. As seen in Fig. 9, for a simi-
lar network size, CB-DSBL is able to exploit the joint sparsity
structure better than DCOMP, DCSP and DRL-1, and can cor-
rectly recover the support from significantly fewer number of
measurements per node. Once again, CB-DSBL has identical
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Fig. 9. Exact support recovery probability versus measurement rate. Simula-
tion parameters: n = 50, 10% sparsity, SNR = 15 dB and L = 10 nodes.

Fig. 10. Phase transition plots for the different joint-sparse signal recovery
algorithms. Other simulation parameters: n = 50, L = 5 nodes, SNR = 30 dB
and number of trials = 200. (a) NMSE phase transition. (b) Support recovery
phase transition.

support recovery performance as the centralized M-SBL, which
was one of our design goals.

D. Phase Transition Characteristics

Here, we compare the phase transition behavior of different
algorithms under NMSE and support recovery based pass/fail
criteria. Fig. 10(a) plots the MSE phase transition of differ-
ent algorithms where any point below the phase transition
curve represents a sparsity rate (k/n) and measurement rate
(m/n) tuple which results in an NMSE smaller than −20 dB
corresponding to smaller than 1 percent signal reconstruc-
tion error. Likewise, in Fig. 10(b), points below the support
recovery phase transition curve represent (k/n,m/n) tuples
which result in more than 90 percent accurate nonzero sup-
port reconstruction across all the nodes. Again, we see that
the CB-DSBL and centralized M-SBL have identical perfor-
mance and both are capable of signal reconstruction from con-
siderably fewer measurements compared to DRL-1, DCOMP
and DCSP.

E. Robustness to Random Node Failures

Here, we demonstrate empirically that increasing the number
of bridge nodes in the CB-DSBL algorithm makes it more robust
to random node failures. As shown in Fig. 11, by gradually

Fig. 11. Plot illustrating the trade off between the density of bridge nodes and
the robustness of the proposed CB-DSBL algorithm to random node failures.
For a given fraction of bridge nodes (no. of bridge nodes/L), each point on the
curve represents the average node failure rate that can be tolerated by CB-DSBL
while still achieving less than 1% signal reconstruction error.

Fig. 12. Average total number of messages exchanged between the nodes
for different network sizes. Each message comprises a single real number.
Simulation parameters: n = 50, m = 10, 10% sparsity, SNR = 20 dB.

increasing the density of bridge nodes in the network, the CB-
DSBL algorithm is able to tolerate higher rates of node failures
without compromising on signal reconstruction performance.
More interestingly, only a relatively small fraction of nodes
need to be bridge nodes (< 10% of the total network size) to
ensure that CB-DSBL operates robustly in the face of random
node failures.

F. Communication Complexity

Lastly, we compare the decentralized algorithms with respect
to the total number of messages exchanged between the nodes
during the estimation of the unknown vectors. As seen in Fig. 12,
the greedy algorithms DCSP and DCOMP are the most com-
munication efficient algorithms as these algorithms have the
lowest per iteration communication complexity (see Table I)
and run for very few iterations. CB-DSBL and DRL-1 on the
other hand have higher communication complexity, with the
proposed scheme requiring fewer overall message exchanges
compared to DRL-1.
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VI. DISTRIBUTED WIDEBAND SPECTRUM SENSING—A REAL

WORLD EXAMPLE

To find out how CB-DSBL and other competing distributed
JSM-2 algorithms perform in a real world setup, we con-
sider the wideband spectrum sensing problem described be-
low. In wideband spectrum sensing, the goal is to efficiently
estimate the occupancy of radio spectrum spanning a wide
range of frequencies. Spectrum sensing is a crucial compo-
nent in the implementation of cognitive radio (CR) networks. In
a CR network, the secondary users perform spectrum sensing
in order exploit the spectral opportunities which arise due to
sparse utilization of the radio spectrum by the primary/licensed
users [4], [43]–[46].

A. Compressive Wideband Spectrum Sensing System Model

Consider a CR network comprising P primary users and L
secondary users. The total available radio spectrum is partitioned
into B frequency sub-bands of equal size. The secondary users
sense the spectrum to determine the spectrum holes, i.e., the sub-
bands that are not occupied by primary users. Most spectrum
sensing techniques consist of two main steps [45], [46]. The
first step is to obtain a frequency domain representation of the
received wideband signal. This is followed by multiple sub-band
level energy detection tests in order to estimate the wideband
spectral occupancy of the primary users. Given below is the
frequency domain representation of the sampled baseband signal
received by the jth secondary user:

rfj =
P∑

i=1

Df
p,js

f
p + wf

j (30)

where Df
p,j = diag

(
hfp,j

)
is an n× n diagonal channel gain

matrix representing the wireless channel between primary user
p and secondary user j. The diagonal matrix Df

p,j alludes to
the frequency selective nature of channel across the sub-bands,
but a flat fading behavior within sub-bands. The n× 1 sized
complex vectors: sfp , rfj and wf

j denote the frequency domain
versions of the signal transmitted by the pth primary user, and the
signal and noise received at the jth secondary user, respectively.
Since the primary users collectively transmit in very few of
the B sub-bands, each sfp , 1 ≤ p ≤ P can be modeled as an
approximately sparse vector with most of its coefficients close
to zero, and with a few large coefficients coinciding with the sub-
band(s) occupied by the primary user p. Consequently, the vector
Df
p,js

f
p is also approximately sparse, and so is the summation

∑P
i=1 Df

p,js
f
p in (30).

Since the received signal component xfj =
∑P

i=1 Df
p,js

f
p

in (30) is a wideband signal, acquiring it at Nyquist or
higher rate can be prohibitive. Often, due to bandwidth
and sampling rate constraints, the secondary users resort
to sliding-window, narrow-band processing, i.e., covering a
small number of sub-bands at a time, in order to determine
the band spectrum occupancy [47]. In a compressive sens-
ing based approach [4], each secondary user implements

an Analog-to-Information-Converter (AIC), which directly
outputs low rate compressive measurements of the received
wideband signal. Each secondary user acquires m compressive
measurement samples in the form of an m× 1 vector ytj as
shown below,

ytj = Φjrtj , 1 ≤ j ≤ L, (31)

where rtj is the discrete-time representation of the received
signal sampled at Nyquist rate, fS . Φj is the m× n sized
compressive sampling matrix. Since m� n, the effective
sampling rate (m/n)fS is significantly lower than the con-
ventional sampling rate fS . Combining (30) and (31), we
can write,

ytj = ΦjFH

(
P∑

i=1

Df
p,js

f
p

)

+ ΦjFHwf
j = ΦjFHxfj + w̃t

j

(32)
where F is the DFT matrix of order n, w̃t

j is the effective mea-

surement noise vector of length m, and xfj =
∑P

i=1 Df
p,js

f
p is

an n× 1 vector denoting the frequency domain representation
of the received signal collectively transmitted by all primary
users. Since the secondary users perceive a common spectral
occupancy pattern associated with the primary users, the
frequency domain vectors xf1 ,x

f
2 , . . . ,x

f
L exhibit joint sparsity,

and therefore can be recovered efficiently by a JSM-2 signal
recovery algorithm.

B. Experimental Setup

For collecting experimental data, Universal Software Radio
Peripheral (USRP) units (model N-210) were used to realize
the primary and the secondary users. Due to the limited
bandwidth of the USRP hardware, a scaled down version of the
wideband spectrum sensing problem is considered, where the
total available frequency band of 1 MHz, centered at 1.1 GHz,
is divided into 128 non-overlapping, 7.8125 KHz wide
sub-bands. A single USRP unit was configured to mimic five
primary users transmitting QPSK modulated RF signal in
sub-bands {(−59,−49), (−21), (−7), (2, 3, 4, 5, 6, 7), (21)}
(see Fig. 13). A separate USRP unit was configured to collect
n = 256 samples of down-converted baseband signal, sampled
at twice the Nyquist rate. A Random Modulator Pre-Integrator
(RMPI) based AIC [48] was simulated in Matlab by taking
Φj to be a column normalized Bernoulli (p = 0.5) random
matrix with ±1 entries, to generate m = 32 compressive
measurements according to (31), which were then fed to the
recovery algorithms. Multiple recordings were taken at 10
distinct spatial locations, one for each secondary user, in order
to capture the effect of both temporal and spatial variations of
the wireless channel. The SNR recorded at the CR nodes varied
from −2.4 to 7.8 dB. The SNR here is defined as the ratio
of total power in signal sub-bands to that in noise sub-bands.
All performance metrics are averaged over 100 independent
trials.
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Fig. 13. Top left: a USRP unit configured as a wideband transmitter, trans-
mitting in 11 out of 128 frequency sub-bands. Top right: a mobile USRP station
configured to capture the entire wideband signal at Nyquist sampling rate. Bot-
tom: frequency spectrum of the down-converted baseband signal received by
one of the secondary users. The five peaks correspond to the five active primary
users.

Fig. 14. ROC performance for 12.5% measurement compression ratio, L =
10, and SNR ranging from −2.4 to 7.8 dB across the secondary users.

C. Performance Analysis

We compare the Receiver Operating Characteristics (ROC) of
various decentralized JSM-2 recovery algorithms. For MSBL,
CB-DSBL, and DRL-1, the ROC plots are obtained by sweep-
ing the threshold value used to identify the occupied frequency
bins. For DCOMP and DCSP, the ROC plots are obtained by
sweeping the sparsity size k input to these greedy algorithms.
To account for spectral leakage, we adopt a pragmatic approach
for computing the detection and false alarm probabilities. If a
frequency bin is declared as active, it qualifies as a successful
detection provided that the detected bin or one of its imme-
diate left or right bins coincides with one of the signal sub-
bands. Otherwise, a false alarm is declared. Fig. 14 compares
the ROCs of different recovery schemes for measurement com-
pression rate of 12.5%. Due to the hard-sparse nature of the

output of DCOMP and DCSP algorithms, their false alarm rates
never attain the maximal value of one, as reflected in the fig-
ure. In spectrum sensing, the goal is to achieve high detection
probability while maintaining a low false alarm rate. In this
regard, both centralized M-SBL and the proposed CB-DSBL
outperform DCOMP, DCSP and DRL-1. In our experiments,
both M-SBL and CB-DSBL are able to identify occupied spec-
trum bins and spectrum holes with 90% and 80% accuracy,
respectively. In comparison, for DCSP and DRL-1, in order to
achieve the same accuracy of detecting 90% of the occupied
bins, these algorithms miss 35% of the unoccupied bins. Also,
when fed with the correct sparsity level (k), the greedy algo-
rithms DCSP and DCOMP have poor detection performance
(less than 60% accuracy). In contrast, owing to their automatic
relevance determination property [23], both CB-DSBL and M-
SBL are able to correctly infer the sparsity level of the occupied
spectrum directly from the measurements, resulting in superior
performance.

VII. CONCLUSIONS

In this paper, we proposed a novel iterative Bayesian algo-
rithm called CB-DSBL for decentralized estimation of joint-
sparse signals by multiple nodes in a network. The CB-DSBL al-
gorithm employs an ADMM based decentralized EM procedure
to efficiently learn the parameters of a joint sparsity inducing
signal prior which is shared by all the nodes, and is subsequently
used in the MAP estimation of the local signals. Experimental
results showed that CB-DSBL outperforms existing decentral-
ized algorithms: DRL-1, DCOMP and DCSP, in terms of both
NMSE as well as support recovery performance. We also estab-
lished the R-linear convergence of the underlying decentralized
ADMM iterations. The amount of inter-node communication
during the ADMM iterations is controlled by restricting each
node to exchange information with only a small subset of its sin-
gle hop neighbors. For this bridge node based communication
scheme, the ADMM convergence results presented here are also
applicable to any consensus driven optimization of a convex ob-
jective function. Future extensions of this work could encompass
exploiting any inter vector correlation between the jointly sparse
signals. Also, it would be interesting to analyze the convergence
of CB-DSBL algorithm in the presence of noisy communi-
cation links between nodes and under asynchronous network
operation.

APPENDIX

A. Derivation of the M-step Cost Function

The conditional expectation in (9) can be simplified as:

EX
[
log p(Y,X;γ)|Y;γk

]

= E[X |Y ;γk ] [log p(Y|X) + log p(X;γ)]

= E[X |Y ;γk ] log p(Y|X) +
∑

j∈J
E[xj |yj ;γk ] log p(xj ;γ).

(33)
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Using (2), and discarding the terms independent of γ in (33),
the M-step objective function Q(γ|γk ) is given by

Q(γ|γk )=
∑

j∈J
E[xj |yj ,γk ]

(
−1

2
log |Γ| − 1

2
xTj Γ−1xj

)

=−1
2

∑

j∈J

(

log |Γ|+
n∑

i=1

E[xj ∼N (μk + 1
j ,Σk + 1

j )]xj (i)
2

γ(i)

)

=−1
2

∑

j∈J

n∑

i=1

(

log γ(i)+
Σk+1
j (i, i)+μk+1

j (i)2

γ(i)

)

.

(34)

B. Derivation of the Simplified Update for γb

By summing the dual variable update rule (18) across all
nodes, the following holds for all b ∈ B
∑

j∈Nb
(λbj )

r+1 =
∑

j∈Nb
(λbj )

r + ρ
∑

j∈Nb
γr+1
j − ρ|Nb |γr+1

b . (35)

Plugging (20) in (35), we obtain

∑

j∈Nb
(λbj )

r+1 = 0 ∀ b ∈ B. (36)

Using (36) in (20), we obtain the simplified update for γb .

C. Proof of Theorem 1

The proof of the convergence of ADMM discussed in the
sequel is a based on the proof given in [37]. However, our proof
differs from the one in [37] due to the different scheme adopted
here, which uses the auxiliary/bridge nodes to enforce consensus
between the nodes. We make the following assumptions about
the objective function f in (23).

1) f is twice differentiable and strongly convex in γJ . This
implies that there exists mf ∈ R+\{0} such that, for all
γJ ,γ

′
J , the following holds

〈∇f(γJ )T −∇f(γ
′
J )T ,γJ −γ

′
J 〉 ≥ mf ||γJ −γ

′
J ||22 .

(37)
2) ∇f is Lipschitz continuous, i.e., there exists a positive

scalar Mf such that, for all γJ ,γ
′
J , we have

||∇f(γJ )−∇f(γ
′
J )||2 ≤Mf ||γJ − γ

′
J ||2 . (38)

Let r denote the ADMM iteration count. From the zero sub-
gradient optimality conditions corresponding to (16) and (17),
we have

∇f(γr+1
J )T + ET

1 λr + ρET
1 E1γ

r+1
J + ρET

1 E2γ
r
B = 0 (39)

ET
2 λr + ρET

2 E2γ
r+1
B + ρET

2 E1γ
r+1
J = 0. (40)

From the dual variable update equation, we have,

λr+1 = λr + ρ(E1γ
r+1
J + E2γ

r+1
B ). (41)

Premultiplying (41) with ET
1 and ET

2 followed by its summation
to (39) and (40) respectively gives

∇f(γr+1
J )T + ET

1 λr+1 + ρET
1 E2(γr

B − γr+1
B ) = 0. (42)

ET
2 λr+1 = 0. (43)

By initializing λ equal to zero, λr always lies in the nullspace
N (ET

2 ), physically implying that the sum of the Lagrange multi-
pliers of nodes connected to a given bridge node is always equal
to zero. Let γr

J → γ∗J , γr
B → γ∗B and λr → λ∗ as r →∞, then

putting r →∞ in (41), (42) and (43) gives

∇f(γ∗J )T + ET
1 λ∗ = 0 (44)

ET
2 λ∗ = 0 (45)

E1γ
∗
J + E2γ

∗
B = 0. (46)

Note that the condition (46) implies consensus among γj , j ∈
J , upon convergence. By subtracting (44), (45) and (46) from
(42), (43) and (41), respectively, we get the desired difference
terms needed for showing convergence results.

∇f(γr+1
J )T −∇f(γ∗J )T + ET

1 (λr+1 − λ∗)

+ ρET
1 E2(γr

B − γr+1
B ) = 0 (47)

ET
2 (λr+1 − λ∗) = 0 (48)

λr+1 − λr = ρE1(γr+1
J − γ∗J ) + ρE2(γr+1

B − γ∗B). (49)

Premultiplying (49) with ET
2 and using (43), we obtain,

ET
2 E1(γr+1

J − γ∗J ) = −ET
2 E2(γr+1

B − γ∗B). (50)

From the strong convexity of f and using (47), we can write,

mf ||γr+1
J − γ∗J ||22 ≤ 〈ET

1 (λ∗ − λr+1),γr+1
J − γ∗J 〉

+ ρ〈ET
1 E2(γr+1

B − γr
B), (γ

r+1
J − γ∗J )〉

= 〈(λ∗ − λr+1),E1(γr+1
J − γ∗J )〉

+ ρ〈(γr+1
B − γr

B),E
T
2 E1(γr+1

J − γ∗J )〉
= 〈(λ∗ − λr+1),E1(γr+1

J − γ∗J )〉
− ρ〈(γr+1

B − γr
B),E

T
2 E2(γr+1

B − γ∗B)〉

= 〈(λ∗ − λr+1),
1
ρ
(λr+1 − λr )−E2(γr+1

B − γ∗B)〉

− ρ〈(γr+1
B − γr

B),E
T
2 E2(γr+1

B − γ∗B)〉

=
1
ρ
〈(λ∗ − λr+1), (λr+1 − λr )〉

+ ρ〈E2(γr+1
B − γr

B),E2(γ∗B − γr+1
B )〉. (51)

Here, the first identity is obtained by using a property of the
inner product. The second, third and fourth identities are ob-
tained by using (50), (49) and (48) respectively. By defining
u = [(E2γB)T | λT ]T , the RHS in (51) can be expressed as a
matrix norm (ur − ur+1)T G(ur+1 − u∗), where G is given
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by

G =

⎡

⎣
ρIn |B| 0

0
1
ρ
INC

⎤

⎦ .

Using the identity:

2 (ur − ur+1)T G(ur+1 − u∗)

= ||ur − u∗||2G − ||ur+1 − u∗||2G − ||ur − ur+1 ||2G , (52)

the inequality in (51) can be rewritten as

mf ||γr+1
J − γ∗J ||22

≤ 1
2
(||ur − u∗||2G − ||ur+1 − u∗||2G − ||ur − ur+1 ||2G

)
.

(53)

By discarding the non-positive terms in the LHS of (53), we
obtain the following upper bound on the primal optimality gap.

||γr+1
J − γ∗J ||22 ≤

1
2mf

||ur − u∗||2G . (54)

In Appendix D, we prove the monotonic convergence of ur to
u∗. Thus, from the monotonic decay of the RHS in (54), we
have R-linear convergence of γr

J to γ∗J .

D. Proof of Monotonic Convergence of ur to u∗

In order to prove monotonic convergence of ur to u∗, it is
sufficient to show that there exists a δ > 0 such that

||ur+1 − u∗||2G ≤
1

1 + δ
||ur − u∗||2G . (55)

By rearranging the terms in (53), we have

||ur+1 − u∗||2G ≤ ||ur − u∗||2G − ||ur+1 − ur ||2G
− 2mf ||γr+1

J − γ∗J ||22 . (56)

By comparing terms in (55) and (56), we observe that if

2mf ||γr+1
J − γ∗J ||22 + ||ur+1 − ur ||2G ≥ δ||ur+1 − u∗||2G ,

(57)
or equivalently,

2mf ||γr+1
J − γ∗J ||22 + ρ||E2(γr+1

B − γr
B)||22 +

1
ρ
||λr+1−λr ||22

≥ δ
(
ρ||E2(γr+1

B − γ∗B)||22 +
1
ρ
||λr+1 − λ∗||22

)
, (58)

holds, then ur converges monotonically to u∗. We now proceed
to derive upper bounds for ||E2(γr+1

B − γ∗B)||2 and ||λr+1 −
λ∗||2 in terms of the LHS. These upper bounds will be used in
the sequel to establish the inequality in (58).

1) An upper bound for ρ||E2(γk+1
B − γ∗B)||2

Note that for any two vectors a, b and a scalar μ > 1

||a + b||22 ≥ (1− μ)||a||22 +
(

1− 1
μ

)
||b||22 . (59)

Applying inequality (59) to (49), we get the following
upper bound.

ρ ||E2(γr+1
B − γ∗B)||22 ≤

(
μ

μ− 1

)
1
ρ
||λr+1 − λr ||22

+
(
μρσ2

max(E1)
) ||γr+1

J − γ∗J ||22 . (60)

Here, σmax(E1) is the largest singular value of E1 .
2) An upper bound for 1

ρ ||λr+1 − λ∗||2
Similar application of inequality (59) to (47) results in an
upper bound for 1

ρ ||λr+1 − λ∗||2 as shown below.

||ET
1 (λr+1−λ∗)||22≤

ν

(ν−1)
||∇f(γr+1

J )T −∇f(γ∗J )T ||22

+ ν||ρET
1 E2(γr

B − γr+1
B )||22

⇒ 1
ρ
||λr+1 − λ∗||22

≤ ν

ρ(ν − 1)σ2
min(E1)

||∇f(γr+1
J )T −∇f(γ∗J )T ||22

+
νρσ2

max(E1)
σ2

min(E1)
||E2(γr

B − γr+1
B )||22 . (61)

From the Lipschitz continuity of ∇f (38), we obtain the
following modified upper bound.

1
ρ
||λr+1 − λ∗||22 ≤

νM 2
f

ρ(ν − 1)σ2
min(E1)

||γr+1
J − γ∗J ||22

+
νρσ2

max(E1)
σ2

min(E1)
||E2(γr

B − γr+1
B )||22 . (62)

Here, σmin(E1) denotes the smallest singular value of E1
and ν is a positive scalar greater than unity.

By summing the upper bounds in (60) and (62), we get

ρ||E2(γr+1
B − γ∗B)||22 +

1
ρ
||λr+1 − λ∗||22 ≤

1
δ

(
2mf ||γr+1

J − γ∗J ||22 + ρ||E2(γr
B − γr+1

B )||22

+
1
ρ
||λr+1 − λr ||22

)
(63)

where

δ�

⎛

⎝max
μ,ν≥1

max

⎛

⎝
νM 2

f

ρ(ν−1)σ 2
min(E1 ) +μρσ2

max(E1)

2mf
, νκ,

μ

μ− 1

⎞

⎠

⎞

⎠

−1

.

(64)
Thus, for δ as defined above, the inequality (58) holds and
consequently the inequality (55) also holds, thereby establishing
the Q-linear convergence of the sequence uk to u∗.

Authorized licensed use limited to: J.R.D. Tata Memorial Library Indian Institute of Science Bengaluru. Downloaded on June 10,2022 at 08:08:41 UTC from IEEE Xplore.  Restrictions apply. 



44 IEEE TRANSACTIONS ON SIGNAL AND INFORMATION PROCESSING OVER NETWORKS, VOL. 3, NO. 1, MARCH 2017

E. Proof of Theorem 2

Let δopt denote the maximum value of δ for any ρ > 0. Then,
we can write

δopt = max
ρ>0

(
max
μ,ν≥1

(min (f1(μ, ν, ρ), f2(ν), f3(μ)))
)

= max
μ,ν≥1

(
max
ρ>0

(min (f1(μ, ν, ρ), f2(ν), f3(μ)))
)

(65)

where the scalar functions f1 , f2 and f3 represent the three
terms inside the minimum operator in (26). The following two
Lemmas summarize the optimization of δ in (65).

Lemma 2: δopt = max
μ,ν≥1

{
min

(
f̄1(μ, ν), f2(ν), f3(μ)

)}

where, f̄1(μ, ν) � max
ρ>0

f1(μ, ν, ρ).

Proof: See Appendix F. �
Lemma 3: There exists a unique (μ, ν) = (μ∗, ν∗) which

simultaneously satisfies: (i) f̄1 = f2 = f3 , and (ii) μ ≥
1, ν ≥ 1. Further, such a (μ∗, ν∗) maximizes g(μ, ν) =
min

(
f̄1(μ, ν), f2(ν), f3(μ)

)
over μ, ν ≥ 1.

Proof: See Appendix G.
The scalar function f1 in Lemma 2 is maximized at ρ =
Mf

σmaxσmin

√
ν

μ(ν − 1)
to give f̄1 =

Mf

σminσmax

√
ν

μ(ν − 1)
. Fur-

ther, by solving for the unique tuple (μ∗, ν∗) which satisfies the
two optimality conditions specified in Lemma 3, the optimal
augmented Lagrangian parameter ρ and corresponding optimal
δ can be shown to be equal to the ρopt and δopt as defined in
Theorem 2.

F. Proof of Lemma 2

Let ρμ,ν � arg max
ρ>0

f1 . Then, by restricting the feasible set

in (65), we have,

δopt ≥ max
μ,ν≥1

[
max
ρ=ρμ , ν

{min (f1(μ, ν, ρ), f2(ν), f3(μ))}
]

= max
μ,ν≥1

{
min

(
f̃1(μ, ν), f2(ν), f3(μ)

)}
. (66)

On the other hand, from (65) and using f̃1 ≥ f1 , we have,

δopt = max
μ,ν≥1

[
max
ρ>0
{min (f1(μ, ν, ρ), f2(ν), f3(μ))}

]

≤ max
μ,ν≥1

{
min

(
f̃1(μ, ν), f2(ν), f3(μ)

)}
. (67)

Combining (66) and (67) establishes Lemma 2.

G. Proof of Lemma 3

In order to prove the Lemma, we claim the following.
a) For any ε > 0, there exist positive constants Bμ and Bν

such that g(μ, ν) ≤ ε when either μ ≥ Bμ or ν ≥ Bν

holds.
b) Any point (μ, ν) which satisfies condition 2 but does not

satisfy condition 1 cannot be a local maximum of g.

Note that claim (a) holds trivially forBμ =
m 2

f

κM2
f ε

2 andBν =
1
κε . In order to verify claim (b), let us consider a point (μ0 , ν0)

which satisfies condition 2, but not condition 1. Then, we need
to consider three cases.

1) Case-I: f̃1 , f2 and f3 are distinct at (μ0 , ν0). Without loss
of generality (WLOG), let g = f̃1 at (μ0 , ν0). Then, from
the continuity of f̃1 , f2 , f3 , there exists an ε (> 0) ball
Bε , centered at (μ0 , ν0) and with radius ε inside which
g = f̃1 holds. Since, inside Bε , g is strictly monotonic
with respect to μ and ν, there exists (μ, ν) ∈ Bε such
that g(μ, ν) > g(μ0 , ν0). Hence, (μ0 , ν0) is not a local
maximum.

2) Case-II: At (μ0 , ν0), two of f̃1 , f2 and f3 are equal and
strictly greater than the remaining one. The same argu-
ments as Case-I apply here as well.

3) Case-III: At (μ0 , ν0), two of f̃1 , f2 and f3 are equal and
strictly less than the remaining one. WLOG, let f̃1 = f2 <
f3 . Let C(μ, ν) denote the continuous curve in (μ, ν) plane
whose each point satisfies f̃1 = f2 . Clearly, (μ0 , ν0) also
lies on the curve C. Moreover, there are an uncountably
infinite number of points of C inside Bε , with Bε defined
as in Case-I. Due to the monotonicity of g along C, there
exists (μ, ν) ∈ Bε such that g(μ, ν) > g(μ0 , ν0). Hence,
(μ0 , ν0) is not a local maximum.

From claim (a) and the fact that at the boundary points
(μ = 1 or ν = 1), the objective g evaluates to zero, we may
restrict our search for the global maximizer of g to the set
D = {(μ, ν) | 1 ≤ μ ≤ Bμ, 1 ≤ ν ≤ Bν }. Then, from claim
(b), uniqueness of (μ∗, ν∗) ∈ D and Weierstrass theorem, it
follows that (μ∗, ν∗) is indeed the unique global maximizer of
the continuous function g. Thus, the proof is complete.

REFERENCES

[1] S. Khanna and C. R. Murthy, “Decentralized Bayesian learning of
jointly sparse signals,” in Proc. IEEE Global Commun. Conf., Dec. 2014,
pp. 3103–3108.

[2] M. F. Duarte, S. Sarvotham, D. Baron, M. B. Wakin, and R. G.
Baraniuk, “Distributed compressed sensing of jointly sparse signals,” in
Proc. AsilomarConf. Signals, Syst., Comput., Oct. 2005, pp. 1537–1541.

[3] A. Makhzani and S. Valaee, “Distributed spectrum sensing in cognitive
radios via graphical models,” in Proc. Comput. Adv. Multi-Sens. Adaptive
Process., 2013, pp. 376–379.

[4] Z. Fanzi, C. Li, and Z. Tian, “Distributed compressive spectrum sensing
in cooperative multihop cognitive networks,” IEEE J. Sel. Topics Signal
Process., vol. 5, no. 1, pp. 37–48, Feb. 2011.

[5] Q. Ling, Z. Wen, and W. Yin, “Decentralized jointly sparse optimization
by reweighted l-q minimization,” IEEE Trans. Signal Process., vol. 61,
no. 5, pp. 1165–1170, Mar. 2013.

[6] N. H. Nguyen, N. M. Nasrabadi, and T. D. Tran, “Robust multi-sensor
classification via joint sparse representation,” in Proc. 14th Int. Conf. Inf.
Fusion, Jul. 2011, pp. 1–8.

[7] S. Ji, D. Dunson, and L. Carin, “Multitask compressive sensing,” IEEE
Trans. Signal Process., vol. 57, no. 1, pp. 92–106, Jan. 2009.

[8] R. Prasad, C. R. Murthy, and B. D. Rao, “Joint channel estimation and
data detection in MIMO-OFDM systems: A sparse Bayesian learning
approach,” IEEE Trans. Signal Process., vol. 63, no. 20, pp. 5369–5382,
Oct. 2015.

[9] M. Masood, L. H. Afify, and T. Y. Al-Naffouri, “Efficient coordinated
recovery of sparse channels in massive MIMO,” IEEE Trans. Signal Pro-
cess., vol. 63, no. 1, pp. 104–118, Jan. 2015.

[10] Y. Barbotin, A. Hormati, S. Rangan, and M. Vetterli, “Estimation of sparse
MIMO channels with common support,” IEEE Trans. Commun., vol. 60,
no. 12, pp. 3705–3716, Dec. 2012.

[11] S. F. Cotter, B. D. Rao, K. Engan, and K. Kreutz-Delgado, “Sparse so-
lutions to linear inverse problems with multiple measurement vectors,”
IEEE Trans. Signal Process., vol. 53, no. 7, pp. 2477–2488, Jul. 2005.

[12] D. Baron, M. F. Duarte, M. B. Wakin, S. Sarvotham, and R. G.
Baraniuk, “Distributed compressive sensing,” CoRR, vol. abs/0901.3403,
2009. [Online]. Available: http://arxiv.org/abs/0901.3403

Authorized licensed use limited to: J.R.D. Tata Memorial Library Indian Institute of Science Bengaluru. Downloaded on June 10,2022 at 08:08:41 UTC from IEEE Xplore.  Restrictions apply. 



KHANNA AND MURTHY: DECENTRALIZED JOINT-SPARSE SIGNAL RECOVERY: A SPARSE BAYESIAN LEARNING APPROACH 45

[13] H. Lu, X. Long, and J. Lv, “A fast algorithm for recovery of jointly sparse
vectors based on the alternating direction methods,” in Proc. 14th Int.
Conf. Artif. Intell. Statist., 2011, pp. 461–469.

[14] D. P. Wipf and B. D. Rao, “An empirical Bayesian strategy for solv-
ing the simultaneous sparse approximation problem,” IEEE Trans. Signal
Process., vol. 55, no. 7, pp. 3704–3716, Jul. 2007.

[15] D. P. Wipf and B. D. Rao, “Sparse Bayesian learning for basis selection,”
IEEE Trans. Signal Process., vol. 52, no. 8, pp. 2153–2164, Apr. 2004.

[16] J. Ziniel and P. Schniter, “Efficient high-dimensional inference in the mul-
tiple measurement vector problem,” IEEE Trans. Signal Process., vol. 61,
no. 2, pp. 340–354, Jan. 2013.

[17] A. Rakotomamonjy, “Review: Surveying and comparing simultaneous
sparse approximation (or group-lasso) algorithms,” Signal Process.,
vol. 91, no. 7, pp. 1505–1526, Jul. 2011.

[18] T. Wimalajeewa and P. K. Varshney, “Cooperative sparsity pattern recov-
ery in distributed networks via distributed-OMP,” in Proc. IEEE Int. Conf.
Acoust., Speech Signal Process., May 2013, pp. 5288–5292.

[19] G. Li, T. Wimalajeewa, and P. K. Varshney, “Decentralized subspace pur-
suit for joint sparsity pattern recovery,” in Proc. IEEE Int. Conf. Acoust.,
Speech Signal Process., May 2014, pp. 3365–3369.

[20] Q. Ling and Z. Tian, “Decentralized support detection of multiple mea-
surement vectors with joint sparsity,” in Proc. IEEE Int. Conf. Acoust.,
Speech Signal Process., May 2011, pp. 2996–2999.

[21] F. Bach, R. Jenatton, J. Mairal, and G. Obozinski, “Optimization with
sparsity-inducing penalties,” Found. Trends Mach. Learn., vol. 4, no. 1,
pp. 1–106, Jan. 2012.

[22] D. J. MacKay, “Bayesian interpolation,” Neural Comput., vol. 4, pp. 415–
447, 1991.

[23] D. P. Wipf and S. S. Nagarajan, “A new view of automatic relevance deter-
mination,” in Proc. Adv. Neural Inf. Process. Syst. Conf., 2007, pp. 1625–
1632.

[24] D. Yang, H. Li, and G. D. Peterson, “Space-time turbo Bayesian com-
pressed sensing for UWB systems,” in Proc. IEEE Int. Conf. Commun.,
May 2010, pp. 1–6.

[25] I. D. Schizas, A. Ribeiro, and G. B. Giannakis, “Consensus in ad hoc WSNs
with noisy links; part I: Distributed estimation of deterministic signals,”
IEEE Trans. Signal Process., vol. 56, no. 1, pp. 350–364, Jan. 2008.

[26] J. Palmer, B. D. Rao, and D. P. Wipf, “Perspectives on sparse
Bayesian learning,” in Proc. Adv. Neural Inf. Process. Syst. Conf., 2004,
pp. 249–256.

[27] R. Neal and G. E. Hinton, “A view of the EM algorithm that justifies
incremental, sparse, and other variants,” in Learning in Graphical Models.
Norwell, MA, USA: Kluwer, 1998, pp. 355–368.

[28] T. M. Cover and J. A. Thomas, Elements of Information Theory (Wiley
Series in Telecommunications and Signal Processing). New York, NY,
USA: Wiley-Interscience, 2006.

[29] A. P. Dempster, N. M. Laird, and D. B. Rubin, “Maximum likelihood
from incomplete data via the EM algorithm,” J. Roy. Statist. Soc., Ser. B
(Methodol.), vol. 39, no. 1, pp. 1–38, 1977.

[30] P. A. Forero, A. Cano, and G. B. Giannakis, “Consensus-based distributed
expectation-maximization algorithm for density estimation and classifi-
cation using wireless sensor networks,” in Proc. IEEE Int. Conf. Acoust.,
Speech Signal Process., Mar. 2008, pp. 1989–1992.

[31] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein, “Distributed
optimization and statistical learning via the alternating direction method
of multipliers,” Found. Trends Mach. Learn., vol. 3, no. 1, pp. 1–122,
2010.

[32] R. Zhang and J. Kwok, “Asynchronous distributed ADMM for consensus
optimization,” in Proc. 31st Int. Conf. Mach. Learn., 2014, pp. 1701–1709.

[33] J. Matamoros, S. M. Fosson, E. Magli, and C. Anton-Haro, “Distributed
ADMM for in-network reconstruction of sparse signals with innova-
tions,” IEEE Trans. Signal Inf. Process. Netw., vol. 1, no. 4, pp. 225–234,
Dec. 2015.

[34] J. F. C. Mota, J. M. F. Xavier, P. M. Q. Aguiar, and M. Puschel, “D-
ADMM: A communication-efficient distributed algorithm for separable
optimization,” IEEE Trans. Signal Process., vol. 61, no. 10, pp. 2718–
2723, May 2013.

[35] T. Erseghe, “A distributed and maximum-likelihood sensor network local-
ization algorithm based upon a nonconvex problem formulation,” IEEE
Trans. Signal Inf. Process. Netw., vol. 1, no. 4, pp. 247–258, Dec. 2015.

[36] W. Deng and W. Yin, “On the global and linear convergence of the gener-
alized alternating direction method of multipliers,” Dept. Comput. Appl.
Math., Rice Univ., Houston, TX, USA, Tech. Rep. TR12–14, 2012.

[37] W. Shi, Q. Ling, K. Yuan, G. Wu, and W. Yin, “On the linear convergence
of the ADMM in decentralized consensus optimization,” IEEE Trans.
Signal Process., vol. 62, no. 7, pp. 1750–1761, Apr. 2014.

[38] T. Erseghe, D. Zennaro, E. Dall’Anese, and L. Vangelista, “Fast consen-
sus by the alternating direction multipliers method,” IEEE Trans. Signal
Process., vol. 59, no. 11, pp. 5523–5537, Nov. 2011.

[39] H. Zhu, G. B. Giannakis, and A. Cano, “Distributed in-network channel
decoding,” IEEE Trans. Signal Process., vol. 57, no. 10, pp. 3970–3983,
Oct. 2009.

[40] W. Shi, Q. Ling, G. Wu, and W. Yin, “EXTRA: An exact first-order
algorithm for decentralized consensus optimization,” SIAM J. Optim.,
vol. 25, no. 2, pp. 944–966, 2015.

[41] D. Jakovetic, J. Xavier, and J. M. F. Moura, “Fast distributed gradient
methods,” IEEE Trans. Autom. Control, vol. 59, no. 5, pp. 1131–1146,
May 2014.

[42] A. I. Chen and A. Ozdaglar, “A fast distributed proximal-gradient
method,” in Proc. Allerton Conf. Commun., Control Comput., Oct. 2012,
pp. 601–608.

[43] Y. Wang, A. Pandharipande, Y. L. Polo, and G. Leus, “Distributed com-
pressive wide-band spectrum sensing,” in Proc. Inf. Theory Appl. Work-
shop, Feb. 2009, pp. 178–183.

[44] J. A. Bazerque and G. B. Giannakis, “Distributed spectrum sensing for
cognitive radio networks by exploiting sparsity,” IEEE Trans. Signal Pro-
cess., vol. 58, no. 3, pp. 1847–1862, Mar. 2010.

[45] Z. Quan, S. Cui, A. H. Sayed, and H. V. Poor, “Wideband spectrum
sensing in cognitive radio networks,” in Proc. IEEE Int. Conf. Commun.,
May 2008, pp. 901–906.

[46] H. Sun, A. Nallanathan, C. X. Wang, and Y. Chen, “Wideband spectrum
sensing for cognitive radio networks: A survey,” IEEE Wireless Commun.,
vol. 20, no. 2, pp. 74–81, Apr. 2013.

[47] A. Sharma and C. R. Murthy, “Group testing-based spectrum hole search
for cognitive radios,” IEEE Trans. Veh. Technol., vol. 63, no. 8, pp. 3794–
3805, Oct. 2014.

[48] J. Yoo, S. Becker, M. Monge, M. Loh, E. Candès, and A.
Emami-Neyestanak, “Design and implementation of a fully integrated
compressed-sensing signal acquisition system,” in Proc. IEEE Int. Conf.
Acoust., Speech Signal Process., Mar. 2012, pp. 5325–5328.

Saurabh Khanna received the B.Tech. degree in
electrical engineering from the Indian Institute of
Technology, Kanpur, India, in 2007. He is cur-
rently working toward the Ph.D. degree in elec-
trical communication engineering with the Indian
Institute of Science, Bangalore, India. From 2007
to 2016, he was with Texas Instruments, Banga-
lore, working on firmware and algorithm design
for WLAN transceivers, global navigation satellite
system-based user localization, and frequency-
modulated continuous-wave radars. His research in-

terests include sparse signal processing, statistical learning theory, and struc-
tured signal processing.

Chandra R. Murthy (S’03–M’06–SM’11) received
the B.Tech. degree in electrical engineering from
the Indian Institute of Technology Madras, Chennai,
India, in 1998, and the M.S. degree from Purdue
University, West Lafayette, IN, USA, and the Ph.D.
degree from the University of California, San Diego,
CA, USA, both in electrical and computer engineer-
ing, in 2000 and 2006, respectively. From 2000 to
2002, he was an Engineer at Qualcomm Inc., where
he worked on WCDMA baseband transceiver design
and 802.11b baseband receivers. From August 2006

to August 2007, he was a Staff Engineer at Beceem Communications Inc., where
he worked on advanced receiver architectures for the 802.16e Mobile WiMAX
standard. In September 2007, he joined the Department of Electrical Commu-
nication Engineering, Indian Institute of Science, Bangalore, India, where he
is currently an Associate Professor. His research interests include energy har-
vesting communications, multiuser multiple-input and multiple-output systems,
and sparse signal recovery techniques applied to wireless communications. He
received the Best Paper Award in the Communications Track in the National
Conference on Communications 2014. He was an Associate Editor for the IEEE
SIGNAL PROCESSING LETTERS during 2012–2016. He is an elected member of
the IEEE SPCOM Technical Committee for the years 2014–2016. He is cur-
rently serving as the Chair of the IEEE Signal Processing Society, Bangalore
Chapter, and as an Associate Editor for the IEEE TRANSACTIONS ON SIGNAL

PROCESSING.

Authorized licensed use limited to: J.R.D. Tata Memorial Library Indian Institute of Science Bengaluru. Downloaded on June 10,2022 at 08:08:41 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


