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Abstract A vertex-transitive map X is a map on a closed surface on which the auto-
morphism group Aut(X) acts transitively on the set of vertices. If the face-cycles at
all the vertices in a map are of same type then the map is said to be a semi-equivelar
map. Clearly, a vertex-transitive map is semi-equivelar. Converse of this is not true
in general. We show that there are eleven types of semi-equivelar maps on the torus.
Three of these are equivelar maps. It is known that two of these three types are always
vertex-transitive. We show that this is true for the remaining one type of equivelar
maps and one other type of semi-equivelar maps, namely, if X is a semi-equivelar
map of type [6°] or [33, 4] then X is vertex-transitive. We also show, by presenting
examples, that this result is not true for the remaining seven types of semi-equivelar
maps. There are ten types of semi-equivelar maps on the Klein bottle. We present
examples in each of the ten types which are not vertex-transitive.
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1 Introduction

By a map we mean a polyhedral map on a surface. So, a face of a map is a p-gon for
some integer p > 3. A map X is said to be weakly regular or vertex-transitive if the
automorphism group Aut(X) acts transitively on the set V (X) of vertices of X.

If v is a vertex in a map X then the faces containing v form a cycle (called the face-
cycle) C, inthe dual graph A (X) of X. Clearly, C, is of the form Pj— P, —- - - — Py — Py,
where P; is a path consisting of n; p;-gons and p; # p;j4+1 for 1 < i < k (addition
in the suffix is modulo k). A map X is called semi-equivelar (or semi-regular) if C,
and C, are of same type for any two vertices «# and v of X. More precisely, there exist

natural numbers pp, ..., pr > 3 and ny,...,nx > 1, pi # pi+1 such that both C,
and C, are of the form P — P, —- - - — Py — P; as above, where P; is a path consisting
of n; p;-gons. In this case, we say that X is semi-equivelar of type [pq”, cee pzk].
(We identify [p]', ..., pi*1 with [p3?, ..., pi*. p{'] and with [p;*, ..., pi'].) An

equivelar map (of type [p?], (p, q) or {p, q}) is a semi-equivelar map of type [p?]
for some p, g > 3. Clearly, a vertex-transitive map is semi-equivelar.

A semi-regular tiling of the plane R? is a tiling of R? by regular polygons
such that all the vertices of the tiling are of same type. A semi-regular tiling of
R? is also known as Archimedean, or homogeneous, or uniform tiling. In Griin-
baum and Shephard (1977), Griinbaum and Shephard showed that there are exactly
eleven types of Archimedean tilings on the plane. These types are [3°], [3%,6'],
(33,471,132, 41, 31,417,131, 6", 31, 611, [31, 41, 6!, 417, [3!, 127], [4*], [4!, 6!, 12'],
(4!, 8], [6°]. Clearly, a semi-regular tiling on R? gives a semi-equivelar map on
R?. But, there are semi-equivelar maps on the plane which are not (not isomorphic
to) an Archimedean tiling. In fact, there exists [p?] equivelar maps on R? whenever
1/p+1/q < 1/2 (e.g., Coxeter and Moser 1980; Fejes Téth 1965). Thus, we have

Proposition 1.1 There are infinitely many types of equivelar maps on the plane R>.

All vertex-transitive maps on the 2-sphere are known. These are the boundaries
of Platonic and Archimedean solids and two infinite families of types (namely, of
types [4%,n'] and [33, m'] for4 # n > 3, m > 4) (Griinbaum and Shephard 1977).
Similarly, there are infinitely many types of vertex-transitive maps on the real projective
plane (Babai 1991). Thus, there are infinitely many types of semi-equivelar maps on the
2-sphere and the real projective plane. But, for a surface of negative Euler characteristic
the picture is different. In Babai (1991), Babai has shown the following.

Proposition 1.2 A semi-equivelar map on a surface of Euler characteristic x < 0
has at most —84 x vertices.

As a consequence of this we get

Corollary 1.3 If the Euler characteristic x (M) of a surface M is negative then the
number of semi-equivelar maps on M is finite.

We know from Datta and Nilakantan (2001) and Datta and Upadhyay (2005) that
infinitely many equivelar maps exist on both the torus and the Klein bottle. Thus,
infinitely many semi-equivelar maps exist on both the torus and the Klein bottle.
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But, only eleven types of semi-equivelar maps on the torus and ten types of semi-
equivelar maps on the Klein bottle are known in the literature. All these are quotients
of Archimedean tilings of the plane (Babai 1991; Stich 2011a,b). Since there are
infinitely many equivelar maps on the plane, it is natural to ask whether there are more
types of semi-equivelar maps on the torus or the Klein bottle. Here we prove

Theorem 1.4 Let X be a semi-equivelar map on a surface M. (a) If M is the torus
then the type of X is [3°], [6°], [4%], [3%, 6'1, [33, 4%], [32, 4, 31,41, 3!, 6!, 31, 6],
(31,41, 6", 417, [3!, 122], [4!, 8%] or [4', 6!, 121]. (b) If M is the Klein bottle then the
type of X is [3°], [6], [4%], [33, 4], [3%, 4!, 31,41, (3, 6,31, 6], [3!,4!, 6!, 41],
31, 122], [41, 821 or [41, 61, 121,

Theorem 1.4 and the known examples (also the examples in Sect. 4) imply that
there are exactly eleven types of semi-equivelar maps on the torus and ten types of
semi-equivelar maps on the Klein bottle.

In Brehm and Kiihnel (2008), Brehm and Kiihnel presented a formula to determine
the number of distinct vertex-transitive equivelar maps of types [3°] and [4*] on the
torus. It was shown in Datta and Upadhyay (2005) that every equivelar map of type
[3°] on the torus is vertex-transitive. By the similar arguments, one can easily show
that a equivelar map of type [4*] on the torus is vertex-transitive [also see (Brehm and
Kiihnel 2008, Proposition 6)]. Thus, we have

Proposition 1.5 Let X be an equivelar map on the torus. If the type of X is [3°] or
[4%] then X is vertex-transitive.

Here we prove

Theorem 1.6 Let X be a semi-equivelar map on the torus. If the type of X is [6] or
[33, 4] then X is vertex-transitive.

In Sect. 4, we present examples of the other seven types of semi-equivelar maps
which are not vertex-transitive. This proves

Theorem 1.7 If(p}", ..., p{*1=[32,4',3', 411, (3%, 6'1,[3', 6", 3", 6'], 13", 4", 6',
41, 31,1221, [4', 82 or [41, 6!, 12!] then there exists a semi-equivelar map of type
[P}, ..., pi*1on the torus which is not vertex-transitive.

In Datta and Upadhyay (2005), the first author and Upadhyay have presented exam-
ples of [3°] equivelar maps on the Klein bottle which are not vertex-transitive. In Sect.
4, we present examples of the other nine types of semi-equivelar maps on the Klein
bottle which are not vertex-transitive. Thus, we have

Theorem 1.8 If [p}', ..., p*1 is one in the list of 10 types in Theorem 1.4(b) then
there exists a semi-equivelar map of type [ pq”, ceey pZ"] on the Klein bottle which is
not vertex-transitive.

If the type of a semi-equivelar map X on the torus is different from [3°, 4?] then,
by Theorem 1.7, the vertices of X may form more than one Aut(X)-orbits. Here we
prove
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Theorem 1.9 Let X be a semi-equivelar map on the torus. Let the vertices of X form
m Aut(X)-orbits. (a) If the type of X is [32, 4", 31, 41] then m < 2. (b) If the type of
Xis[3', 6,3, 6! thenm < 3.

Several examples of [3°] and [4] equivelar maps on the torus are in Datta and
Nilakantan (2001). From this, one can construct equivelar maps of type [6°] on the
torus. In Example 4.1, we also present a semi-equivelar map of type [3%, 42] on the
torus for the sake of completeness.

2 Proofs of Theorem 1.4 and Proposition 1.1

For n > 3, the n-gon whose edges are uua, ..., Uy—1Uy, uyu is denoted by u; —
Uy —--+—up—uyorby C,(uy, ..., u,). We call 3-gons and 4-gons by triangles and
quadrangles respectively. A triangle u — v — w — u is also denoted by uvw. If X is a
map on a surface M then we identify a face of X in M with the boundary cycle of the
face.

Proof of Proposition 1.1 InDattaand Nilakantan (2001), it was shown that there exists
equivelar map of type [3%] on the orientable surface of genus g for each g > 4. For
a fixed g > 4, let X be one such equivelar map of type [3%] on the surface M, of
genus g. Since the 2-disk D? is the universal cover of M ¢» by pulling back X, we
get an equivelar map X of type [3%] on D? and a polyhedral map 7 : X — X. From
the constructions in Datta (2005) and Datta and Nilakantan (2001), we know that an
equivelar map of type [p?] exists on some surface (orientable or non-orientable) of
appropriate genus for each [p?] in {[37], [47], [46], [33¢-17, 331, [K*) : ¢ > 3,k >
5}. So, by the same arguments, equivelar maps of types [p?] exist on D? for [p?]
in {[37], [4°], [4°], 3311, [3%], [K¥] : € = 3,k > 5}. More generally, there exist
equivelar maps of type [ p?] on D whenever 1/p+1/g < 1/2 (cf., Coxeter and Moser
1980; Fejes Toth 1965; Griinbaum and Shephard 1977). Since R2is homeomorphic to
D?, an equivelar map of type [ p?] on D? determines an equivelar map of type [p?] on
R?. Thus, there exist equivelar maps of types [ p?] on R? whenever 1/p+1/q < 1/2.
The result now follows. O

Lemma 2.1 Let X be a semi-equivelar map on a surface M. If x(M) = 0 then
the type of X is [3°], [3%, 61, [33,42%], [3%, 4!, 3!, 41, (4%, 13", 6!, 31, 6'], [32, 62],
(32,4, 1217, (31, 41,31, 1217, [3', 41, 6!, 41, [31,42, 6", [67], [3!, 122], [4!, 8%],
[52, 10", [3',7', 421, 3!, 8!,24"), [3',9', 18], [3!,10',15'] [4',5!, 20'] or
(4!, 6', 121

Proof Letthetypeof X be[p}', ..., p;*]. Consider the ¢-tuple (¢1"', ..., g;"*), where

qi #qjfori # j,q; = p; for some j, m; = Zpi:qj n;and (m1, q1) > (m2, q2) >
- > (myg, q¢). (Here, (m, p) > (n, q) means either (i) m > n or (il) m = n and

P <4q)

Claim. (g\"',....q;") = (3%, 3% 6Y), (3% 4%), (4%, (3%.6%), (3%,4!, 12,

42,31, 61, (6%), (122,31, (82,4, (52,101, 3,71, 421), (31, 8!,241), (31, 9!,

18, (31, 10", 151, (4!, 5,201 or (4!, 6', 121).
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Let fo, f1 and f> denote the number of vertices, edges and faces of X respectively.
Let d be the degree of each vertex. Then, d = ny + -+ +nx = m; + --- + my
and f1 = fo x d/2. Clearly, the number of g;-gons is fy x m;/q;. This implies that
fo = folmi1/q1+---+mge/qe). Since x (M) = 0, it follows that fo — fo(m +---+
me)/2+ fo(mi/q1 +---+me/qe) = 0or

(1 1) + +<1 1) | M)
———)mi+-+|z——)m =1
2 q 2 q

Since g; > 3, it follows that d < 6. Moreover, if d = 6 then £ = 1 and g1 = 3. In
this case, (¢1"", ..., q;") = (3°).

Now, assume d = 5. Then (my,...,my) = (5),(4,1),(3,2),(3,1,1),(2,2,1),
2,1,1, ) or (1,1, 1,1, 1). It is easy to see that for (my,...,m¢) = (5), (3,1, 1),
2,2,1),2,1,1,1) or (1,1,1,1, 1), Eq. (1) has no solution. So, (my,...,mg) =
(4, 1) or (3,2). In the first case, (g1, g2) = (3, 6) and in the second case, (q1, g2) =
(3,4). Thus, (¢1"',....q,") = 3* 61) or (3°,4?).

Letd = 4. Then (my,...,m¢) = 4),(3,1),(2,2),(2,1,)or(1,1,1,1). Again,
for (my,...,mg) = (3,1 or (1, 1,1, 1), Eq. (1) has no solution. So, (my, ..., m¢) =
4),(2,2)or (2, 1, 1). Inthe first case, g; = 4, in the second case, (g1, g2) = (3, 6) and
in the third case, (q1, {g2, ¢3}) = (3, {4, 12}) or (4, {3, 6}). Thus, (q{"l, R qZ”) =
4%, (3%2,6%), (32,41, 12" or (42,31, 61).

Finally, assume d = 3. Then (m1,...,my) = (3), (2,1) or (1, 1, 1). In the first
case, g1 = 6, in the second case, (q1,¢q2) = (12, 3), (8,4) or (5, 10) and in the
third case, {q1, g2, 93} = {3,7, 42}, {3, 8,24}, {3,9, 18}, {3, 10, 15}, {4, 5, 20} or
{4,6,12}. Thus, (¢|"', ..., q,'") = (6°), (122,31), (82,41, (52, 10), (3!, 7", 421),
(3', 81,241, 31,9, 181, 3!, 10!, 151), (4!, 5", 20") or (4!, 6!, 12"). This proves
the claim.

The lemma follows from the claim. |

We need the following technical lemma for the proof of Theorem 1.4.

Lemma 2.2 [f [p'l”, ey pZ"] satisfies any of the following three properties then
[p;”, ey pZ"] can not be the type of any semi-equivelar map on a surface.

(i) There exists i such that n; =2, p; is odd and p; # p; forall j #i.
(ii) There existsi suchthatn; =1, p;isodd, p; # p; forall j # i and p; 1 # pj41.
(iii) Thereexistsi suchthatn; =1, p; isodd, p;—1 # pjforall j #i — 1 and p; 1 # pe
forall £ =i+ 1.

(Here, addition in the subscripts are modulo k.)

Proof 1f possible let there exist a semi-equivelar map X of type [ p{” e pZ"] which
satisfies (i). Let A = uy —up —u3 — --- — up, — uy be a p;-gon. Let the other face
containing u,u,4+1 be A, for 1 <r < p;. (Addition in the subscripts are modulo p;.)
Consider the face-cycle of the vertex u. Since p; # p; forall j #i and n; = 2, it
follows that exactly one of Ay and A, is a p;-gon. Assume, without loss, that Ay is
a p;-gon. Since uy is in two p;-gons, it follows that A; is not a p;-gon. Therefore (by
considering the vertex u3, as in the case for the vertex u1), A3 is a p;-gon. Continuing
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this way, we get A, A3, As, ... are p;-gons. Since p; is odd, it follows that A, is
a p;-gon. Then we get three p;-gons, namely, A, Ay and A,, through u;. This is a
contradiction.

Now, suppose there exists a semi-equivelar map Y of type [p}', ..., pllzk] which
satisfies (ii). Let B = u1 —uz —u3 — --- — up, — u1 be a p;-gon. Let the other face
containing u,u,+1 be B, for 1 < r < p;. Consider the face-cycle of the vertex u5.
Since p; # p; and n; = 1, A is the only p;-gon containing u;. Since p;—1 # pi+1,
it follows that one of By and B, is a p;_1-gon and the other is a p;41-gon. Assume,
without loss, that By is a p;_j-gon and B is a p;+1-gon. Then, by the same argument
as above, By, B3, Bs, ... are p;_1-gons and B, By, ... are p;;1-gons. Since p; is
odd, it follows that B, is a p; _1-gon. Then, from the face-cycle of u1, it follows that
pi+1 = pi—1. This contradicts the assumption.

Finally, assume that there exists a semi-equivelar map Z of type [ pq”, ey pZ"]
which satisfies (iii). Let P and Q be two adjacent faces through a vertex u |, where P
isa p;-gonand Q isa p;_i-gon. Assume that P = uy —up —u3 —---—up —uj and
Q=u; —v2—v3— - —Vp_,—1 — Up — uj. Let the other face containing u,u, 1
be P, for 1 < r < p;. (Addition in the subscripts are modulo p;.) Since p;_1 # p;
forall j #i —1and p;4+1 # p¢ forall £ # i 4 1, considering the face-cycle of
u1, it follows that Pj is a p;4+1-gon. Considering the face-cycle of u5, by the similar
argument (interchanging p;_; and p;1), it follows that P is a p;_1-gon. Continuing

this way, we get P;, P3, ... are p;+1-gons and P, Py, ... are p;_i-gons. Since p;
is odd, it follows that P, is a p;;1-gon. This is a contradiction since P, = Q isa
pi—1-gon and p;_1 # p;+1. This completes the proof. O

In Maity and Upadhyay (2015, Theorem 2.1), the second author and Upadhyay
have proved the following.

Proposition 2.3 There is no semi-equivelar map of type [3*, 6'1 on the Klein bottle.

Proof of Theorem 1.4 Let X be a semi-equivelar map of type [p|',..., p;*] on
the torus. By Lemma 2.2 (i), [p}', ..., pi*1 # [32, 6°1,[3%, 41, 1211, [5%, 10']. By
Lemma 2.2 (ii), [p]', ..., pi*1 # [31,4%,6'1,[3', 7!, 4217, [31, 8!, 2417, [3!, 91,
181, 31,101, 15'7, [41,5',20"]. Also, by Lemma 2.2 (iii), [p}',..., pi*] #
[3', 41,31, 12']. The result now follows by Lemma 2.1.

Let X be a semi-equivelar map of type [p}', ..., p;*] on the Klein bottle. As
above,by Lemma2.2,[p}', ..., pi*1 # [32, 671, [3%, 41, 1211, [52, 1017, [3!, 42, 611,
(31,7, 42'],13", 81,2411, (31, 91, 1817,[3!, 101, 15, (4!, 5", 2017, (3", 4!, 3!, 121].
By Proposition 2.3, [p}"', ..., pi*1 # [3*, 6'1. The result now follows by Lemma 2.1.

O

3 Proof of Theorem 1.6

A triangulation of a 2-manifold is called degree-regular if each of its vertices have
the same degree. In other word, a degree-regular triangulation is an equivelar map
of type [3*] for some k > 3. The triangulation E given in Fig. I is a degree-regular
triangulation of R
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U-_12 U2 Uy,2 U2,2 us3,2 Ug,2 Us,2 Uug,2

Fig. 1 Regular [3°]-tiling E of R?

From Datta and Upadhyay (2005) we know

Proposition 3.1 Let M be a triangulation of the plane R. If the degree of each vertex
of M is 6 then M is isomorphic to E.

Using Proposition 3.1, it was shown in Datta and Upadhyay (2005) that ‘any degree-
regular triangulation of the torus is vertex-transitive’. Here we prove

Lemma 3.2 Let X be a triangulation of the torus. If X is degree-regular then the
automorphism group Aut(X) acts face-transitively on X.

Proof Since X is degree-regular and Euler characteristic of X is 0, it follows that the
degree of each vertex in X is 6.

Since R? is the universal cover of the torus, there exists a triangulation ¥ of R? and
a simplicial covering map 1: ¥ — X [cf. (Spanier 1966, Page 144)]. Since the degree
of each vertex in X is 6, the degree of each vertex in Y is 6. Because of Proposition
3.1, we may assume that Y = E. Let I' be the group of covering transformations.
Then | X| = |E|/T.

We take V = {ui2j = (i, jv/3). uizjp1 = (0 +1/2.Q2j + DV3/2) i, j € Z)
as the vertex set of E. Then H := {x — x + a,a € V} is a subgroup of Aut(E) and
is called the group of translations. Clearly, H is commutative.

Foro € I',noo = n.So, 0 maps the geometric carrier of a simplex to the geometric
carrier of a simplex. This implies that o induces an automorphism o of E. Thus, we
can identify I with a subgroup of Aut(E). So, X is a quotient of E by the subgroup I
of Aut(E), where I" has no fixed element (vertex, edge or face). Hence I" consists of
translations and glide reflections. Since X = E/ T is orientable, I does not contain
any glide reflection. Thus I' < H.

Consider the subgroup G of Aut(E) generated by H and the map x — —x. So,

G={a:x—éex+a:e=*xl,ae V}=H x 7.
Claim 1. G acts face-transitively on E.
Since H is vertex transitively on E, to prove Claim 1, it is sufficient to show

that G acts transitively on the set of six faces containing u¢ ¢. This follows from
the following: u_j ouoou—1,1 + 1,0 = U0 0U1,040,1 = U—1 —1U0,—140.0 + U401,
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U_1,0U_1,—1U0,0 + U1,0 = UQ0U0,—1U1,0 = U_1,1U0,040,1 + Uup,—1 and —1 -
UQ,0U—1,0U—1,—1 = UQ,0U1,0U0,1-

Claim2.If K < H then K < G.

Leta € Gand B € K. Assume a(x) = ex 4+ a and B(x) = x + b for some
a,b € V(E) and ¢ € {I,—1}. Then (@ 0o Boa (x) = (¢ o B)(e(x —a)) =
a(ex—a)+b)=x—a+eb+a=x+¢eb= ,BS(X).Thus,ao,Boot_l =p% eK.
This proves Claim 2.

By Claim 2, I' < G and hence we can assume that G/I' < Aut(E/T'). Since, by
Claim 1, G acts face-transitively on E, it follows that G/ I" acts face-transitively on
E/T. This completes the proof since X = E/T. O

We need the following two lemmas for the Proof of Theorem 1.6.

Lemma 3.3 Let X be a map on the 2-disk D? whose faces are triangles and quad-
rangles. For a vertex x of X, let n3(x) and n4(x) be the number of triangles and
quadrangles through x respectively. Suppose (n3(u), n4(u)) = (3, 2) for each inter-
nal vertex u. Then X does not satisfy any of the following.

@ 1 < ng(w) < 2, n3(w) + nga(w) < 4 for one vertex w on the boundary, and
(n3(v), n4(v)) = (0, 2) for each boundary vertex v # w.

b)) 1 < n3(w) < 3, na(w) < 2 and n3(w) + na(w) < 4 for one vertex w on the
boundary, and (n3(v), na(v)) = (3, 0) for each boundary vertex v # w.

Proof Let fy, f1 and f> denote the number of vertices, edges and faces of X respec-
tively. Let n3 (resp., ns4) denote the total number of triangles (resp., quadrangles) in
X. Let there be n internal vertices and m + 1 boundary vertices. So, fo =n +m + 1
and f, = n3 + n4.

Suppose X satisfies (a). Thenng = 2n+2m+n4(w))/4andny = 3n+n3(w))/3.
Since 1 < ngq(w) < 2, it follows that ns(w) = 2 and hence n3(w) < 2. These imply
thatn3(w) = 0. Thus, the exceptional vertex is like other boundary vertices. Therefore,
each boundary vertex is in three edges and hence f| = (57 + 3m + 3) /2. These imply
fo—fi+th=m+m+1)—Gn+3m+3)/2+n+ (n+m+1)/2) =0. This is
not possible since the Euler characteristic of the 2-disk D? is 1.

If X satisfies (b) then n3 = (3n + 3m + n3(w))/3 and na = (2n + na(w))/4.
Since 1 < n3(w) < 3, it follows that n3(w) = 3 and hence n4(w) < 1. These imply
that n4(w) = 0. Thus, the exceptional vertex is like other boundary vertices and each
boundary vertex is in four edges. Thus, fj = (Sn +4m +4)/2 and fo = ngs +n3 =
3n/24+m+1.Then fo— fi+ f» = m+m+1)—Sn+4m+4)/2+Bn/24+m+1) =0,
a contradiction again. This completes the proof. O

Lemma 3.4 Let E; be the Archimedean tiling of the plane R? given in Fig. 2. If X is
a semi-equivelar map of R? of type [3°, 4*] then X = E.

Proof Let the type of X be [33, 4%]. Choose a vertex vo,0- Let the two quadrangle
through vg o be v_1,0 —vo,0 — V0,1 —V—1,1 —V—1,0 and vp,0 — V1,0 — V1,1 — V0,1 — Y0,0-
Then the second quadrangle through v ¢ is of the form vy o —v2,0—v2,1 —v1,1—v1,0 and
the second quadrangle through v_ g isof the formv_p o—v_1,0—v_1,1—V-2,1—V-20.
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u-23 U-1,3 UQ3 U1,3 U223  U3,3

Uu—22 |U_1,2 uQ,2 u1,2 u2,2 u3,2

U—21 | U—1,1 | 0,1 u1,1 u2,1

U—2.0 | U—-1.,0 | 40,0 u1.0 U2.0

U_3,-1U—2,—1U—1,—1 UQ,—1 UL,—1 U2 —1

Fig. 2 Elongated triangular tiling £

Continuing this way, we getapath Py := -+ —v_2,0—v_1,0 —V0,0— V1,0 —V2,0— """
in the edge graph of X such that all the quadrangles incident with a vertex of Py lie
on one side of Py and all the triangles incident with the same vertex lie on the other
side of Py. If Py has a closed sub-path then Py contains a cycle W. In that case, the
bounded part of X with boundary W is a map on the 2-disk D?> which satisfies (a) or
(b) of Lemma 3.3. This is not possible by Lemma 3.3. Thus, Py is an infinite path.
Then the faces through vertices of Py forms an infinite strip which is bounded by two
infinite paths, say Py = --- —v_3 1 —V_1,-1 —Vp,—] — V1,—1 —V2,—1 —--- and
Pr=---—v_p1—v_11—v1— V11— V21— -, where the faces between Py
and P are quadrangles and the faces between Py and P_j are triangles and the faces
through v; o are v; 1,0 — v;,0 — Vi,1 — Vi—1,1 — Vi—1,0> Vi,0 — Vi+1,0 — Vi+1,1 — Vi,1 — V;,0,
Vi,0Vi+1,0Vi,—1> Vi,0Vi,—1Vi—1,~1> Vi,0Vi—1,—1Vi—1,0-

Similarly, starting with the vertex v 1 in place of vy o we get the paths Py, Py, P, =

<o+ —UV_p2—V_]2—V02—V]2—V22—- -, where the faces between P; and P; are tri-
angles and the triangles through u; 1 are v; 1vi4+1,1vi2, Vi 1V 2Vi—1.2, Vi 1Vi—1,2Vi—1,1-
Continuing this way we get paths ---, P_», P_1, Py, P1, P>, --- such that (i) the

faces between P,; and P,j.; are rectangles, (i) the faces between P,;_; and
P, are triangles, (iii) the five faces through v;»; are v;—12; — vi2j — Vi2j+1 —
Vi—1,2j+1 —Vi—1,2j5Vi,2j — Vi4+1,2j — Vi+1,2j+1 — Vi 2j+1 — Vi,2j, Vi 2jVi+1,2jVi2j—1,
v,-,gjvi,zj_lvi_l,zj_l, v,-,gjvi_l’zj_lvi_l’zj,and(iv) theﬁvefaces through Ui,2j+l are
Vi—1,2j —Vi2j —Vi2j+1 —Vi—12j+1 = Vi—1,2j,Vi2j —Vi4+1,2j = Vi41,2j+1 —Vi2j+1—
Vi 2js Vi 2j+1Vit1,2j+1Vi,2j+25 Vi, 2j+1Vi,2j+2Vi—1,2j+25 Vi 2j+1Vi—1,2j+2Vi—1,2j+1 for
all j € Z. Then the mapping f : V(X) — V(E}), given by f(vk) = uk,, for
k,t € Z, is an isomorphism. This proves the lemma. O

Proof of Theorem 1.6 Let X be an equivelar map of type [6°] on the torus. Let ¥ be the
dual of X. Then Y is an equivelar map of type [3°] on the torus and Aut(Y) = Aut(X).

@ Springer



626 Beitr Algebra Geom (2017) 58:617-634

By Lemma 3.2, Aut(Y) acts face-transitively on Y. These imply, Aut(X) acts vertex-
transitively on X. So, X is vertex-transitive.

Now, assume that X is a semi-equivelar map of type [33, 42] on the torus. Since R?
is the universal cover of the torus, by pulling back X [using similar arguments as in the
proof of Theorem 3 in Spanier (1966, Page 144)], we get a semi-equivelar map X of
type [3%,4%] on R? and a polyhedral covering map n;: X — X. Because of Lemma
3.4, we may assume that X = Ej. Let ['; be the group of covering transformations.
Then | X| = |E1|/T.

Let V) be the vertex set of E1. We take origin (0, 0) is the middle point of the line
segment joining ugo and uy 1. Leta = w10 — uo,0, b = uo2 — uo,0 € R2. Then
Hy := (x = x +a,y +— y + b) is the group of all the translations of E;. Under
the action of Hj, vertices form two orbits. Consider the subgroup G of Aut(Ej)
generated by H; and the map x — —x. So,

Gi={a:x—ex+ma+nb:e=xl,mneZ}=H xX7Z.

Clearly, G acts vertex-transitively on Ej.

Claim. If K < Hy then K < G.

Letg € Giandk € K. Assume g(x) = ex +ma+nb and k(x) = x + pa+qb for
somem,n, p,q € Zand e € {1, —1}. Then (g ok o g~ 1) (x) = (g 0 k)(e(x — ma —
nb)) = g(e(x —ma —nb) + pa + qb) = x —ma — nb + ¢(pa + gb) + ma +nb =
x + e(pa + gb) = k®(x). Thus, g o k o g~! = k® € K. This proves the claim.

Foro € I'1, n1 oo = n1. So, o0 maps a face of the map E; in R2 to a face of E| (in
RR?). This implies that o induces an automorphism o of E1. Thus, we can identify I';
with a subgroup of Aut(E). So, X is a quotient of £ by the subgroup I' of Aut(E1),
where I'1 has no fixed element (vertex, edge or face). Hence I'| consists of translations
and glide reflections. Since X = E/ ' is orientable, I'1 does not contain any glide
reflection. Thus I'y < Hj. By the claim, I'; is a normal subgroup of G1. Since G
acts transitively on Vq, G1/T'1 acts transitively on the vertices of E1/I'1. Thus, X is
vertex-transitive. O

4 Examples of maps on the torus and Klein bottle

Example 4.1 Eight types of semi-equivelar maps on the torus given in Fig. 3.
It follows from Theorem 1.6 that the map 7 is vertex-transitive.

Example 4.2 Ten types of semi-equivelar maps on the Klein bottle given in Fig. 4.

In the next two proofs, we denote the n-cycle whose edges are ujuy, ..., up—1uy,
uyuy by Cy(uy, ..., uy,). This helps us to compare different sizes of cycles.

Lemma 4.3 The semi-equivelar maps T», ..., Ty in Example 4.1 are not vertex-
transitive.

Proof Let Gy be the graph whose vertices are the vertices of 7> and edges are the
diagonals of 4-gons of 7>. Then G, is a 2-regular graph. Hence, G, is a disjoint
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Ts ([3%,6'])

Fig. 3 Semi-equivelar maps on the torus

union of cycles. Clearly, Aut(7>) acts on G,. If the action of Aut(73) is vertex-
transitive on 7, then it would be vertex-transitive on G,. But this is not possible
since Cq(uy, uq, ug, ui1), C12(vy, v4, vo, v12, v3, Vg, V8, V11, V2, Vs, V7, V1) are cCOmM-
ponents of G, of different sizes.

Let G35 be the graph whose vertices are the vertices of 73 and edges are the long
diagonals of 12-gons of 73. Then G3 is a 2-regular graph. Hence, G3 is a disjoint
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Fig. 4 Semi-eqivelar maps on the Klein bottle
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union of cycles. Clearly, Aut(73) acts on G3. If the action of Aut(73) is vertex-
transitive on 73 then it would be vertex-transitive on G3. But this is not possible since
Ca(ary, ax, a9, azs) and Ci2(c1, ae, by, c14, ai, bg, c9, ais, by, ce, ag, b14) are com-
ponents of Gz of different sizes.
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Let G4 be the graph whose vertices are the vertices of 74 and edges are the diagonals
of 4-gons and long diagonals of 12-gons of 7. Then Gy is a 2-regular graph. Clearly,
Aut(Ty) acts on G4. If the action of Aut(7y) is vertex-transitive on Ty then it would
be vertex-transitive on G4. But this is not possible since Cg(vy, u4, x5, wig, vs, 110,
x11, wg) and Ca(xy, up, x7, ug) are components of G4 of different sizes.

Let G5 be the graph whose vertices are the vertices of 75 and edges are the diagonals
of 4-gons of 7s. Then Gs is a 2-regular graph. Hence, Gs is a disjoint union of cycles.
Clearly, Aut(75) acts on Gs. If the action of Aut(75) is vertex-transitive on 75 then it
would be vertex-transitive on Gs. But this is not possible since C¢(x9, v3, X3, Vg, X6,
vg) and Cyq(u2, v, x1, wy) are components of Gs of different sizes.

Let G¢ be the graph whose vertices are the vertices of Ty and edges are the long
diagonals of 6-gons of Ts. Then Gg is a 2-regular graph. Hence, Gg is a disjoint union
of cycles. Clearly, Aut(7g) acts on Gg. If the action of Aut(7p) is vertex-transitive on
Ts then it would be vertex-transitive on Gg. But this is not possible since Cg(w1, wa,
w7, wg, ws, We, w3, wa) and Cq(u1, uyz, usz, ug) are components of Gg of different
sizes.

Let G7 be the graph whose vertices are the vertices of 77 and edges are the
diagonals of 4-gons and common edges between any two 8-gons of 77. Then G7
is a 2-regular graph. Hence, G7 is a disjoint union of cycles. Clearly, Aut(77) acts
on G7. If the action of Aut(7%) is vertex-transitive on 75 then it would be vertex-
transitive on G7. But this is not possible since Cg(vy, wa, w3, X4, X5, Ug, U7,
vi2) and Cp4(v2, wi, Wiz, X11,X10, U9, Ug, V11, V10, W9, WS, X7, X6, U5, U4, VT, Vg,
ws, w4, X3, X2, U], U12, v3) are components of G7 of different sizes.

We call an edge uv of Ty nice if at u (respectively, at v) three 3-gons containing u
(respectively, v) lie on one side of uv and one on the other side of uv. (For example,
v10V15 is nice). Observe that there is exactly one nice edge in 73 through each vertex.
Let Gg be the graph whose vertices are the vertices of 7g and edges are the nice edges
and the long diagonals of 6-gons. Then Gg is a 2-regular graph. Hence, Gg is a disjoint
union of cycles. Clearly, Aut(73) acts on Gg. If the action of Aut(7y) is vertex-transitive
on T3 then it would be vertex-transitive on Gg. But this is not possible since C4(v7, v15,
v10, v18) and Cg(vy, v23, V17, V11, V4, V20, V14 vg) are components of Gg of different

sizes. O
Proof of Theorem 1.7 The result follows from Lemma 4.3. O
Lemma 4.4 The maps K1, ..., K19 in Example 4.2 are not vertex-transitive.

Proof Let H; be the graph whose vertices are the vertices of K and edges are the
diagonals of 4-gons of K. Then H; is a 2-regular graph. Hence, H; is a disjoint
union of cycles. Clearly, Aut(K;) acts on H;. If the action of Aut(K) is vertex-
transitive on K then it would be vertex-transitive on ;. But this is not possible
since Ce(v7, V14, V9, V16, V11, V18) and C3(vap, V24, V22) are two components of H;
of different sizes.

There are exactly two induced 3-cycles in K>, namely, C3(x1,x2,x3) and
C3(v1, v2, v3). So, some vertices of K, are in an induced 3-cycle and some are not.
Therefore, the action of Aut(K;) on K5 can not be vertex-transitive.

Like G5 in the proof of Lemma 4.3, let 3 be the graph whose vertices are the vertices
of K3 and edges are the long diagonals of 12-gons of K3. Then, Aut(K3) acts on the
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2-regular graph Hsz. If the action of Aut(K3) is vertex-transitive on K3 then it would
be vertex-transitive on 3. But this is not possible since C4(ay7, a2, a9, ar4) and
Ca4(as, ba, c3, a1, bg, c9, a7, bg, c7, a13, by, s, ai1, b1z, c11, a9, bia, c1, ais, big, c15,
as, byo, c13) are components of H3 of different sizes.

Let H4 be the graph whose vertices are the vertices of K4 and edges are the diagonals
of 4-gons and long diagonals of 12-gons of K4 (like G4 in the proof of Lemma 4.3).
Then, Aut(K4) acts on the 2-regular graph Hy. If the action of Aut(K4) is vertex-
transitive on K4 then it would be vertex-transitive on H4. But this is not possible since
Cy4(vs, wa, v11, wg) and Cs(va, 14, X5, Wig, V7, Us, X4, ws) are components of H4 of
different sizes.

Let H5 be the graph whose vertices are the vertices of K5 and edges are the diagonals
of 4-gons in K5 (like Gs). Then, Aut(Ks) acts on the 2-regular graph Hs. If the action of
Aut(Ks) is vertex-transitive on K5 then it would be vertex-transitive on Hs. But this is
not possible since C12(vy, ua, u7, v, V4, Us, U1, V2, V7, Ug, U4, vs5) and C3(u3, ug, ug)
are components of Hs of different sizes.

Let He be the graph whose vertices are the vertices of K¢ and edges are the long
diagonals of 6-gons of K¢ (like Gg). Then, Aut(Kg) acts on the 2-regular graph
‘He. If the action of Aut(Kg) is vertex-transitive on K¢ then it would be vertex-
transitive on Hg. But this is not possible since Cp4(az, wa, v2, as, w3, vy, asg, ws,
vg, a7, ws, v3, dg, We, V6, A1, W7, Vs, d4, W4, V4, a3, W1, v7) and Cq(uy, uz, uz, ug)
are components of Hg of different sizes.

Let H7 be the graph whose vertices are the vertices of K7 and edges are the
diagonals of 4-gons and common edges between any two 8-gons in K7 (like G7).
Then Aut(K7) acts on the 2-regular graph H7. If the action of Aut(K7) is vertex-
transitive on K7 then it would be vertex-transitive on 7. But this is not possible
since Co4(v1, w2, W3, X4, X5, V11, V10, W9, W, X7, X6, V12, V2, W], W12, X11, X10, VS,
V9, W10, W11, X12, X1, v3) and Ci2(vs, we, w7, X8, X9, V7, Ve, W5, W4, X3, X2, V4) are
components of H7 of different sizes.

Let Skel;(K3) be the edge graph of Kg and Ng be the non-edge graph (i.e., the
complement of Skel; (K3)) of Kg. If Aut(K3g) acts vertex-transitively then Aut(Kyg)
acts vertex-transitively on Skel; (Kg) and hence on Ng. But, this is not possible since
N is the union of two cycles of different lengths, namely, Ny = C¢(2,4,3,5,7,9) U
C3(1,6,8).

Consider the triangles C = 256 and O = 238 in Kg. If there exists @ € Aut(Kg)
such that «(C) = O then « acts on Ng = C¢(2,4,3,5,7,9) uC3(1, 6, 8) and hence
a(6) = 8, a({2,5}) = {2, 3}. This is not possible, since 25 is a long diagonal in
Ce(2,4,3,5,7,9) where as 23 is a short diagonal in C¢(2,4, 3,5, 7,9). Thus, the
action of Aut(Kg) on Kg is not face-transitive. Observe that Kg is the dual of Kg.
Hence the action of Aut(K9) = Aut(Kg) on Ko is not vertex-transitive.

There are exactly four induced 3-cycles in K¢, namely, C3(v1, v2, v3), C3(v1, v4,
v7), C3(v2, v5, vg) and C3(v3, vg, v9). Let Hig := C3(v1, v2, v3) U C3(v1, v4, v7) U
C3(v2, vs5, v3) U C3(v3, v, v9). Clearly, Aut(Kig) acts on Hjyg. If the action of
Aut(Kg) is vertex-transitive on Kq then it would be vertex-transitive on Hjg. But
this is not possible since the degrees of all the vertices in H( are not same. O

Proof of Theorem 1.8 The result follows from Lemma 4.4. O
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5 Proof of Theorem 1.9

Lemma 5.1 Let X be a map on the 2-disk D* whose faces are triangles and quad-
rangles. For a vertex x of X, let n3(x) and n4(x) be the number of triangles and
quadrangles through x respectively. Then X does not satisfy all the following four
properties. (1) (n3(u), na(u)) = (3,2) for each internal vertex u, (ii) n3(w) < 3,
na(w) <2, n3(w) + na(w) <4, (n3(w), na(w)) # (3, 0), (0, 2) for one vertex w on
the boundary, (iii) (n3(v), na(v)) = (1, 1) or (2, 1) for each boundary vertex v # w,
and (iv) n3(v1) 4+ n3(v2) = 3 for each boundary edge vivy not containing w.

Proof Let fo, f1 and f> denote the number of vertices, edges and faces of X respec-
tively. Let n3 (resp., ns4) denote the total number of triangles (resp., quadrangles) in
X. Let there be n internal vertices and m + 1 boundary vertices. So, fo =n +m + 1
and f, = n3 + n4.

Suppose X satisfies (i), (ii), (iii) and (iv). First assume that m is even. Let m =
2p. Then n3 = 3n + 2p + p + n3(w))/3 and ng = 2n + 2p + na(w))/4. So,
n3(w) € {0,3} and na(w) € {0,2}. Since 1 < n3(w) + na(w) < 4, these imply
(n3(w), ng(w)) € {(3,0), (0,2)}, a contradiction. So, m is odd. Let m = 2¢q + 1.
Then ngy = 2n + 2q + 1 + na(w))/4. So, ng(w) = 1. Now, n3 = (3n + 2q +
q + ¢ +n3(w))/3, where ¢ = 1 or 2 depending on whether the number of boundary
vertices which are in one triangle is ¢ + 1 or ¢g. So, ¢ 4+ n3(w) = 3. This implies
that the alternate vertices on the boundary are in 1 and 2 triangles and the degrees of
q + 1 boundary vertices are 4 and the degrees of the other g + 1 vertices are 3. Thus,
h=m+qg+1)/24+n+qg+1)and f1 = Sn+4(qg + 1)+ 3(g + 1))/2. Then
fo—fith=m+29g+2)—Gn+7T79+7)/24+ (3n+3g +3)/2 = 0. This is not
possible since the Euler characteristic of the 2-disk D? is 1. This completes the proof.

O

Lemma 5.2 Let X be a map on the 2-disk D* whose faces are triangles and hexagons.
For a vertex x of X, let n3(x) and ne(x) be the number of triangles and hexagons
through x respectively. Then X does not satisfy all the following three properties.
1) (n3(u), ne(u)) = (2,2) for each internal vertex u, (i) n3(w), ne(w) < 2, 1 <
n3(w)+ng(w) < 3, for one vertex w on the boundary, and (iii) (n3(v), ne(v)) = (1, 1)
for each boundary vertex v # w.

Proof Let foy, f1 and f> denote the number of vertices, edges and faces of X respec-
tively. Let n3 (resp., ne) denote the total number of triangles (resp., hexagons) in X.
Let there be n internal vertices and m + 1 boundary vertices. So, fo =n +m + 1 and
fa =n3 + ne.

Suppose X satisfies (i), (ii) and (iii). Then n3 = 2n + m + n3(w))/3 and ng =
2n + m + ng(w))/6. So, ng(w) — n3(w) = 6ng — 3n3 = 3(2ng — n3). Since
0 < n3(w), ng(w) < 2, these imply ng(w) — n3(w) = 0. So, ng(w) = n3(w). Since
1 < n3(w) +n4(w) < 3, these imply that ng(w) = n3(w) = 1. Thus, the exceptional
vertex is like other boundary vertices. Therefore, each boundary vertex is in three
edges and hence f; = (4n 4+ 3(m + 1))/2. So, m + 1 is even, say m + 1 = 2¢.
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Fig. 5 Two Archimedean tiling of the plane

Thus, fi = 2n + 3£. Now, since ng(w) = n3(w) = 1, fo = n3 +ne = 2n +
m+1)/3+2n+m+1)/6 =2n+m+1)/2 =n+ £ Then fy — f1 + f» =
(n+2¢) — 2n+3¢)+ (n+£) = 0. This is not possible since the Euler characteristic
of the 2-disk D? is 1. This completes the proof. O

Lemma 5.3 Let E> and Eg be the Archimedean tilings of R* given in Fig. 5. Let Y
be a semi-equivelar map on the plane R?. (a) If the type of Y is [3%, 41,31, 4] then
Y = Ej. (b) If the type of Y is [3', 6,31, 6! then Y = Es.

Proof If the type of ¥ is [32, 4!, 3!, 4] then by the similar arguments as in the proof
of Lemma 3.4, we get Y = E». In this case, to show that the path in ¥ (similar to the
path Py in the proof of Lemma 3.4) corresponding to the path - -+ —u_5 0 —u—_1,0 —
uo,0 — U1,0 — U2,0 — U3, 0 — - - - in E7 is an infinite path, we need to use that there is
no map on the 2-disk D? which satisfies (i)~(iv) of Lemma 5.1.

If the type of Y is [3', 6!, 3!, 6!] then by the similar arguments as in the proof of
Lemma 3.4, we get Y = Ejg. Inthis case, to show that the pathin Y corresponding to the

path V2,0~ W-2,0—V-1,0— W-1,0— V0,0 —W0,0 — V1,0 —W1,0 V2,0 —W2,0—" "
in E¢ is an infinite path, we need to use that there is no map on the 2-disk D> which
satisfies (i)—(iii) of Lemma 5.2. O

Proof of Theorem 1.9 Let X be a semi-equivelar map of type [32, 4!, 3!, 4] on the
torus. By similar arguments as in the proof of Theorem 1.6 and using Lemma 5.3(a),
we assume that there exists a polyhedral covering map n2: E2 — X. Let I'; be the
group of covering transformations. Then | X| = |E>|/ ;.

Let V, be the vertex set of E,. We take origin (0, 0) is the middle point of the line
segment joining 1o o and u 1 1 (see Fig. 5a). Leta = uz 0 —uo,0,b6 = up2 —uo,0 € R2.
Consider the translations x +— x+a,x — x+b.Then Hy := (x — x+a, x — x+b)
is the group of all the translations of E». Under the action of H», vertices form four
orbits. Consider the subgroup G, of Aut(E3) generated by H> and the map (the half
rotation) x — —x. So,

Gy={a:x+—>ex+ma+nb:e==xl,mneZ}=Hy 7.
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Clearly, under the action of G», vertices of E; form two orbits. The two orbits are
O1={u;; : i+ jisodd}and Oz = {u;; : i + jis even}.

Claim. If K < H then K < G».

Letg € Goandk € K. Assume g(x) = ex +ma+nb and k(x) = x + pa +qb for
some m,n, p,q € Zande € {1, —1}. Then (g ok o g_l)(x) = (gok)(e(x —ma —
nb)) = g(e(x —ma — nb) + pa + qgb) = x —ma — nb + ¢(pa + gb) + ma + nb =
x 4 e(pa + gb) = k°(x). Thus, g ok o g~ = k® € K. This proves the claim.

Foro € I, m 00 = 1. So, o maps a face of the map E» (in R?) to a face of E5 (in
Rz). This implies that o induces an automorphism o of E;. Thus, we can identify I'»
with a subgroup of Aut(E>). So, X is a quotient of E; by a subgroup I'; of Aut(E>),
where I'; has no fixed element (vertex, edge or face). Hence I'; consists of translations
and glide reflections. Since X = E»/I'; is orientable, ['> does not contain any glide
reflection. Thus I'; < H». By the claim, I'; is a normal subgroup of G». Thus, G2/ ">
acts on X = E»/I';. Since 01 and O; are the G;-orbits, it follows that 172(01) and
12(0>) are the (G, / I'p)-orbits. Since the vertex set of X is 72(V2) = n2(01)Un2(02)
and G/ T2 < Aut(X), part (a) follows.

Let X be a semi-equivelar map of type [3',6',3!,6!] on the torus. By similar
arguments as in the proof of Theorem 1.6 and using Lemma 5.3 (b), we assume that
there exists a polyhedral covering map ng: E¢ — X. Let I'g be the group of covering
transformations. Then |X| = |E¢|/ 6.

Let Vg be the vertex set of Eq. We take origin (0, 0) is the middle point of the line
segment joining #_1 o and ug o (see Fig. 5b). Let r = u1,0 — up,0 = v1,0 — vo0 =
W1,0 — W,0, § = Up,1 — U0,0 = V0,1 — V0,0 = Wo,1 — wo,0 and t = u_y,1 — up,0 =
V_1,1 — Vg0 = w—1,1 — wo,0. Consider the translations x +— x +r, x = x + 5
and x — x +¢. Then Hg := (x = x +r,x = x + s, x — x + t) is the group
of all the translations of Eg. Since Hg is a group of translations it is abelian. Under
the action of Hg, vertices form three orbits. The orbits are O, = {u; ; : i, j € Z},
0, = {v,"j : i,j € Z}, Oy = {wi,.,' : i,j € Z}.

As before, we can identify I'g with a subgroup of Hg. So, X is a quotient of E¢ by
a group ['e, where I'g < Hg < Aut(Ejg). Since Hg is abelian, ['g is a normal subgroup
of He. Thus, Hg/ I'g acts on X = E¢/ I'. Since O,,, O, and O,, are the Hg-orbits, it
follows that n6(0,,), n¢(0y) and ne(O,,) are the (Hg/ I'¢)-orbits. Since the vertex set
of X is n¢(Ve) = ne(0,) LUne(Oy) Lne(Oy) and Hg/ I'e < Aut(X), part (b) follows.
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